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Abstract. One of the most fundamental problem that we face in the
graph domain is that of establishing the similarity, or alternatively the
distance, between graphs. In this paper, we address the problem of mea-
suring the similarity between attributed graphs. In particular, we pro-
pose a novel way to measure the similarity through the evolution of a
continuous-time quantum walk. Given a pair of graphs, we create a de-
rived structure whose degree of symmetry is maximum when the original
graphs are isomorphic, and where a subset of the edges is labeled with the
similarity between the respective nodes. With this compositional struc-
ture to hand, we compute the density operators of the quantum systems
representing the evolution of two suitably defined quantum walks. We
define the similarity between the two original graphs as the quantum
Jensen-Shannon divergence between these two density operators, and
then we show how to build a novel kernel on attributed graphs based on
the proposed similarity measure. We perform an extensive experimen-
tal evaluation both on synthetic and real-world data, which shows the
effectiveness the proposed approach.

Keywords: Graph Similarity, Graph Kernel, Continuous-Time Quan-
tum Walk, Quantum Jensen-Shannon Divergence.

1 Introduction

Graph-based representations have become increasingly popular due to their abil-
ity to characterize in a natural way a large number of systems which are best
described in terms of their structure. Concrete examples include the use of graphs
to represent shapes [1], metabolic networks [2], protein structure [3], and road
maps [4]. However, the rich expressiveness and versatility of graphs comes at a
cost. In fact, our ability to analyse data abstracted in terms of graphs is severely
limited by the restrictions posed by standard pattern recognition techniques,
which usually require the graphs to be first embedded into a vectorial space,
a procedure which is far from being trivial. The reason for this is that there
is no canonical ordering for the nodes in a graph and a correspondence order

E. Hancock and M. Pelillo (Eds.): SIMBAD 2013, LNCS 7953, pp. 204–218, 2013.
c© Springer-Verlag Berlin Heidelberg 2013



Attributed Graph Similarity from the Quantum Jensen-Shannon Divergence 205

must be established before analysis can commence. Moreover, even if a corre-
spondence order can be established, graphs do not necessarily map to vectors of
fixed length, as the number of nodes and edges can vary.

One of the most fundamental problem that we need to face in the graph do-
main is that of measuring the similarity, or alternatively the distance, between
graphs. Generally, the similarity between two graphs can be defined in terms of
the lowest cost sequence of edit operations, for example, the deletion, insertion
and substitution of nodes and edges, which are required to transform one graph
into the other [5]. Another approach is that of Barrow and Burstall [6], where
the similarity of two graphs is characterized using the cardinality of their maxi-
mum common subgraphs. Similarly, Bunke and Shearer [7] introduced a metric
on unattributed graphs based on the maximum common subgraph, which later
Hidović and Pelillo extended to the case of attributed graphs [8]. Unfortunately,
both computing the graph edit distance and finding the maximum common sub-
graphs turn out to be a computationally hard problem.

Closely related to this problem is that of defining a kernel [9] over graphs.
Graph kernels are powerful tools that allow the researcher to overcome the re-
strictions posed by standard pattern recognition techniques by shifting the prob-
lem from that of finding an embedding of a graph to that of defining a positive
semidefinite kernel, via the well-known kernel trick. In fact, once we define a
positive semidefinite kernel k : X×X → R on a set X , then we know that there
exists a map φ : X → H into a Hilbert space H , such that k(x, y) = φ(x)�φ(y)
for all x, y ∈ X . Thus, any algorithm that can be formulated in terms of scalar
products of the φ(x)s can be applied to a set of data on which we have defined
our kernel. However, due to the rich expressiveness of graphs, the problem of
defining effective graph kernels has proven to be extremely difficult.

Many different graph kernels have been proposed in the literature [10,11,12].
Graph kernels are generally instances of the family of R-convolution kernels in-
troduced by Haussler [13]. The fundamental idea is that of defining a kernel
between two discrete objects by decomposing them and comparing some simpler
substructures. For example, Gärtner et al. [10] propose to count the number of
common random walks between two graphs, while Borgwardt and Kriegel [11]
measure the similarity based on the shortest paths in the graphs. Shervashidze
et al. [12], on the other hand, count the number of graphlets, i.e. subgraphs with
k nodes. These kernels can be generally defined both on unattributed and at-
tributed graphs, where in the attributed case one simply enumerates the number
of substructures which share the same sequence of labels.

In this paper, we introduce a novel similarity measure between attributed
graphs which is based on the evolution of a continuous-time quantum walk [14].
In particular, we are taking advantage of the fact that the interference effects
introduced by the quantum walk seem to be enhanced by the presence of sym-
metrical motifs in the graph [15,16]. Thus, given a pair of graphs, we create
a derived structure whose degree of symmetry is maximum when the original
graphs are isomorphic. To encode the information on the node attributes, in the
new structure we will label the edges connecting one graph to the other with the
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value of the similarity between the corresponding nodes. With this structure to
hand, we will define two continuous-time quantum walks which have orthogo-
nal density operators under the evolution of the walk whenever the two original
graphs are isomorphic. Then, to define the similarity measure we make use of the
quantum Jensen-Shannon divergence, a measure which has recently been intro-
duced as a means to compute the distance between quantum states [17]. Finally,
we use the proposed similarity measure to define a novel kernel for attributed
graphs.

The remainder of this paper is organized as follows: Section 2 provides an
essential introduction to the basic terminology required to understand the pro-
posed quantum mechanical framework. In Section 3 we introduce our similarity
measure and we define a novel attributed graph kernel. Section 4 illustrates the
experimental results, and the conclusions are presented in Section 5.

2 Quantum Mechanical Background

Quantum walks are the quantum analogue of classical random walks [14]. In
this paper we consider only continuous-time quantum walks. Given a graph G =
(V,E), the state space of the continuous-time quantum walk defined on G is the
set of the vertices V of the graph. Unlike the classical case, where the evolution
of the walk is governed by a stochastic matrix (i.e. a matrix whose columns
sum to unity), in the quantum case the dynamics of the walker is governed by a
complex unitary matrix i.e., a matrix that multiplied by its conjugate transpose
yields the identity matrix. Hence, the evolution of the quantum walk is reversible,
which implies that quantum walks are non-ergodic and do not possess a limiting
distribution. Using Dirac notation, we denote the basis state corresponding to
the walk being at vertex u ∈ V as |u〉. A general state of the walk is a complex
linear combination of the basis states, such that the state of the walk at time t
is defined as

|ψt〉 =
∑

u∈V

αu(t) |u〉 (1)

where the amplitude αu(t) ∈ C and |ψt〉 ∈ C
|V | are both complex.

At each point in time the probability of the walker being at a particular vertex
of the graph is given by the square of the norm of the amplitude of the relative
state. More formally, let Xt be a random variable giving the location of the
walker at time t. Then the probability of the walker being at the vertex u at
time t is given by

Pr(Xt = u) = αu(t)α
∗
u(t) (2)

where α∗
u(t) is the complex conjugate of αu(t). Moreover αu(t)α

∗
u(t) ∈ [0, 1], for

all u ∈ V , t ∈ R
+, and in a closed system

∑
u∈V αu(t)α

∗
u(t) = 1.

Recall that the adjacency matrix of the graph G has elements

Auv =

{
1 if (u, v) ∈ E
0 otherwise

(3)
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The evolution of the walk is governed by Schrödinger equation, where we take
the Hamiltonian of the system to be the graph adjacency matrix, which yields

d

dt
|ψt〉 = −iA |ψt〉 (4)

Thus, given an initial state |ψ0〉, we can solve Equation 4 to determine the state
vector at time t

|ψt〉 = e−iAt |ψ0〉 (5)

With the graph adjacency matrix to hand, we can compute its spectral decompo-
sition A = ΦΛΦ�, where Φ is the n×nmatrix Φ = (φ1|φ2|...|φn) with the ordered
eigenvectors as columns and Λ = diag(λ1, λ2, ..., λn) is the n×n diagonal matrix
with the ordered eigenvalues as elements, such that 0 = λ1 ≤ λ2 ≤ ... ≤ λn.
Using this spectral decomposition and the fact that e−iAt = Φe−iΛtΦ� we can
finally re-write Eq. 5 as

|ψt〉 = Φe−iΛtΦ� |ψ0〉 (6)

2.1 Quantum Jensen-Shannon Divergence

A pure state is defined as a state that can be described by a ket vector |ψi〉.
Consider a quantum system that can be in a number of states |ψi〉 each with
probability pi. The system is said to be in the ensemble of pure states {|ψi〉 , pi}.
The density operator (or density matrix) of such a system is defined as

ρ =
∑

i

pi |ψi〉 〈ψi| (7)

The Von Neumann entropy [18] of a density operator ρ is

HN (ρ) = −Tr(ρ log ρ) = −
∑

j

λj logλj , (8)

where the λjs are the eigenvalues of ρ. With the Von Neumann entropy to hand,
we can define the quantum Jensen-Shannon divergence between two density
operators ρ and σ as

DJS(ρ, σ) = HN

(ρ+ σ

2

)
− 1

2
HN (ρ)− 1

2
HN (σ) (9)

This quantity is always well defined, symmetric and negative definite. It can also
be shown that DJS(ρ, σ) is bounded, i.e.

0 ≤ DJS(ρ, σ) ≤ 1 (10)

Let ρ =
∑

i piρi be a mixture of quantum states ρi, with pi ∈ R
+ such that∑

i pi = 1, then we can prove that

HN (
∑

i

piρi) ≤ HS(pi) +
∑

i

piHN (ρi) (11)
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Fig. 1. Given two graphs G1(V1, E1, ν1) and G2(V2, E2, ν2) we build a new graph G =
(V, E) where V = V1∪V2, E = E1∪E2 and we add a new edge (u, v) between each pair
of nodes u ∈ V1 and v ∈ V2.

where the equality is attained if and only if the states ρi have support on orthog-
onal subspaces, where the support of an operator is the subspace spanned by the
eigenvectors of the operator with non-zero eigenvalues. By setting p1 = p2 = 0.5,
we see that

DJS(ρ, σ) = HN

(ρ+ σ

2

)
− 1

2
HN (ρ)− 1

2
HN (σ) ≤ 1 (12)

Hence DJS is always less or equal than 1, and the equality is attained only if ρ
and σ have support on orthogonal subspaces.

3 A Similarity Measure for Attributed Graphs

Given two graphs G1(V1, E1, ν1) and G2(V2, E2, ν2), where ν1 and ν2 are re-
spectively the functions assigning attributes to the nodes of G1 and G2, we
build a new graph G = (V , E , ω) where V = V1 ∪ V2, E = E1 ∪ E2 ∪ E12, and
(u, v) ∈ E12 only if u ∈ V1 and v ∈ V2 (see Fig. 1 for an example). More-
over, the edges (u, v) ∈ E12 are labeled with a real value ω(ν1(u), ν2(v)) rep-
resenting the similarity between ν1(u) and ν2(v). With this new structure to
hand, we define two continuous-time quantum walks

∣∣ψ−
t

〉
=

∑
u∈V ψ

−
0u |u〉 and∣∣ψ+

t

〉
=

∑
u∈V ψ

+
0u |u〉 on G with starting states

ψ−
0u =

{
+ du

C if u ∈ G1

− du

C if u ∈ G2
ψ+
0u =

{
+ du

C if u ∈ G1

+ du

C if u ∈ G2
(13)

where du is the degree of the node u and C is the normalisation constant such
that the probabilities sum to one. Note that the walk will spread at a speed
proportional to the edge weights, which means that given an edge (u, v) ∈ E12,
the more similar ν1(u) and ν2(v) are, the faster the walker will propagate along
the inter graphs connection (u, v). On the other hand, the intra-graph connection
weights, which are not dependent on the nodes similarity, will not affect the
propagation speed.

Given this setting, we allow the two quantum walks to evolve until a time T ,
and we define the average density operators ρT and σT over this time as

ρT =
1

T

∫ T

0

∣∣ψ−
t

〉 〈
ψ−
t

∣∣ dt σT =
1

T

∫ T

0

∣∣ψ+
t

〉 〈
ψ+
t

∣∣ dt (14)
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In other words, we have defined two mixed systems with equal probability of
being in any of the pure states defined by the evolution of the quantum walks.

In the next section we will prove that, whenever G1 and G2 are isomorphic,
the quantum Jensen-Shannon divergence between ρT and σT will be maximum,
i.e., it will be equal to 1. Hence, it seems reasonable to use the value of the
quantum Jensen-Shannon divergence as a measure of the similarity between the
two graphs. In particular, in the next section we use the QJSD to define a novel
kernel for attributed graphs.

3.1 A QJSD Kernel for Attributed Graphs

Given two attributed graphs G1 and G2, we define the quantum Jensen-Shannon
kernel kT (G1, G2) between them as

kT (G1, G2) = DJS(ρT , σT ) (15)

where ρT and σT are the density operators defined as in Eq. 14. Note that in
this formulation the kernel is parametrised by the time variable T . As it is not
clear how we should set this parameter, in this paper we propose to let T → ∞,
i.e., we compute lim

T→+∞
kT (G1, G2). In the following section we will show how to

compute analytically this limit.
We now proceed to show some interesting properties of our kernel. First,

however, we need to prove the following

Lemma 1. If G1 and G2 are two isomorphic graphs, then ρT and σT have
support on orthogonal subspaces.

Proof. We need to prove that

(ρT )
†σT =

1

T 2

∫ T

0

ρt1 dt1

∫ T

0

σt2 dt2 = 0 (16)

where 0 is the matrix of all zeros, ρt =
∣∣ψ−

t

〉 〈
ψ−
t

∣∣ and σt =
∣∣ψ+

t

〉 〈
ψ+
t

∣∣. Note
that if ρ†t1σt2 = 0 for every t1 and t2, then ρ

†σ = 0. We now prove that if G1 is

isomorphic to G2 then
〈
ψ−
t1

∣∣ψ+
t2

〉
= 0 for every t1 and t2.

If t1 = t2 = t, then
〈
ψ−
0

∣∣ (U t)†U t
∣∣ψ+

0

〉
= 0 (17)

since (U t)†U t is the identity matrix and the initial states are orthogonal by
construction. On the other hand, if t1 	= t2, we have

〈
ψ−
0

∣∣UΔt
∣∣ψ+

0

〉
= 0 (18)

where Δt = t2 − t1.
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To conclude the proof we rewrite the previous equation as

〈
ψ−
0

∣∣UΔt
∣∣ψ+

0

〉
=

∑

k

ψ+
k0

∑

l

ψ+
l0U

Δt
lk

=
∑

k1

ψ+
k10

∑

l

ψ+
l0U

Δt
lk1

−
∑

k2

ψ+
k20

∑

l

ψ+
l0U

Δt
lk2

=
∑

l

ψ+
l0

(
∑

k1

ψ+
k10
UΔt
lk1

−
∑

k2

ψ+
k20
UΔt
lk2

)
= 0 (19)

where the indices l, k, run over the nodes of G, and k1 and k2 run over the nodes
G1 and G2 respectively.

To see that Eq. 19 holds, note that U is a symmetric matrix and it is invariant
to graph symmetries, i.e., if u and v are symmetric then UΔt

uu = UΔt
vv , and that

if G1 and G2 are isomorphic, then k1 = k2 and ψ+
1:k10

= ψ+
k1+1:k20

. Recall that

U t = e−iAt, where A is the graph adjacency matrix. A symmetry orbit is defined
as a group of vertices where v1 and v2 belong to the same orbit if there is an
automorphism σ ∈ Aut(G) such that σv1 = v2, where Aut(G) is the set of
automorphisms of G. In other words, if u and v belong to a symmetry orbit,
there exists an automorphism of the graph with a corresponding permutation
matrix P such that

A = P�AP (20)

and

P |eu〉 = |ev〉 (21)

This in turn implies that the graph adjacency matrix is invariant to symmetries.
As we will show, the same holds for the unitary operator of the quantum walk.
In fact, given the spectral decomposition of A = ΦΛΦ�, we can see that the
following equality holds

ΦΛΦ� = P�(ΦΛΦ�)P (22)

and thus

Φ = P�Φ (23)

Let us now write the unitary operator in terms of the adjacency matrix eigen-
decomposition, which yields

e−iAt = Φe−iΛtΦ� (24)

From Equations 23 and 24 it follows that

Φe−iΛtΦ� = P�Φe−iΛtΦ�P (25)

This in turn implies that if u and v are symmetrical then U t
uu = U t

vv, which
concludes the proof.
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Corollary 1. Given a pair of graphs G1 and G2, the kernel satisfies the follow-
ing properties: 1) 0 ≤ k(G1, G2) ≤ 1 and 2) if G1 and G2 are isomorphic, then
k(G1, G2) = 1.

Proof. The first property is trivially proved by noting that, according to Eq. 15,
the kernel between G1 and G2 is defined as the quantum Jensen-Shannon di-
vergence between two density operators, and then recalling that the value of
quantum Jensen-Shannon divergence is bounded to lie between 0 and 1.

The second property follows again from Eq. 15 and Theorem 1. It is sufficient
to note that the quantum Jensen-Shannon divergence reaches its maximum value
if and only if the density operators have support on orthogonal spaces.

Unfortunately we cannot prove that our kernel is positive semidefinite, but both
empirical evidence and the fact that the Jensen-Shannon Divergence is nega-
tive semidefinite on pure quantum states [21] while our graph kernel is maximal
on orthogonal states suggest that the kernel constraints are never violated in
practice.

3.2 Kernel Computation

We conclude this section with a few remarks on the computational complexity of
our kernel. In particular, we show that the solutions to Eq. 14 can be computed
analytically. Recall that |ψt〉 = e−iAt |ψ0〉, then we rewrite Eq. 14 as

ρT =
1

T

∫ T

0

e−iAt |ψ0〉 〈ψ0| eiAt dt (26)

Since e−iAt = Φe−iΛtΦ�, we can rewrite the previous equation in terms of the
spectral decomposition of the adjacency matrix,

ρT =
1

T

∫ T

0

Φe−iΛtΦ� |ψ0〉 〈ψ0|ΦeiΛtΦ� dt (27)

The (r, c) element of ρT can be computed as

ρT (r, c) =
1

T

∫ T

0

(
∑

k

∑

l

φrke
−iλktφlkψ

−
0l

)

·
(
∑

m

∑

n

ψ†
0mφmne

iλntφcn

)
dt (28)

Let ψ̄k =
∑

l φlkψ0l and ψ̄n =
∑

m φmnψ
†
0n, then

ρT (r, c) =
1

T

∫ T

0

(
∑

k

φrke
−iλktψ̄k

∑

n

φcne
iλntψ̄n

)
dt (29)
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Fig. 2. Edit distance matrix and Multidimensional Scaling of the graph distances for
the synthetic dataset

which can be finally rewritten as

ρT (r, c) =
∑

k

∑

n

φrkφcnψ̄kψ̄n
1

T

∫ T

0

ei(λn−λk)t dt (30)

If we let T → ∞, Eq. 30 further simplifies to

ρT (r, c) =
∑

λ∈Λ̃

∑

k

∑

n

φrkφcnψ̄kψ̄n (31)

where Λ̃ is the set of distinct eigenvalues of A, while k and n are indices which run
over the dimensions of the eigenspace associated with λ ∈ Λ̃. As a consequence,
we see that the complexity of computing the QJSD kernel is upper bounded by
that of computing the eigendecomposition of G, i.e. O(|V|3).

4 Experimental Results

In this section, we evaluate the performance of the proposed kernel and we
compare it with a number of well-known alternative graph kernels, namely the
classic random walk kernel [10], the shortest-path kernel [11] and the 3-nodes
graphlet kernel [12], both in their unattributed and attributed versions. Note
that since the attributed versions of these kernels are defined only on graphs
with categorically labeled nodes, in our experiments we will need to bin the
node attributes before computing the kernels.

We use a binary C-SVM to test the efficacy of the kernels. We perform 10-fold
cross validation, where for each sample we independently tune the value of C, the
SVM regularizer constant, by considering the training data from that sample.
The process is averaged over 100 random partitions of the data, and the results
are reported in terms of average accuracy ± standard error.
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Fig. 3. The effects of Erdös-Rényi structural noise applied to the nodes and edges of
the graph on the kernel value. Using the proposed similarity measure, the noisy versions
of the graph belonging to the first class are clearly distinguishable from the instances
of the second class. As expected, taking the attributes into account (right) makes the
distinction even clearer (note the difference in the scale).

4.1 Synthetic Data

We start by evaluating the proposed kernel on a set of synthetically generated
graphs. To this end, we have randomly generated 3 different weighted graph
prototypes with size 16, 18 and 20 respectively. For each prototype we started
with an empty graph and then we iteratively added the required number of
nodes each labeled with a random mean and variance. Then we added the edges
and their associated observation probabilities up to a given edge density. Given
the prototypes, we sampled 20 observations from each class being careful to
discard graphs that were disconnected. Details about the generative model used
to sample the graphs can be found in [19]. Figure 2 shows the edit distance matrix
of the dataset and the Multidimensional Scaling [20] of the graph distances.

With the synthetic graphs to hand, we initially investigate how the value of the
kernel between two graphs varies as we applyErdös-Rényi noise to the graph struc-
ture. In this case the similarity between two nodes u and v is defined as ω(u, v) =

e−λ(ν1(u)−ν2(v))
2

, where ν1(u) and ν2(v) are the real-valued attributes associated
with u and v respectively. Figure 3 shows the result of this experiment. Here we
randomly pick a graph G belonging to class 1, and we compute a number of in-
creasingly noisy versions of it. The noise is applied either to the edges only, i.e.
adding or deleting edges, or to the nodes as well, i.e. adding or deleting nodes and
edges. We then compute the average value of the kernel between G and its cor-
rupted versions, and we plot it against the average similarity between G and the
graphs of class 2. Figure 3 shows that, even at considerably high levels of noise,G is
clearly distinguishable from the instances of the second class. As expected, taking
the attributes into account renders the distinction even clearer (note the change in
the y-scale). However, when augmented with the attributes information, our simi-
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Fig. 4. The four selected objects from the COIL [22] dataset and a sample of their asso-
ciated Delaunay graphs. Each node of the graphs is labeled with the (x, y) coordinates
of the corresponding feature point.

larity measure seems to be slightly more sensitive to structural noise, in particular
when the noise is affecting the nodes of the graph.

As a second experiment, we test the accuracy of our kernel in a classification
task. The results are shown in Table 1. As we can see, our kernel outperforms or
is competitive with the alternatives, and yields a close to 100% average accuracy.
Note also that, as expected, taking the similarity between the node attributes
into account results in a marked increase in the kernel performance. Quite sur-
prisingly, however, we found that the random walk kernel on the categorically
labeled graphs yields a lower performance than its unattributed version.

4.2 Delaunay Graphs

We then tested the efficacy of the proposed kernel on the COIL [22] dataset,
which consists of images of different objects, with 72 views of each object ob-
tained from equally spaced viewing directions over 360◦. For each image, a graph
is obtained by computing the Delaunay triangulation of the corner points ex-
tracted by the Harris corner detection algorithm. Moreover, each node is labeled
with the (x, y) coordinates of the corresponding feature point. The similarity

between two nodes is ω(u, v) = e−λ||ν1(u)−ν2(v)||22 , where ||ν1(u) − ν(v)||2 is the
Euclidean distance between the two feature points u and v. Here we choose 4
different objects, each with 21 different 5◦ rotated views. Figure 4 shows the four
selected objects together with their associated graphs, while Figure 5 shows the
edit distance matrix and the MDS of the graph distances.
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Fig. 5. Edit distance matrix and Multidimensional Scaling of the graph distances for
the COIL dataset

We first investigate how integrating the information on the nodes attributes
influences the expressive power of our kernel. Figure 6 shows the MDS embed-
ding on the graph distances computed from the unattributed kernel (left) and
the attributed one (right). Although the embedding shows that a considerable
overlap remains between the different classes, taking the node attributes sim-
ilarities into account adds a further dimension which can help to discriminate
better among the 4 selected objects.

This is indeed reflected in the results of the classification task shown in Ta-
ble 1. In the attributed case, in fact, the average accuracy of the QJSD kernel is
increased by more than 10%, and it outperforms that of all the remaining ker-
nels. Note, however, that if the node labels are dropped, the performance of the
QJSD kernel is among the lowest, which once again underlines the importance
of incorporating the attributes similarities in the compositional structure.

� � � � � 	

�

�

�

	
��	�

��	

����

���

����

���

����

���

����

���

� � � � � �

�

�

�

�
���

�

���

�

���

�

���

�

Fig. 6. Multidimensional Scaling of the graph distances computed from the kernel
matrix of the COIL dataset. Left, completely structural approach; right, including the
information on the nodes attributes.
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Fig. 7. Top row: Left, shape database; right, edit distance matrix. Bottom row: Multi-
dimensional Scaling of the edit distances. As we can see, the class structure is not very
clear and there is a considerable overlap between different classes.

4.3 Shock Graphs

Finally, we experimented using shock graphs, a skeletal-based representation of the
differential structure of the boundary of a 2D shape. We extracted graphs from a
database composed of 120 shapes divided into 8 classes of 15 shapes each. Each
graph has a node attribute that reflects the size of the boundary feature generating
the corresponding skeletal segment. Figure 7 shows the shape database, the edit
distancesmatrix between the shock graphs and the correspondingMDS. As we can
see, the class structure is not very clear, and there is a considerable overlapbetween
different classes. This is reflected in the average accuracy of the kernels, which is the
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Table 1. Classification accuracy (± standard error) on attributed graph datasets.
QJSD is the proposed kernel, SP is the shortest-path kernel of Borgwardt and
Kriegel [11], RW is the random walk kernel of Gartner et al. [10], while G3 denotes
the graphlet kernel computed using all graphlets of size 3 described in Shervashidze
et al. [12]. The subscript w identifies the kernels which make use of the attributes
information. The best performing kernel for each dataset is highlighted in bold.

Kernel Synth Shock COIL

QJSDw 95.87 ± 0.14 66.65± 0.22 95.56± 0.20

QJSD 84.57 ± 0.25 53.97 ± 0.19 84.05 ± 0.22

SPw 96.36± 0.12 65.05 ± 0.25 94.40 ± 0.14

SP 91.13 ± 0.15 52.62 ± 0.32 85.25 ± 0.21

RWw 92.97 ± 0.18 53.26 ± 0.29 90.78 ± 0.26

RW 80.23 ± 0.30 26.11 ± 0.32 78.60 ± 0.25

G3w 88.75 ± 0.25 41.18 ± 0.27 89.25 ± 0.21

G3 85.60 ± 0.25 38.85 ± 0.32 84.20 ± 0.22

lowest among the three datasets, as Table 1 shows. However, the proposed kernel
still outperforms or is competitive with the others.

5 Conclusions and Future Work

In this paper, we have introduced a novel similarity measure for attributed graphs
based on the time evolution of a continuous-time quantum walk. More precisely,
given a pair of graphs we computed the quantum Jensen-Shannon divergence
between the evolution of two quantum walks on a suitably defined union of
the original graphs. With the quantum Jensen-Shannon divergence to hand, we
then established our similarity measure. Finally, we introduced a novel kernel
on attributed graphs based on the proposed similarity measure. We performed
an extensive experimental evaluation both on synthetic and real-world datasets,
and we demonstrated the effectiveness of the proposed approach.

However, in this paper we limited our definition of the kernel to the case where
the time parameter T is taken to the limit, i.e., T → ∞. Future work will focus on
studying the role of the time parameter more in depth, and it will try to develop a
heuristic to establish the optimal time T in terms of classification accuracy.
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8. Hidović, D., Pelillo, M.: Metrics for attributed graphs based on the maximal simi-
larity common subgraph. International Journal of Pattern Recognition and Artifi-
cial Intelligence 18(3), 299–313 (2004)

9. Smola, A., Schölkopf, B.: Learning with kernels. Citeseer (1998)
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