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Abstract
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Introduction

When externalities are relevant, the standard concepts of core and core-consistent solu-
tions are often empty (see among others Ehlers, 2018; Mumcu and Saglam, 2010; Roth
and Sotomayor, 1990; Sasaki and Toda, 1986, 1996). The introduction of expectations
allows us to model alternative ways in which the literature has dealt with the concept of
coalitional stability with externalities, such as the ones studied in Ehlers (2018), Mumcu

and Saglam (2010), Sasaki and Toda (1986, 1996).!

We define a new concept of core called expectational core, which is consistent with the
idea that when making deviation decisions, agents take into account their expectations
about other agents’ reactions. We assume that a coalition of agents deviates from an
assignment if any of the possible outcomes of the deviation make all the members of
the coalition better off, and at least one agent of the coalition strictly improves their

situation.

The introduction of expectations allows us to model alternative ways in which the liter-
ature has dealt with externalities. Two examples of expectations are “prudent expecta-
tions” and “optimistic expectations”. When expectations are prudent, agents do not have
any information on the possible reactions of the other agents, thus they expect that any

2 Prudent expectations are consistent the

reassignment outside the coalition is feasible.
stability concepts considered in Sasaki and Toda (1986, 1996) for marriage markets.*
In contrast, under optimistic expectations the deviating agents expect that the assign-
ment they propose will be enacted. Under prudent expectations the agents belonging

to a coalition will deviate only if the worse assignment that can result by the deviation

is better than the previous assignment. Under optimistic expectations a coalition will

IPrevious authors have analyzed the effects of externalities, Echenique and Yenmez (2007) and Dutta
and Masso (1997) in college admission problems, Alcalde and Revilla (2004) in the formation of research
teams, Klaus and Klijn (2005) and Bando (2012) in labor market, Chowdhury (2004) in marriage market,
and Salgado-Torres (2011) in housing market. Bando et al. (2016) is a useful survey about two-sided
matching with externalities.

2In the literature prudent agents are sometimes called pessimistic agents.

3See also Contreras and Torres-Martinez (2019), for prudent expectations in roommate problems.
Prudent expectations are also related with the a-effective concept used by Aumann and Peleg (1960).

1Sasaki and Toda (1986, 1996) assume expectations are exogenously given, Hafalir (2008) introduced
endogenously generated beliefs.



deviate if the assignment that can result by the deviation is better than the previous
assignment. Thus, the expectational core generated by optimistic expectations coincides
with the standard definition of a core. We prove that optimistic expectations and pru-
dent expectations generate the smallest and the largest expectational cores, respectively
(Proposition 1). The models studied in Ehlers (2018) and Mumcu and Saglam (2010) are
consistent with specific single-valued expectations, we call them “dissolving expectations”
and “myopic expectations”, respectively.> They describe situations where the agents in a
coalitions can perfectly forecast the reaction of other agents. We show the relationship

between the expectational cores generate by all these kinds of expectations (Corollary 1).

We concentrate our attention on the relationship between expectational cores and strategy-
proof, individually rational, and efficient mechanism (S7FE-mechanism, for short) in con-
texts with externalities. The seminal contribution by Sénmez (1999) shows that if a
ST FE-mechanism exists, then the core of the game is essentially single valued, whenever
it is not empty. Furthermore, if the core is externally stable, non empty, and essentially
single valued in a given preference domain, then any selection of the core is strategy-proof,
efficient, and individually rational.® Sénmez’s model allows for externalities. However, his
blocking concept is overly restrictive. He assumes that, when groups of agents renegotiate
a given application, they do not take into account the behavior of agents outside the coali-
tion. However, it might be the case that the other agents renegotiate their assignment in
reaction to the deviation (which is not relevant without externalities). We show that we
need additional and mild restrictions to connect the existence of an SIFE-mechanism with
coalitional stability. More specifically, we introduce conditions under which the existence
of STE-mechanisms is equivalent to having an essentially single valued expectational core

(Theorem 3 and Theorem 2).

We work with blocking coalitions where each member has expectations about the reaction
of the agents outside the coalition. However, we do not model explicitly the process of

coalition formation.” Instead, we assume the coalition structure is given exogenously and

®Bando (2012) extends the analysis of Mumcu and Saglam (2010) to many-to-one matching market.

6Takamiya (2003) obtains the same result replacing the external stability condition for a richness
condition on the preference domain.

"Some works related with endogenous formation of coalitions with externalities are Bloch (1996),



we focus on the existence of STFE-mechanisms and its relation with the core.

The work is organized as follows. In Section 1 we present the model. In Section 2 we
study the relationship between expectational cores and SIFE-mechanisms. In section 3

we compare the resulting expectational cores. Finally, Section 4 concludes.

Huang and Sjostrom (2003), Hafalir (2007), and Koczy (2009).
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1 The Model

Consider an assignment problem with externalities (N, e, A7, (R;, ©;)ien) where N is a
finite set of agents, e is the endowments, A' is the set of feasible assignments. Every
agent ¢ has preferences, R;, belonging to a class R; of complete and transitive binary
relations over A/.2 Additionally, every agent i has admissible expectations, ©,, about
the reaction of other agents to group deviations. Formally, the expectation of agent
i is a correspondence O, : Af x Af x 2V x R = A/, with i € N. More precisely,
©;(a,b, T, R) is the set of assignments that ¢ expects that could be effectively attained
when the coalition 7" announces that will deviate from a to match their members as in 5.
Usually, we refer to a as “the previous assignment” and to b as “the announcement”. We
assume that the definition of expectation is part of the model. An environment is £ =

(N, e, AT R, (@i)ieN), and an assignment problem is a tuple (N, e, A7, (R;, 0;)ien).

We impose two restriction on admissible expectations. First, we require that the agree-
ment taken by a coalition is credible in the sense that the redistribution agreement agreed
by the coalition members will be respected by them. Second, we require that the agents
within a coalition can redistribute their endowments, otherwise the previous assignment

is implemented. Formally we say that expectations are admissible if:

(i) c(k) = b(k),Vc € ©4(a,b,T,R),Vk € T if ;o1 b(2) € U,;er €i; and

(ii) ©i(a,b,T,R) = {a} if Uer-b(i) € User e:-

The following will assume admissible expectations.

The idea is that, when a coalition of agents renegotiate an assignment using their own
endowments, other individuals outside the coalition can react. If there are externalities,
this behavior can affect the welfare of the agents in 7. Then we next incorporate the

admissible expectations in the blocking concept. A coalition T' blocks an assignment

8For convenience, in examples we use the symbol > to denote strict preference, and « to denote
indifference.

9Expectations are equivalent to beliefs, estimations or conjectural valuations used in Sasaki and Toda
(1996) to marriage market.



a € A/ under a preference profile (R;);cy when there is an announcement b € A’ such

that:

(i) For every i € T' we have that cR;a for all ¢ € ©;(a,b, T, R).

(ii) There exists i € T such that cPa for all ¢ € ©;(a,b,T, R).

That is, to block an assignment, a coalition requires to redistribute their own endow-
ments and the agreement taken by the coalition be credible (condition of admissible
expectations) in such form that at least one of its members expects that she will strictly
improve her situation in all assignments that expect could be attained, without harming
any other member of the coalition (conditions (i) and (ii)). Notice that this formulation
is non Bayesian because players do not assign probabilities to the different matchings,
but rather deviate only if the deviation is profitable for all matchings that they expect

could be obtained.

A mechanism I' is weakly coalitionally strategy-proof if for all R € R, forallT C N,

and for all Ry € Ry there exists an agent ¢ € T such that ['(R) R; F(ET, R_7).

An assignment a € A/ belongs to the expectational core of (N, e, A/, (R;,0;)icn)
when it cannot be blocked by any coalition 7" C N. The expectational core corre-
spondence ¢ : R = A is the set-valued mapping that assigns to each preference profile
R € R the expectational core of (N, e, A’ (R;,0;)icn). The individually-rational ex-
pectational core correspondence €* : R = A/ is the set-valued mapping that assigns
to each preference profile R € R the set € (R) N .#(R). We say that in this economy
there exists veto power if the agent ¢ € N unilaterally announces that she will block
the assignment a € A/ with another assignment {e;, b_;} where i keeps her endowment,
everyone expects that the market will disintegrate and each agent retains their endow-
ment, formally ©;(a,{e;,b_;},{i}, R) = {e} for each i € N. Notice that in this context
% (R) C Z(R) and then ¢ (R) = ¢*(R).

The expectational core correspondence is essentially single-valued if it has non-empty

values and, for any preference profile R, two assignments in @ (R) are indifferent to all



agents. Similarly, €™ is essentially single-valued when, for each R € R, €*(R) # () and
a,b € ¢*(R) = al,b Vi€ N.

A set of assignments S C A/ is externally stable if for every a € A\S there exists
T C N which blocks a by announcing some b € A/ such that S N ©;(a,b, T, R) # 0 for
all © € T', which meas that for each assignment outside S there exists a coalition which
blocks it and everyone expect that at least one assignment that could be attain is in the

set S. The core correspondence is externally stable if it has externally stable values.

1.1 Specifications of expectational cores

The flexibility of the correspondences 6; : A/ x A/ x 2N xR = A/, with i € N, allows us
to model situations previously studied in the literature to deal with assignment problems

in markets with externalities.

Let’s start defining the following expectational correspondence:

{ce AT tc(k) =b(k), Yk € T} if Uier b(i) € User e,

{a}if UieT b(i) SZ UiET €.

OF(a,b,T,R) =

In this case, we say that agents have prudent expectations. The model represents
a situation where agents belonging to a coalition, say 7', do not have any information
about how the agents outside T" will react to their deviation. Then they expect that
any assignment which respects the redistribution proposed in b for T’s members could be
attained. Furthermore, before joining a coalition T to block assignment a, they want to be
sure that nobody in 7" will loose and at least one agent will gain with respect to assignment
a, whatever the reaction of the agents outside the coalition. The prudent expectation
notion extends to generalized assignment problems the blocking concept introduced in

Sasaki and Toda (1996) in marriage markets with externalities.!”

We denote ¢p and 65 = 6p N & the prudent expectational core correspondence the

individually-rational prudent expectational core correspondence, respectively. Notice

10Gee also Contreras and Torres-Martinez (2019) to roommate problems with externalities.



that, under prudent expectations, any individually rational assignment is participative
but the reverse is not true. While we do not model uncertainty in this model, the expec-
tational core is consistent with an extreme form of ambiguity aversion (see Schmeidler

and Gilboa, 2004).

On the other extreme there are the optimistic expectations.

{b} if UieT b(l) - UieT €,
{a} if Ujer 0(1) € Uicr e

0%(a,b,T,R) =

In this case, each agent expects that the exact assignment announced by the coalition T'
will be attained, if in the announce agents in 1" are redistributing their own endowments.
Notice that the agents within the coalition are determining also the objects the agents
outside the coalition will receive. Under optimistic expectations, agents in 7" block as-
signment a if there exists a feasible assignment such that nobody loose and at least one
agent will gain upon assignment a. Under optimistic expectations we find the traditional

definition of core.

The expectational core correspondence under this specification is denoted by %o, and
65 = CoNS. Under optimistic expectations, any participative assignment is individually

rational. Thus, 6p = 65 =60 N L.
Next, we show alternative notions of cores.

For every (i,a,b,T), set ¢ (k) = b(k),for allk € T, c(k) = (a(k) \ e(T)) U (a(T) Ne(k))
for all k ¢ T. Set

{c}if Ujer b(6) € Ujerei and c € A,

{a}if Uier (i) € Ujer €; and c € A7

OM(a,b,T,R) =

In this case, we say that agents have myopic expectations. They expect that after the
announcement of a blocking coalition T', the agents who do not belong to the coalition

will not react. Each i € N\ {T'}



Let €\ be the expectational core correspondence that arises with this specification and
denote by €%y = €m N & the associated individually-rational expectational core. This
core concept has been introduced by Sasaki and Toda (1986) to analyze coalitional sta-
bility in marriage markets with externalities, and by Mumcu and Saglam (2010) to the

housing market problems with externalities.

In the case of myopic expectations the individual rationality is not stronger nor weaker

than the participative constraint as shown by Example 8 in Appendix 5.

Next, for every (i,a,b,T), set ¢ (k) =b(k),for allk € T, c¢(k) = e(k) for all k ¢ T.

{e}if Uyer b(3) € Useqres and ¢ € A,

{a}if U,ep b(i) € U,;ep€i and c € AT

©P(a,b,T,R) =

In this case, we say that agents have dissolving expectations. After the announcement
of a blocking coalition T, the coalition of the agents not belonging to T dissolves and

each one of them receives her endowment.

Let ép be the expectational core correspondence that arises with this specification and
denote by €75 = €p N .#. This core concept coincide with the I R-core studied by Ehlers
(2018).'" When expectations are dissolving, each agent has veto power on the assignment,
which is ©;(a,e, {i}, R) = {e} for each agent i € N and each feasible assignment a,
thus the set of individually rational assignments and the set of participative assignments

coincide. In particular, ép = €5 = ép N 7.

Example 1 help to clarify the differences between the four specifications seen.

Example 1 Let N = {iy,is,13,14,15}, € = (e1,e,e3,€4,¢5) and the following assign-
ments:

a = (61762764765763); b= (62761765763764)§
Cc= (62761763764a65>; d: (62761764765763);

f = (62a 61763765764)'

HSee also Hart and Kurz (1983).



Consider the coalition T = {i1,i2}. The preferences are:

Ri,:b-c~d>a~e>f,

Ri,:b>=c-d>f>=a~e.

Let’s review each specification of expectations we have seen:

OF(a,b,T,R) = {b,c,d, f}. Then if members of the coalition T are prudent they

will not block the assignment a announcing b.

09 (a,b, T, R) = {b}, ©M(a,b, T, R) = {d}, OP(a,b, T, R) = {c}. Then if members
of the coalition T are optimistic, myopic or dissolving they will block the assignment

a announcing b.

Example 1 suggests that under prudent expectations is more difficult to block. In fact,

we prove in Section 3 that prudent expectations generate the largest core.

2 Cores and the existence of SIE-mechanisms

In this section we connect expectational cores with the existence of strategy-proof assign-
ments. More precisely we verify whether the relation between essentially singleton cores
and the existence of strategy proof assignments, already studied in Sénmez (1999) and
Ehlers (2018) holds in our setup. It is of particular interest since when cores are empty,

the results in Sénmez (1999) and Ehlers (2018) have no grip.'?

2.1 From SIE-mechanisms to essentially single valued cores

We investigate whether an essentially single valued core is a necessary condition for the

existence of a SITFE-mechanism. This is true if agents have either optimistic or dissolving

12In Section 3 we study the relationship among the cores generate by each specification of expectations
presented and we show that the prudent expectation generates the largest core.
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expectations as shown by Sénmez (1999) and Ehlers (2018), respectively. Intuitively,
generalize the result to more permissive expectations requires more exigent conditions.

We start introducing some conditions on the preferences domain.
ASSUMPTION 1 For eachi € N, R; € R;, and a € A/, alie <= a(i) = e;.

If Assumption 1 holds, an agent i is indifferent between an assignment and the endow-
ment e if and only if she receives her endowment e;. Then, Assumption 1 limits the
externalities related to the endowments. If a domain satisfies Assumption 1 individual
rationality and participation are equivalent requirements over an assignment, indepen-

dently on expectations.

ASSUMPTION 2 For each i € N and R; € R;, if an assignment a € A’ satisfies aRe,

then there exists a preference relation éz € R; such that

(i) for each b € A, bRia < bR;a and aR;b < aﬁib;

(ii) for each b € A’, aPb < af’ib and aﬁieéib.

If Assumption 2 holds, for each agent ¢ € N, preference profile R; € R; and individually
rational assignment a, there exists a preferences relation ﬁl which lifts e just below a,

maintaining the relative ranking of all other assignments with respect to a.
Sonmez (1999) and Ehlers (2018) employ Assumptions 1 and 2.

Notice that if Assumptions 1 and 2 hold, when passing from R; to an éi, not only e goes

up, but also all assignments where agent i keeps her endowment.

Next, we introduce an invariance assumption on expectations.

ASSUMPTION 3 For each a,b,c € AT, i€ N, R€R and T C N, we have that al;b =

Oi(a,c, T, R) = 0;(b,c, T, R).

11



The idea is that whenever an agent is indifferent between two assignments, she has the
same expectation about the results of the deviation. The Assumption 3 is satisfied by
any expectation correspondence which is independent on the starting assignment a. In
particular it is satisfied by optimistic, prudent, and dissolving expectations. Thus it is
implicitly satisfied in the models studied by Sénmez (1999) and Elhers (2018), because
in their models, expectations depend only on the deviating coalition and on the proposed

assignment.

We also employ the following assumption.

ASSUMPTION 4 For eachi € N, and Re R, be Z(R)N I (R) = 0,;(a,b,T, R) = {b}
for all a,b € A" and T C N.

Assumption 4 requires that, whenever a deviating coalition propose an individually ra-

tional and Pareto Efficient assignment, no agent will renegotiate that assignment.

Notice that Assumption 4 trivially holds when agents are optimists in the sense that
individuals expect that those outside the blocking coalition will behave in the way that
suits the members of the coalition. It implies that when the announcement is Pareto-

efficient and individually rational, each agent acts as she was optimistic.

Finally, we consider an assumption on the set of feasible assignments which strengthens

Assumption 1.

ASSUMPTION 5 If a € A’ and a(i) = e(i) for some i € N, then a = e.

If this Assumption holds, the only assignment in which an agent has her endowment is

where everyone keeps her endowment too.

Theorem 1 Assume that there exists a Pareto efficient, individually rational, and strategy-

proof mechanism, I, and any of the following sets of Assumptions is satisfied

1. Assumptions 1,2,3,5, or

12



2. Assumptions 1,2,4.

Then, in the domain R* = {R € R : €*(R) # 0}, I'(R) C €*(R) and the individually-

rational expectational core correspondence €* is essentially single-valued.

Proof. 13

1. Let R € R* and let a € €*(R). For every i € N, consider preferences R, € Ri
satisfying the requirements (i)-(ii) of Assumption 2. Hence, a € €*(R), because a is
individually rational and any 7' C N that blocks a under R = (EZ)ZE ~ blocks a under
R, too. Let I' be a SIE-mechanism, and let b € 2(R) N .#(R), we next prove bl;a for
all © € N. By contradiction assume there exist an agent ¢« € N such that béa. Define
the coalition T := {i € N : b(i) # e(i)}. If T = () then b = e. Since a is individually
rational, then afiib which generates a contradiction. If T # (), Assumption 5 guarantees
that 7= N. Notice that for any admissible expectations, ©;(a,b, N, R) = bfor alli € N.

Individual rationality of b, construction of T', and Assumption 1 implies bPe thus
(i) For every i € T we have that cR;a for all ¢ € 6;(a,b, T, R).

Moreover, by the contradiction assumption
(i) There exists i € T such that cPa for all ¢ € O;(a,b, T, R).

Then by (i) and (ii) T blocks a under R announcing b which contradicts with a € €*(R).
Thus aﬁib for all © € N, but b is Pareto efficient, then aEb for all € N. Since b is an

arbitrary assignment we conclude al;I'(R) for all i € N.

As strategy-proofness does not depends on the characteristics of {©;}icy, Claim 2 in
Sonmez (1999) implies that I'(R)/;a for all i € N. Therefore, as a is an arbitrary element
of €*(R), the transitivity of preferences implies that any pair of assignments in ¢*(R) are
indifferent to all agents. It follows that I'(R)/[;a for all (i, R) € N x R* and a € €*(R).
Thus, by Assumption 3 ©,;(I'(R),-) = 0;(a, ) and we conclude that I'(R) € €*(R).

13The proof follows close arguments used by Sénmez (1999) in the proof of Claim 1.
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2. Following of notation of part (1), by Assumption 4 ©;(a,b, T, R) = {b} for each i € N
and 7" C N. Fix a preference profile R € R* and a € ¢*(R). Since a is individually
rational we have that aR;e for each ¢« € N. Then there exists a preference profile R eER
that fulfill items of Assumption 2. Moreover, by construction of E, a € %*(E) Let
be P(R)N.Z(R), and define T := {i € N : b(i) # e(i)}, then by Assumption 4 we
have ©;(a,b, T, R) = {b} for each i € N which coincides with used by Sénmez (1999) and
Ehlers (2018). Therefore the proof follows for identical arguments that the mentioned

papers.

As we mentioned before, Assumption 5 is too restrictive for Myopic and Dissolving ex-
pectations because under this Assumption is not possible that only part of agents keeps
their endowments, as a consequence, 6, and €7, are usually the largest core but because
the feasible assignments set is restrictive.!* On the other hand, Assumption 4 limits the
variety of expectations because when an announcement is Pareto-efficient and individu-
ally rational, each agent acts as an Optimistic person. However, in this case, all models
are affected in the same way and then their relation does not change, and the largest core

is €p as in the context without restrictions.

2.2 From SIE-mechanisms to essentially single valued cores using

the weak blocking concept

In this section, we present an alternative approach that it could be used to investigate
whether an essentially single valued core is a necessary condition for the existence of a

ST E-mechanism.

As we saw in the subsection 2.1, generalize the result to more permissive expectations
requires more exigent conditions, to avoid that, in this section we work with a weak

blocking concept. Specifically, we do not need that a member of the coalition improves

14 An example of this point is presented in Appendix 5.
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strictly her situation in all assignments that she expects that could be attained, instead,

it is enough she improve strictly in only one expected assignment. Formally,

A coalition T weak blocks an assignment a € A/ under a preference profile (R;);cn

when there is an announcement b € Af such that:

(i) For every i € T' we have that cR;a for all ¢ € ©;(a,b, T, R).

(ii) There exists i € T such that cP;a for some ¢ € 0©;(a,b, T, R).

That is, to block an assignment, a coalition requires to redistribute their own endowments
and the agreement taken by the coalition be credible (condition of admissible expecta-
tions) in such form that at least one of its members expects that she will strictly improve
her situation in at least one assignment that expect could be attained, without harming

any other member of the coalition (conditions (i) and (ii)).

Notice that when individuals’ expectations are single-valued (e.g., optimistic, myopic, and
dissolving expectations) this blocking concept is equivalent to the one used previously.
However, when expectation sets have more than one element (e.g., prudent expectations)
the blocking concept used in this section is weakly than the used before. As a consequence,
the prudent core is no more the biggest one, but neither is it contained in any of the others.

Examples 2 and 3 show the intuition about these two facts.?

Example 2 Consider the following problem with externalities where N = {iy,19,13,14}
and the endowment is e = (e, e9,€3,€4). Denote a = (e3,eq,€1,€2), b = (e, €1, €4, €3)

and ¢ = (e, €1, €3, e4). Consider the following preferences profiles:

Ri,:b>c~a

Ri,:b~c~a

Then OF . (a,b,{i1,i2}, R) = {b,c}, and OF , (a,b,{i1,is}, R) = {c}.

11,02 11,12

5Notice that the participative definition change. Specifically, assignment a € A/ is participative if
for all ¢ € N either (i) aP;c for some ¢ € ©;(a,e;,{i}, R), or (ii) al;c for all ¢ € ©;(a,e;, {i}, R).

15



If we consider the weak blocking concept, over prudent expectations the coalition T =
{i1,42} blocks the assignment a announcing b. However, over dissolving expectations the

coalition T" does not do it.

Example 3 Consider the following problem with externalities where N = {iq,a,13,14}
and the endowment is e = (e, ea,e3,6e4). Denote a = (eg,eq,€e1,€3), b = (eq, €1, €4, €3)

and ¢ = (e, €1, e3,¢e4). Consider the following preferences profiles:

Ri,y:c>a>b

Ri,:c~b~a

Then OF . (a,b,{i1, iz}, R) = {b,c}, and OF , (a,b,{i1,is}, R) = {c}.

11,12 1,82

If we consider the weak blocking concept, over dissolving expectations the coalition T =
{i1,i2} blocks the assignment a announcing b. However, over prudent expectations the

coalition 71" does not do it.

Next, we show that under the weak blocking concept, additional to Assumption 1 and
Assumption 2, we only require the following mild condition to prove that essentially

single valued core is a necessary condition for the existence of a SIFE-mechanism.

ASSUMPTION 6 Leta € A/, T C N, and R€ R. Ifb € #(R), then b € ©;(a,b,T, R)
and cR;e for all ¢ € ©;(a,b, T, R), for all1 € T.

Assumption 6 requires that when the coalition 7" announces a deviation toward an in-
dividually rational assignment, b, they expect that the process of renegotiation will lead
to an individually rational assignment, and in particular the announcement b. This is
consistent with the idea that any renegotiation process can be hindered by any agent

leaving the coalition she belongs to with her endowment.

Next result shows that essentially single valued core is a necessary condition for the

existence of an SIFE-mechanism under weak blocking concept .
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Theorem 2 Assume that Assumptions 1,2,6 are satisfied. If there exists a Pareto ef-
ficient, indiwvidually rational, and strategy-proof mechanism, I'. Then, in the domain
R*={ReR: ¢ (R) # 0}, T'(R) C €*(R) and the individually-rational expectational

core correspondence € is essentially single-valued.

Proof.

Fix an assignment problem with externalities (N, e, A/, (R;, ©;)icn) where R; € R* =
[Licy R;. First, we prove that for a specific preferences profile any assignment in the core
and the outcome of STFE-mechanism are indifferent to everyone. After, we show that the

result holds for the true preferences.

Let a € €*(R) be an assignment in the core. For each i € N, aR;e by definition of
the expectational core correspondence. For each i € N, consider preferences }Nzl € R}
satisfying the requirements (i)-(ii) of Assumption 2. Hence, a € €*(R), because a is

individually rational and any 7" C N that blocks a under R= (éz)ZE ~ blocks a under R,

too.

We next prove that for every b € 2(R) N .#(R) bl;a for all i € N. By contradiction
suppose that
3j € N, bPja. (1)

Consider a coalition 7" where each member is assigned to an assignment different to her
endowment. Formally, T' = {i € N|b(i) # e(i)}. Since members outside the coalition

keep their endowments,

Jot) = e(d).

i€T i€T
Notice that

bPa,= jeT (2)

because b(i) = e(i) for all i € N\T and Assumption 1 holds. Also, ©;(a,b,T, R) # () and
c(i) = b(i),Ve € ©;(a,b,T,R) and Vi € T, because expectations are admissible. That
is, each member of T' conserves the assignment obtained in b, which is different from her

endowment in all assignments each agent expects that could be effectively attained after
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the blocking announcement. This, jointly with Assumption 1 and Assumption 6, implies

that cPie for all i € T and for all ¢ € ©;(a,b, T, R). It follows that by construction of R
cR;a for all i € T and for all ¢ € ©;(a,b, T, R). (3)

By (3), in particular, bR;a for all i € T. From (2) there exists j € T such that bﬁja.
Since (3) holds, coalition 7" blocks a by announcing b, which contradicts the fact that
a € €*(R).

We conclude that #i € N for which bpia, and hence aR;b for all i € N. Assume that
aPb for some i € N, then assignment a Pareto-dominates to assignment b but b € 4@(}?)

thus al;b for all i € N, in particular a,T'(R) for all i € N.

Next, we need to prove that results hold over original preferences R. As strategy-proofness
does not depends on the characteristics of {©;};en, Claim 2 in Sénmez (1999) implies

that I'(R);a for alli € N. m

The intuition of the proof is similar to the one used at Sénmez (1999), but in our case is
central the use of Assumption 6 to incorporate different types of expectations and thus
allow less optimistic agents to be considered, which is more appropriate in contexts with

externalities as was widely discussed earlier.

2.3 From essentially single valued cores to SIE-mechanisms

Now, we investigate the relation between core stability and the existence of a STFE-

mechanism (see also Sénmez, 1999 and Ehlers, 2018).

Define L(R;,c) := {d € A’ : cR;d} as the lower contour set of ¢ relative to R;, and
L*(Rj,c) := {d € A/ : cPd} as the strict lower contour set of ¢ relative to R;. Before
we show the main results of this section we establish an additional condition about the

richness of the preference domain (see also Takamiya, 2003).
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ASSUMPTION 7 Let i € N, R; € R;, and b,c € Al be such that cPb. Then for all
R, € R;, there ezist R} € R; such that

(i) L*(b,R;) C L*(b, R}), and L(b, R;) C L(b, R}); and

(ii) L*(¢, R) C L*(¢, R}), and L(c, R,) C L(c, RY).

Assumption 7 requires that, if ¢ prefers assignment ¢ to assignment b, then, for each R,

the domain mathcal R; contains another preference profile R} such that:
(i) b improves in 4’s ranking (and no assignment below b reaches it) moving from R; to
I

(ii) ¢ improves in 4’s ranking (and no assignment below b reaches it) moving from R; to

R

(2

Preference profile R can be interpreted as a mixture of R; and R] in the sense that,
moving from R; and R} to R}, both alternatives b and ¢ improve upon without affecting

their relative ranking.

We next show that if the expectational core correspondences is non-empty and essentially
singled valued, then, any selection from it is an ST FE-mechanism, if the expectational core

is externally stable or, the preference domain satisfies Assumption 7.

Theorem 3 Assume that the individually-rational expectational core correspondence €*

is essentially single-valued on R = [[,cy Ri, and one of the following conditions holds:

1. The indiwvidually-rational expectational core is externally stable; or

2. Assumption 7 is satisfied.

Then, any selection from €* is a Pareto efficient, individually rational, participative, and

weakly coalitional strategy-proof (then strategy-proof) mechanism on R.
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See the proof in Appendix 5.

Let T be a selection of the individually-rational expectational core correspondence. By
definition I' is individually rational, participative, and Pareto efficient. The proof of
rest of the claim is by contradiction. We show that if the core is externally stable and
a coalition T can manipulate I' by making every member of T strictly better off, then
there is a second coalition U blocking a core assignment, which yields a contradiction.
Alternatively, if Assumption 7 holds and a coalition 7" can manipulate I' by making every

member of T strictly better off, we show that I' is not Pareto efficient.

The reader might be tempted to infer that Proposition 1 in Sénmez (1999) (or Theorem
1 in Takamiya (2003) or Proposition 2 in Ehlers (2018)) implies the claim of Theorem
3 for the case of prudent expectations. Indeed the core under optimistic (resp. myopic
resp. dissolving ) expectations is always a subset of the core under prudent expectations
(see Proposition 1). However, it might be the case that the core under optimistic (resp.
myopic resp. dissolving ) expectations is empty while the core under prudent expecta-
tions is not. (see Proposition 1). Thus, Theorem 3 generalizes Sénmez (1999, Proposition

1), Takamiya (2003, Theorem 1), and Ehlers (2018, Proposition 2).

When the core is empty or contains two allocation that are not indifferent to all agents,
Theorem 3 is silent. If agents have prudent expectations, the expectational core is more
likely to be not empty than if agents have, for instance, optimistic expectations. However
it is also more likely that it contains multiple non indifferent assignments. We next present

two examples that make it evident this trade-off.

First, we present a an example where €7 is essentially single-valued and externally stable,
then by Theorem 3 there exists an STE mechanism, but €7, is empty for some preference

profile.

Example 4 Consider the following house assignment problem with externalities where

N = {iy,i9,13,14} and the endowment is e = (hy, ho, hs, hy). Denote a = (hy, ha, hy, h3)

16Tn the examples we use (...) to point out that it doesn’t matter which order the preferences follow.
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and b = (hy, hs, ho, hy). Consider the following preferences profiles:

R,:b>a>e...,

RizzRi3:Rz~4:a>-...,

Additional consider

-
R, a»....

Deﬁne R = (Riu Ri27 Risv Ri4) and R’ = (R,

117

Ri,, Ri,, Ri,). Assume that R;, = {R;,, R },
Ri, = {Ri,}, Riy = {Ri,}, Riy, = {Ri,}. Then R = {R,R'}. It is straight to see
Cp(R) = €5(R) = €4(R') = {a} but €%(R) = (). Notice that €} is essentially single-
valued and expectational core is externally stable. Then any selection from €} is a SIE-

mechanism on R.

Next, we present a case where %7 is essentially single-valued and externally stable thus

there exists a S1FE-mechanism but %7 is not essentially single-valued.

Example 5 Consider the following house assignment problem with externalities where
N = {iy,i9,i3} and the endowment is e = (hy,ha, h3). Denote a = (hy,hs, hy), b =
(ha, hi, hs), ¢ = (ha, h3, hy), d = (hs, h1, ha), and f = (hs, he, hy). Consider the following
preferences profiles:'”

Ry=Ry,:a=c>e~...,
Riy,:c-a=e>....

Additional consider

R, :c-a-e»>....

Deﬁne R = (Ri17Ri27Ri3> and R/ = (RilaRiyR;S)- Assume that Ril = {Ril}, ,R,iQ =
{Ri,}, and Ry, = {Riy, Ri,}. Then R = {R, R'}. It’s easy to see that €¢(R) = €5(R') =
{a} and €5(R) = €5(R') = {a,c}. Notice that €5 is essentially single-valued and

1"The symbol > denote strict preference, and (...) in the preferences profiles means that the rest of
the assignments can follow in any order.
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externally stable. Then, it follows from Theorem 3 any selection from €& is a SIE-

mechanism on R.

3 The largest and the minimal cores: prudent and op-

timistic expectations

For every system of expectations, the core generated by optimistic and prudent expecta-

tion yield the smallest and the largest cores, respectively.

Proposition 1 Let {O; (-)},.y be a system of admissible expectations and be € and

C* = NI, be the core and the individually rational core supported by {©; (1)} ;cn, then

1. Cgo - ng CK’P;

2. €5 C € C 6.
Proof. We prove 1. It suffices to show: (i) if coalition 7" blocks a € A/ under {©F ()}le N
through b € A/, then coalition 7" blocks a under {©; (-)},. through b; (ii) if coalition T
blocks a € A/ under {©; (-)},. through b, then there exists ¢ € A’ such that coalition T
blocks a under {©f (-)}ZEN through c. Part (i) follows from ©; (-) C ©F (-) for all i € N.
Let’s prove (ii). Assume that coalition 7" blocks a under {©; (-)},.y through b, then
coalition 7' blocks a under {©f (-)}ieN through b. Then for all ¢ € 69 (a,b,T, R), cR;a
for every ¢« € T and cPja for some j € T'. Thus coalition 7" blocks a under {@? (-)}ieN
through any ¢ € ©9 (a,b, T, R). Now, completing the proof to show 2. is straightforward.

The intuition for the result is simple: the larger the expectational correspondence, the
more difficult is to block an assignment; the smaller the expectational correspondence,
the easier is to block an assignment. In fact, notice that under prudent expectation

c € OF(a,b,T,R) <= c(k) = b(k),Vk € T. Then, among the admissible expectations,
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the individually-rational expectational core correspondence under prudent expectations

are the largest core consistent with the idea that the agent within a deviating coalition

can use only the resources of the same coalition.'®

From Proposition 1, we have.
Corollary 1 For all R € R:
1. Go(R) € Cm(R) N6p(R) and €5(R) € €i(R) N6p(R).

2. G\(R) U%p(R) C p(R) and €5, (R) UES(R) C €5(R).

3. €5(R) C 2(R)N I (R).

The following diagram illustrates these relationships.

p(R)

Figure 1. Relationship between individually-rational expectational cores

Proof.

1. Fix R € R, assume that a € €5(R), then there is no announcement b € A/ and
T C N such that (i) U;erb(i) = Ujere(i), (ii) bR;a for all i € T and (iii) bP;a for some

1 € T. This is true in particular for the following two assignments:

18In Section 3 we explain more about de largest core notion.
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- csuch that ¢(k) = b(k) for all k € T and (a(k) \ e(T)) U (a(T)Ne(k)) forall k ¢ T.

- csuch that c(k) = b(k) for all k € T and c(k) = e(k) for all k ¢ T

Then a € €3 (R) N €5(R). Now, to see that inclusions could be strict, consider the
following example. Assume that N = {iy, 2,43}, and e = (e;,, €;,, €;5,) is the endowment.
Let a = (e, ¢€i5,6€i,) and b = (e;,,€;,,€;,) be two assignments. Assume that for all
c € A/ \ {a,b} the preferences are aP; bP; c to agent i; bP,aP;,c to agent iy; and
bP,aP;,c to agent i3. Then, b € € (R) N EH(R) but b ¢ 65(R) because i; blocks b
announcing a since 9 (b,a, {i1}, R) = {a}.'” The relations hold when cores have no
individually-rational assignments since expectations specifications don’t depend on the

individually-rational notion.
2. €5(R) C €5(R) and € (R) C €5(R) come from Proposition 1.

3. €5(R) C Z(R) by definition (remember that €5 (R) = ¢p(R) NZ(R)). On the other

hand, since OF(+) is an admissible expectations, €5(R) C Z(R). =

Under Assumptions 1 and 2, and using Dissolving expectations, Ehlers (2018) showed
necessary conditions to the existence of an SIE-mechanism.?’ In addition, he demon-
strated that the individually-rational core is the largest one in that context. We show
that by imposing certain additional conditions on expectations and feasible assignments,
it is possible that results holds for larger cores, which allows us to include others blocking
concepts widely used in assignment problems with externalities. Then notice that our

results do not contradict the Ehlers’ results.

The following examples show the advantage of having a model that allows larger cores
for contexts with externalities. The first example shows an environment where there
exists an ST FE-mechanism, but only prudent specification generates a core different from

empty in which the fulfillment of the Theorem 1 is nontrivial. On the other hand, the

YNotice that ©F (b, a, {i1}, R) = ©2'(b,a, {i1}, R) = {e} and since bP;, e the agent i; decide does not
block. Nobody else blocks since b is the best option for i3 and 3.

20In Ehlers (2018) also is present sufficient condition for which is used an additional Assumption,
similar to our Assumption 7 but with upper contour instead of a lower one.
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second example shows a case where the core produced by prudent expectations is not
single-valued, and then we can conclude by Theorem 1 that there is no S FE-mechanism,
however, the core generated with other specifications are empty and therefore useless to

conclude something about the existence of SIFE-mechanism.

Example 6 Assume that N = {iy,is, 13,14, 15} and the endowment is e = (hq, ha, hs, hy, hs).
Leta = (hy, hs, ha, hs, h1), b = (hg, hy, hs, ha, hs), ¢ = (he, b1, hs, by, h3), d = (hs, ha, hq, hs, ha),
and f = (hy, hy, hy, hs, hs). The set of feasible assignments is A/ = {a,b,c,d,e, f}. The
preferences are:

Riy=Ry,:d=bs=as=crew [
§13:§i4:amf>d>bme>c;
}N‘?iS:amd>bmemf>c.

Based on the preferences R we generate R. More precisely, each R; € R; is formed by
improving the position of the endowment e (along with the other assignments that leave i
with her initial endowment) and maintaining the relative position of all other assignments.
R fulfills Assumptions 1 and 2. We work we admissible expectations and Assumption 4

1s satisfied.

For all R € R, consider the following mechanism:

~ a, when a Pareto-dominates e under R,
I'(R) =
f, in any other case.

Notice that I is an SIFE-mechanism. Indeed, I'(R) C €*(R) in the domain R* = {R €
R: €*(R) #0}.*

By Theorem 1, the individually-rational expectational core correspondence €* is essen-

tially single-valued in the domain R* = {R € R : ¢*(R) # 0}. However notice that

2IMore details are in the Appendix 5.
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under R preferences, a € €5(R) while €%(R) = €5(R) = €;,(R) = 0.

Example 7 highlights something important. Before the inclusion of prudent notion, an
economist could not answer if there exists SIFE-mechanisms for some kinds of environ-

ments.

Example 7 Assume that N = {iy, i, 13,14, 15,16} and the endowment is e = (hy, ha, hg, hy, hs, hg).
Denote a = (h27h67h47h57h37h1); b= (h27h1>h37h47h57h6)7 c = (h2>h17h57h47h37h6);
d= (h3,h47h1,h5,h27h6>; [ = (h3,h47h5,h67h1,h2); and g = (hz,h17h4,h5,h37h6)- The

set of feasible assignments is A' = {a,b,c,d, e, f}. The preferences are:

Riy=Ry,:bondog-f-a=c-e

Ry:awf=d-bues=crg R, fra-dsboewncsg
EiS:amd>f>emb>c>g Eiﬁza>f>embmc\ndmg

Based on the preferences R we generate R. More precisely, each R; € R; is formed by

improving the position of the endowment e (along with the other assignments that leave i

with her initial endowment) and maintaining the relative position of all other assignments.

R fulfills Assumptions 1 and 2. We work we admissible expectations and Assumption 4

15 satisfied.

In this case, a, f € €5(R) (i.e., €5(R) is not essentially single-valued) while €4 (R) =
Cp(R) = Cy(R) = 0.

Then, by Theorem 1, there is no SIE-mechanism.
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4 Conclusions

We show that core essentially single-valued is a necessary and sufficient condition to the
existence of STFE-mechanism. Then, we managed to relate a property motivated by non-
cooperative behavior as is strategy-proofness, with one of the most important concepts in
cooperative game theory: the core. Moreover, these results hold for a very wide variety

of blocking notions for contexts with externalities.

27



5 Appendix

Example to show that in the case of myopic expectations the individual ra-

tionality is not stronger nor weaker than the participative constraint.

Example 8 Let N = {iy,is,13,i4} be the set of agents, and let e = (e;,,€;,,€is,€i,)
be the endowment. Consider the following assignments: a = (e;,,€;,,€,,€i5) and b =
(€11, €iy, €y, €i5). Suppose that bP; aP; eP;, to agent iy, and assignment a is the first top
raking for all others agents. Clearly a is individually rational. But if agent iy has myopic
expectations she will block a since ©M(a, e, {i1}, R) = {b} and b is her most preferred
assignment. Then assignment a s no participative. Now assume that agent i1’s pref-
erences are ePj aP] bP; and define R = (R_;, R;)). In this case the assignment a is
no indwidually rational because for agent i1 it is worse than endowment. But assign-
ment a fulfills with the individual participation constraint because @{‘f(a,e, {i1},R') =
OM(a,b,{i1},R") = {b}, and a is better than b to agent iy and it is the best to other

agents.

Proof of Theorem 3.

Assume that € is essentially single-valued on R. Let I' : R — Af be a selection of
the individually-rational expectational core correspondence, that is T'(R) € €*(R) for all
R € R. By definition, I' is individually rational, Pareto efficient, and participative. We
next prove that I' is weakly coalitional strategy-proof if either condition 1 or 2 holds. By
contradiction, suppose that I" is not weakly coalitionally strategy-proof. Then, there are
preference profiles R, R € R and a coalition T C N such that F(ET, R_7) P,T'(R) for all

i € T. Since €* is essentially single-valued, we have that D'(Ry, R_7) ¢ €*(R).

1. Suppose that individually-rational expectational core is externally stable. Then there

exists a coalition U that block F(ET, R_r) announcing an assignment b such that

(a) Upey 0(k) = Upey e and ©4(T(Rp, R_7),b,U, R) # 0, for every i € N;
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(b) for each i € U we have that cRiF(ET, R_r) for all c € @i(F(}NfT, R_7),b,U, R);
(¢) there exists i € U such that ¢P,I(Ry, R_7) for all ¢ € @i(F(ET, R_7),b,U, R);

(d) for each i € U, €*(R) N ©;((Ry, R_7),b,U, R) # 0.

From (b) and (d) follows I'(R) R; I'(Ry, R_7) for all i € U because the core is essentially
single-valued. Since I'(Ry, R_) B, T(R) for all i € T, it follows that 7N U = (), which
in turn implies that U blocks I'(Ry, R_7) when preferences are (Rp, R_). This yields a

contradiction since I'(Ry, R_7) belongs to €*(Rr, R_1).

2. Assume that the domain R satisfies Assumption 7. For each i € T, choose a preference

relation R} such that
(a) L*(I'(R), R;) € L*(I'(R), R}), and L(I'(R), R;) C L(I'(R), R}); and

(b) L*(T'(Ry, R_1), R;) € L*(I'(Ry, R_7), RY), and L(I'(Ry, R_7), R;) € L(D(Ry, R_7), RY).

Assumption 7 assures that R; includes R} for all ¢ € T". Consider the preference pro-
file (R}, R_r). By construction of (a), the assignment I'(R) keeps or improves her
relative ranking from R; to (R_r,Rj}) for all ¢ € N. Then assuming that agents’
expectations do not change from R; to (R}, R_r), if some coalition S C N blocks
I'(R) over (R, R_r) also blocks over R which contradicts that I'(R) € €*(R), then
I'(R) € €* (R, R_r). Moreover, since €™ is essentially single-valued, I'(R_r, R}.)[T'(R)
for all i € T, and I'(R}, R_7);I'(R) for all i € N \ T Similarly, from (b), we have that
T'(R:, R_p)I[;T(Ry, R_g) for all i € T, and T'(R;, R_p),D(Ry, R_g) for all i € N\ T.
Then, D(R)I;T(Ry, R_r) for all i € T, and ['(R)LT(Ry,R_7) for all i € N\ T.
Since T'(Ry, R_7)PT(R) for all i € T, the grand coalition N blocks I'(R) announc-
ing T'(Ry, R_7), which contradicts T'(R) € €*(R). m

Claim 1 Consider the House Assignment Problem with Externalities shown in Example

6. The following statements are true:
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(i) The mechanism T is an SIE-mechanism.

(i) T(R) C €*(R) in the domain R* = {R € R : €*(R) # 0}.

Proof of Claim 1.

First, we prove that [ is an SIE-mechanism.??

(i) Strategy-proof. Over true preferences R, f(R) = a. Then, the only agents who
might have incentives to lie are i; and 4o, since both have exactly preferences it is
enough analyzed one of them, without loss of generality, let’s analyze ;. Assign-
ments that have a better ranking than a to i; are b and d, but there is no way in

which 4; can lie that generates such assignments as an output of L.

(ii) Individually rational. Let R € R be any preferences profile admissible If f(é) =a
by definition of ' we know that a Pareto-dominates to e then for all i € N , af{,;e,
and then I'(R) = a is individually rational. On the other hand, notice that VR € R
and 1 € N, fﬁie because by Assumption 1 fjie for all i € {iy,i9,i5} and since
Vi € N and all pair s, € A such that s(i) # e(i) and (i) # e(i), R keeps their
relative order, we know that fP,e for all i € {is, is}. Then, T'(R) = f is individually

rational.

(iii) Pareto-Efficient. By contradiction, assume that for some R € R we have that there

exists an assignment s € A7\ {T(R)} that Pareto-dominates I'(R) over R.

— Case f(é) = a. By definition of I' we know that a Pareto-dominates to e, then
s # e. Since Vi € N and all pair of assignments s, € A/ such that s(i) # e(i)
and 7(i) # e(i), R keeps their relative order, the only candidate could be the

assignment f, but by Assumption 1 it is impossible that f fi%a, contradiction.

— Case f(}N%) = f. Since for all admissible preference profile f is the top-

ranking for i3 and i4, the only candidate is the assignment a but then aP, f

22 Additionally to }~%, according to the description, the possible preferences to agents i1 and iy are:
R, . :d=fr~e-bra>-c, R, :d=b>f~er-a=c, R, :d>=b>a> f~ec; agents iz

11,12 11,12 11,12

and i is R}, ; :a=e~b>=d>c;agentisis R} :a=e~f>=b>c

13,14
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for i € {iy,is,i5} and by Assumption 1 aPie for i € {iy,is,i5} and since for
all admissible preference profile a is the top-ranking for i € {is,i4,i5} then a

Pareto-dominates e, contradiction.

Second, we proof that I'(R) C €*(R) in the domain R* = {R € R : €*(R) # 0}. To
verify this we prove that if we assume that for some R € R, ['(R) = a and a ¢ €}(R)
implies that €5(R) = 0. By contradiction assume that T'(R) = a, a ¢ €5(R) and there
exists an assignment s € A7\ {a} such that s € €5(R). We know that s # e because a
Pareto-dominates e and then the grand coalition N blocks a. Also, s ¢ {b,c,d} because
for all R € R, {i3,14} blocks b, ¢ or d announcing f since f is their top-ranked and
in f they redistribute their endowments. Then s = f. But, since a Pareto-dominates
e we know that a Pareto-dominates f also, because by Assumption 1 aPe then aP;f
for i € {iy,is,i5} and al;f for i € {iz, iy} by how the set of admissible preferences is
constructed. Therefore grand coalition blocks f announcing a, then %ﬁ(é) = (), contra-
diction. Now assume that for some R € R, T(R) = f, f ¢ €5(R) and there exists an

assignment s € A’ \ {f} such that s € €3(R). =

Examples about the restriction of Assumption 5 to Myopic and Dissolving

expectations

(i) Case where €5, is trivially the largest core. Assume that N = {iy, i, 13,14, 5,76}
and the endowment is e = (hy, ha, hs, hy, hs, hg) of some indivisible good (think in
houses for example). Denote a = (hs, hy, he, he, hy, hs), b = (he, hs, hq, he, hy, hs),
and ¢ = (hy, hs, hy, hs, hg, hy). The set of feasible assignments is A/ = {a, b, ¢, e}.
The preferences are: bP;cPaP;e for i € {iy,is,i3} and aP;bP;cPe for i € {i4, is5,i6}-
This example fulfills Assumption 5. First, notice that over P the assignments e
and ¢ are blocked by N announcing b for any ©; € €2;. On the other hand, T' =
{i1,142,13} blocks a announcing b when agents have Prudent, Myopic or Optimistic
expectations. Nevertheless, when agents have Dissolving expectations 1" does not

block a because ©F (a,b, T, R) = () (since the assignment (hq, h3, hy, hy, hs, he) does
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not exist), indeed a € €7 (R). Finally, assignment b is blocked by T' = {i4, i5, 6}
announcing a when agents have Optimistic expectations, but no when they have
Prudent, Myopic, and Dissolving expectations. Then, in this example: €&(R) = 0,
¢p(R) = €5 (R) = {b} and G(R) = {a,b}.

Case where €y; is trivially the largest core. Assume that N = {ij, 9,43} and
the endowment is e = (hy, ho, hs, hy). Denote a = (hg, hi, hy, h3). Assume that
A’ = {a,e}. The preferences are eP;a for i € {iy,4s} and aPe for i € {is,i3}. This
example fulfills Assumption 5. The assignment a is blocked by {i;}, announcing
e when ¢; has Prudent, Optimistic, or Dissolving expectations, but no if #; has
Myopic expectations because ©M (a, e, {i1}, P) = 0 (since (hy, ho, hy, h3) does not
exist. Specifically €4(R) = €5 (R) = €5(R) = {e} and €3,;(R) = {e,a}.

References

1]

2l

Contreras, J.L., and J.P. Torres-Martinez (2018): “The roommate problem with

externalities,” working paper. Available at http://dx.doi.org/10.2139/ssrn.3081481

Bando, K., Kawasaki, R., and Muto, S. (2016): “Two-sided matching with external-

ities: A survey,” Journal of the Operations Research Society of Japan, 35-71.

[3] Bloch, F. (1996): “Sequential formation of coalitions in games with externalities and

4]

[5]

[6]

fixed payoff division,” Games and Economic Behavior, 90-123.

Chander, P., and Tulkens, H. (2006): “The core of an economy with multilateral

environmental externalities,” In Public goods, environmental externalities and fiscal

competition (pp. 153-175). Springer, Boston, MA.

Demange, G. (1987): “Nonmanipulable cores,” Econometrica: Journal of the Econo-

metric Society, 1057-1074.

Ehlers, L. (2018): “Strategy-proofness and essentially single-valued cores revisited,”

Journal of Economic Theory, 176, 393-407.

32



[7] Gale, D., and Shapley, L. S. (1962): “College admissions and the stability of mar-

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

riage,” The American Mathematical Monthly, 69(1), 9-15.

Gibbard, A. (1973): “Manipulation of voting schemes: a general result,” Economet-

rica: journal of the Econometric Society, 587-601.

Gilboa, 1., and Schmeidler, D. (1989): “Maxmin expected utility with non-unique

prior,” Journal of mathematical economics, 141-153.

Hafalir, I. E. (2007): “Efficiency in coalition games with externalities,” Games and

Economic Behavior, 61(2), 242-258.

Hart, S., and Kurz, M. (1983): “Endogenous formation of coalitions,” FEconometrica:

Journal of the econometric society, 1047-1064.

Huang, C. Y., and Sjostrom, T. (2003): “Consistent solutions for cooperative games

with externalities,” Games and FEconomic Behavior, 196-213.

Koczy, L. A. (2009): “Sequential coalition formation and the core in the presence of

externalities,” Games and Economic Behavior, 559-565.

Li, S., (1993): “Competitive Matching Equilibrium and Multiple Principal-Agent
Models,” Discussion Paper No. 267, Center for Economic Research, Department of

Economics, University of Minnesota.

Mumcu, A., and I. Saglam (2010): “Stable one-to-one matchings with externalities,”

Mathematical Social Sciences, 60, 154-159.

Roth, A. E., and Sotomayor, M. (1992): “Two-sided matching,” Handbook of game

theory with economic applications, 485-541.

Roth, A.E. (1982): “Incentive Compatibility in a Market with Indivisible Goods,”

FEconomics Letters, Vol. 9, 127-132.

Roth, A.E. and Postlewaite, A. (1977): “Weak Versus Strong Domination in a Market

with Indivisible Goods,” Journal of Mathematical Economics, Vol. 4, 131-137.

33



[19]

[20]

21]

22]

23]

[24]

[25]

[26]

27]

Salgado-Torres, A. (2011): “A solution concept for housing market problems with

externalities,” Fconomics Bulletin, 31, 623-630.

Sonmez, T. (1999): “Strategy proofness and essentially single valued cores,” Econo-

metrica, 67, 677-689.

Sasaki, H., and M. Toda (1986): “Marriage problem reconsidered externalities and

stability,” University of Rochester, Department of Economics.

Sasaki, H., and M. Toda (1996): “Two-sided matching problems with externalities,”

Journal of Economic Theory, 70, 93-108.

Satterthwaite, M. A. (1975): “Strategy-proofness and Arrow’s conditions: Existence
and correspondence theorems for voting procedures and social welfare functions,”

Journal of economic theory, 10(2), 187-217.

Schmeidler, D., and Gilboa, I. (2004): “Maxmin expected utility with non-unique

prior,” In Uncertainty in Economic Theory, (pp. 141-151). Routledge.

Shapley, L. S. and H. E. Scarf (1974): “Cores and Indivisibility,” Journal of Math-

ematical Economics 1, 23-37.

Takamiya, K. (2003): “On strategy-proofness and essentially single-valued cores: A
converse result,” Social Choice and Welfare, 20(1), 77-83.

Yu, N. N. (2013): “A one-shot proof of Arrow’s theorem and the Gibbard-

Satterthwaite theorem,” FEconomic Theory Bulletin, 145-149.

34



