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The states of a finite-state automaton A can be identified with collections of words in the prefix closure of
the regular language accepted by N. But words can be ordered, and among the many possible orders a very
natural one is the co-lexicographic order. Such naturalness stems from the fact that it suggests a transfer
of the order from words to the automaton’s states. This suggestion is, in fact, concrete and in a number of
articles automata admitting a total co-lexicographic (co-lex for brevity) ordering of states have been proposed
and studied. Such class of ordered automata — Wheeler automata — turned out to require just a constant
number of bits per transition to be represented and enable regular expression matching queries in constant
time per matched character.

Unfortunately, not all automata can be totally ordered as previously outlined. In the present work, we lay
out a new theory showing that all automata can always be partially ordered, and an intrinsic measure of their
complexity can be defined and effectively determined, namely, the minimum width p of one of their admis-
sible co-lex partial orders—dubbed here the automaton’s co-lex width. We first show that this new measure
captures at once the complexity of several seemingly-unrelated hard problems on automata. Any NFA of co-
lex width p: (i) has an equivalent powerset DFA whose size is exponential in p rather than (as a classic analysis
shows) in the NFA’s size; (ii) can be encoded using just ©(log p) bits per transition; (iii) admits a linear-space
data structure solving regular expression matching queries in time proportional to p? per matched character.
Some consequences of this new parameterization of automata are that PSPACE-hard problems such as NFA
equivalence are FPT in p, and quadratic lower bounds for the regular expression matching problem do not
hold for sufficiently small p.
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Having established that the co-lex width of an automaton is a fundamental complexity measure, we pro-
ceed by (i) determining its computational complexity and (ii) extending this notion from automata to regular
languages by studying their smallest-width accepting NFAs and DFAs. In this work we focus on the deter-
ministic case and prove that a canonical minimum-width DFA accepting a language £-dubbed the Hasse
automaton H of L-can be exhibited. H provides, in a precise sense, the best possible way to (partially)
order the states of any DFA accepting £, as long as we want to maintain an operational link with the (co-
lexicographic) order of L’s prefixes. Finally, we explore the relationship between two conflicting objectives:
minimizing the width and minimizing the number of states of a DFA. In this context, we provide an analogue
of the Myhill-Nerode Theorem for co-lexicographically ordered regular languages.

CCS Concepts: « Theory of computation — Fixed parameter tractability; Data compression; Pattern
matching; Sorting and searching; Regular languages;

Additional Key Words and Phrases: Graph compression, powerset construction, FPT, Wheeler graphs, FM-
index, Burrows-Wheeler Transform, Myhill-Nerode Theorem
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1 INTRODUCTION

Equipping the domain of a structure with some kind of order is often a fruitful move performed
in both Computer Science and Mathematics. An order provides direct access to data or domain
elements and sometimes allows to tackle problems otherwise too computationally difficult to cope
with. For example, in descriptive complexity it is not known how to logically capture the class
P in general, while this can be done on ordered structures (see [61]). In general, the price to be
paid when requiring/imposing an order, is a — sometimes significant — restriction of the class of
structures to which subsequent results refer. If we do not wish to pay such a price, a partial order
can be a natural alternative. Then, the “farther” the partial order is from a total order, the less
powerful will be the applications of the established results. In other words, the “distance” from a
total order of the partial order at hand becomes a measure of the extent to which we have been
able to “tame” the class of structures under consideration.

In this article, inspired by the above — somehow foggy — considerations, we focus on the class
of finite automata. Partial orders and automata have already met and attracted attention because
of their relation with logical, combinatorial, and algebraic characterization of languages. In the
literature (see, among many others, [22, 66, 75]) a partially-ordered NFA is an automaton where
the transition relation induces a partial order on the set of its states. Here we pursue a different
approach, closer to the one given in [77]. Our starting point is a work by Gagie et al. [47], pre-
senting a simple and unified perspective on several algorithmic techniques related to suffix sorting
(in particular, to the Burrows-Wheeler transform [23], an ubiquitous string permutation in text
compression and indexing — see also [65]). The general idea is to enforce and exploit a total order
among the states of a given automaton, induced by an a priori fixed order of its underlying alpha-
bet which propagates through the automaton’s transition relation.! The resulting automata, called
Wheeler automata, admit efficient data structures for solving string matching on the automaton’s
paths and enable a representation of the automaton in a space proportional to that of the edges’
labels — as well as enabling more advanced compression mechanisms, see [4, 71]. This is in con-
trast with the fact that general graphs require a logarithmic (in the graph’s size) number of bits per

IThe dependence on a fixed order of the alphabet marks the difference between this approach and the one of [77].
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edge to be represented, as well as with recent results showing that in general, regular expression
matching and string matching on labeled graphs can not be solved in subquadratic time, unless
the strong exponential time hypothesis is false [6, 40, 41, 50, 70].

Wheeler languages — i.e., languages accepted by Wheeler automata — form an interesting class
of subregular languages, where determinization becomes computationally easy (polynomial). As
was to be expected, however, requiring the existence of a total Wheeler order over an automaton
comes with a price. Not all automata enjoy the Wheeler property, and languages recognized by
Wheeler automata constitute a relatively small class: a subclass of star-free languages [3].

Our results here show that, as a matter of fact, Wheeler (automata and) languages can be seen
as a first level — in some sense the optimal level — of two hierarchies (deterministic and non-
deterministic) encompassing all regular languages. A level of each such hierarchy is based on a
partial order of minimum width? defined over the states of an automaton accepting the language.
More precisely, in Definition 2.1 we identify a class of partial orders — the co-lexicographic ones,
or co-lex for brevity — among the states of an automaton N, reflecting naturally the (total) co-
lexicographic order among the prefixes of the language L(N') accepted by N: we require that
(1) states with different incoming labels are sorted according to the underlying alphabet’s order
and (2) the co-lex order propagates through pairs of equally-labeled edges. The minimum width
of a co-lex order over N results in a measure — dubbed width(N') — that we prove being a fun-
damental parameter for classifying finite automata as well as regular languages. Letting £ be a
regular language, denote by width™ (£) the smallest integer p such that there exists an NFA N
such that £ = £(N) and width(N) = p, and by width? (L) the notion similarly defined using
DFAs. These two non-deterministic/deterministic widths define two corresponding hierarchies of
regular languages. The overall goal of our work is to show that these hierarchies shed new light on
the relations existing between the sizes of DFAs and NFAs recognizing a given regular language,
as well as classify languages by their propensity to be searched, with important applications to
regular expression matching and string matching on labeled graphs.

In this article, we mostly focus on the deterministic case and study in detail the hierarchy based
on width” (£) while, in a companion complementary article (see [31]), we complete the picture
by studying the non-deterministic case, proving (among other results) that the two hierarchies are
strict and do not collapse, and that in general they are exponentially separated, save for level one
— the Wheeler languages — where allowing nondeterminism does not add expressive power. The
present work and the companion article [31] are an extension of the SODA’21 article [32].

Consider an NFA N of co-lex width p. As far as motivations for introducing the new concept of
co-lex orders are concerned, in this article we show that:

(1) the well-known explosion in the number of states occurring when computing the powerset
DFA Pow(N) is exponential in p, rather than (as a classic analysis shows) in the size of
N. We prove that a similar exponential bound holds for width(Pow(N)).

(2) N can be encoded using just log(po) + O(1) bits per transition on DFAs, where o is the
alphabet’s size. NFAs can be encoded using additional log p bits per transition.

(3) String matching on N’s paths and testing membership in the automaton’s accepted lan-
guage can be solved in O(p? log log(po)) time per matched character.

Result (1) provides one of the few known parameterizations of NFAs and immediately implies
that hard problems such as NFA equivalence and universality are actually easy on small-width
NFAs (for example Wheeler NFAs [47], for which width(/N') = 1 holds). The result allows us to
conclude also that the two deterministic and non-deterministic hierarchies of regular languages are

2The width of a partial order is the size of its largest antichain.
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Table 1. Known and New Lower and Upper Bounds for Computing the Width of an
Automaton (DFA/NFA) and the Deterministic/non-deterministic Widths of a
Regular Language (Encoded as a DFA/NFA)

given
compute A :DFA A :NFA
width(A) O(min(|QI%,15]1og |Ql)) [9, 30] NP-HARD [53, Theorem 2]
p = width? (L (A)) |6|°®) [Theorem 4.27] PSPACE-HARD [35, Theorem 10]
O(d*) for p = 1 [8]
p = width™ (L(A)) 0O(|81%) for p =1 [8] PSPACE-HARD [35, Theorem 10]

In this table, |Q| is the number of states and |§| is the number of transitions of the automaton A = (Q, s, J, F). All
hardness bounds follow from recent works dealing with the Wheeler case (automata of co-lex width equal to 1 and
languages of deterministic and non-deterministic widths equal to 1). Computing the non-deterministic width in the case
p = 1is a polynomial problem if the input is a DFA because, only for this level of the two hierarchies, the deterministic
and non-deterministic widths coincide [3] (they are both equal to 1). In this case, a quadratic algorithm for recognizing
languages of deterministic (thus also non-deterministic) width equal to 1 has recently been proposed in [8], together
with a matching conditional quadratic lower bound based on SETH.

exponentially related. Result (2) provides a new compression paradigm for labeled graphs. Result
(3) breaks existing lower bounds for regular expression matching [6] and for string matching on
labeled graphs. More details on these connections, themes and trends in the literature, are discussed
in Section 1.1.

Having established that the co-lex width of a language/automaton is a fundamental complexity
measure, we address the problem of the effectiveness of such a measure in the deterministic case:
are the width of a DFA and the deterministic width of a language L (presented by an automaton)
computable and, if so, at which cost? We observe that the width of a language is not in general equal
to the width of, say, its minimum DFA, since already at level one of the deterministic hierarchy
(i.e., Wheeler languages) there are languages whose minimum DFA has deterministic width larger
than one [2]. This makes the language-width problem non-trivial.

Table 1 reports our complexity results, as well as hardness results that follow from recent works
dealing with the Wheeler case. We prove that the width of a DFA can be computed in polynomial
time. This is in contrast with a recent result showing that Wheeler NFAs are NP-complete to recog-
nize [53], which implies that deciding whether the width of a NFA is smaller than a given value is
NP-hard. We then show that, although the deterministic width of a language, width? (£), differs in
general from the width of its (unique) minimum DFA, width? (£) can be computed in polynomial
time for constant values of width” (L) given a DFA for £, and a canonical automaton realizing
this minimum width can be exhibited. Again, this is in contrast with the fact that recognizing
Wheeler languages (width? (£) = width™V (£) = 1) is a PSPACE-complete problem when the in-
put language £ is provided as an NFA [35]. The key observation for our result is a combinatorial
property of automata that we called the entanglement number of a DFA, a quantity measuring the
intrinsic co-lex incomparability of the automaton’s states. The entanglement of the minimum DFA
for a regular language turns out to exactly correspond both to the deterministic width of the lan-
guage and to the width of the above mentioned canonical automaton, dubbed the Hasse automaton
for the language. As we shall prove, these results imply that width” (£) can be computed from the
minimum deterministic automaton recognizing L.

A further contribution of this article is to explore the relationship between two (conflicting)
objectives on deterministic automata: minimizing the co-lex width and minimizing the number of
states. In this context, we provide an analogue of the Myhill-Nerode Theorem for regular languages
applied to the concept of co-lex ordered automata.
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1.1  Our Work in Context

Our proposal in this article aims at proving that, by pairing automata with co-lex orders, we can
classify regular languages by their propensity to be sorted. Our classification represent a useful
parameterization simultaneously for diverse automata-related measures: (1) the complexity of
NFA determinization by the powerset-construction algorithm, (2) the encoding bit-complexity of
automata, and (3) the complexity of operations on regular languages (e.g., membership) and on
labeled graphs (e.g., pattern matching). As we discuss below, previous works focused on studying
the complexity of points (1-3) separately and by cases, i.e., by studying notable classes of automata,
regular languages, and graphs on which these problems are easy. To the best of our knowledge,
ours is the only parameterization of automata/labeled graphs capturing simultaneously all these
aspects.

NFA determinization and existing subregular classifications. An extensive and detailed classifica-
tion of the complexity of the powerset construction algorithm on families of subregular languages
is carried out in [16]. That study proves that for the most popular and studied classes of sub-
regular languages — including (but not limited to) star-free [67], ordered [77], comet [21] and
suffix/prefix/infix-closed languages — the output of the powerset construction is exponential in
the size of the input NFA: for all the mentioned families, the resulting DFA may have at least
21 states in the worst case, where n is the number of states of the input NFA. Previously-known
families with a sub-exponential upper bound include unary regular languages, with a bound of

e®OVnnn) states [27], and the family of finite languages over alphabet of size o, with a bound of

O(o“’gzﬁ) states [74]. In this context, our nondeterministic hierarchy of subregular languages
— classifying languages by the width p of their smallest-width accepting NFA and guaranteeing
an equivalent DFA of size at most 2”(n — p + 1) — 1 (see Theorem 3.2) — represents a more com-
plete classification than the above-mentioned classes (since it captures all regular languages), even
though our deterministic and nondeterministic hierarchies are orthogonal to these classes in some
cases (see Section 4.4 for a study of the relations existing between our proposal and the class of
star-free languages).

Interestingly, [16] shows that the class of ordered automata [77] — automata admitting a total
states’ order that must propagate through pairs of equally-labeled edges — does have a worst-
case exponential-output powerset construction. Since in our work, we show that the powerset
construction builds a small-size DFA on bounded-width automata, this fact shows that the small
difference between simply imposing an order on the states which is consistent with the transition
relation (ordered automata) and linking this property with a fixed order of the underlying alpha-
bet (our framework), does have significant practical consequences in terms of deterministic state
complexity.

As far as other parameterizations of powerset construction are involved, we are aware of only
one previous attempt in the literature: the notion of automata width introduced in [62]. Intuitively,
given an NFA N the width of NV as defined in [62] is the maximum number of N’s states one needs
to keep track of simultaneously while looking for an accepting path for some input word (for
the word maximizing such quantity). By its very definition, this quantity is directly linked to the
output’s size of powerset construction (while for our co-lex width, establishing such a connection
will be more involved).

Further notable classifications of subregular languages include the star-height hierarchy [38]
(capturing all regular languages) and the Straubing-Thérien hierarchy [80, 81] (capturing the star-
free languages). To the best of our knowledge, these classifications do not lead to useful parame-
terizations for the automata/graph problems considered in this article.
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Graph compression. Graph compression is a vast topic that has been extensively studied in the
literature (see for example the survey [13]). Most solutions discussed below consider the unlabeled
and undirected case; in those cases, a compressor for labeled graphs can be obtained by just storing
the labels and the edges’ directions separately using [log o] + 1 additional bits per edge (¢ is the
alphabet’s size).

Existing results studying worst-case information-theoretic lower bounds of graph encodings
can be used as the reference base for the compression methods discussed below. First of all, note
that the worst-case information-theoretic number of bits needed to represent a directed graph with
m edges and n vertices is log (:’;) = mlog(n%/m) + ©(m), that is, log(n?/m) + ©(1) bits per edge.
The same lower bound holds on undirected graphs up to a constant additive number of bits per
edge. Other useful bounds (on automata) are studied in the recent work of Chakraborty et al. [25].
In that article, the authors present a succinct encoding for DFAs using log o + log n + 1.45 bits per
transition (n is the number of states) and provide worst-case lower bounds as a function of the
number of states: in the worst case, DFAs cannot be encoded using less than (o — 1) logn + O(1)
bits per state and NFAs cannot be encoded in less than on + 1 bits per state. The same article
provides encodings matching these lower bounds up to low-order terms.

In order to compare our encodings with the state-of-the-art, we anticipate that our solutions
store DFAs within log(po) + O(1) bits per transition (Corollary 5.21) and NFAs within log(p?c) +
O(1) bits per transition (Corollary 5.34). Most of the parameterized graph encodings discussed in
the literature (read below) provide a space bound per vertex. In Corollary 5.21 we show that our DFA
encoding uses no more than o log(po) + O(o) bits per state. In Corollary 5.34 we show that our
NFA encoding uses no more than 2po log(p?c) + O(po) bits per state. Note that the former bound
asymptotically matches Chakraborty et al.’s lower bound for DFAs (since that p < n), while the
latter matches Chakraborty et al.’s lower bound for NFAs up to a logarithmic multiplicative factor.

For our purposes, it is useful to divide graph compression strategies into general graph compres-
sors and compact encodings for particular graph classes. The former compressors work on arbitrary
graphs and exploit sources of redundancy in the graph’s topology in order to achieve a compact
representation. Compressors falling into this category include (this list is by no means complete,
see [13] for further references) K*? trees on the graph’s adjacency matrix [20], straight-line pro-
grams on the graph’s adjacency list representation [28], and context-free graph grammars [39]. A
shared feature of these compressors is that, in general, they do not provide guarantees on the num-
ber of bits per edge that will be used to encode an arbitrary graph (for example, a guarantee linked
with a particular topology or graph parameter such as the ones discussed below); the compression
parameter associated with the graph is simply the size of the compressed representation itself.
This makes these techniques not directly comparable with our approach (if not experimentally).

Techniques exploiting particular graph topologies or structural parameters of the graph to
achieve more compact encodings are closer to our parameterized approach, bearing in mind that
also, in this case, a direct comparison is not always possible in the absence of known relations
between our parameter p and the graph parameters mentioned below (the investigation of such
relations represents an interesting future research direction). A first example of such a param-
eter (on undirected graphs) is represented by boxicity [73], that is, the minimum number b of
dimensions such that the graph’s edges correspond to the intersections of b-dimensional axes-
parallel boxes (the case b = 1 corresponds to interval graphs). Any graph with boxicity b can be
represented naively using O(b) words per vertex (that is, storing each vertex as a b-dimensional
box), regardless of the fact that its number of edges could be quadratic in the number of ver-
tices (even in the interval graph case). Similar results are known for graphs of small clique-
width/bandwidth/treedepth/treewidth [42, 58, 59] and bounded genus [36]; any graph from these
graph families can be encoded in O(k) bits per vertex, where k is the graph parameter under
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consideration. Similarly, posets (transitively-closed DAGs) of width w can be encoded succinctly
using 2w + o(w) bits per vertex [83]. While the above-mentioned methods focus on particular
graph parameters, another popular approach is to develop ad-hoc compact encodings for partic-
ular graph topologies. Separable graphs (graphs admitting a separator of size O(n°) breaking the
graph into components of size an for some ¢ < 1 and & < 1) allow for an encoding using O(1) bits
per vertex [15]. This class includes planar graphs — admitting also an encoding of 4 bits per vertex
[46] — and trees — admitting an encoding of 2 bits per vertex (e.g., a simple balanced-parenthesis
representation) and an encoding of 1 + o(1) bits per vertex when every internal node has exactly
two children [57]. Circular-arc graphs (a class including interval graphs) of maximum degree A can
be encoded in log A + O(1) bits per vertex, and this bound is asymptotically tight [26]; in the same
article, the authors show that circular-arc graphs with chromatic number y admit an encoding
using y + o(y) bits per vertex. As mentioned above, on NFAs our proposed encoding uses a space
per state that can be expressed as a function of p and o, thereby fitting with previous research on
compact parameterized representations of graphs.

Regular expression matching and string matching on labeled graphs. “Regular expression match-
ing” (REM) refers to the problem of determining whether there exist substrings of an input string
that can be derived from an input regular expression. This problem generalizes that of determining
membership of a string to a regular language, and it finds important applications which include
text processing utilities (where regular expressions are used to define search patterns), computer
networks (see [82]), and databases (see [33]). A closely-related problem is that of “exact string
matching on labeled graphs” (SMLG): find which paths of an edge-labeled graph match (with-
out edits) a given string (see [40]). This problem arises naturally in several fields, such as bioinfor-
matics [7, 78], where the pan-genome is a labeled graph capturing the genetic variation within a
species (and pattern matching queries are used to match an individual’s genome on this graph), and
graph databases [5]. Since NFAs can be viewed as labeled graphs, it is not surprising that existing
lower and upper bounds for both problems have been derived using the same set of techniques.

In order to compare our approach with the state of the art, we anticipate that we describe labeled
graph indexes solving SMLG (and thus REM by constructing the index on an NFA derived from the
regular expression) in O(p? log log(po)) time per matched character, where p is the co-lex width of
the graph/automaton under consideration (Theorem 5.29). The general idea behind our approach is
that co-lexicographically ordering the states of the underlying automaton accepting a language is
a way of structuring the search-space where functionalities will eventually operate. In this sense,
the co-lex width of a labeled graph (or that of a language) is a measure capturing the intrinsic
complexity of the entire collection of strings that we aim at representing.

Backurs and Indyk in [6] carry out a detailed study of the complexity of the REM problem as
a function of the expression’s structure for all regular expressions of depth up to 3. For each case
(there are in total 36 ways of combining the regular operators “|”, Kleene plus, Kleene star, and
concatenation up to depth 3), they either derive a sub-quadratic upper bound (where quadratic
means the string’s length multiplied by the regular expression’s size) or a quadratic lower bound
conditioned on the Strong Exponential Time Hypothesis [56] or on the Orthogonal Vectors con-
jecture [19]. Note that this classification does not capture regular expressions of arbitrary depth.
Similarly, Equi et al. [40] establish lower and upper bounds for the SMLG problem, even in the
scenario where one is allowed to pre-process the graph in polynomial time [41] (that is, building
a graph index); their work represents a complete classification of the graph topologies admitting
either sub-quadratic pattern matching algorithms or quadratic lower bounds (obtained assuming
the Orthogonal Vectors conjecture); in this context, quadratic means proportional to the string’s
length times the graph’s size. In all these works, as well as in further articles refining these analy-
ses by providing finer lower bounds or better upper bounds for particular cases [12, 18, 49, 51, 52],
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the problem’s complexity is studied by cases and does not depend on a parameter of the language
or the graph.

Techniques parameterizing the problem’s complexity on a graph parameter do exist in the liter-
ature, and are closer to the spirit of our work. These parameters include (these works consider the
SMLG problem) the size of the labeled direct product [72], the output size of powerset construc-
tion [69], and a generalization of DAGs called k-funnels [24]. Like in our setting, in all these cases
quadratic query complexity is obtained in the worst case (on graphs maximizing the parameter
under consideration).

1.2 Organization of the Article

The article is organized as follows. In Section 2 we give some preliminary definitions, we formally
introduce the width-based deterministic and non-deterministic hierarchies, prove some prelimi-
nary results related to them, and state all the problems to be considered in the rest of the article.
Problems are classified as automata, language, and compression/indexing related. In Section 3 we
prove one of the strongest properties of our notion of co-lex width: this parameter yields a new up-
per bound to the size of the smallest DFA equivalent to a given NFA and implies new FPT analyses
for hard problems on NFAs such as universality, equivalence, and membership. In the central part
of the article, we discuss and propose solutions to the problems defined in Section 2. In the first
paragraphs of Section 4 we give a simple polynomial solution to the DFA-width problem, thus solv-
ing Problem 1 (NFA width problem) when the input is a DFA. In the following three subsections, we
introduce tools that allow us to compute the deterministic width of a language: in particular, Sec-
tion 4.1 introduces the concept of entanglement of a DFA, a measure able to capture the language’s
deterministic width on the minimum DFA; Section 4.2 exhibits a canonical DFA (dubbed the Hasse
automaton of a language) of minimum width, thus solving Problem 3 (Minimum-width DFA), and
gives an automata-free characterization for each level of the deterministic hierarchy, thus solving
Problem 4 (Automata-free characterization); Section 4.3 puts together the notions developed in
the two previous subsections to derive an algorithm computing the deterministic width of a lan-
guage, which solves the deterministic side of Problem 2 (Language width problem). In Section 4.4
we compare our notion of deterministic width with an important class of subregular languages:
the star-free languages. In Section 4.5 we prove a Myhill-Nerode theorem for each level of the
deterministic hierarchy, thereby providing an alternative solution to Problem 4 (Automata-free
characterization). In Section 5, we consider compression and indexing problems over finite state
automata. More in detail, in Section 5.1 we establish the necessary tools at the core of our data
structures (in particular, the path coherence property); in Section 5.2 we present a space-efficient
representation for automata (the automata BWT, or aBWT) preserving the accepted regular lan-
guage (for any input NFA) and the automaton’s topology for a strict superclass of the DFAs; in
Section 5.3 we augment the aBWT to obtain an index solving subpath queries on languages and
NFAs; finally, in Section 5.4 we augment the aBWT to make it faithful (i.e., preserving the automa-
ton’s topology) also on NFAs. These last contributions solve Problems 5 (Compressing automata)
and 6 (Indexing automata). In Section 6 we draw our conclusions.

After the bibliography, an index gathers the main mathematical symbols and definitions used
throughout the article, linking them to the location where they are defined. The article is concluded
with Appendix A, where we prove general results related to partitions and orders which are needed
in some of our results in Section 4.2 and could be of independent interest.

Notice that in Section 2 we present the main idea of the article: how to (partially) order the sets
of states of an automaton by lifting the co-lex order on strings. Then, Sections 3-5 can be read
independently from one another: the reader interested in automata theory can focus on Sections 3
and 4, and the reader interested in graph compression can focus on Section 5.
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2 DEFINITIONS, FIRST RESULTS, AND PROBLEMS

In this section, we first present all basic definitions required in order to follow the article: se-
quences, finite-state automata, orders, and model of computation used in our data-structures re-
sults. After giving all the necessary definitions, in Section 2.2 we introduce the core concept of our
article: the co-lex width of a finite-state automaton. Section 2.3 extends the notion of co-lex width
to regular languages. These two sections also formally introduce the problems, tackled in the next
sections, related to the notion of co-lex width, and prove some preliminary results. To conclude,
Section 2.4 formally defines the problems of automata compression and indexing.

2.1 Basics

Sequences. Let X be a finite alphabet and let 3* be the set of all finite sequences (also called words
or strings) on %, with ¢ being the empty sequence. We write 4 « if a, f € " and f is a suffix
of a.

Throughout the article, we assume that there is a fixed total order < on ¥ (in our examples,
the alphabetical order). When using an integer alphabet in Section 5, the total order will be the
standard order on integers. The special symbol # ¢ ¥ is considered smaller than any element in X.
We extend < to words in X" co-lexicographically, that is, for a, f € ¥*, we have a < f if and only if
either « is a suffix of f, or there exist &', f’,y € ¥* and a,b € 3, such that « = a’ay and f = p’'by
and a < b.

Finite-state automata. A non-deterministic finite automaton (an NFA) accepting strings in X* is
atuple N = (Q,s, d, F) where Q is a finite set of states, s is a unique initial state, §(-,:) : Q X ¥ —
Pow(Q) is the transition function (where Pow(Q) is the set of all subsets of Q), and F C Q is the
set of final states. We write Qp/, Sy, On, Fr when the automaton N is not clear from the context
and, conversely, if the automaton is clear from the context we will not explicitly say that s is the
initial state, § is the transition function and F is the set of final states.

With |§] we denote the cardinality of § when seen as a set of triples over Q X Q X X. In other
words, |8] = [{(u,v,a) | v € d(u,a), u,v € Q,a € 2}. In fact, in our results (especially the data-
structure related ones) we will often treat NFAs as edge-labeled graphs having as set of nodes Q
and set of edges {(u,v,a) | v € 6(u,a), u,v € Q,a € 3}.

As customary, we extend § to operate on strings as follows: for allu € Q,a € ¥, and @ € ¥*:

S(u,e) = {u), 8(u,aa) = U 5(v, a).

ved(u,a)

We denote by L(N) = {a € % : §(s, @) N F # 0} the language accepted by the automaton N. We
say that two automata are equivalent if they accept the same language.

We assume, without loss of generality, that all states in our automata are useful, that is, from
each state one can reach a final state (possibly, the state itself). We assume also that every state is
reachable from the (unique) initial state. Hence, the collection of prefixes of words accepted by N,
Pref(L(N)), will consist of the set of words that can be read on N starting from the initial state.

Following [3], we adopt a specific notation to denote the set of words reaching a given state and
to denote the set of states reached by a given word:

—ifu € Q, let I, be the set of words reaching u from the initial state:
I, ={a € Pref(L(N)) :u € 6(s,a)};

—if a € Pref(L(N)), let I, be the set &(s, ) of all states reached from the initial state by a.
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Fig. 1. An NFA and the Hasse diagrams — that is, graphs depicting the transitive reductions of the partial
orders — of two of its (maximal) co-lex orders. Characters are sorted according to the standard alphabetical
order.

A deterministic finite automaton (a DFA), is an NFA D where |5(u, a)| < 1, for any u € Q and
a € 3. If the automaton is deterministic we write §(u, @) = v for the unique v such that §(u, a) =
{v} (if defined: we are not assuming a DFA to be complete).

Let £ C 3" be a language. An equivalence relation ~ on Pref(L) is right-invariant if for every
a, f € Pref(L) such that @ ~ f§ and for every a € ¥ it holds aa € Pref(L) iff fa € Pref(L) and,
if so, aa ~ fa. We will extensively use the Myhill-Nerode equivalence induced by L, namely, the
right-invariant equivalence relation =, on Pref(£) such that for every «, f € Pref(£) it holds:

a=yf = {yeZlaye Ly ={yeZ | By e L}

We denote by D, the minimum (with respect to state-cardinality) deterministic automaton
recognizing a regular language L.

Ifu € Q, then A(u) denotes the set of labels of edges entering u, except when u = s when we also
add # ¢ X to A(s), with # < e for all e € ¥ (see e.g., Figure 1 where s = 0, A(s) = {#, a}, A(1) = {a},
and A(5) = {b,c}). If u € Q, by min,,), max,,) we denote the minimum and the maximum, with
respect to the order <, among the elements in A(u).

Orders. A (non-strict) partial order is a pair (Z, <), where < is a reflexive (u < u for all u € Z),
transitive (u < vand v < wimpliesu < w, forallu, v, w € Z), and antisymmetric (u < vandv < u
implies u = v) binary relation on Z.

Two elements u, v € Z are said to be <-comparable if either u < v or v < u. A partial order can
also be described using the relation u < v which holds when u < v and u # v. We write u || v if u
and v are not <-comparable.

If (Z, <) is a partial order and Z’ C Z we denote by (Z’, <) the restriction of the partial order
< to the set Z’. To simplify notation, we will also use (Z’, <) when clear from the context.

A partial order (Z, <) is a total orderif for all y, z € Z, y and z are < -comparable.

A subset Z' C Z is a <-chain if (Z’, <) is a total order. A family {Z; | 1 <i < p} is a <-chain
partition of Z if {Z; | 1 < i < p} is a partition of Z and each Z; is a <-chain.

The width of a partial order (Z, <), denoted by width(<), is the smallest cardinality of a <-chain
partition. A subset U C Z is a <-antichain if any two distinct elements in U are not <-comparable.
Dilworth’s Theorem [37] states that the width of (Z, <) is equal to the cardinality of a largest
<-antichain.

If A, B are disjoint subsets of a partial order (Z, <), then A < B denotes:

(Va € A)(¥b € B)(a < b).
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A monotone sequence in (a partial order) (Z, <) is a sequence (v,),eN With v, € Z and either
v; < vjpp, foralli € N, orv; > v;4q, foralli € N.

A subset C of a partial order (V, <) is <-convexif for every u,v,z € Vwithu,z € Candu < v < z
we have v € C. We drop < when clear from the context.

If « <@’ € 3", we define [a,a’] = {f: a < f < a’}; if the relative order between a, @’ is not
known, we set [a,a’]* = [a,a’], if a < a’, while [, a’]* = [/, a],if a’ < a.

Other assumptions. Throughout the article, [a, b] with a,b € N and a < b denotes the integer
set{a,a+1,...,b}.If b < a, then [a, b] = 0. All logarithms used in the article are in base 2.

2.2 The Co-lex Width of an Automaton

The notion of ordering stands at the core of the most successful compression and pre-processing
algorithmic techniques: integer sorting and suffix sorting are two illuminating examples. This con-
cept is well-understood in the case of strings (where the co-lexicographic order of the string’s pre-
fixes or the lexicographic order of the string’s suffixes are typically used) and has been generalized
to a special class of subregular languages (the Wheeler languages) in [47]. The goal of this section
is to provide a generalization of the co-lexicographic (co-lex for brevity) order among prefixes of
a word to an order among the states of an NFA recognizing any regular language, by imposing
axioms on the accepting NFA. This will allow us to generalize powerful compression and indexing
algorithmic techniques from strings to arbitrary regular languages and NFAs, as well as proving
relations between the sizes of NFAs and DFAs recognizing a given language.

We capture co-lex orders on an NFA by means of two axioms which ensure a local comparability
between pairs of states. Given two states u and v such that u < v, Axiom 1 of Definition 2.1 im-
poses that all words in I, end with letters being smaller than or equal to letters ending words in I,;
Axiom 2, instead, requires that the order among states u and v propagates backward when fol-
lowing pairs of equally-labeled transitions. These two axioms generalize to NFAs the familiar
notion of prefix sorting: if the NFA is a simple path — i.e., a string —, this order reduces to the
well-known co-lexicographic order among the string’s prefixes.

Definition 2.1. Let N = (Q, s, d, F) be an NFA. A co-lex order on N is a partial order < on Q that
satisfies the following two axioms:

(1) (Axiom 1) For every u,v € Q, if u < v, then max,(,) < minj();
(2) (Axiom 2) For every a € X and u,v,u’,v’" € Q,ifu € §(u’,a), v € §(v’,a) and u < v, then
u <.

Remark 2.2.

(1) Since # € A(s) and # ¢ A(u) for u # s, then from Axiom 1 it follows that for every u € Q it
holds u £ s.

(2) If D is a DFA, then we can restate Axiom 2 as follows: for every a € 3, if u = §(u’, a),
v =0(v',a), and u < v, then u’ < v’ (it must be u” # v’ because u and v are distinct).

When < is a total order, we say that the co-lex order < is a Wheeler order. Wheeler orders
were first introduced in [47] in a slightly less general setting.® The class of Wheeler languages —
that is, the class of all regular languages recognized by some Wheeler NFA — is rather small: for

example, unary languages are Wheeler only if they are finite or co-finite, and all Wheeler languages

3More in detail: they required the set A(u) of labels entering in state u to be a singleton for all u € Q (input consistency
property). In this article, we drop this requirement and work with arbitrary NFAs.
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are star-free (see [3]). Moreover, Wheeler languages are not closed under union, complement,
concatenation, and Kleene star [3]. In contrast, as observed in the following remark, any regular
automaton admits a co-lex order.

Remark 2.3. Every NFA N admits some co-lex order. For example, the order {(u,u) | u € Q} and
the order {(u,v) | max;(,) < miny)} U {(u,u) | u € Q} are co-lex orders on N.

We note that Axiom 2 implies that the order between two states is not defined whenever their
predecessors cannot be unambiguously compared, as observed in the following remark.

Remark 2.4. Let N = (Q, s, d, F) be an NFA and let < be a co-lex order on N. Let u,v € Q be
two distinct states. Then, u || v if at least one of the following holds:

(1) There exist u’,v” € Q and a € ¥ such thatu € §(u’,a),v € 6(v’,a) and u’ || v".
(2) There exist u’,v’,u”,v"”” € Q and a,b € X such thatu € §(u’,a) N 5", b),v € 6(v’,a) N
5", b),u’ <v' andv” <u”.

Indeed, if e.g., it were u < v, then Axiom 2 would imply that in case 1 it should hold v’ < v’ and
in case 2 it should hold u”” < v”” (which is forbidden by the antisymmetry of <).

More than one non-trivial co-lex order can be given on the same automaton. As an example,
consider Figure 1: the automaton on the left admits the two co-lex orders whose Hasse diagrams
are depicted on the right. The first, <y, is total and states that 2 <; 3, while the width of the second
one, <y, is equal to 2 and 3 <; 2 holds. As a matter of fact, in any co-lex order < for this automaton
in which 3 < 2 holds, nodes 4 and 5 must be incomparable.

In Section 5 we will prove that a co-lex order over an automaton enables compression and index-
ing mechanisms whose efficiency is parameterized by the width of the co-lex order (the smaller,
the better): this justifies introducing the co-lex width of an NFA (Definition 2.5) as a meaningful
measure for compression and indexing. In fact, the co-lex width can also be used for further, inter-
esting, language-theoretic consequences — more on this in Sections 3 and 4 for the deterministic
case and in [31] for the non-deterministic case.

Definition 2.5. The co-lex width of an NFA N is the minimum width of a co-lex order on N:
width(N) = min{width(<) |< is a co-lex order on N}

In Example 2.12 below we shall see that the value width(/V') may depend on the choice of the
total order < on 2.

As a matter of fact, string sorting stands at the core of the most popular string compression
and indexing paradigms, which for this reason also suffer from a sharp dependence on the total
alphabet order. For example, the number r of equal-letter runs of the Burrows-Wheeler trans-
form (BWT) of a string [23] is an important string compressibility parameter (see [48]) and its
value depends on the choice of the total order on the alphabet; deciding whether there exists an
ordering of the alphabet of a string such that r is bounded by a given value, however, is an NP-
complete problem [11]. Despite this limitation, the BWT and the data structures based on it —
such as the FM-index [45] and the r-index [48] — are widely used in applications with a fixed
(often sub-optimal) alphabet order.

Similarly, in our scenario, it is natural to wonder whether it is possible to determine an ordering
of the alphabet that minimizes the width of an automaton. Unfortunately, also this problem is not
tractable: deciding whether there exists a total alphabet order under which a given DFA is Wheeler
(that is, it has co-lex width equal to one) is already an NP-complete problem [34]. In such situations,
one possible way to tame the problem’s complexity is to study a more constrained version of the
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problem, with the goal of shedding new light on the more general (unconstrained) scenario. For
this reason, in this article, we start by fixing a total order on the alphabet and investigating the
implications of this choice. In particular, we will prove that, if we fix an order on the alphabet,
then the width of a DFA with respect to that order can be determined in polynomial time (see
Corollary 4.5). This finding can already be used, for example, as a black-box to test candidate
alphabet orderings in search for the one minimizing the automaton’s width (more advanced search
strategies will be the subject of forthcoming works, bearing in mind that the optimal solution is
NP-hard to find).

In the following, we establish preliminary useful properties of the new measure width(N). Our
first observation is that this measure is linked with the graph’s sparsity.

LEmMMA 2.6. Let N be an NFA on an alphabet of cardinality o with n states and |§| transitions, and
let p = width(N'). Then:
|0] < (2n - p)po.

Proor. Let N be an NFA on an alphabet of cardinality o with n states and || transitions, and let
p = width(N). Let < be a co-lex order of width p, {Q; | 1 < i < p} be a <-chain partition of the set
of states, and for all 1 <i < plet Q; = {v;1,...,vin,}, Where n; = |Q;| and v; y < v; » Whenever
k <k’.Fix1<i,j<panda € X, and consider all the transitions (v; ,v; , a) labeled with a that
leave Q; and reach Q;. We denote with e; ; , the number of such transitions; our goal is to establish
an upper bound to this quantity for all i, j, a. Sort these e; ; , edges (v; k,vj 1, a) by the index [ of
their destination state, breaking ties by the index k of their source state. Now, let us prove that
the value k + [ is strictly increasing with respect to this order. In order words, we want to prove
that if we pick two edges (v; k, v; 1, a) and (v; x,vj 1, a) being consecutive with respect to the
edge order, then k + [ < k’ + I’. By the definition of the edge order, we have [ < I’.If | = I’, again
by the definition of the edge order we have k < k" and so k + [ <k’ +I". If | < I’, by Axiom 2 of
co-lex orders we have k < k’, and again we conclude k + [ < k” + [’. Since we have proved that
k + 1 is strictly increasing with respect to the edge order, then from 2 < k + 1 < n; + n; we obtain
eija < n; +n; — 1. Observing that Zf:l n; = n, we conclude:

P P P P
81= >3 Y eja< Yy > D ni+n;—1) = 20pn - op” = (2n - p)po.

aex i=1 j=1 aex i=1 j=1

]

The above lemma will be useful later, when measuring the size of our NFA encodings as a
function of the number of states. Note that Wheeler automata (p = 1) have a number of transitions
proportional to O(on). This relation was already noted in the literature [53, Theorem 4].

Next, we move on to studying some preliminary properties of the smallest-width co-lex order.
We say that <* is a refinement of < if, for all u,v € Q, u < v implies u <* v. Since there are only
finitely many co-lex orders over an automaton, every co-lex order < is maximally refined by a co-
lex order. Moreover, if <* is a refinement of <, then it must be that width(<*) is less than or equal
to width(<), since every <-chain partition is also a <*-chain partition. This implies that there is
always a maximal co-lex order < on an NFA N such that width(N') = width(<). In general, an
NFA admits several maximal co-lex orders of different widths. For example, the two co-lex orders
presented in Figure 1 are both maximal and have different widths. This cannot happen over DFAs:
in the following lemma we prove that a DFA always admits a unique maximal co-lex order (the
maximum co-lex order) so that this order realizes the width of the DFA. In particular, the maximum
co-lex order refines every co-lex order on the DFA. This simplifies the search for a co-lex order
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realizing the width of the automaton and, indeed, in Lemma 4.3 and Corollary 4.5 we prove that
such a co-lex order can be determined in polynomial time.

Definition 2.7. Let D be a DFA. The relation <g over Q is defined by
u <p vifand only if Va € I,))(Vf € I,,) (a < f).

One can easily prove that <y (thatis, <p U {(u, u) | u € Q})is a partial order over Q. Moreover:
LEmMMA 2.8. IfD is a DFA then (Q, <p) is the maximum co-lex order on D.

Proor. First, let us prove that <g is a co-lex order on D.

To see that Axiom 1 holds assume that u <p v: we must prove that e = max,(,) < e’ = min; ).
Notice that it must be v # s because the empty string ¢ is in I; and ¢ is co-lexicographically smaller
than any other string. Hence, ¢’ > # and if e = # we are done. Otherwise, there are ae € I, and
a’e’ € I, so that u <p v implies ae < @’e’ and therefore e < e’. As for Axiom 2, assume that
ued(', a),ved, a),andu <p v. We must prove that u’ <p v’. Fixing @ € Iy and f € I, we
must prove that o < f. We have aa € I, and fa € I,,, hence from u <p v it follows @a < fa, and
therefore o < f.

Let us now prove that <y is the maximum co-lex order.

Suppose, reasoning for contradiction, that < is a co-lex order on D and for some distinct u, v €
Q,u <v,and u £p v. Then, there exist a € I,,, f € I, with § < a. Let us fix u, v, & and §§ with the
above properties such that  has the minimum possible length. Notice that  cannot be the empty
word, otherwise v would be the initial state s, while z £ s for all z € Q (see Remark 2.2). Hence,
B = p’eforsomee € Xand f < aimpliesa = o’ f for some f € 3. We thenhavee € A(v), f € A(u),
and by Axiom 1 of co-lex orders we get f < e.From f§ = f’e < & = o’ f we conclude f = eand ' <
a’ Ifu’,v" are such that §(u’,e) = u,6(v’,e) =vand a’ € Iy, f’ € Iy, then by Axiom 2 of co-lex
orders and Remark 2.2 we get u’ < v’; however, the pair o, f” witnesses u’ £ v’, contradicting
the minimality of S. ]

Having proved that <y is the maximum co-lex order over 9, we immediately deduce that its
characterizing property is satisfied by any co-lex order.

COROLLARY 2.9. If < is a co-lex order over a DFA andu < v then (Va € I,)(¥f € I,) (@ < B).

Remark 2.10. The previous corollary shows that Axiom 1 of co-lex orders propagates from a local
level (i.e., letters in A(u), A(v), for which it holds (Ve € A(u))(Vf € A(v))(e < f)) to a global one
(i.e., words in I, I,, for which it holds (Y& € I,)(¥f € I,)(« < f)). This works for DFAs because
different states are reached by disjoint sets of words: if u # v then I, N I, = 0. On NFAs things
become more complicated and the existence of a maximum co-lex order is no longer guaranteed.

Lemma 2.8 established that a DFA 9 always has a maximum co-lex order <y. This lemma will
be used in Section 3 to prove that both the cardinality and the width of the automaton resulting
from the powerset construction applied to any NFA N are fixed-parameter linear in |N| with
parameter width(/N). Since <y extends any possible co-lex order on Q, it realizes the width of the
automaton D, as stated in the following lemma.

LEMMA 2.11. If D is a DFA then width(<p) = width(D).

With the next example, we show that the co-lex width of an automaton may depend on the total
order on the alphabet.

Example 2.12. Let D be a DFA. Let us show that, in general, the value width(D) = width(<p)
(Lemma 2.11) may depend on the total order < on the alphabet. Let D be the DFA in Figure 2.
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Fig. 2. A DFA D where the value width(D) depends on the total order < on the alphabet.

First, assume that < is the standard alphabetical order such that a < b < ¢ < d. We have q; <p
q2 <p qa and q1 <p g3 <p qa, so width(<p) is at most two. Notice that q; and qs are not <p-
comparable because acc, ac € I, be € Iy, and ac < be < acc, so width(<p) is equal to two.

Next, assume that < is the total order such that a < ¢ < b < d. Then, q; <p q2 <9 93 <D q4»
hence width(<yp) is equal to one.

We now generalize Corollary 2.9 to NFAs, coping with the fact that, on NFAs, sets I, I, may
intersect for u # v (we shall use this result in Sections 3 and 5).

LEMMA 2.13. Let N = (Q,s,0,F) be an NFA and let < be a co-lex order on N. If u < v, then
VaeL,)VBeL,){a, Y L ,NL, = a < p).

Proor. Let a € [, and § € I, such that {«, f} g I, N I,. We must prove that « < . Let y € £*
be the longest string such that « = @’y and = 'y, for some o', f’ € Pref(L(N)). If &’ = ¢ the
claim follows, therefore we can assume |a’| > 1.

Let y =cp...cq, with ¢; €% for i€ {1,...,p} (p20), '’ =aq...a;, with a; € X for i€
{1,...,q9} (g=1),and ' = b, ...by, with b; e Zfori e {1,...,r} (r > 0).

Assume |y| > 0. Since « € I, and f8 € I, then there exist u;,v; € Q such that a’c,...c; € I,
p'ep...co €Iy, u€6(uy,ci)and v € 5(vy, c1). By Axiom 2, we obtain u; < v;. However, it cannot
be u; = v; because this would imply {«, f} € I, N I,,, so it must be u; < v;. By iterating this argu-
ment, we conclude that there exist u’,v” € Q such that o’ € I, ’ € I, and v’ < v’, and the same
conclusion holds if y = ¢ as well.

Now, it cannot be r = 0 because this would imply v’ =5, and u’ < s contradicts Remark 2.2.
Hence, it must be |f]| > 1. By Axiom 1, it must be a; < b;. At the same time, the definition of y
implies that it cannot be a; = by, so we obtain a; < b; and we can conclude o < f. ]

Lemma 2.13 has an important implication (which we will use later in Theorem 3.2 and will stand
at the core of the encoding and indexing results in Section 5): given a co-lex order on an NFA, then
the sets I,,’s are convex w.r.t this order.

CoRroLLARY 2.14. Let N =(Q,s,5,F) be an NFA and let < be a co-lex order on N. If o €
Pref(L(N)) then I, is convex in (Q, <).

Proor. Suppose u,z € I, and let v € Q be such that u < v < z. We have to prove that v € I,.
If this were not true, we would have « € (I, N I,) \ I,,. Consider any f € I,,. By Lemma 2.13 we
would have & < f < «, a contradiction. O

The notion of co-lex width of an automaton naturally calls into play the problem of determining
the complexity of computing this measure. More precisely, we define the NFA-width problem as
follows:
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ProBrEM 1 (NFA WIDTH PROBLEM). Given an NFA N and an integer p, determine whether:
width(N') < p.

Problem 1 will be tackled for the particular case of DFAs in Section 4.

A natural question is whether there is a connection between the notion of width and the com-
plexity of regular expressions. The case width(N) =1 corresponds to the class of Wheeler au-
tomata [47]. In [3], it was shown that Wheeler languages, that is, regular languages recognized by
Wheeler automata, are closed essentially only under intersection and under concatenation with
a finite language. On the other hand, with the next two remarks we point out that our notion of
width can easily be used to capture complementation, intersection and union.

Remark 2.15. Let D be a DFA. Then, there exists a DFA D’ such that £(D’) = X"\ £L(D) and
width(D’) < width(D) + 1. The DFA D’ is obtained by first transforming O into a complete DFA
by adding a non-final sink state that is reached by all transitions not defined in O (including the
ones leaving the sink itself), then switching final and non-final states, and finally removing all
states that neither are final, nor allow to reach a final state. In the worst case, the new sink state is
not <gy-comparable with any other state and therefore the width cannot increase by more than
one.

Remark 2.16. Let D1 = (Q1, 51,01, F1), D2 = (Q2, $2, 62, F2) be DFAs, with width(D;) = p; and
width(9D;) = p,. Let us prove that there exists a DFA D such that £(D) = L(D;) N L(D,) and
width(9D) < p; - p2 and a DFA D’ such that L(D’) = L(D;) U L(D;) and width(D’) < p; - p2 +
p1 + p2. In the following, we will implicitly use Lemma 2.11. Let {Qy, .. ., Qp, } and {Q7, . . ., Q;z } be
a <, -chain partition of Q; and a <¢,-chain partition of Q,, respectively. In order to build both D
and D’, we first turn D, and D, into complete DFAs by adding non-final sinks 1, %, to Q; and Q»,
respectively (like in Remark 2.15), then we build the standard product automaton: the set of states
is (Q1 U {¥*1}) X (Q2 U {*2}), the initial state is (s1,s2), and the transition function is defined by
d((u,v), a) = (61(u, a), 52(v, a)), for every state (u,v) and for every a € 3. The difference between
D and D’ lies in how the set of final states is defined.

We define D by letting F = F; X F, being the set of all final states, and then removing (i) all
states that are not reachable from the initial state and (ii) all states that neither are final, nor allow
to reach a final state. Let D = (Q, s, §, F) the resulting DFA at the end of the construction. Notice
that Q C Q; X Q, (that is, the sinks play no role) because in D; and D, the sinks are not final
and do not allow to reach a final state. Moreover, we have I, ) = I, N I, for every (u,v) € Q,
because for every a € 3" there exists a path labeled a from (s1,s2) to (u,v) on D if and only
there exist a path labeled « from s; to u on 9; and a path labeled « from s; to v on D,. As a
consequence, L(D) = Uw, v)er lw,0) = Uuer,ver, lu N Io = L(D1) N L(D3). Now, let us prove
that width(D) < p; - ps. Forevery i = 1,...,p; and for every j = 1,.. ., p,, define:

Qi,j = {(u,v) € Q | ue Qi’v € Q;}

Since {Q;j | 1 <i < py,1 <j < po}isa partition of Q, we only have to show that every Q; ; is a
<p-chain. Let (u1,v1), (u2, v2) be distinct elements in Q; ;. Hence, at least one between u; # u,
and v; # v, holds true. Assume that u; # u, (the other case is analogous). Since uy, u; € Q;, then
u; <p, Uy Or Uy <p, uy. Assuming without loss of generality that u; <p, uy, then from I, o,) €
I, and Iy, o,) C I, we conclude (u1,v1) <p (uz,v2).

Next, we define D’ by letting F’ = (F; X Qz) U (Q X F) be the set of all final states, and then
removing (i) all states that are not reachable from the initial state and removing (ii) all states that
neither are final, nor allow to reach a final state. Let D’ = (Q’, (s1,2), 0, F’) the resulting DFA at
the end of the construction. Again, we have I, ) = I, N I, for every (u,v) € Q' such that u € O,
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and v € Q2,50 L(D) = U, 0)er lw,0) = Uuervoer, u N Iy = L(Dy) U L(Dy). Let us prove that
width(D’) < p; - ps + p1 + p2. Notice that this time if (u,v) € Q’, then it may happen that u = %;
or v = %3 (but not both). Moreover, if (u, ;) € Q’, then I, «,) = I, \ Pref(L;), and if (x,v) € O,
then I(x, o) = I, \ Pref(L;). For every i = 1,...,p; and for every j = 1,.. ., po, define:

Q)=o) €Q lueQuveQ))
0y, = {(uk2) € Q' |ue Q)
Q. ;= (*1.0) €Q |ve Q).

These sets identify a partition of Q’, and like before one can show that each set is a <g-chain. We
conclude that width(D’) < py - p2 + p1 + pa-

The above two remarks suggest that our notion of width is related with the structural complex-
ity of the regular expressions accepting a given regular language. A more precise and complete
analysis (improving these bounds, describing the behavior on NFAs and including the other reg-
ular operators, namely, concatenation and Kleene star) will be the subject of forthcoming works
(see also Remark 2.18 for the consequences of the above two remarks on the smallest-width DFA
recognizing a regular language).

2.3 The Co-lex Width of a Regular Language

On the grounds of the definition of automata’s width, we also study some implications on the
theory of regular languages. We start by defining the width of a regular language based on the
co-lex orders of the automata recognizing it.

Definition 2.17. Let L be a regular language.

(1) The non-deterministic co-lex width of £, denoted by width™ (£), is the smallest integer p
for which there exists an NFA N such that £(N) = £ and width(N) = p.

(2) The deterministic co-lex width of L, denoted by width? (£), is the smallest integer p for
which there exists a DFA D such that £(9) = £ and width(D) = p.

In Example 2.12 we showed that the width of an automaton may depend on the total order <
on the alphabet. In Example 4.24 below, we will show that the deterministic and nondeterministic
widths of a language may also depend on the order < on the alphabet.

On the grounds of Remarks 2.15 and 2.16, we observe the following relations, which allow us to
conclude that already constant-width regular languages form an interesting class:

Remark 2.18. Let L, L;, and L, be any regular languages. Then:

(1) width?(=*\ £) < width?(£) + 1
(2) width? (£ N £,) < widthP(£;) - width? (L£,)
(3) width? (£, U £) < width? (£,) - widthP (£,) + width? (£;) + width? (L,).

These inequalities are a direct consequence of Remarks 2.15 and 2.16 by starting from smallest-
width DFAs recognizing £, £L;, and L.

By Remark 2.18, if £ can be written as the boolean combination of a constant number of
Wheeler languages (for example, of a constant number of finite languages), then width™ (£) <
width” (£) € O(1). Furthermore, this bound holds for any total order < on the alphabet if the
starting languages are finite (because finite languages are Wheeler independent of the alphabet
order).
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Definition 2.17 introduces two hierarchies of regular languages. As shown in Section 5, lan-
guages in the first levels of these hierarchies are much easier to index and compress (see Section 2.4
for a definition of the indexing and compression problems for finite-state automata). Hence, it is
interesting to determine the correct position of a given language in the above hierarchies, that is,
to solve the language width problem.

ProBLEM 2 (LANGUAGE WIDTH PROBLEM). Given a regular language L (by means of a DFA or an
NFA recognizing it) and an integer p, determine whether:

—widthP (£) < p.
—width™ (L) < p.

The deterministic case will be tackled in Section 4. In the companion article [31] we also study
the relationships between the deterministic and the non-deterministic hierarchies, proving that
every level of both hierarchies is non-empty and that, apart from level 1, the levels of the two
hierarchies do not coincide.

The notion of width of a language naturally calls into play the problem of giving an automaton
realizing the width of the language.

ProBrLEM 3 (MINIMUM-WIDTH DFA). Given a regular language L, can we define a canonical DFA
D such that L(D) = L and width(D) = width® (L)?

A solution to the above problem is provided in Section 4.2, Theorem 4.21. We shall prove that
the minimum-width DFA problem is orthogonal with respect to the well-studied minimum-size
DFA problem: it could be necessary to split states in order to minimize the width of a DFA. Hence,
reducing the size of a given DFA does not necessarily bring us to the minimum-width DFA for the
same language.

This side of the topic is complemented considering the following problem.

ProBLEM 4 (AUTOMATA-FREE CHARACTERIZATION). Is there an automata-free characterization of
languages with deterministic width less than or equal to p?

Two solutions to Problem 4 will be given: on the one hand, we will prove that we can characterize
width-p languages by their co-lex monotone sequences of prefixes. On the other hand, a further
solution will be given by proving a generalization of the Myhill-Nerode Theorem for the class of
DFAs of width p (for any fixed p).

2.4 Compression and Indexing

Another problem that we will consider is that of improving the space usage of the existing encoding
for automata (such as the one of Chakraborty et al. [25] discussed in Section 1.1), in the case that
the automaton’s width is small:

ProBLEM 5 (COMPRESSING AUTOMATA). Can we represent a finite state automaton using log o +
o(log n) bits per edge, provided its co-lex width p satisfies logp € o(logn)?

The motivation behind Problem 5 is that Wheeler automata, that is, automata of co-lex width
equal to 1, can be represented using log o + O(1) bits per edge [47]. Indeed, in Sections 5.2 and
5.4 we will show that our notion of co-lex order will enable us to solve Problem 5 through a
generalization of the powerful Burrows-Wheeler transform (BWT) [23]. The BWT of a text is a
permutation that re-arranges the text’s characters according to the co-lex order of the prefixes that

Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023.



Co-lexicographically Ordering Automata and Regular Languages - Part | 27:19

precede them.* A well-known fact is that the BWT boosts compression and enables efficient index-
ing (read Problem 6 below) in compressed space [45]. Previous works generalized this transform
to trees [44], string sets [64], de Bruijn graphs [17, 63] and Wheeler graphs [47]. In Section 5.2 we
complete the picture by generalizing those BWT-based indexes to NFAs (equivalently, to arbitrary
labeled graphs) and languages and showing that this index indeed solves Problem 6:

PrROBLEM 6 (INDEXING AUTOMATA). Let N = (Q, s, 8, F) be a finite-state automaton. Let moreover
T () be the set of states of N which are reached by a path labeled with a given word a, i.e., T(a) =
{ue Q| (3P e L,) (a4 p)}. Pre-process N into a small data structure supporting efficient subpath
queries, i.e., given a query word a solve:

— (Existential queries) Determine whether T (a) # 0, i.e., whether & matches a substring of some
string in the language of N

—(Count queries) Compute the cardinality of T ().

—(Locate queries) Return a representation for all the states in T ().

Recent works (see Section 1.1) show that, as opposed to the membership problem on DFAs, all the
three above-listed subpath queries are hard even on acyclic DFAs: unless the Strong Exponential
Time Hypothesis fails, such queries require quadratic time to be solved off-line [40] and even
on-line using any index constructible in polynomial time [41]. In Section 5.3 we provide a linear-
space index solving subpath (and thus membership) queries on NFAs in time proportional to p?
per character in the input query, p being the automaton’s co-lex width. The index can be built
in polynomial time on DFAs and exponential time on NFAs (the latter complexity is due to the
hardness of computing the co-lex width of NFAs). For small p, our index for DFAs breaks the
indexing lower bound of Equi et al. [41].

3 CO-LEX WIDTH AND NFA DETERMINIZATION

In this section we show that the notion of width can be used to prove some crucial relationships
between an NFA N and the powerset automaton Pow (/') obtained from N. First, we bound the
width of Pow(/N) in terms of the width of N and prove that the number of Pow(/N)’s states
is exponential in width(N) rather than in the number of N’s states. This implies that several
problems easy on DFAs but difficult on NFAs are in fact fixed-parameter tractable with respect to
the width.

Recall that, given an NFA N = (Q, s, §, F), the powerset construction algorithm builds an equiv-
alent DFA Pow(N) = (Q%,s*, §%, F*) defined as:

—Q" ={la | @ € Pref(L(N))};

—s* ={sh

—08%(Iy,a) = Iy, for all @ € 37 and a € ¥ such that aa € Pref(L(N));

—F ={lylae LIN)}.
For a, &’ € Pref(L(N)) we have:

§(s",a) =1, & Iy =1,
and defining as usual [,,» = {a € Pref(L(Pow(N))) | u* € 6*(s*, &)} for u* € Q*, we have that
for a € Pref(L(N)):
I, = {a’ € Pref(L(IN)) | I = Lo} (1)

4The original definition considers the lexicographic order of the text’s suffixes. We choose a symmetric definition because
it can be generalized to NFAs via co-lex orders.

Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023.



27:20 N. Cotumaccio et al.

We start with a characterization of the maximum co-lex order on Pow(/N') (which exists by
Lemma 2.8).

LEmMA 3.1. Let N = (Q,s, 0, F) be an NFA and let Pow(N') = (Q*,s*, 8%, F*) be the powerset au-
tomaton obtained from N . Let <pg,(n) be the maximum co-lex order on Pow(N'). Then, for I, # Ig:

(Ia <powny Ip) &= (Vo' B" € PreRLIN)))((Ler = Ia) A (I = Ig) = &' < f')
Moreover, let < be a co-lex order on N, and fix a, § € PrefL(N)). Then:
Fuel,)(Tov e Iﬂ)({u,v} g_ I, N I/; ANu<v)= (I, <Pow(N) I,B)'

Proor. The first part follows immediately from the characterization of the maximum co-lex
order over a DFA (Lemma 2.8) and Equation (1). Let us prove the second part. Consider u € I, and
v € Ig such that {u, v} g I, NIgand u < v. We prove that I, <pow(n) I using the characterization
of <pow(n) given in the first part of the proof. Fix a’, 8’ € Pref(L(N)) such that I,» = I, and
Igr = Ig. We must prove that &’ < f’. From the hypothesis it follows u € I/, v € I, and {u, v} ;(_
I NI sothate’ € I, B’ € I, and {a’, B’} ¢ I, NI, hold. Hence, a’ < f’ follows from u < v and
Lemma 2.13. m|

We can now prove the main result of this section.

THEOREM 3.2. Let N = (Q,s, 9, F) be an NFA and let Pow(N) = (Q*,s*, 58", F*) be the powerset
automaton obtained from N. Let n = |Q| and p = width(N'). Then:

(1) width(Pow(N)) < 2P — 1;
(2) 10" <2°(n—p+1) - 1.

Proor. Let < be a co-lex order on N such that width(<) =p, and let {Q; | 1 <i < p} be a
<-chain partition. Let <pow(x) be the maximum co-lex order on Pow(N). For every nonempty
K c {1,...,p}, define:

Tx={I, | (Vie{l,....p) I NQ; #0 = ieK)).

Notice that Q* is the disjoint union of all 7. More precisely:

o= || I (2)

0+Kc{1,...,p}

Let us prove that each Ik is a <pow(n)-chain. Fix Iy, I € Ik, with I, # Is. We must prove that
I, and I are <pgy(n)-comparable. Since I, # Iz, there exists either u € I, \ Ig or v € Ig \ I,. As-
sume that there exists u € I, \ Ig (the other case is analogous). In particular, let i € {1,...,p} be
the unique integer such that u € Q;. Since I, I5 € Ik, from the definition of 7k it follows that
there exists v € Ig N Q;. Notice that {u, v} §Z I, N Ig (so in particular u # v), and since u, v € Q; we
conclude that u and v are <-comparable. By Lemma 3.1 we conclude that I, and I are <pow(n)-
comparable.

(1) The first part of the theorem follows from Equation (2), because each 7k is a <pow(n)-chain
and there are 2P — 1 choices for K.

(2) Let us prove the second part of the theorem. Fix 0 # K C {1,...,p}. For every I, € Ix
and for every i € K, let m!, be the smallest element of I, N Q; (this makes sense because
(Qi, <) is totally ordered), and let M}, be the largest element of I, N Q;. Fix I, I € Ik,
and note the following:

Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023.



Co-lexicographically Ordering Automata and Regular Languages - Part | 27:21

(a) Assume that for some i€ K it holds m!, < m‘ﬂ VML < Mz. Then, it must be

Iy <pow(n) Ip. Indeed, assume that m!, < m’ﬁ (the other case is analogous). We have
mt, € I, m% € Ig, {mk, m%} ¢ I, NIg and m!, < m’, so the conclusion follows from
Lemma 3.1. Equivalently, we can state that if I, <pow(n) Ig then (Vi € K)(my, < m’ﬁ A
M, < M;).

(b) Assume that for some i € K it holds m;, = m;; AM,, = M;g. By Corollary 2.14, the sets
I, and I are convex in (Q, <). This implies that I, N Q; and Iz N Q; are <p,-convex,
and having the same minimum and maximum they must be equal, that is, I, N Q; =
Ig N Q;. . A A 4

(c) Assume that (Vi € K)(m}, = m’ﬁ AM;, = M’ﬁ). Then, it must be I, = I5. Indeed, from
point (b) we obtain (Vi € K)(Io N Q; =I5 N Q;), 50 In = Ujex(Ia N Qi) = Uiex g N
Qi) = Ig. Notice that we can equivalently state that if I, # I, then (di € K)(m,, #

i i i
my v M, # Mﬁ).

Fix Iy, I € Ix. Now it is easy to show that:

Lo <pow(n) Is &= (Vi € K) (m; < mlﬁ AM:, < M’ﬁ) A

| e =T e 3)
A (i € K) (mf, < miy v M}, < M/’S).

Indeed, (<) follows from point (a). As for (=), notice that (¥i € K)(m}, < m;g AM, < M/’;) again

follows from point (a), whereas (Ji € K)(m!, < m’ﬂ vV M, < M;;) follows from point (c).

Let |m!,| and |M.| be the positions of m!, and M., in the total order (Q;, <) (so |ml|, |M}]| €
{1,...,]Q;l}). For every I, € Ik, define:
160 - 3 (e ).
ieK
By Equation (3), we have that I, <pow(a) I implies T(I) < T(Ig), so since Ix is a <pgw(ar)-chain
we have that |7k | is bounded by the values that T(I,) can take. For every I, € Ix we have 2|K| <
T(Iy) <23k |0l (because |ml |, IML| € {1,...,]1Q:]}), so:

Tl <2 10il - 21K] + 1. ()
ieK

From Equations (2) and (4), we obtain:

Q1= ), ki< ) (22|Qi|—2|1<|+1)

0SKC(l,....p) 0GKC{1,...,p} \ €K
=2 ), led-2 K+ )
0GKc(1,....p) 1€K 0GKC(L,....p) 0SKC(l,....p)

) 2iek 1Qil = 2p! 2ie(,...p) 1Qil = 2P~'n because every i€ {1,...,p}
o Kl = 2P~1p and

,,,,,

Notice that ngKgl
occurs in exactly 2°7! subsets of {1,...,p}. Similarly, we obtain ngKg{l
p) 1 =27 — 1, We conclude:

ngKg{l .....
Q| <2’n—2Pp+2 —1=2"(n—p+1)-1.
[m}

As a first consequence of Theorem 3.2 we start comparing the non-deterministic and deter-
ministic width hierarchies of regular languages. Clearly, for every regular language £ we have
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width™ (£) < width? (£) since DFAs are particular cases of NFAs. Moreover, for languages with
width™ (L) = 1, the so-called Wheeler languages, it is known that the non-deterministic and de-
terministic widths coincide [2]. Nonetheless, in the companion article [31] we will prove that this
property is truly peculiar of Wheeler languages, because the gap between the deterministic and
non-deterministic hierarchies is, in general, exponential. Here we prove that Theorem 3.2 provides
an upper bound for the deterministic width in terms of the non-deterministic width.

COROLLARY 3.3. Let £ be a regular language. Then, widthP (£) < gwidth™ (L) _ 1,

PrOOF. Let AV be an NFA such that £L(N) = £ and width(N) = width™ (£). By Theorem 3.2,
we have width? (£) < width(Pow(N)) < 2¥idth(V) _ 1 = pwidth™ (L) _ ¢ o

In a forthcoming work we will prove that the above bound is tight. Notice that the above corol-
lary shows once again that width™ (£) = 1 implies width? (£) = 1, that is, the non-deterministic
and deterministic widths are equal for Wheeler languages.

Theorem 3.2 has another intriguing consequence: the PSPACE-complete NFA equivalence prob-
lem [79] is fixed-parameter tractable with respect to the widths of the automata. In order to
prove this result, we first update the analysis of Hopcroft et al. [55] of the powerset construction
algorithm.

LEmMMA 3.4 (ApAPTED FROM [55]). Let N = (Q,s,8,F) be an NFA and let Pow(N) =
(Q*,s", 8%, F") be the powerset automaton obtained from N. Let n = |Q| and p = width(N'). Then,
the powerset construction algorithm runs in O(2P (n — p + 1)n’c) time.

Proor. By Theorem 3.2, we know that N = 2”(n — p + 1) is an upper bound to the number of
states of the equivalent DFA. Each state in Q* consists of k < n states uy, . .., u; of Q. For each
character a € %, we need to follow all edges labeled a leaving uy, ..., ux. In the worst case (a
complete transition function), this leads to traversing O(k - n) C O(n?) edges of the NFA. The final
complexity is thus O(N - n? - ). o

COROLLARY 3.5. We can check the equivalence between two NFAs over an alphabet of size o, both
with number of states at most n and width at most p, in O(2P (n — p + 1)n’c) time.

Proor. First, build the powerset automata, both having at most N = 2(n — p + 1) states by
Theorem 3.2. This takes O(Nn?c) time by Lemma 3.4. Finally, DFA equivalence can be tested in
O(Nolog N) time by DFA minimization using Hopcroft’s algorithm. o

Similarly, the powerset construction can be used to test membership of a word of length m in a
regular language expressed as an NFA. When m is much larger than n and 27, this simple analysis of
a classical method yields a faster algorithm than the state-of-the-art solution by Thorup and Bille,
running in time O(m - e - loglog m/(log m)*/? + m + e) [14] where e is the NFA’s (equivalently, the
regular expression’s) size:

COROLLARY 3.6. We can test membership of a word of length m in the language recognized by an
NFA with n states and co-lex width p on alphabet of size ¢ in O(2P (n — p + 1)n’c + m) time.

4 THE DETERMINISTIC WIDTH OF A REGULAR LANGUAGE

In this section, we consider problems related to the notion of width in the deterministic case. In
Corollary 4.5 we shall prove that (the NFA width) Problem 1 is polynomial for the case of DFAs. This
motivates the search for an efficient algorithm for (the language width) Problem 2. Surprisingly,
we show that also this problem admits an efficient (polynomial) solution for any constant width.
Given a DFA, we then consider (the Minimum-width DFA) Problem 3. In particular, we prove
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that the requests of minimizing the width and the number of states are conflicting: the minimum
DFA recognizing a regular language will not, in general, have a minimum width, and among the
automata of minimum width recognizing a language there can be non-isomorphic automata with
minimum number of states. We then propose two different solutions to Problem 4 (Automata-free
characterization for languages of deterministic width p): in Corollary 4.22 we consider the behavior
of monotone sequences in (Pref(L), <), while in Theorem 4.37 we present a Myhill-Nerode result
for languages of fixed deterministic width.

The notion of width of an automaton is simpler if we restrict our attention to the class of DFAs.
We already proved in Section 2.2 that any DFA admits a (unique) maximum co-lex order <y real-
izing the width of the automaton 9. We shall now prove that the order <y is polynomially com-
putable and so is its width. We start with a characterization of <y in terms of graph reachability.

Definition 4.1. We say that a pair (u’,v”) € Q X Q precedes a pair (u,v) € Q X Qifu’ #v',u #v
and there exists « € ¥* such that §(v’, a) = u,6(v’, a) = v.

LEmMA 4.2. Let D be a DFA and let u,v € Q, withu # v. Then:

u <p v & forall pairs (u’,v") preceding (u,v) it holds max,(,/y < miny ().

PrOOF. (=) Suppose u <p v. Let (u’,v’) be a pair preceding (u, v) and let y € 3* be such that
S(u',y) =uand 5(v’,y) = v. We must prove that max, ) < min, ). First, notice that it cannot be
v’ = s, otherwise, given « € I/, we would have ay € I, and y € I,, which contradicts u <o v. So
we are only left with proving thatif u’ = §(u”, e) and v’ = §(v"”’,e’), withe,e’ € ¥, thene < e’. Let
a” € Iysand f” € I». Thena”ey € I, e’y € I, and fromu < g v it follows that a”’ ey < "¢y,
which implies e < e’.

(&) Suppose that for all pairs (u’, v") preceding (u, v) it holds max /) < min; (.. Letar € I, and
B € I,. We must prove that @ < f. Since u # v, then a # . Write « = «’y and f = f’y, where o’
and B’ end with a distinct letter (or, possibly, exactly one of them is equal to the empty string). Let
u’,v" € Q be such that a” € I, and f’ € I,. Then, (u’, v") precedes (u, v), so it must be max; ) <
min, .. This implies that v’ # s, so B is not a suffix of a. If « is a suffix of 8, we are done. Otherwise,
it must be a’ = a”a and B’ = B”b, with a,b € £, a # b; from max,(,/) < min, ) it then follows
a < b, which implies a < S. ]

Using the previous lemma we are now able to describe a polynomial time algorithm for com-
puting <p. Let G = (V,F) where V ={(u,v) e QX Q | u # v} and F = {((u',v’), (u,v)) € V X
V| (e € )5 e) =und,e) =v)}, where |F| < |§|%. Intuitively, we will use G to propagate
the complement £ o of < p. First, mark all nodes (u, v) of G for which max;,) < min) ) does not
hold. This process takes O(|Q|?) time: for any state u we find the minimum and the maximum of
A(u) by scanning the transitions of the automaton (total time O(|d])); then we decide in constant
time when max,) < min;,) does not hold. Then, mark all nodes reachable on G from marked
nodes. This can be done with a simple DFS visit of G, initiating the stack with all marked nodes.
This process takes O(|§|%) time. By Lemma 4.2, the set of unmarked pairs is < 5. Hence, we proved:

LEMMA 4.3. Let D = (Q, s, 5, F) be a DFA. We can find the order <p in O(|5|%) time.

It follows that also the width of a DFA is computable in polynomial time: by the following lemma
from [60], the width of a partial order < (and an associated <-chain partition) can always be found
in polynomial time from <. In the following results, with high probability means with success
probability at least 1 — N™¢, where N is the size of the input and c is a user-defined constant.

LEMMA 4.4 ([60]). Let (V, <) be a partial order. A smallest <-chain partition of (V, <) and its width
can be found in O(|V|?) time, with high probability.
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Fig. 3. Three DFAs recognizing the same language.

3 4 5

N
N,/

Fig. 4. The Hasse diagram of <q,.

Proor. In [60, Theorem 1.6], it is shown how to compute a minimum chain partition of a DAG
with n vertices and m edges in O(m + n*/?) time with high probability. The claim follows running
this algorithm on the DAG corresponding to (V, <), having |V| nodes and O(|V|?) edges. O

CoROLLARY 4.5. Let D = (Q,s,, F) be a DFA. A co-lex order < of width equal to wiglth(D) and
a corresponding <-chain partition of cardinality equal to width(D) can be computed in O(|5|*) time
with high probability.

The previous corollary solves Problem 1 for DFAs.> As for the width-complexity over NFAs, it is
known that the problem is NP-hard, since already deciding whether the width of an NFA is equal
to 1 (i.e., deciding whether the NFA is Wheeler) is an NP-complete problem (see [53]).

We have proved that computing the width of a DFA is an “easy” problem. We now move to the
natural problem of computing the deterministic width of a regular language, presented by means
of a DFA recognizing it.

It would have been nice to have the deterministic width of a language equal to the width of its
minimum DFA: if this were true, we could use Corollary 4.5 to determine width? (£) in polynomial
time with high probability by inspecting its minimum-size accepting automaton. As we show in
Example 4.6, unfortunately this is not the case. Moreover, there is, in general, no unique (up to
isomorphism) minimum DFA of minimum width recognizing a given regular language.

Example 4.6. In Figure 3, three DFAs recognizing the same language £ are shown. We prove
that width? (L) = 2, the width of the minimum DFA for £ is 3, and there is not a unique minimum
automaton among all DFAs recognizing £ of width 2. Consider the DFA D; on the left of Figure 3
and let £ = £(D,). The automaton P, is a minimum DFA for L. The states 0,...,5 are such
that: [y = {e}, [ = ac*, I, = bc*, s = ac*d U {gd, ee, he, f,k}, I, = {e, h}, Is = {g}. States 1 and 2 are
<p,-incomparable because a € I;, b € I,ac € I; and a < b < ac. Similarly, one checks that states
3,4,5 are pairwise <¢, -incomparable. On the other hand, 0 is the minimum and states 1,2 precede
states 3, 4, 5 in the order <gp,. We conclude that the Hasse diagram of the partial order <, is the
one depicted in Figure 4.

5We mention that the bound of Corollary 4.5 has very recently been improved to O(min(|Q 12, 18] log |Q1)) in two subse-
quent works [9, 30].
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The width of the DFA D; is 3 because {3, 4,5} is a largest <y, -antichain. A <y, -chain partition
of cardinality 3 is, for example, {{0, 1,3}, {2, 4}, {5}}.

Let us prove that width? (£) > 2. Suppose by contradiction that there exists a DFA D of width 1
recognizing L. Then, the order <y is total. Moreover, there exists a state u such that two words of
the infinite set ac* € Pref(L), say ac’, ac/ withi < j, belong to I,,. Consider the word bc’ € Pref(L).
Since bc! # ¢ ac', it follows that be! ¢ I,. If u” is such that be’ € Iy, from ac’ < be' < ac/ we have
that u and u’ are <gp-incomparable, a contradiction.

Finally, let D, be the DFA in the center of Figure 3 and let D5 be the DFA on the right of Figure 3.
Notice that £(D,) = L(D3) = L, and D, and D3 have just one more state than D; and are non-
isomorphic. We know that O, and D5 cannot have width equal to 1. On the other hand, they both
have width 2, as witnessed by the chains {{0, 1,4}, {2, 3,5, 3’}} (for D,) and {{0, 1, 3},{2,4,5,4"}}
(for Ds).

Motivated by the fact that computing the deterministic width of a regular language is not a
trivial problem, in the next subsections we develop a set of tools that will ultimately allow us to
derive an algorithm solving the problem.

Example 4.6 triggers a further natural and important observation. It is known that languages
with deterministic width equal to 1 (that is, Wheeler languages) admit a (unique) minimum-size
Wheeler DFA [2]. Note that Example 4.6 implies that no such minimality result holds true for
higher levels of the deterministic width hierarchy. In Section 4.5 we will explain why Example 4.6
is not the end of the story and we will derive an adequate notion of minimality.

4.1 The Entanglement of a Regular Language

We now exhibit a measure that on the minimum DFA will capture exactly the width of the accepted
language: the entanglement number of a DFA. We shall use the following terminology: if D is a
DFA and V C Pref(L(D)), then a state u occurs in V if there exists « € V such that u = §(s, ).

Definition 4.7. Let D be a DFA with set of states Q.

(1) A subset Q' C Q is entangled if there exists a monotone sequence (a;);cN in Pref(L(D))
such that for all u” € Q’ it holds &(s, @;) = u’ for infinitely many i’s. In this case the se-
quence (a;);eN is said to be a witness for (the entanglement of) Q’.

(2) A set V C Pref(L(D)) is entangled in D if there exists a monotone sequence (@;);eN,
with «; € V for every i, witnessing that the set {§(s, @) | @ € V}, consisting of all states
occurring in V, is entangled.

Moreover, define:
ent(D) = max{|Q’| | Q" € Q and Q’is entangled}
ent(L) = min{ent(D) | Disa DFA A L(D) = L}.

Notice that any singleton {u} C Q is entangled, as witnessed by the trivially monotone sequence
(ai);en Where all the @;’s are equal and §(s, ;) = u.

As an example consider the entanglement of all DFAs in Figure 3. For any of them the entan-
glement is two, because the only entangled subset of states is {1, 2}, as witnessed by the sequence
a<b<ac<bc<acc<bcec<---.

When two states u # u’ of a DFA D belong to an entangled set, there are words & < f# < &’ such
that a,a’ € I, f € I;, so that neither u <p u’ nor 4’ <p u can hold. In other words, two distinct
states u, u” belonging to an entangled set are always <qp-incomparable. Since by Lemma 2.11, we
have width(<p) = width(D), it easily follows that the entanglement of a DFA is always smaller
than or equal to its width.
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LEmMA 4.8. Let D be a DFA. Then ent(D) < width(D).

The converse of the above inequality is not always true: for the (minimum) DFA D on the left
of Figure 3 we have ent(?;) = 2 and width(D,) = 3.

Contrary to what happens with the width, we now prove that the entanglement of a regular
language is realized by the minimum-size automaton accepting it.

LEMMA 4.9. If Dy is the minimum-size DFA recognizing L, then ent(D r) = ent(L).

Proor. It is enough to prove that ent(D) < ent(D), for any DFA D such that L(Dy) =
L(D). Suppose uy, .. ., uj are pairwise distinct states which are entangled in D, witnessed by
the monotone sequence (a;);cN. Since D ¢ is minimum, each I, is a union of a finite number of
I,, with v € Qp. The monotone sequence («;);eN goes through u; infinitely often, so there must
be a state v; € Qp such that I, C I,;; and (a;);en goes through v; infinitely often. Then (;);cn
goes through the pairwise distinct states vy, . .., vg infinitely often and vy, . .., vy are entangled
in D. |

4.2 The Hasse Automaton of a Regular Language

Our aim is at proving that the entanglement measure over the minimum DFA D, captures the
deterministic width of a language £:

width? (L) = ent(D)

In order to prove the previous equality we shall describe an automaton, the Hasse automaton of L,
realizing the width and the entanglement of the language as its width (Theorem 4.21). As a first
step, given a DFA D we prove that there exists an equivalent DFA 9’ that realizes the entangle-
ment of D as its width: ent(D) = width(D’) (Theorem 4.19).

To give an intuition on the construction of the automaton 9’ we use the trace of the DFA D,
that is, the (in general) transfinite sequence: (§(s, @)) epref(£), indexed over the totally ordered set
(Pref(L), <), where L = L(D). We depict below a hypothetical (Pref(L), <), together with the
trace left by a DFA O with set of states {uy, us, uz} and 6(s, a;) = (s, a”) = uy, 3(s, f;) = 3(s, fj) =
uy, and &(s, y;) = us:

a < P < @ < fpo< 0 <@ < i< 0 < P <y < B <y o< 0 < B< vy < - <o«

uy uz uy up uy uz uz uz us up u3 uy

’

Consider the entanglement and width of D. Notice that the sets {uy, u>} and {u,, u3} are entan-
gled. The set {uy, us} is not entangled and therefore the set {u;, uz, us} is not entangled. However,
{u1, up, u3} contains pairwise incomparable states. Hence the whole triplet {u;, u;, u3} does not con-
tribute to the entanglement but does contribute to the width so that ent(D) = 2 < width(D) = 3.

In general, an automaton where incomparability and entanglement coincide would have
ent(D) = width(9). Hence, we would like to force all sets of incomparable states in the new
automaton P’ to be entangled. To this end, we will first prove that there always exists a finite,
ordered partition V = {Vi, ..., V,} of Pref(£) composed of convex sets which are entangled in D.
In the example above we can write Pref(L) = V; UV, U V3, where:

Vl = {ahﬂla"-aai’ﬁi’--'}"/z = {ﬁ{9y19-~~9ﬁ1{’}/i~~-},‘/3 = {a,}’

and the states occurring (and entangled) in Vi, Vs, V5 are, respectively: {uy, up}, {1z, us}, and {uy}.
In order to construct an equivalent automaton 9’ in which the pairwise incomparability of the
three states uy, uy, us is eliminated and width(9D’) = 2, we could try to duplicate some of the orig-
inal states, as it would be the case if the states occurring in Vi, V3, V3 where, respectively, {u, uz},
{2, us3}, and {u;}. To this end, we will consider a refinement ~ of the Myhill-Nerode equivalence on
Pref( L) stating that two strings are equivalent if and only if they are in the same I,, and all V € V
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laying between the two strings intersect I,.. In the above example we have f; ~ f} for all integers
i, j, because no V € V is contained in [f;, ﬁ]’] while a1 »~ @', since V, C [ay,a’] but Vo N I, = 0.

We will prove that the equivalence ~ decomposes the set of words reaching u into a finite number
of ~-classes and induces a well-defined quotient automaton 9’ equivalent to D.

By construction, in the automaton 9’ any set of <y -incomparable states {us, . . ., u} will occur
in at least an element V' € V, so that, V being entangled, they will contribute to the entanglement
number of D and width(D’) = ent(D) will follow.

In our example, the new automaton D’ will leave the following trace:

a1<ﬁ1<a2<ﬁ2<~-<a,~<ﬁ,-<~--<ﬁ;<y1<ﬁ;<y2<-~<ﬁlf<y,-<-~<a

W ww o w e ww . ww wm e wmw
and ent(D) = width(D’) = 2.

In order to give a formal definition of D’ we need some properties of entangled sets. Since these
properties hold true with respect to a partition of a generic total order, we state and prove them
in a more general setting in Appendix A, while we state them without proof in this section. In
particular, most of the properties of D’ will be proved using a finite partition of (Pref(L£(D)), <),
composed by entangled, convex sets.

Definition 4.10. If D is a DFA, we say that a partition V of Pref(L(D)) is an entangled, con-
vex decomposition of D (e.c. decomposition, for short) if all the elements of V are convex in
(Pref(L(D)), <) and entangled in D.

THEOREM 4.11. If D is a DFA, then there exists a finite partition V of Pref{ L(D)) which is an e.c.
decomposition of D.

Proor. The existence of such a decomposition is guaranteed by Theorem A.5 of Appendix A,
applied to (Z, <) = (Pref(L(D)), <) and P ={I, | u € Q}. O

Using an e.c. decomposition of an automaton O we can express a condition implying the equal-
ity width(D) = ent(D).

LEMMA 4.12. Let D be a DFA. Suppose Vi < Vo < -+ <V, is an e.c. decomposition of D such that
foreveryu € Q therearel <i < j < m with:

L, CViUViyuU---UV;, and VNI, #0, forall i <h<j.
Then, width(D) = ent(D).

Proor. We already proved that ent(D) < width(9) in Lemma 4.8. In order to prove the re-
verse inequality, let width(D) = p and let uy,...,u, be p <p-incomparable states. If we prove
that uy,...,u, are entangled, we are done. Fix i € {1,...,p} and denote by W; the convex set
ViUV U~ UV wherel,, SV, UV U---UViand V; N1, # 0, forall h < j < k. From the
incomparability of the u;’s it follows that W; N W; # 0, for all pairs i, j, so that (); W; # 0 by
Lemma A.13 in Appendix A. Since all W;’s are unions of consecutive elements in the partition
vV, there must be an element V € V with V C (; W;. Such a V must contain an occurrence of
every u;, and since V is an entangled set, we conclude that uy, . .., u, are entangled. O

The previous lemma suggests that in order to construct an automaton 9’ recognizing the same
language as D and satisfying width(D’) = ent(D’) = ent(D), we might duplicate some states in
D in order to ensure that the new automaton 9’ satisfies the condition of the previous Lemma.
Consider two words a < ' reaching the same state u of D: if the convex [, '] is not contained
in a union of consecutive elements of the partition V, all having an occurrence of u, then in D’
we duplicate the state u into u and u’, with « reaching u and @’ reaching u’ (see Figure 5).
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PD-states
uy up us up u3 uy uy uy uy uy
Pref(L) |—o—0—|—0—0—|—0—0—|—0,—0—|—0"—0—|
a a o
1% V2 V3 Vy Vs
’ , , , p D’ -states
uq uy us uz us Uy Uy Uy Uy L5}
Pref( L) - >
o [04 (04
£ V2 Vs Vy Vs

Fig. 5. The upper line represents the words in Pref(L£), partitioned by the e.c. decomposition V, where some
words are highlighted and labeled by the state they reach in D. The lower line still represents Pref(L£), with
the same e.c. decomposition, but now the highlighted words are labeled by states of D’. Note that the strings
a, a’ reach the same state in D, but in different states in D’, because V3 C [a, @], and V3 N I, = 0. However,
the words «’, a”’ reach the same state in both automata.

As usual, an equivalence relation ~¢ over Pref(L) is used to introduce the new states of the
automaton D’. In order to maintain the definition of 9’ independent from any particular e.c.
decomposition V, in the definition below we use generic entangled convex sets instead of elements
of an e.c. decomposition. In Lemma 4.17 we prove that this is equivalent to using elements of an
e.c. decomposition of minimum cardinality.

Definition 4.13. Let D be a DFA and let ~ g be the equivalence relation on Pref(£(D)) defined
as follows: @ ~p @’ if and only if:

—06(s,a) = 6(s,a’) and

—there are entangled convex sets Cy, . .., C, C Pref(£(D)) such that:
[ € U, s
—CiNIss,0) # 0, foralli e {1,...,n}.

Note that ~ ¢ is indeed an equivalence relation (in particular, it is transitive). When the DFA D
is clear from the context, we shall drop the subscript D in ~g.

In the following lemma we prove that the equivalence ~ has finite index and £(D) is equal to
the union of some of its classes.

LEMMA 4.14. Let D be a DFA. Then, ~ has a finite number of classes on Pref{ L(D)) and L(D) is
equal to the union of some ~-classes.

Proor. Consider an e.c. decomposition V = {Vy, ..., V;,} of D, whose existence is guaranteed
by Theorem 4.11. Since all V;’s are entangled convex sets in Pref(£(9)), two words belonging to
the same V; and ending in the same state belong to the same ~-class. Hence, the number of ~-
classes is at most m X |Q|. Moreover, « ~ f implies (s, @) = &(s, ). Hence, « € L(D) and o ~ f
imply f € L(D), proving that L(D) is equal to the union of some ~-classes. O

LEMMA 4.15. Let D be a DFA. Then, the equivalence relation ~ is right-invariant.

Proor. Let £ = L(D), assume a ~ @’ and let a € ¥ be such that aa € Pref(L). We must prove
that a’a € Pref(£) and aa ~ a’a. Since a ~ a’ we know that §(s, ) = §(s,¢’) and there exist
entangled convex sets Cy,...,C, such that [a,a’]* CC;U---UC, and C; N I5(5 o) # O for all
i =1,...,n Wemust prove that a’a € Pref(L), §(s, a) = §(s, @’a), and there exist entangled con-
vex sets CJ, ..., C,, such that [aaq, a’al* C ClU---UC, and C; N I5(5 qa) # Oforalli=1,...,n".

From 6(s, @) = 8(s,¢”) and aa € Pref(L) we immediately obtain a@’a € Pref(£) and §(s, aa) =
§(s, a’a). Moreover, from [a,a’]* € C; U --- U C, we obtain [aa, a’a]l* = [a,a’]*a C CiaU--- U
Cna, and from C; N Is(s, ) # 0 we obtain C;a N Is(s ¢q) # 0. We are only left with showing that ev-
ery C;a = {ya | y € C;} is an entangled convex set. The fact that they are convex follows directly
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from the definition of co-lex ordering. Let us prove that the C;a’s are entangled. Fix i and con-
sider a monotone sequence (a;);en Witnessing that C; is entangled. Then (@;a);en is a monotone
sequence witnessing that C;a is entangled. O

We are now ready to complete the construction of the automaton D’ using ~.
Definition 4.16. Let D be a DFA and let £ = £(D). Define D’ = (Q’,s’,§’, F’) by:

Q {[a]~ : « € Pref(L)};

&'([a]~, a) = [aa]- for every a € Pref(L) and for every a € ¥ such that aa € Pref(L);
—s’" = [e];

—F ={la].:a € L}

The equivalence relation ~ is right-invariant (Lemma 4.15), has finite index, and £ is the union
of some ~-classes (Lemma 4.14). Hence, D’ is a well-defined DFA, and « € [f]. — &'(s',a) =
[A]~, which implies that for every a € Pref(L) it holds:

It = [a]- )
andso L(D’) =L
In the following lemma we prove that it is safe to replace Cy,...,C, in Definition 4.13 by

the elements of a minimum-size e.c. decomposition, that is, an e.c. decomposition with minimum
cardinality.

LEMMA 4.17. Let D be a DFA and let V = {Vi,...,V,}, with V; < --- <V,, be a minimum-size
e.c. decomposition of D. Then, a ~ o’ holds if and only if:
e §(s,a) =5(s,a’) and
o there exist integersi < j such that:
—[a.a’1* € U)_, Vi
—ViNlss,q) 20, forallh € {i,. .., j}.

Proor. To prove that @ ~ @’ holds under the above hypotheses, it is sufficient to recall that

Vi, ..., V; are entangled convex sets and apply Definition 4.13.
Let us prove the reverse implication. Pick a ~ a’ € Pref(L(D)) and let Cy,...,C, be en-
tangled convex sets such that [a,a’]* € UY,C; and C; NI, # 0, for every i =1,...,n, where

u=906(s,a) = 6(s,a’). By Lemma A.12 of Appendix A we can assume that C; < C; < - -+ < Cy,. Let
i < j be such that [a,a’]* C U;l:i Vi and Vi, N [a, a’]* # 0 for all h € {i,. .., j}. We just have to
prove that V;, NI, # 0, for all h € {i, ..., j}. From V, N [, @’]* # 0 it follows that either V}, con-
tains @ or a’, or Vi, C [, @’]* € U, C;. In the first case we have V, NI, # 0 because a, o’ € I,,
while in the second case V, N I, # 0 follows from Lemma A.9 of Appendix A. O

Let D’ be the automaton of Definition 4.16. The following corollary allows us to consider an
e.c. decomposition of O of minimum size as an e.c. decomposition of D’.

COROLLARY 4.18. Any e.c. decomposition of minimum sizeVy < --- < V, of D isalso an e.c. decom-
position of D’. Moreover, for allu’ € Q’, there exist i < j such that I,; C U;l:i Vi and Viy N Iy # 0,
forh=1i,...,j.

PRroOF. In order to prove that an e.c. decomposition of minimum size V; < --- < V,. of D is also
an e.c. decomposition of D’ we just have to check that Vj, is entangled in O, forallh =1,...,r

Let uj,... ,u,’C be the pairwise distinct 9’-states occurring in Vj,. Notice that by the definition
of 8" we have {uf,...,u } =1{6'(s".a) | @ € V} = {[a]. | @ € V},}. Hence, for every j=1,...,k
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there exists ; € Vj, such that uj’ = [a;]~. Then the D-states u; = 6(s, a;), for j = 1,...,k, occur
in Vj,. Notice that uy, ..., uy are pairwise distinct as well: if u; were equal to u; for i # j, then
from Lemma 4.17 we would have a; ~ a; and u] = [o;]~ = [a]~ = uJ’ would follow. Since V}, is

entangled in D, there exists a monotone sequence (f;);eN in Vi, reaching each u; infinitely many
times. Fix j € {1,...,k}. If §(s, f;) = u; then from (s, ;) = u; and f;, a; € Vj, it follows aj ~ f;
again by Lemma 4.17, so that §'(s", ;) = [Bi]~ = [oj]~ = uJ’ in D’. It follows that the sequence
(Bi)ien reaches u} infinitely many times. Hence, V} is entangled in D”.

As for the second part of the Corollary, if v’ = [a]. € Q’ then I, = [@]~. (see Equation (5)
above). Let i (j, respectively) be the minimum (maximum) index h with [a]. NV} # 0;
then [a]. CV;U---UV,. Fix heli,...,j} and consider u=J(s,a). Since there exist
a’,a" € Pref(L(D)) such that o’ ~a ~a”, o’ €V; and a” €V}, then, Lemma 4.17 implies
8(s,a’) =6(s,a”) = 6(s,@) =u and V,, N I, # 0. Pick f € V, N I,,. Then, the same lemma implies
B~ asothat f eI, and Vy NI, # 0 as well. m|

We can now prove that D’ has width equal (to its entanglement and) to the entanglement of D.
THEOREM 4.19. If D is a DFA, then ent(D) = ent(D’) = width(D’).

Proor. Let us prove that ent(D’) <ent(P). Consider an entangled collection
{la1]~, ..., [an]~} of h states in D’. Then, there is a monotone sequence (y;);eN such that,
foreach j € {1,...,h} we have §'(s’, y;) = [@;]~ for infinitely many i’s. Let V' be a minimum-size
finite e.c. decomposition of D. Since V is a finite partition and all the elements of V are convex,
there exists V € V and ng such that y; € V for all i > ng. In particular, there are words f,. ..,
in V such that §’(s’, fr) = [ak]~, for every k =1,...,h. Define uy = (s, fr) and notice that
the states uy, ..., uy are pairwise distinct. In fact, if u, = us for r # s, then by Lemma 4.17 we
would have f, ~ f; and [a,]. = &'(s, Br) = [fr]~ = [Bs]~ = &'(s’, Bs) = [as]~, a contradiction.
Moreover, {uj, ..., uy} is an entangled set in D, because all these states occur in V (as witnessed
by i, ..., Br) and V is an element of an e.c. decomposition. Since this holds for any collection of
entangled states in D', it follows that ent(D’) < ent(D).

Let us now prove that ent(D) < ent(D’). Let {uy, ..., up} be an entangled set of h states in D,
witnessed by some monotone sequence (a;);eN. Every I, is equal to a finite union of some I,,/’s,
with u” € Q’, and (@;);en goes through any uy, infinitely many times. Therefore, forallk = 1,...h
there exist u; € Q" such that Ly < I, and (ai)ien goes through u; infinitely many times. We
conclude that uj, ..., u; are pairwise distinct and {u, ..., u;} is an entangled set of states in D',
which implies ent(D) < ent(D’).

Finally, we prove that width(D’) = ent(D’). If V is an e.c. decomposition of D of minimum
size, then Corollary 4.18 implies that V' is an e.c. decomposition of D’ satisfying the hypothesis
of Lemma 4.12 so that width(D’) = ent(D’) follows from this lemma. O

If we start from the minimum DFA D , of a regular language L, then, as we shall see in Theo-
rem 4.21, the automaton 9’ acquires a special role because it realizes the deterministic width of

the language L.

Definition 4.20. If Dz is the minimum DFA of a regular language £, the DFA D', is called the
Hasse automaton for L and it is denoted by H .

The above definition is motivated by the fact that the width of the language can be “visualized”
by the Hasse diagram of the partial order <4, .

THEOREM 4.21. If D s is the minimum DFA of the regular language L, then:
width? (L) = width(Hy) = ent(Dy) = ent(L).
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Proor. By Lemma 4.9 we have ent(Dy) = ent(L). Since ent(D) < width(D) for all DFAs
(Lemma 4.8), we obtain ent(L) < width? (L), while from Theorem 4.19 we know that
width(H z) = ent(D ). Hence, we have:

width(H ) = ent(Dy) = ent(L) < WidthD(L) < width(H)
and the conclusion follows. |

The previous theorem allow us to give a first answer to Problem 4, that is, we provide an
automata-free characterization of the deterministic width of a regular language. Recall that a
property is eventually true for a sequence if it holds true for all but finitely many elements of
the sequence.

COROLLARY 4.22. Let L be a regular language. Then width?(L) <p iff every (co-
lexicographically) monotone sequence in Pref(L) is eventually included in at most p classes of
the Myhill-Nerode equivalence = .

Proor. Let D, be the minimum DFA for L. By definition, k states u, ..., u; are entangled
in D, iff there exists a monotone sequence (aj)jeN such that, for each i = 1,...,k, we have
8(s, aj) = u; for infinitely many j’s. Moreover, since D £ is minimum, if i # i’ a word arriving in
u; and a word arriving in uy belong to different = ,-classes. Hence, ent(D ) > p iff there exists a
monotone sequence in Pref(L) which eventually reaches more than p classes of the Myhill-Nerode
equivalence = ; infinitely often, and the corollary follows from the previous theorem. O

Summarizing, the Hasse automaton H; captures the deterministic width of a language. An
interesting open question is whether it is possible to devise an effective procedure to build the
Hasse automaton. More generally, also in view of the indexing and compression applications in
Section 5, we have two conflicting objectives: minimizing the width and minimizing the number
of states. We will explore the latter objective in Section 4.5.

4.3 Computing the Deterministic Width of a Regular Language

In this section we shall use Theorem 4.21 — stating that the deterministic width of £ is equal to the
entanglement of the minimum DFA for £ — to study the complexity of Problem 2 — the problem
of finding the deterministic width of a language recognized by a given automaton. We show that
if we are given a regular language £ by means of a DFA D accepting £ and a positive integer p,
then the problem
)
width? (£) < p

is solvable in polynomial time for constant values of p. More precisely, we show that the problem
of computing width” (L) is in the class XP with parameter p. This result is achieved by exhibit-
ing a dynamic programming algorithm that extends the ideas introduced in [3] when solving the
corresponding problem for Wheeler languages.

Theorem 4.21 suggests that the minimum DFA contains all “topological” information required
to compute the width of a language. In the next theorem we clarify this intuition by providing a
graph-theoretical characterization of the deterministic width of a language based on the minimum
DFA recognizing the language.

THEOREM 4.23. Let L be a regular language and let Dy be the minimum DFA of L, with set of
states Q. Let k > 2 be an integer. Then, width® (L) > k if and only if there exist strings iy, . . ., ik, ¥
and pairwise distinct states uy, . .., ur € Q, such that foreveryj=1,...,k:

(1) pj labels a path from the initial state s to u;;
(2) y labels a cycle starting (and ending) at u;;
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Fig. 6. A glimpse into the minimum DFA used in the proof of Theorem 4.23.

(3) either uy, ..., ik <y Ory < [y, ..., Hi;
(4) y is not a suffix of ;.

ProOF. By Theorem 4.21 we have width? (L) = ent(D ). We begin by proving that, if the
stated conditions hold true, then ent(D ) > k. Notice that for every integer i we have p;y’ € Ly;.
Moreover, the y;’s are pairwise distinct because the u;’s are pairwise distinct, so without loss of
generality we can assume pi; < -+ < fig.

(1) If gy < -+ < p <y, consider the increasing sequence:

fr << <y << ppy <yt <<yt <py® <<y’ <
(2) Ify < piy < -+ < g, consider the decreasing sequence:

fi > = > J > fRy > o = gy > eyt > o>yt s ey > o=y > L

where p1y" > pry™! holds because y; > y and y is not a suffix of ;.

In both cases the sequence witnesses that {us, ..., ux} is an entangled set of distinct states, so
ent(Dy) > k.
Conversely, assume that ent(9 ) > k. This means that there exist distinct states vy, . . ., vk and

amonotone sequence (;);eN that reaches each of the v;’s infinitely many times. Let us show that,
up to taking subsequences, we can assume not only that («;);cn reaches each of the v;’s infinitely
many times, but it also satisfies additional properties.

—Since |2] and |Q| are finite and (¢;); N is monotone, then up to removing a finite number of
initial elements we can assume that all ;’s end with the same m = |Q|¥ characters, and we
can write ; = a;0, for some 0 € ™. Notice that such a new monotone sequence (a;);eN
still reaches each of the v;’s infinitely many times.

—Up to taking a subsequence of the new (a;);cn, We can assume that a; reaches v; if and
only if i — j is a multiple of k, that is, a;, @+, @2k+js - - - € ;. Notice that such such a new
monotone sequence (a;);cn still satifies ; = o]0 for every i.

—Since |Q] is finite, up to taking a subsequence of the new (¢;);cn We can assume that all ;s
reaching the same v; spell the suffix 0 visiting the same m + 1 states x{;,x{, xh, = vj.

Consider the k-tuples (x;, o ,xf), for s € {0,...,m} (corresponding to the states in column
in Figure 6). There are m + 1 = [Q|¥ + 1 such k-tuples and therefore two of them must be equal.
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That is, there exist h, £, with 0 < h < € < m, such that (x;,... xk) (x},...,x¥). Hence, for all
jef{l,...,k}thereisacycle x’ th+1, .. x’ all these cycles are labeled by the same string y’, and
we can write 0 = ¢y’y for some ¢ and (ﬁ

Let uy, uy, . . ., ux be the pairwise distinct states xh, h, e x}’j (they are distinct, because if u; =

u;j for some i ¢ Jj we would have v; = v;). Hence, we have k pairwise distinct states and k equally
labeled cycles. In order to fulfill the remaining conditions of the theorem, we proceed as follows.
Considering the monotone sequence (a;¢);cnN, reaching each of the u;’s infinitely many times, we
may suppose without loss of generality (possibly eliminating a finite number of initial elements)
that all a/¢’s are co-lexicographically larger than y’ or they are all co-lexicographically smaller

than y’.

If y’ is not a suffix of any /¢ we can choose y = y’ and, considering k words y, ..., ui of the
sequence (a/¢);cN arriving in uy, . . ., ug, respectively, we are done.

Otherwise, if y” is a suffix of some a]¢, pick 2k — 1 strings d1, . . ., d2x—1 in the sequence (a¢);eN
such that §; ends in uy, while §; and 6r,; endinu; fori =1,...,k -1, and

51 < "'<5k < - <($2k_1.
Let r be an integer such that |(y’)"| > |6;| foreveryi=1,...,2k — 1. Theny = (y’)" is the label
of a cycle from u;, for every i = 1,...,k, and y is not a suffix of §;, for every i = 1,...,2k — 1. We
distinguish two cases:

(1) Ok < y.In this case, let yy, . .., ui be equal to dy, . . ., 5, respectively.
(2) y < Ok. In this case, let yy, . . ., ug be equal to J, . . ., dzx—1, respectively.

In both cases, we have either yq, ..., <y ory < p,..., iy and the conclusion follows. O

Example 4.24. Let £ be a regular language. Let us prove that, in general, width?(£) and
width™N (£) may depend on the total order < on the alphabet. Let D be the DFA in Figure 2,
and let L be the language recognized by 9. Notice that D is the minimum DFA recognizing L.

First, assume that < is the standard alphabetical order such that a < b < ¢ < d. Let us prove that
widthP (£) = 2. From Example 2.12, we obtain width” (£) < 2, and from Theorem 4.23 we obtain
widthP (£) > 2by choosing u; = g, uz = g3, i1 = a, j1z = b,y = c. Notice that Corollary 3.3 implies
that width™N (£) = width?(£) = 2.

Next, let < be the total order such thata < ¢ < b < d. From Example 2.12 we immediately obtain
width™ (£) = width?(£) = 1.

The strings 11, . . ., pix, and y of Theorem 4.23 can be determined by a dynamic programming
algorithm whose running time can be computed using the following lemma.

LEmMA 4.25. Let D be a DFA with set of states Q, and let s1,q1, ..., Sh,qn € Q. Suppose there

are strings vy < - -+ < vy such that §(s;,v;) = q;, foreveryi =1,..., h. Then, there exist strings v| <
- < v}'l such that, for everyi,j € {1,...,h}, it holds:
—0(si,v]) = qi;

—vi = vy iffvi = v
—v; A v iffv] —|v,

v/l <h-2+3%7, 101"

Proor. We will prove the lemma for i = 3 (the extension to the general case is straightforward).
Given ¢ € ¥, we denote by ¢(k) the k-th letter of ¢ from the right (if |p| < k we write ¢(k) = ¢,
where ¢ is the empty string); therefore, if ¢ # ¢, then ¢(1) is the last letter of ¢.
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Vs = 93 V3(d271) E
V3 = .05 [ vadsa) [ ... & ] T [wds) [ F sl [ £
\ \4 4 \4 0]
vy = 62 VZ(dS,Z) f Vo = 92 Vz(dzyl) §
PR (v [ [ valdse) [ € T (v [ [ valda) | E
A\ \4 1l \4 \'
e O ... vi(dsg) | ... & ... v = 0. [ [ €. ]
e v [ s [ E

(a) Case vj < w < wanddsy < da;. (b) Case v < w < wanddy; < dsp.

Fig. 7. Proof of Lemma 4.25.

Let vi < v, < v3 be strings with d(s;, v;) = q;, fori = 1,2, 3. Let ds ; be the first position from the
right where vs and v, differ (if v3 = v, let d5 2 = |13]). Since v, < vs, we have ds » < |v3]. Defining
ds,1 similarly, we have dp 1 < [va].

We distinguish three cases.

(1) ds2=da1.
(2) ds2 < dy,1 (see Figure 7(a), assuming that v; < v, < v3).
(3) d2.1 < ds 3 (see Figure 7(b), assuming that v; < v, < v3).

Case 3 is analogous to case 2 and will not be considered. In cases 1 and 2, |v3] > ds ;2 and |v;| >
dz,1 > ds 3, so that vs, vy, and v; end with the same (possibly empty) word ¢ with [£] = ds;, — 1.
Summing up:

V1 = 01v1(ds2)& < vy = Ova(ds 2)E < v3 = O313(d3 2)¢
for some (possibly empty) strings 6;, 0, 05.

Without loss of generality, we may assume that |£] < |OJ*. Indeed, if |£] > |Q|® then when we
consider the triples of states visited while reading the last |£] letters in computations from s; to
q; following v;, for i = 1, 2,3, we should have met a repetition. If this were the case, we could
erase a common factor from &, obtaining a shorter word & such that 0;v;(ds 2)& < O,v2(ds 2) & <
O5v3(ds 2) &1, with the three new strings starting in sy, sz, 53 and ending in gy, g2, g3, respectively,
respecting equalities and suffixes. Then we can repeat the argument until we reach a word not
longer than |Q|*.

Ifds 5 = dy 1, the order between the v/s is settled in position ds . Let r1, 15, r3 be the states reached
from sy, 52, s3 by reading 6, 0,, 05, respectively. For i = 1, 2,3, let 0; be the label of a simple path
from s; to r; and let v/ = 0;vi(ds 2)&. Then &(s;, V) =qi, vy 2 vy 2 v, VL vl Ivi] <101+ |O3.

If d5 5 < dy1 we have v1(ds 2) = v2(ds 2). Moreover, 0; and 0, end with the same word ¢’ with
|€'] = dy,1 — ds,2 — 1 (see Figure 7(a)), and we can write

01 = 01v1(dy,1)&" < 6y = Ov2(da1)E".
Arguing as before we can assume, without loss of generality, that |£’| < |Q|%. Moreover, we have
vi(da,1) = v2(ds,1) and, as before, we can assume that 67, 0; and 65 label simple paths. Therefore,
101,105, 165] < |Q| — 1. Hence, in this case we can find v/, v;, v; such that 5(s;, v/) = q;, v{ < v; <
vl and V][, 11 [v]] < 1+ 1] + QI + |QI’.
Finally, the construction implies that v; = v; iff v/ = v]f, and v; 4 v; iff v} 4 va. m|

We are now ready for a computational variant of Theorem 4.23.
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COROLLARY 4.26. Let L be a regular language and let D p be the minimum DFA of L, with set of
states Q. Let k > 2 be an integer. Then, widthP (L) > k if and only if there exist strings i1, . . ., Uk,
and y and there exist pairwise distinct uy, . . .,ur € Q such that, foreveryj =1,...,k:

(1) pj labels a path from the initial state s to u;;
(2) y labels a cycle starting (and ending) at u;;
(3) either g, ..., ik <y Ory < fi,...,Hk;

@) |l el < lyl <22k =2+ 235 101Y).

PRrOOF. (&) Since condition 4. implies that y is not a suffix of any of the y;, width?(£) > k
follows from Theorem 4.23.
(=) If widthP? (£) > k, we use Theorem 4.23 and find words T ,,u]’c, v’ and pairwise distinct
states uy, . .., ux € Q such that for every j =1,...,k:

1) /1 labels a path from the initial state s to u;;
2) y’labels a cycle starting (and ending) at u;;
)

(
(
(3 eltheryl,...,yk<y ory' < Hi,...s s
(4) v’ is not a suffix of y.

We only consider the case y" < pi, ..., p;, since in the case pf, ..., <y’ the proof is similar.
Up to an index permutation, we may suppose without loss of generality that y’ < pj < -+ < p.
Consider the 2k-words v; and states s;, q; defined, for i = 1, ... 2k, as follows:

—vi=c ==yl s = quE UL Sk = Gk = Uk
—Vks+i = i, Sk+i = S, Qk+i = uj for i = 1,...,k, where s is the initial state of D .
If we apply Lemma 4.25 to these 2k-words, we obtain words v{ = --- = v/ <v;  <--- <vy, such
that, foralli=1,...,k:
(1) 8(u;, v{) = u;, that is, v] labels a cycle from every u;;
(2) 8(s,vp,,) = wis
(3) v] is not a suffix of v _ ;
@ LI, <2k-2+ 3% |0l
Let r be the smallest integer such that |(v)"| > max{|v, ,|li € {1,...,k}}. Let,ul SV Pk =
Vz’k,y = (v{)". Since v, is not a suffix of y;, forall i = 1,...,k, from V] < pp <+ < i it follows
= (v))" < p1 <+ < jix, Moreover:
2k
lals s el < lyl < maxflve 1 1i € {1, k) + || < 2(2k -2+ Z IQIt)
=1
and the conclusion follows. O

We can finally provide an algorithmic solution to Problem 2 in the deterministic case.

THEOREM 4.27. Let L be a regular language, given as input by means of any DFA D = (Q,s,d, F)
recognizing L. Then, for any integer p > 1 we can decide whether widthP (L) < p in time |5|°®.

Proor. We exhibit a dynamic programming algorithm based on Corollary 4.26, plugging in the
value k = p + 1 and returning true if and only if width? (£) > k is false.

First, note that the alphabet’s size is never larger than the number of transitions: o < ||,
and that |Q] < |8| + 1 since we assume that each state can be reached from s. Up to minimiz-
ing D (with Hopcroft’s algorithm, running in time O(|Q|o log |Q]) < |5|°M) we can assume that

Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023.



27:36 N. Cotumaccio et al.

D = D is the minimum DFA recognizing L. Let N’ = 2(2k — 2 + Z%’;l |Q|") be the upper bound
to the lengths of the strings y; (1 < i < k) and y that need to be considered, and let N = N’ + 1
be the number of states in a path labeled by a string of length N’. Asymptotically, note that
N < |Q[°®) < 15]9%), The high-level idea of the algorithm is as follows. First, in condition (3)
of Corollary 4.26, we focus on finding paths y;’s smaller than y, as the other case (all y;’s larger
than y) can be solved with a symmetric strategy. Then:

(1) For each state u and each length 2 < £ < N, we compute the co-lexicographically smallest
path of length (number of states) £ connecting s with u.

(2) For each k-tuple uy, ..., ux and each length £ < N, we compute the co-lexicographically
largest string y labeling k cycles of length (number of states) ¢ originating (respectively,
ending) from (respectively, in) all the states u, . . ., ug.

Steps (1) and (2) could be naively solved by enumerating the strings 11, . . ., fix, and y and trying
all possible combinations of states u, . .., ui. Because of the string enumeration step, however,
this strategy would be exponential in N, i.e., doubly-exponential in k. We show that a dynamic
programming strategy is exponentially faster.

Step (1). This construction is identical to the one used in [3] for the Wheeler case (p = 1).
For completeness, we report it here. Let 7, ¢, with u € Q and 2 < £ < N, denote the predecessor
of u such that the co-lexicographically smallest path of length (number of states) ¢ connecting
the source s to u passes through 7, , as follows: s ~» m,, ; — u. The node 7, ¢ coincides with s if
¢ = 2 and u is a successor of s; in this case, the path is simply s — u. If there is no path of length £
connecting s with u, then we write 7, , = L. We show that theset {m, ¢ : 2 < { < N, u € Q} stores
in just polynomial space all co-lexicographically smallest paths of any fixed length 2 < £ < N from
the source to any node u. We denote such a path — to be intended as a sequence u; — -+ — uy
of states — with a,(u). The node sequence a,(u) can be obtained recursively (in O({) steps) as
ae(u) = ap—1(my,¢) = u, where a;(s) = s by convention. Note also that a,(u) does not fully specify
the sequence of edges (and thus labels) connecting those ¢ states, since two states may be connected
by multiple (differently labeled) edges. However, the corresponding co-lexicographically smallest
sequence A~ (ag(u)) of € — 1 labels is uniquely defined as follows:

A (ar(u)) = minfa € 2 | §(s,a) = u} if £ =2,
2 (e () = A (a1 () = ) = A (@1 (1m0 0)) - min{a € 3 | 8 @) = u} i € > 2.

It is not hard to see that each 7, ¢ can be computed in |§|°) time using dynamic programming.
First, we set 7, » = s for all successors u of s. Then, for £ =3,...,N:

Ty¢ = argmin (A_(ag_l(v)) -min{a € X | §(v,a) = u}),
vePred(u)

where Pred(u) is the set of all predecessors of u and the argmin operator compares strings in
co-lex order. In the equation above, if none of the a,_1(v) are well-defined (because there is no
path of length ¢ — 1 from s to v), then 7, » = L. Note that computing any particular r, , requires
comparing co-lexicographically [Pred(u)| < |Q| strings of length at most £ < N < |§|°%), which
overall amounts to |§|°*) time. Since there are |Q| x N = |§|°%) variables 7,,¢ and each can be
computed in time |§|°®*), overall Step (1) takes time |§|°(). This completes the description of
Step (1).

Step (2). Fix a k-tuple uy,...,ur and a length 2 < ¢ < N. Our goal is now to show how
to compute the co-lexicographically largest string y of length £ — 1 labeling k cycles of length
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(number of states) ¢ originating (respectively, ending) from (respectively, in) all the states
Ui, ..., ug. Our final strategy will iterate over all such k-tuples of states (in time exponential in
k) in order to find one satisfying the conditions of Corollary 4.26.

Our goal can again be solved by dynamic programming. Let uy, ..., ux and ug, ..., u; be two
k-tuples of states, and let 2 < £ < N. Let moreover Tty oyttt oyl € be the k-tuple (u’, ..., u;")
of states (if it exists) such that there exists a string y of length ¢ — 1 with the following properties:

—For each 1 <i <k, there is a path u; ~ u” — u] of length (number of nodes) ¢ labeled
with y, and
—v is the co-lexicographically largest string satisfying the above property.

If such a string y does not exist, then we set T, ooty oyl € = L

Remember that we fix uy, ..., u,. For £ = 2 and each k-tuple uj, ..., u,’c, it is easy to compute
Tyl oyl € this k-tuple is (uy, . .., ux) (all paths have length 2) if and only if there exists
¢ € ¥ such that u] = §(u;,c) for all 1 < i < k (otherwise it does not exist). Then, y is formed by
one character: the largest such c.

For ¢ > 2, the k-tuple Ty, yugesd]s...oul,, € CAIL be computed as follows. Assume we have computed
those variables for all lengths £’ < £. Note that for each such ¢’ < ¢ and k-tuple u’, ..., u,’c’, the
variables Tty oyttt oyl O identify k paths u; ~» u;’ of length (number of nodes) £’. Let us denote
with s (u]’) such paths, for 1 <i < k.

Then, 7, el € 1S equal to (u{’, ..., u;’) maximizing co-lexicographically the string y” -
¢ defined as follows:

(1) u; =6(u!,c)foralll <i <k,

(2) ”ul,...,uk,ug’,...,u;(’,f—l # 1,and

(3) v’ is the co-lexicographically largest string labeling all the paths a¢_; (1]"). Note that this
string exists by condition (2), and it can be easily built by following those paths in parallel
(choosing, at each step, the largest character labeling all the k considered edges of the k
paths).

If no ¢ € X satisfies condition (1), or condition (2) cannot be met, then T, ooty oyuil, € = L

Note that 7y, . u.u,, ..., u, ¢ allows us to identify (if it exists) the largest string y of length £ — 1
labeling k cycles originating and ending in each u;, for 1 <i < k.

Each tuple 7, . Uty € CAT) be computed in || O) time by dynamic programming (in order
of increasing ¢), and there are 1519%) such tuples to be computed (there are 10190 < |5]0K) ways
of choosing uy, ..., ug,ug, ..., ul’C and N < |5|O(k)). Overall, also Step (2) can therefore be solved
in |5]°%) time.

To sum up, we can check if the conditions of Corollary 4.26 hold as follows:

(1) We compute 7, ¢ for each u € Q and £ < N. This identifies a string y{ for each such pair
u € Q and ¢ < N: the co-lexicographically smallest one, of length £ — 1, labeling a path
connecting s with u.

(2) Foreach k-tuple uy, ..., ur and each £ < N, we compute 7, . u, uj,...,u,¢- This identifies
a string Ylfl,..-,uk for each such tuple uy, . .., ux and £ < N: the co-lexicographically largest
one, of length £ — 1, labeling k cycles originating and ending in each u;, for 1 < i < k.

(3) We identify the k-tuple uy, ..., u; and the lengths ¢; < £ < N (if they exist) such that
pl <yh . foralll <i<k.
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Fig. 8. A minimum DFA D, recognizing a star-free language £, with width?(L£,) = n for the two possible
orders on the alphabet {a, b}.

The conditions of Corollary 4.26 hold if and only if step 3 above succeeds for at least one k-tuple
uy,...,ur and lengths ¢; < £ < N, for 1 < i < k. Overall, the algorithm terminates in 16100 =
16]°%) time. O

4.4 Relation with Star-Free Languages

Theorem 4.23 allows us to describe the levels of the width hierarchy looking to cycles in the mini-
mum automata for the languages. This results resemble another very well known result on a class
of subregular languages, the star-free ones, which can also be described by inspecting the cycles
in the minimum DFA for the language.

Definition 4.28. A regular language is said to be star-free if it can be described by a regular
expression constructed from the letters of the alphabet, the empty set symbol, all boolean operators
(including complementation), and concatenation (but no Kleene star).

A well-known automata characterization of star-free languages is given by using counters. A
counter in a DFA is a sequence of pairwise-distinct states uy, . . ., u, (with n > 1) such that there
exists a non-empty string o with 8(ug, @) = uy, ..., 8(Up-1, @) = up, 5(un, @) = ug. A language is
star-free if and only if its minimum DFA has no counters [67, 76].

We can easily prove that a Wheeler language, i.e., a language £ with width™N (£) = width? (£) =
1 for a fixed order of the alphabet, is always star-free. Indeed, if the minimum DFA for a language
has a counter uy, . . ., u, with string a, and y € I,,,, then (ya™), N is a monotone sequence (increas-
ing or decreasing depending on which string between y and y« is smaller) which is not ultimately
included in one class of the Myhill-Nerode equivalence =, (because in a minimum DFA the I,,’s
are exactly equal to Nerode classes). Hence, the language is not Wheeler by Corollary 4.22.

This implies that the first level of the deterministic width hierarchy is included in the class
of star-free languages. On the other hand, in the next example we prove that there is an in-
finite sequence of star-free languages (L,),cn over the two letter alphabet {a,b} such that
width? (£,,) = n, for both total orders < on {a, b}.

Example 4.29. In Figure 8 we depicted a DFA O, with 3n states accepting the language £, =
U;’;OI b/ab*a/™!. Notice that:

(1) for every state u and for every 1 < j < n, we have that §(u, aba’) is defined and final if
and only if u = g;;
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(2) for every state u in the second or third row and for every 1 < j < n, we have that &(u, ba’)
is defined and final if and only if u = rj;

(3) for every state u in the third row and for every 1 < j < n, we have that §(u, @/™!) is defined
and final if and only if u = s;.

We conclude that 9,, is the minimum DFA of £,,.

Since D, has no counters (because every cycle is a self-loop), the above mentioned character-
ization of star-free languages tells us that £, is star-free. Let us prove that ent(9,) = n, so that
widthP (L£,,) = n follows from Theorem 4.21. Notice that (1) states in the first row are reached by
only one string, (2) states in the second row are reached infinitely many times only by string end-
ing with b, and (3) states in the third row are reached only by strings ending with a. This implies
ent(D,) < n, because the words belonging to a monotone sequence witnessing an entanglement
between states will definitely end by the same letter, so only states belonging to the same row may
belong to an entangled set. Finally, the n states in the second level are entangled, as it witnessed
by the monotone sequence:

a<ba<bba<---<b"'a<ab<bab<bbab<---<b"lab< - <ab" < bab* < bbab* < ...
if a < b, and by the monotone sequence:
b lasb"2a> - >a>b"lab>b"2ab> - > ab > --- > b lab* > b 2ab* > o> abk > ..

if b < a. Hence, in both cases we have ent(D,) = n.

4.5 The Convex Myhill-Nerode Theorem

In the previous sections we described a hierarchy of regular languages by means of their deter-
ministic widths. A natural question is whether a corresponding Myhill-Nerode theorem can be
provided for every level of the hierarchy: given a regular language L, if we consider all DFAs rec-
ognizing £ and having width equal to width” (£), is there a unique such DFA having the minimum
number of states? In general, the answer is “no”, as showed in Example 4.6.

The non-uniqueness can be explained as follows. If a DFA of width p recognizes L, then Pref( L)
can be partitioned into p sets, each of which consists of the (disjoint) union of some pairwise
comparable I,’s. However, in general the partition into p sets is not unique, so it may happen that
two distinct partitions lead to two non-isomorphic minimal DFAs with the same number of states.
For example, in Figure 3, we see two non-isomorphic DFAs (center and right) realizing the width
of the language and with the minimum number of states among all DFAs recognizing the same
language and realizing the width of the language: the chain partition {{0, 1, 4}, {2, 3, 5, 3}} of the
DFA in the center induces the partition {ac* U {¢, e, h}, bc* U ac*d U {gd, ee, he, f, k, g}} of Pref(L),
whereas the chain partition {{0, 1,3},{2,4,5,4’}} of the DFA on the right induces the partition
{ac* U ac*d U {e, gd, ee, he, f,k},bc* U {e, h, g}} of Pref(L).

This example shows that no uniqueness results can be ensured as long as partitions are not fixed.
But what happens if we fix a partition? As we will prove in this section, once a partition is fixed, it
is possible to prove a full Myhill-Nerode theorem, thereby providing a DFA-free characterization
of languages of width equal to p and a minimum DFA for these languages.

More formally, let D = (Q, s, d, F) be a DFA, and let {Q; | 1 < i < p} be a <p-chain partition of
Q.Foreveryie {1,...,p}, define:

Pref(L(D))! = {a € Pref(L(D)) | 5(s, @) € Q;}.

Then {Pref(£(D)" | 1 < i < p} is a partition of Pref(£ (D)), and from now on we will think of
such a partition as fixed. We now consider the class of all DFAs accepting £ and inducing the
considered partition.
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Definition 4.30. Let D = (Q,s,d,F) be a DFA, and let # = {U;,...,U,} be a partition of
Pref(L(D)). We say that D is P-sortable if there exists a <gp-chain partition {Q; | 1 <i < p}
such that for every i € {1,...,p}:

Pref(L(D))" = U;.

We wish to give a DFA-free characterization of languages £ and partitions # of Pref(L) for
which there exists a $-sortable DFA. As in the Myhill-Nerode theorem, we aim at determining
which properties an equivalence relation ~ should satisfy to ensure that a canonical construction
provides a P-sortable DFA. First, £ must be regular, so ~ is expected to be right-invariant. In order
to develop some intuition on the required properties, let us consider an equivalence relation which
plays a key role in the classical Myhill-Nerode theorem. Let D = (Q, s, d, F) be a P-sortable DFA,
and let =g be the equivalence relation on Pref(L(9)) defined by

a=p e (s, a) =46(s, f).

Notice that equivalent strings end up in the same element of P (P -consistency), and since all states
in each <p-chain Q; are comparable, then each I, must be convex in the corresponding element of
P (P -convexity). More formally we consider the following definition, where, for every a € Pref( L),
we denote by U, the unique element U; of P such that « € U;.

Definition 4.31. Let £ C X" be a language, and let ~ be an equivalence relation on Pref(£). Let
P = {Ui,...,U,} be a partition of Pref(.L).

(1) We say that ~ is P-consistent if for every a, € Pref(L), if a ~ 8, then U, = Ug.
(2) Assume that ~ is P-consistent. We say that ~ is P-convex if for every a € Pref(L) we
have that [«]~ is a convex in (Uy, <).

As we now prove, these are exactly the required properties for a DFA-free characterization.
Let £ C 3" be alanguage, and let ~ be an equivalence relation on Pref(L). We say that ~ respects
Pref( L) if:

(Y, p € Pref(L))(Vp € ") (a ~ f A a¢p € Pref(L) — f¢ € Pref(L)).

Now, let us define the right-invariant, $-consistent and #-convex refinements of an equivalence
relation ~.

(1) Assume that ~ respects Pref(L). For every «, f§ € Pref(L), define:
a~"p = (V€ Z*)(ap € Pref(L) > ad ~ f¢).

We say that ~" is the right-invariant refinement of ~.
(2) Let P = {Uy,...,U,} be a partition of Pref(L). For every a, # € Pref(L), define:

@~ B = (a~Pp)A Uy =Up)

We say that ~“° is the P -consistent refinement of ~.
(3) Let P = {Uy,...,U,} be a partition of Pref(L). Assume that ~ is #-consistent. For every
a,y € Pref(L), define:

a~Py & (a~y)A
A (VB € Pref(L))(((Uy = Ug) A (min{a,y} < f < max{a,y}) — a ~ ).

We say that ~°“ is the P-convex refinement of ~.
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It is easy to check that ~" is the coarsest right-invariant equivalence relation refining ~, ~“* is the
coarsest P-consistent equivalence relation refining ~ and ~“ is the coarsest $-convex equiva-
lence relation refining ~.

We wish to prove that any equivalence relation that respects Pref(L) admits a coarsest refine-
ment being #-consistent, $-convex and right-invariant at once, because then we will be able to
define an equivalence relation inducing the minimum (#-sortable) DFA. We first prove that if
we use the operators cv and r, in this order, over a P-consistent and right-invariant equivalence
relation we do not lose P-consistency, nor right-invariance, and we gain $-convexity.

LEmMA 4.32. Let L C X" be a language, and let P be a partition of Pref{ L). If ~ is a P -consistent
and right-invariant equivalence relation on Pref(L), then the relation (~°)" is P -consistent, P -
convex and right-invariant.

Proor. By definition (~°?)" is a right-invariant refinement. Moreover, ~°“ and (~°“)" are
P-consistent because they are refinements of the P-consistent equivalence relation ~. Let us
prove that (~Y)" is P-convex. Assume that a, f,y € Pref(L) are such that a(~“)"y,a < f <y
and U, = Ug. Being (~°“)" a P-consistent relation, we have U, = Ug = U,. We must prove that
a(~°?) p.Fix ¢ € =" such that a¢ € Pref(L). We must prove that a¢ ~°© . Now, a(~°“)"y im-
plies a ~““ y.Since @ < B <y and U, = Ug = U,, then the P-convexity of ~““ implies « ~““ f.In
particular, & ~ f. Since ~ is right-invariant we have a¢ ~ f¢, and from the $-consistency of ~ we
obtain U,y = Upg. Moreover, a(~“)"y implies a¢(~“)"y¢ by right-invariance, so a¢ ~ y¢.
By P-convexity, from a¢ ~°“ y¢é, Uy = Ugy and ad < B¢ < y¢ (since a < f < y) we conclude
ap ~° . o

COROLLARY 4.33. Let L C X" be a nonempty language, and let P be a partition of Pref(L). Let ~
be an equivalence relation that respects Pref(.L). Then, there exists a (unique) coarsest P -consistent,
P -convex and right-invariant equivalence relation refining ~.

ProOF. The equivalence relation (~°*)" is $-consistent (because it is a refinement of the #-
consistent equivalence relation ~¢®) and right-invariant (by definition it is a right-invariant re-
finement), so by Lemma 4.32 the equivalence relation (((~°%)")¢?)" is P-consistent, £-convex and
right-invariant. Moreover, every $-consistent, $-convex and right-invariant equivalence relation
refining ~ must also refine (((~¢*)")¢“)", so (((~“*)")?)" is the coarsest P-consistent, P-convex
and right-invariant equivalence relation refining ~. ]

Corollary 4.33 allows us to give the following definition.

Definition 4.34. Let £ C ¥* be a language, and let # = {Uy,...,U,} be a partition of Pref(L).
Denote by =7 the coarsest P-consistent, -convex and right-invariant equivalence relation refin-
ing the Myhill-Nerode equivalence = .

In particular, since £ is the union of some = p-classes, we also have that £ is the union of some
Ei—classes.

Recall that, given a DFA D = (Q, s, , F), the equivalence relation =g on Pref(£(9)) is the one
such that:

as=p f &= 6(s,a) =95(s, ).
Here are the key properties of =p, when D is a P-sortable DFA.

LEMMA 4.35. Let D = (Q,s,9,F) be a P-sortable DFA, where P = {Uy,...,U,} is a partition
of PreflL) for L = L(D). Then, =p has finite index, it respects Pref(L), it is right-invariant, P -
consistent, P -convex, it refines EZ’ and L is the union of some =gp-classes. In particular, Ei has
finite index.
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Proor. Therelation =g hasindex equal to |Q|. It respects Pref( L) because if &« =5 fand ¢ € 3*
satisfies a¢ € Pref(L), then there exists y with agy € L so §(s,agy) € F. Since §(s, a) = (s, )
we obtain §(s, agy) = (s, fpy) and so f¢y € L and f¢ € Pref(L) follows. Moreover, it is right-
invariant because if« =p fand ¢ € X" issuchthatagy € L, then f¢p € Pref(L) and from (s, a) =
d(s, f) we obtain &(s, ap) = 5(s, fP).

For every a € Pref(L) we have [a]=, = Is(s ), Which implies that = is -consistent. More-
over, = is P-convex, that is, for every a € Pref(£) we have that [a]=,
U,, because if uy,...,u; € Q are such that U, = Ule I,;, then the u;’s must be pairwise <gp-
comparable, being in the same <p-chain. Moreover, =g refines =, because a =p f implies that
for every ¢ € ¥* we have (s, ap) = §(s, f¢) and so a¢p € L iff f¢p € L. Since Eﬁ is the coars-
est P-consistent, -convex and right-invariant equivalence relation refining = 7, and = is a P-
consistent, P-convex and right-invariant equivalence relation refining =, we conclude that =
also refines Ei, which in particular implies that £ is the union of some = p-classes. We know that

= Is(s,a) 1s convex in

=g has finite index, so = T has finite index. O

We can now explain how to canonically build a P-sortable DFA starting from an equivalence
relation.

LEMMA 4.36. Let L C X" be alanguage, and letP = {Uy, ..., U,} be a partition of Pref(L). Assume
that L is the union of some classes of a P -consistent, P-convex, right-invariant equivalence relation
~ on Pref( L) of finite index. Then, L is recognized by a P-sortable DFA D.. = (Q-,s~, 6., F.) such
that:

(1) 1Q-~| is equal to the index of ~;
(2) =p_ and ~ are the same equivalence relation (in particular, |Q-| is equal to the index of =p_).

Moreover, if B is a P-sortable DFA that recognizes L, then D=, is isomorphic to B.
Proor. Define the DFA D.. = (Q-,s~, d~, F.) as follows.
—Q. ={[a]- | a € Pref(L)};

—s. = [¢]~, where ¢ is the empty string;
—d0-([a]~,a) = [aa]-~, for every a € £" and a € ¥ such that aa € Pref(L).
—F. ={[a]. | € L}.

Since ~ is right-invariant, it has finite index and £ is the union of some ~-classes, then D. is a
well-defined DFA and:
a € [fl. &= 6-(s-,a) = [p]-. (6)
which implies that for every a € Pref(£) it holds Ij). = [a]~, and so L(D.) = L.
For every i € {1,...,p}, define:
Qi ={la]. | Uy = Ui}.

Notice that each Q; is well-defined because ~ is P-consistent, and each Q; is a <y _-chain be-
cause ~ is P-convex. It follows that {Q; | 1 < i < p}isa <p_-chain partition of Q..
From Equation (6) we obtain:

Pref(L(D.)) = {a € Pref(L(D.)) | 5-(s-, ) € O;}

= {a € Pref(L(D.)) | A[B]~ € Qi a € [A]-)}
= {a € Pref(L(D.)) | U, = U;} = U;.
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In other words, D.. witnesses that £ is recognized by a P-sortable DFA. Moreover:

(1) The number of states of D. is clearly equal to the index of ~.
(2) By Equation (6):

as=p p = 5.(s.,a)=0.(s-,p) = [a].=[f]l- &= a~p
so =p_ and ~ are the same equivalence relation.

Finally, suppose 8 is a P-sortable DFA that recognizes L. Notice that by Lemma 4.35 we have that
=g is a P-consistent, P-convex, right-invariant equivalence relation on Pref(£) of finite index
such that £ is the union of some =g-classes, so D=, is well-defined. Call Qg the set of states of 5,
andlet ¢ : Q=, — Qg be the function sending [«r]=, into the state in Qg reached by reading a. No-
tice that ¢ is well-defined because by the definition of =g we obtain that all strings in [«]=, reach
the same state of 8. It is easy to check that ¢ determines an isomorphism between D=, and 8. O

We now have all the required definitions to state our Myhill-Nerode theorem, which generalizes
the one for Wheeler languages [2].

THEOREM 4.37 (CONVEX MYHILL-NERODE THEOREM). Let L be a language. Let P be a partition
of Pref(L). The following are equivalent:

(1) L is recognized by a P-sortable DFA.

(2) Ei has finite index.

(3) L is the union of some classes of a P -consistent, P-convex, right-invariant equivalence rela-
tion on Pref(L) of finite index.

Moreover, if one of the above statements is true (and so all the above statements are true), then there
exists a unique minimum P -sortable DFA recognizing L (that is, two P -sortable DFAs recognizing
L having the minimum number of states must be isomorphic).

Proor. (1) — (2) It follows from Lemma 4.35.

(2) — (3) The desired equivalence relation is simply Ei.

(3) — (1) It follows from Lemma 4.36.

Now, let us prove that the minimum DFA is DEZ as defined in Lemma 4.36. First, Dzi is well-

defined because Ei is P-consistent, P-convex and right-invariant by definition; moreover, it has

finite index and £ is the union of some Ei—equivalence classes by Lemma 4.35. Now, the number

of states of D_p is equal to the index of Ei, or equivalently, of =p ,,. On the other hand, let 8
= 7

be any #-sortable DFA recognizing £ non-isomorphic to Z)Ez. Then =g is a refinement of Ei

by Lemma 4.35, and it must be a strict refinement of Ei, otherwise D_» would be equal to D,
=r

which by Lemma 4.36 is isomorphic to B, a contradiction. We conclude that the index of Ei is
smaller than the index of =g, so again by Lemma 4.36 the number of states of Z)EZ is smaller than

the number of states of D=, and so of B. O

Notice that for a language £ Definition 4.30 implies that width? (£) = p if and only if (i) there
exists a partition P of size p such that £ is recognized by a $-sortable DFA and (ii) for every
partition P’ of size less than p it holds that L is not recognized by a $’-sortable DFA. As a con-
sequence, width? (£) = p if and only if the minimum cardinality of a partition ¥ of Pref(£) that
satisfies any of the statements in Theorem 4.37 is equal to p. Given a P-sortable DFA recognizing
L, it can be shown that the minimum #-sortable DFA recognizing £ can be built in polynomial
time by generalizing the algorithm in [1] (we do not provide the algorithmic details here because
they would take us away from the main ideas that we want to convey).
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5 WIDTH-AWARE ENCODINGS AND INDEXES FOR REGULAR LANGUAGES

In this section, we present compressed data structures for automata solving the compression and
the indexing problems, that is Problems 5 and 6 of Section 2.4.

When presenting our data structures in detail, we will assume to be working with integer al-
phabets of the form ¥ = [0, o — 1], that is, alphabets formed by all integers {0, 1,...,0 — 1}. Our
data structure results hold in the word RAM model with words of size w € ©(logu) bits, where
u is the size of the input under consideration (for example, u may be the size of an automaton or
the length of a string, depending on the input of the algorithm under consideration). When not
specified otherwise, the space of our data structures is measured in words.

Given an array S = S[1]S[2] ... S[IS|], let S[L,r] = S[I]S[I + 1]...S[r — 1]S[r],if1 < I <r < |S|,
and S[L,r] = 0Qifl > r.

Recall that the zero-order entropy of a sequence S € =" of length n over alphabet X is Hy(S) =
Sees % log, ﬁ where |S|. denotes the number of occurrences of character ¢ in S. We will use
some well-known properties of Hy(S): the quantity nHy(S) is a lower bound to the length of any
encoding of S that encodes each character independently from the others via a prefix code of the
alphabet ¥, and in particular Hy(S) < log, o.

5.1 Path Coherence and Lower Bounds

The reason why Wheeler automata admit an efficient indexing mechanism lies in two key obser-
vations: (i) on finite total orders a convex set can be expressed with O(1) words by specifying its
endpoints, and (ii) the set of states reached by a path labeled with a given string o forms a convex
set (path-coherence). We now show that the convex property holds true also for co-lex orders by
generalizing the result in [47].

LEMMA 5.1 (PATH-COHERENCE). Let N = (Q,s, 5, F) be an NFA, < be a co-lex orderon N, a € X7,
and U be a <-convex set of states. Then, the set U’ of all states in Q that can be reached from U by
following edges whose labels, when concatenated, yield a, is still a (possibly empty) <-convex set.

Proor. We proceed by induction on |«|. If |a| = 0, then @ = ¢, and we are done. Now assume
la] = 1. We can write « = ¢’a, with ¢’ € 2", a € 3. Let u,v,z € Q such thatu < v < zand u,z €
U’. We must prove that v € U’. By the inductive hypothesis, the set U” of all states in Q that
can be reached from some state in U by following edges whose labels, when concatenated, yield
a’, is a <-convex set. In particular, there exist u’,z" € U” such that u € §(u’, a) and z € §(z’, a).
Since a € A(u) N A(z) and u < v < z, then A(v) = {a} (otherwise by Axiom 1 we would obtain a
contradiction), so there exists v’ € Q such thatv € §(v’, a). Fromu < v < z and Axiom 2 we obtain
u <o’ <z.Sinceu’,z € U” and U” is a <-convex set, then v’ € U”,and sov € U’. O

Note that Corollary 2.14 in Section 2.2 also follows from Lemma 5.1 by picking U = {s}, because
then U’ = I,.

As we will see, the above result implies that indexing mechanism can be extended to arbitrary fi-
nite automata by updating one <-convex set for each character of the query pattern. This, however,
does not mean that, in general, indexing can be performed as efficiently as on Wheeler automata:
as we show next, in general, it is not possible to represent a <-convex set in a partial order using
constant space.

LEmMA 5.2. The following hold:

(1) Any partial order (V, <) of width p has at least 2P distinct <-convex subsets.
(2) Foranyn andp such that1 < p < n, there exists a partial order (V, <) of widthp and |V| = n
with at least (n/p)?P distinct <-convex subsets.
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Proor. (1) Since V has width p, there exists an antichain A of cardinality p. It is easy to see
that any subset I C A is a distinct <-convex set. The bound 2?7 follows. (2) Consider a partial order
formed by p mutually-incomparable total orders V;, all having n/p elements. Since any total order
of cardinality n/p has (n/p + 1)(n/p)/2 + 1 distinct convex sets and any combination of <y,-convex
sets forms a distinct <-convex set, we obtain at least

p

[ [p+ Dip)/2+1) = | [nip = (n/p)?

i=1 i=1

S

distinct <-convex sets. O

Remark 5.3. Given an NFA N with n states and a co-lex order < of width p on N, Lemma 5.2
implies an information-theoretic lower bound of p bits for expressing a <-convex set, which in-
creases to Q(plog(n/p)) bits in the worst case. This means that, up to (possibly) a logarithmic
factor, in the word RAM model Q(p) time is needed to manipulate one <-convex set.

Remark 5.4. If (V, <) is a partial order, V' € V and U is a convex subset of (V, <), then U N V" is
a convex set over the restricted partial order (V’, <y). In particular, if {V; | 1 < i < p} is a partition
of V then any <-convex set U is the disjoint union of p (possibly empty) sets Ui, ..., U,, where
U; = U NV is a convex set over the restriction (V;, <y,).

The above remarks motivate the following strategy. Letting p be the width of a partial order <, by
Dilworth’s theorem [37] there exists a <-chain partition {Q; | 1 < i < p} of Q into p chains. Then,
Remark 5.4 implies that a <-convex set can be encoded by at most p convex sets, each contained
in a distinct chain, using O(p) words. This encoding is essentially optimal by Remark 5.3.

Using the above mentioned strategy we can now refine Lemma 5.1 (path-coherence) and its
corollary (Corollary 2.14).

LEmMMA5.5. Let N = (Q,s, 8, F) be an NFA, < be a co-lex order on N, {Q; }‘f:l be a <-chain partition
of N, a € 3*, and U be a <-convex set of states. Then, the set U’ of all states in Q that can be reached
fromU by following edges whose labels, when concatenated, yield a, is the disjoint union of p (possibly
empty) setsU/, .. ., UI;’ where U/ = U’ N Q; is <p,-convex, fori=1,...,p.

In particular, if € Pref{L(A)) then, I, is the disjoint union of p (possibly empty) sets I, ..., I,
where IL, = I, N Q; is <g,-convex, fori =1,...,p.

5.2 Encoding DFAs and Languages: The Automaton BWT (aBWT)

Let us define a representation of an automaton that is a generalization of the well-known BWT of
a string [23]. We call this generalization the automaton Burrows-Wheeler transform (aBWT)
and, just like the BWT of a string is an encoding of the string (that is, distinct strings have distinct
BWTs), we will show that the aBBWT of a DFA is an encoding of the DFA. We will also see that, on
NFAs, the aBWT allow us to reconstruct the accepted language and to efficiently solve the string
matching problem (Problem 6), but in general it is not an encoding since it is not sufficient to
reconstruct the NFA’s topology. A variant, using slightly more space and encoding NFAs, will be
presented in Section 5.4.

The aBWT is given for an automaton N = (Q, s, d, F) and it depends on a co-lex order < en-
dowed with a fixed <-chain partition {Q; | 1 < i < p} of Q (we assume s € Qy, so s is the first
element of Q;). An intuition behind the aBWT is provided in Figure 9: after sorting the states in
a total order which agrees with the co-lex order < on pairs whose elements belong to the same
class of the partition {Q; | 1 < i < p} and drawing the transition function’s adjacency matrix in
this order, we build five sequences collecting the chain borders (CHAIN), a boolean flag per state
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(4

CHAIN 1 0 0 0 1 0 0
FINAL 0 0 0 1 1 1 0
IN_DEG 1 01 001 001 01 01 0001
OUT_DEG ouT 1 2 3 4 5 6 7
01 (1,a) 1 (1,a)
01 (2,b) 2 (2,b)
01 (2,a) 3 (2,a)
01 (2,b) 4 (2.b)
001 (La)(2b) 5 (La) (2.b)
001 (1,2),(2,b) 6 (1,2) (2,b)
001 (1,b),(1,¢) 7 (1,b)
(1.0)

Fig. 9. A DFA D accepting £ = ab(aa)*(b(b + ¢))*, together with the Hasse diagram of its maximum co-
lex order < and the adjacency matrix of D. In the following examples we consider the <-chain partition
given by Q1 = {v1,v2,v3,v4}, Q2 = {vs, vg, v7}. The adjacency matrix is sorted according to the total order
Q = {v1, vg, 3,4, V5, Vg, v7}. The two different shades of gray divide the edges by destination chain (either 1
or 2). Each edge is represented in this matrix as the pair (i, ¢), where i is the destination chain and ¢ € X is the
edge’s label. This way of visualizing the adjacency matrix can be viewed as a two-dimensional representation
of the automaton Burrows-Wheeler transform (aBWT, Definition 5.6). The aBWT can be linearized in five
sequences, as shown here and in Example 5.7.

marking final states (FINAL), the states’ in-degrees (IN_DEG), the states’ out-degrees (OUT_DEG), and
the states’ labels and destination chains (OUT).

Definition 5.6 (aBWT of an Automaton). Let N = (Q,s,9,F) be an NFA and let e = |5 be
the number of N-transitions. Let < be a co-lex order on N, and let {Q; |1 <i < p} be a <-
chain partition of Q, where w.lo.g. s € Q;. Let 7(v) be the unique map such that v € Q)
and consider the total state order Q = {vq,...,v,} such that, for every 1 <i <j < n, it holds®
m(vi) < m(v;) V (m(vi) = m(v;) Av; <vj). The automaton Burrows-Wheeler transform aBWT(N/,
< {Qi 11 <i<ph)of (N,<,{Q; | 1 i < p}) consists of the following sequences.

—CHAIN € {0, 1}" is such that the ith bit is equal to 1 if and only if v; is the first state of some
chain Q;.

—FINAL € {0, 1}" is such that the ith bit is equal to 1 if and only if v; € F.

—IN_DEG € {0, 1}¢*" stores the nodes’ in-degrees in unary. More precisely, (1) IN_DEG con-
tains exactly n characters equal to 1, (2) IN_DEG contains exactly e characters equal to 0,
and (3) the number of zeros between the (i — 1)-th character equal to one (or the beginning
of the sequence if i = 1) and the ith character equal to 1 yields the in-degree of v;.

®Notice the overload on symbol <, also used to indicate the co-lex order among states.
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—OUT_DEG € {0, 1}¢*" stores the nodes’ out-degrees in unary. More precisely, (1) OUT_DEG
contains exactly n characters equal to 1, (2) OUT_DEG contains exactly e characters equal
to 0, and (3) the number of zeros between the (i — 1)-th character equal to one (or the
beginning of the sequence if i = 1) and the ith character equal to 1 yields the out-degree
of v;.

—OUT stores the edges’ labels and destination chains, as follows. Sort all edges (v}, v;, c¢) by
their starting state v; according to their index j. Edges originating from the same state are
further sorted by their label c. Edges sharing the starting state and label are further sorted
by destination node v;. Then, OUT is obtained by concatenating the pairs (7 (v;), c) for all
edges (v}, v;, ¢) sorted in this order.

Example 5.7. The aBWT of (D,<,{Q;|1<i<2}) in Figure 9 consists of the following
sequences:

—CHAIN = 1000100.

—FINAL = 0001110.

—IN DEG = 10100100101010001.

—OUT_DEG = 01010101001001001.

—OUT = (1,a)(2,b)(2, a) (2, b)(1, a)(2, b)(1, a) (2, b)(1, b)(1, ).

It is not hard to show that the aBWT generalizes all existing approaches [17, 23, 44, 47, 63, 64],
for which p = 1 always holds (and so sequences CHAIN and the first components of the pairs in OUT
are uninformative). For example, on strings also OUT_DEG and IN_DEG are uninformative (FINAL
does not apply); the only sequence left is the concatenation of the second components of the pairs
in OUT, that is, the classic Burrows-Wheeler transform (to be precise, its co-lexicographic variant).

In this section, we will prove that if we only know the aBWT of an automaton we can recon-
struct all the sets I, of Lemma 5.5 (we recall that I, is the set of all states in the ith chain being
connected with the source by a path labeled «), and in particular we can retrieve the language
of the automaton. To this end, we first define some auxiliary sets of states of an NFA — S(«) and
L(a) — and we prove that, for any 1 < i < p, on the ith chain the convex set corresponding to I/,
lays between (the convex sets) S(a) N Q; and L(a) N Q;. Intuitively, S(«) (respectively, L(«)) is the
set of all states u whose associated regular language I,, contains only strings co-lexicographically
strictly smaller (respectively, larger) than a.

Definition 5.8. Let N = (Q, s, d, F) be an NFA, < be a co-lex order on N, and {Q; | 1 < i < p} be
a <-chain partition of Q. Let « € X*. Define:

S(a) ={ue Q[ (Vf € L)(f < a)}
L(a) = {u e Q[ (VB € L)(a < p)}.
Moreover, for every i = 1,...,p define S;(«) = S(a) N Q; and L; () = L(a) N Q;.
In the following, we see a <-chain Q; as an array of sorted elements, so Q;[j] and Q;[1, k] denote

the jth smallest state in Q; and the k smallest states in Q;, respectively.
In Lemma 5.9 we show that in order to compute I, it will be sufficient to compute S(«r) and L(«).

LEMMA 5.9. Let N = (Q,s,d, F) be an NFA, < be a co-lex orderon N,{Q; | 1 < i < p} be a <-chain
partition of Q, and @ € ¥*.

(1) If u,v € Q are such that u < v and v € S(a), then u € S(«). In particular, for every i =
1,...,p there exists 0 < I; < |Q;| such that S;(a) = Q;[1,1;] (namely, I; = |S;(a)|).
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g5 Ly(b)
Li(b) g3 q4 r
q1 92 Sy(b)

S1(b) s

Fig. 10. Consider the NFA in the figure and the Hasse diagram of a co-lex order < with chain parti-
tion Q1 = {s,q1,q3} and Q2 = {q2,q4,qs5}. If we consider the word b, then, on the one hand, I; =0 and
{S1(b) = {s},L1(b) = {g3}} is not a partition of Q1. On the other hand, since Ii ={qa} # 0, then {S2(b) =
{qz},li,Ll(b) = {gs}} is an ordered Qa-partition.

(2) If u,v € Q are such that u < v and u € L(a), then v € L(«). In particular, for every i =
1,...,p there exists 1 < r; < |Q;| + 1 such that Li(a) = Qi[r,|Q;|] (namely, r; =1Q;| -
ILi(a)l + 1),

(3) Iy, S(@), and L(«) are pairwise disjoint. In particular, it always holds that I; < r;.

(4) Let1 <i<p. IfI, #0, then I\ = Q;[l; + 1,r; — 1], that is, {Si(a), 1., L;()} is an ordered
partition of Q;.

ProOF.

(1) Let p € I,,. We must prove that f < a. Now, if f € I, from v € S(a) we obtain f < a. If
B ¢ I, then for any y € I, we have < y by Lemma 2.13. Again, we have y < a, so we
conclude f < a.

(2) Analogous to the previous point.

(3) Wehavel, N S(a) = Obecauseifu € I, then a € I,,, sou ¢ S(«). Similarly, I, N L(a) = 0.
Finally, we have S(a) N L(«) = 0 because if there existed u € S(a) N L(«), then for any
p €I, (there exists at least one such f since I, # ) we would obtain f < a < f, a
contradiction.

(4) To begin with, let us prove that, for every v € I, (1) if u < v, then either u € I, or u €

S(a), and (2) if v < z, then either z € I, or z € L(a). We only prove (1), the proof of (2)
being analogous. Assume that u ¢ I, and let § € I,. We must prove that f§ < « and, since
a € I, \ I, this follows from Lemma 2.13.
Now, let 1 < i < p be such that I; # 0, and let us prove that {S;(«), Ifx, Li(a)} is an ordered
partition of Q;. Consider u € Il’;(. Then, ifv € Q; \ I(’;( we have either v < u or u < v, hence
what we have proved above implies that either v € S;(«) or v € L;(a). Therefore, if I, # 0
then {S;(a), I, L;(«)} is an ordered partition of Q; and point 4 follows.

O

Remark 5.10. Notice that if I', = ) then {S;(«), L;(«)} is not, in general, an ordered partition of
Qi, as shown in Figure 10.

Our next step is to show how to recursively compute the sets S(«) and L(«) defined above. We
begin with the following two lemmas.

LEmMA 5.11. Let N = (Q,s,d, F) be an NFA, < be a co-lex order on N, {Q; | 1 < i < p} be a <-
chain partition of Q, ¢’ € £*,a € X, andu € Q.

(1) u € S(a’a) if and only if (1) maxyw) < a and (2) ifu’ € Q is such that u € 6(u’, a), then
u' € S(a’).
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(2) u € L(a’a) if and only if (1) a < miny, and (2) ifu’ € Q is such that u € 5(u’, a), then
u’ € L(a’).

Proor. Let us prove the first statement.

(=) Let ¢ € ¥ such that ¢ € A(u) \ {#}. Let u’ € Q such that u € §(u’,c), and let f’ € I,;. Then
pB’c € I, so from u € S(a’a) we obtain f’c < @’a, which implies ¢ < a. Now assume that ¢ = a.
Suppose for sake of contradiction that u” ¢ S(«’). This means that there exists y” € I, such that
a’ < y’. This implies a’a < y’a and, since y’a € I,,, we obtain u ¢ S(a’a), a contradiction.

(&) Let S € I,. We must prove that f < @’a. If f = ¢ we are done, because ¢ < a’a. Now assume
that f = f’b. This means that there exists u” € Q such thatu € §(u’, b) and p’ € I,,. We know that
b<alfb<a, then f < a’aand we are done. If b = a, then u’ € S(a’), so f’ < &', which implies

B <aa
The proof of the second statement is analogous (the only difference being that in (<) it must
necessarily be f # ¢, because a < min, ). m]

LEMMA 5.12. Let N = (Q,s, 6, F) be an NFA, < be a co-lex order on N, {Q; | 1 < i < p} be a <-
chain partition of Q, @’ € £, and a € X. Fix 1 < i < p, and let S;(a’a) = Q;[1,1;] and L;(a’a) =
Qilri, 1Q:l].

(1) Ifu’ € S(a’) and u € Q; are such thatu € 6(u’, a), thenu € Q;[1, min{l; + 1, |Q;|}].
(2) Ifu’ € L(a’) and u € Q; are such thatu € 6(u’, a), thenu € Q;[max{r; — 1,1},]0;l].

Proor. We only prove the first statement, the proof of the second statement being entirely
analogous. We can assume [; < |Q;| — 1, otherwise the conclusion is trivial. If a < max(A(Q;[l; +
1])) the conclusion is immediate by Axiom 1, so we can assume max(A(Q;[l; + 1])) < a. We know
that Q;[l; + 1] ¢ S(a’a), so by Lemma 5.11 there exists v’ € Q such that Q;[l; + 1] € §(v’, a) and
v’ ¢ S(a’). Suppose for sake of contradiction that Q;[l; + 1] < u. By Axiom 2 we obtain v" < u’.
From u’ € S(a’) and Lemma 5.9 we conclude v’ € S(a’), a contradiction. O

The following definition is instrumental in giving an operative variant of Lemma 5.11 (i.e.,
Lemma 5.14) to be used in our algorithms.

Definition 5.13. Let N = (Q, s, d, F) be an NFA, < be a co-lex order on NV, and {Q; | 1 < i < p}
be a <-chain partition of Q. Let U C Q. We denote by in(U, a) the number of edges labeled with
character a that enter states in U:

in(U,a) = {W,u) |v € QueU,ucdl,a)ll

We denote by out(U, i, a) the number of edges labeled with character a that leave states in U and
enter the ith chain:

out(U,i,a) = [{(u',u) | € U,u € Q;,u €', a)}l.
In the following lemma, we show how to compute the convex sets corresponding to S;(a’a) and
Li(a’a), for every i = 1,...,p, using the above definitions.

LEMMA 5.14. Let N = (Q,s, 8, F) be an NFA, < be a co-lex order on N, {Q; | 1 < i < p} be a <-
chain partition of Q, a’ € 3%, a € %, and a = a’a. For every j=1,...,p, let S;(a’) = Q;[1,[]] and
Lj(a’) = Q;[r}.1Q;l]. Fix 1 < i < p, and let Si(a) = Qi[1,1;] and Li(a) = Qi[r:, |Qil].

(1) Letx = out(S(a),i,a) = Zﬁ.’:l out(Q;[1,1],i,a). Then, I; is the largest integer 0 < k < |Q;]
such that (i) in(Q;[1, k], a) < x, and (ii) ifk > 1, then max(A(Q;[k])) =< a.
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(2) Lety = out(L(a),i,a) = Z‘;:l out(Qj[rJf, |Qjl],i,a). Then, r; is the smallest integer 1 < k <
|Q;| + 1 such that (i) in(Q;[k, |Qil], a) <y, and (ii) ifk < |Q;l, then a < min(A(Q;[k])).

ProoF. Again, we just prove the first statement since the proof of the second one is analogous.

Let z; be the largest integer 0 < k < |Q;| such that (i) in(Q;[1, k], a) < x, and (ii) if k > 1, then
max(A(Q;[k])) < a. We want to prove that [; = z;.

(<) The conclusion is immediate if [; = 0, so we can assume [; > 1. It will suffice to prove that
in(Q;[1,1;],a) < x and max(A(Q;[l;])) < a. This follows from Lemma 5.11 and the definition of x.

(=) The conclusion is immediate if [; = |Q;|, so we can assume [; < |Q;|. We only have to
prove that if [; + 1 < k < |Q;/, then either in(Q;[1, k], a) > x or max(A(Q;[k])) > a. By Axiom 1,
it will suffice to prove that we have in(Q;[1,/; + 1],a) > x or max(A(Q;[l; + 1])) > a. Assume
that max(A(Q;[l; + 1])) < a. Since Q;[l; + 1] ¢ S(«), by Lemma 5.11 there exists v" € Q such that
Qi[li +1] € 6(v’,a) and v’ ¢ S(a’). We will conclude that in(Q;[1,l; + 1],a) > x if we show that
for every j=1,...,p, if u" € Q; and u € Q; are such that u’ € Q;[1, lJ’] (and so u’ € S(a’)) and
u € 6(u’, a), then it must be u € Q;[1,[; + 1]. This follows from Lemma 5.12. O

We now use Lemma 5.14 to retrieve the language of the automaton starting from the aBWT.

LEmMA 5.15. Let N = (Q,s, 8, F) be an NFA, < be a co-lex order on N, and {Q; | 1 < i < p} be
a <-chain partition of Q, with s € Q1. Let vy, ..., v, be the ordering of Q defined in Definition 5.6.
Assume that we do not know N, but we only know aBWT(N, <,{Q; | 1 < i < p}). Then, for every
a € ¥ we can retrieve the set {i € {1,...,n} | a € I,,}, which yields §(s, o).

Proor. First, let us prove that for every k = 1, ..., n, we can retrieve the labels — with multi-
plicities — of all edges entering vi. By scanning CHAIN we can retrieve the integers k; and k; such
that the states in chain Q; are vi,, Uk, +1, . - . , Uk,—1, Uk,. By scanning OUT, which stores the label
and the destinational chain of each edge, we can retrieve how many edges enter chain Q;, and
we can retrieve the labels - with multiplicities - of all edges entering chain Q;. By considering the
substring of IN_DEG between the (k; — 1)-th one and the k,-th one we can retrieve the in-degrees
of all states in chain Q;. Since we know the labels - with multiplicities - of all edges entering chain
Q; and the in-degrees of all states in chain Q;, by Axiom 1 we can retrieve the labels - with multi-
plicities - of all edges entering each node in chain Q;: order the multiset of incoming edge labels,
scan the nodes in Q; in order, and assign the labels to each node in Q; in agreement with their
in-degrees.

Let us prove that for every i = 1,...,p we can retrieve the integers [; and r; such that S;(a@) =
Qi[1,l;]and L; () = Qi[ri,1Qil]. We proceed by induction on |a|. If |a| = 0, then & = ¢, so for every
i=1,...,pwehavel; =0, foreveryi=2,...,pwehaver; =1,and r; = 2. Now, assume |a| > 0.
We can write @ = a’a, with ¢’ € 3* and a € 3. By the inductive hypothesis, for j = 1,...,p we
know the integers l]f and r]f such that S;(a”) = Q;[1, l]f] and Lj(a’) = Q; [r]f, |Qjl]. Notice that by us-
ing OUT_DEG and OUT we can compute out(Q;[1, 7], 1, a) forevery j = 1,. .., p (see Definition 5.13).
Since we know the labels - with multiplicities - of all edges entering each state, we can also com-
pute in(Q;[c,d], a) and A(Q;[k])) for every i=1,...,p, 1 <c¢ <d <|Q;|, and 1 < k < |Q;|. By
Lemma 5.14 we conclude that we can compute [; and r; for every i = 1,...,p, and we are done.

Now, let us prove that for every o € X* we can retrieve the set {i € {1,...,n} | a € I,,}.
We proceed by induction on |a|. If @] =0, then @ = ¢ and {i € {1,...,n} | € € I,,} = {1}. Now,
assume || > 0. We can write @ = @’a, with o’ € ¥* and a € 2. By the inductive hypothe-
sis, we know {i € {1,...,n} | @’ € I,,}. For every i = 1,...,p we decide whether I}, # 0 by us-
ing {i € {1,...,n} | a’ €1,,}, OUT_DEG and OUT. If I’ # @, then by Lemma 5.9 we know that
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Fig. 11. Consider the two non-isomorphic NFAs N; and N; in the figure, both with set of states Q =
{v1,v2,v3, 04,05, 06}. Let <1 and <y be the maximal co-lex orders given by the Hasse diagrams shown
in the figure, and notice that in both cases if we consider Q1 = {v1,v2,v3,v4} and Q2 = {vs, v} we ob-
tain a minimum-size chain partition Q = {Q1, Q2}. It is easy to check that aBWT(N1, <1, Q) = aBWT(N,, <
,Q) because in both cases we have CHAIN = 100010, FINAL = 001101, OUT_DEG = 0010110100101, OUT =
(1,a)(2,a)(1,¢)(1,d)(1,¢)(2,d)(2,b),and IN_DEG = 1010100101001. Consistently with Theorem 5.19, we have
that N7 and Nj are not distinguished by their paths.

IL = Q;[l; + 1,r; — 1], and we know how to determine /; and r;. Hence, we can easily compute
{ief{l,....,n}|ael,}. a

COROLLARY 5.16. IfaBWT(N,<,{Q; | 1 <i < p}) = aBWT(N', </, {Q] | 1 <i<p'}), then:

(1) p=p';
(2) foreveryl <i < p we have |Q;| = |0Q;l;
(3) LIN) = LIN).

Proor. Since N and N’ share the sequence CHAIN, it must be p = p” and |Q;| = |Q]| for every i.
Fix a string a € ¥*. Then, by Lemma 5.15 we conclude that the set {i € {1,...,n} | a € I} is the
same for both N and N’. Since N and N’ share also the sequence FINAL, we conclude that « is
accepted by N if and only if it is accepted by N". O

Corollary 5.16 ensures that aBWT(N, <, {Q; | 1 < i < p}) is enough to reconstruct the language
L(N) of an NFA. Similarly to the string case, however (where the BWT is augmented with light
data structures in order to achieve efficient indexing with the FM-index [45]), we will need addi-
tional data structures built on top of the aBWT in order to solve efficiently string matching queries.
In Section 5.3 we will show how to extend the FM-index to automata by augmenting the aBWT
with light data structures.

While Corollary 5.16 establishes that the aBBWT preserves the automaton’s language, it does not
state anything about whether it preserves the automaton’s topology. In fact, we now show that
this is not, in general, the case.

Definition 5.17. Let N = (Q, s, d, F) be an NFA. We say that N is distinguished by its paths if for
every v € Q there exists ¢ € ¥* such that I, = {v}.

Remark 5.18. If an NFA is not distinguished by its paths, then, in general, we cannot retrieve its
topology from its aBBWT, because there exist two non-isomorphic NFAs having the same aBWT:
see Figure 11 for an example.

Let us prove that aBWT(N, <, {Q; | 1 < i < p}) is a one-to-one encoding for the class of automata
which are distinguished by paths.

Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023.



27:52 N. Cotumaccio et al.

THEOREM 5.19. Let N = (Q, s, d, F) be an NFA, < be a co-lex order on N, and {Q; | 1 < i < p} be
a <-chain partition of Q, with s € Q;. Assume that we do not know N, but we only know aBWT(N,
<,{Qi | 1 <i < p}). Then, we can decide whether N is distinguished by its paths and, if so, we can
retrieve N .

Proor. Let vy, ..., v, be the ordering of Q in Definition 5.6. We know that v, is the initial state
and for every j = 1,...,n we can decide whether v; is final by using FINAL. Now, for every a € X7,
letCo ={i €{1,...,n}| a € I,,}. Notice that we can compute C, for every & € X* by Lemma 5.15.

Consider a list that contains pairs of the form (a, C,). Initially, the list contains only (e, {1}). Re-
move recursively an element («,C,) and for every a € ¥ add (aa, Cy,) to the list if and only if
Caq 1s nonempty and it is not the second element of a pair which is or has already been in the list.
This implies that after at most |2 - 2" steps the list is empty, and any non-empty C, has been the
second element of some pair in the list. Then, we conclude that N is distinguished by its paths
if and only for every k = 1,...,n the set {v)} has been the second element of some pair in the
list. In particular, if NV is distinguished by its paths, then for every k = 1,...,n we know a string
a’ € " such that C,y = {k}. We are only left with showing that we can use a’ to retrieve all edges
leaving vy. Fix a character a € 3. Then, compute C,/, using again Lemma 5.15. Then, vy has |Cy/4|
outgoing edges labeled a, whose indexes are given by Cprq. m]

Since any DFA is distinguished by its paths, we obtain the following corollary:
COROLLARY 5.20. The aBWT is a one-to-one encoding over DFAs.

By counting the number of bits required by the aBBWT, we can determine the size of our encoding
for NFAs that are distinguished by their paths:

COROLLARY 5.21. Let N' be an NFA that is distinguished by its paths (for example, a DFA), and
let p = width(N'). Then, we can store N' using log(po) + O(1) bits per transition. If N' is a DFA, this
space can also be expressed as (at most) o log(po) + O(o) bits per state. If N is an NFA, this space
can also be expressed as (at most) 2po log(po) + O(po) bits per state.

Proor. The bound of log(po) + O(1) bits per transition follows directly from Definition 5.6 and
Theorem 5.19. Letting |§| denote the number of transitions and n denote the number of states, on
DFAs the naive bound [§| < no holds; this allows us to derive the bound of ¢ log(po) + O(o) bits
per state on DFAs. On arbitrary NFAs, we can use the bound |§| < 2pon implied by Lemma 2.6,
yielding the bound of 2po log(po) + O(po) bits per state on NFAs. O

We stress that, while not being an encoding of the NFA, the aBWT still allows to reconstruct
the language of the automaton and — as we will show in the next subsection — to solve subpath
queries (Problem 6) by returning the convex set of all states reached by a path labeled with a given
input query string. In Section 5.4 we will augment the aBWT and obtain an injective encoding of
arbitrary NFAs.

5.3 An Index for NFAs and Languages

We now show how to support subpath queries by augmenting the aBWT with light data structures
and turning it into an index. In fact, our structure is a generalization of the FM-index [45] to arbi-
trary automata. This contribution will solve Problem 6. Our index can be built in polynomial time
for DFAs and exponential time for NFAs. In our companion article [31] we will present an index
for NFAs that can be built in polynomial time by circumventing the NP-hardness of computing a
co-lex order of minimum width: the solution will be to switch to co-lex relations (see also [29]).
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Solving subpath queries on an NFA requires finding the subset T(«) of its states reached by
some path labeled by the query string «. In turn, note that there is a path labeled « ending in state
u if and only if I,, contains a string suffixed by «. This motivates the following definition.

Definition 5.22. Let N = (Q,s,d, F) be an NFA, < be a co-lex order on N, {Q; | 1 <i < p} bea
<-chain partition of Q, and @ € ¥*. Define:

T(a)={ueQ| (3 eL)(aHp)}
R(@) = S(@)UT(a) = (ue Q| (VB € L)(B <) v (3 € L) (a 4 B)}.
Moreover, for every i = 1,...,p define T;(«) = T(a) N Q; and R;(«) = R(ax) N Q;.

Intuitively, T(«) contains all states reached by a path labeled with «, while R(«) contains
all the states that are either reached by a string suffixed by «, or only reached by strings co-
lexicographically smaller than a. Note that the goal of an index solving subpath queries (Problem 6)
is to compute the (cardinality of the) set T'(«). The aim of the next lemma is to show that, once a
co-lex order is fixed, T () always forms a range (a convex set). Indeed, we now prove a counterpart
of Lemma 5.9, where for any @ € " we showed that S;(«) = Q;[1, [;], for some 0 < [; < |Q;].

LeEmMA 5.23. Let N = (Q,s, 5, F) be an NFA, < be a co-lex order on N, and {Q; | 1 < i < p} bea
<-chain partition of Q. Let « € %*. Then:

(1) S(a) NT(a) = 0.

(2) T(a) is <-convex.

(3) If u,v € Q are such that u < v and v € R(a), then u € R(a). In particular, for every i =
1,...,pthereexists0 < t; < |Q;| such that T;(«) = Q;[|Si(a)| + 1,t;] (namely, t; = |R;(a)]).

Proor.

(1) If u € T(a), then there exists f§ € I, such that « 4 . In particular, « < ff,sou ¢ S(a) =
(ve Q| (VB el)(B<a)

(2) It follows from Lemma 5.1 by picking U = Q.

(3) Ifv € S(a),thenu € S(«) by Lemma 5.9 and sou € R(a). Now, assume thatv € T(a).Ifu €
T () we are done. If u ¢ T(a) (and therefore u # v), we want to prove that u € S(«), which
implies u € R(a). Fix f € I,,;; we must prove that f < «. Since v € T(a), then there exists
y € 2" suchthatya € I,,. Moreover, ya ¢ I, because u ¢ T(«). Since u < v, by Lemma 2.13
we conclude f < ya. Since u ¢ T(«) implies a A f, from < ya we conclude f < a.

O

We now show how to recursively compute the range on each chain Q; corresponding to R;(«).
Note that, by Lemma 5.14, we can assume to be able to recursively compute the range on each
chain Q; corresponding to S;(«). A computational variant of Lemma 5.23 will allow us to compute
T;(r) on each chain 1 < i < p. Each recursive step of this procedure — dubbed here forward search
— will stand at the core of our index.

LEMMA 5.24 (FORWARD SEARCH). Let N = (Q,s, 0, F) be an NFA, < be a co-lex order on N, and
{Qi | 1 <i < p} be a <-chain partition of Q. Let ¢’ € ¥*, a € ¥ and a = a’a. For every 1 < i,j < p,
let:

—S)(@) = Q)L 1);
—R;(a’) = Q;[1.t7];
—Si(e) = Qi[1, Li];
—Ri(a) = Qi[1,4].
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Fix 1 <i < p, and define c = $_ out(Q;[1,1/],i,a) and d = $¥_ out(Q;[1,1/],i,a). Thend > c,
and:

(1) Ifd = c, then T; () = 0 and so t; = I;.
(2) If d > c, then Ti(a) # 0 and t;, with 1 <t; <|Q;|, is the smallest integer such that
in(Qi[l, ti], a) >d.
In particular, I; can be computed by means of Lemma 5.14, and:
Ti(a) = Qilli + 1, t;].

Proor. Since S(a) € R(«), we have d > c. Now, notice that T;(«) # 0 if and only there exists
an edge labeled a leaving a state in T'(a’) and reaching chain Q;, if and only if d > c. Hence,
in the following we can assume T;(a) # 0. In particular, this implies [; < |Q;| and t; > [; + 1. By
Lemma 5.12 all edges labeled a, leaving a state in S(a”), and reaching chain Q; must end in Q;[1, [; +
1]. At the same time, since T;(«) # 0, the definition of ¢; implies that there exists v’ € T(a’) (and
so v’ € R(a’)) such that Q;[t;] € §(v’, a). Hence, the conclusion will follow if we prove that if
u’,u € Q are such that u € Q;[1,t; — 1] and u € §(u’, a), then u’ € R(a’). Since u < Q;[t;], from
Axiom 2 we obtain u’ < v’ and since v’ € R(«’), from Lemma 5.23 we conclude u” € R(«’). O

The next step is to show how to implement the forward search procedure of Lemma 5.24 using
fast and small data structures, thereby obtaining an index. Before presenting the main result of
this section (the aBWT-index of an automaton, Theorem 5.29), we report a few results on data
structures that will be the building blocks of our index. In the following lemma, Hy(S) is the zero-
order entropy of S € ¥*.

LEMMA 5.25 (SUCCINCT STRING [10], THEOREM 5.2 AND [68], SECTION 6.3). LetS € %" be a string
over an integer alphabet 3. = [0, 0 — 1] of size o < n. Then, there exists a data structure of nHy(S)(1 +
0(1)) + O(n) bits supporting the following operations in time O(loglog o):

—Access: S[i], forany1 <i<n.

—Rank: S.rank(i,c) = |{j € {1,...,i} | S[j] = c}|, forany1 <i < nandc € 3.

—Select: S.select(i, c) equals the integer j such that S[j] = ¢ and S.rank(j,c) =i, for any 1 <
i < S.rank(n,c) andc € 3.

Given S, the data structure can be built in O(nloglog o) worst-case time.

In other words, the operation S[i] simply returns the ith character appearing in S, the operation
S.rank(i, c¢) returns the number of occurrences of character ¢ among the first i characters of S,
and the operation S.select (i, ¢) returns the position of the ith occurrences of character ¢ in S (if it
exists). In the following, it will be expedient to assume S.rank(0, c) = S.select(0,c) = 0, for ¢ € X,
and S.select(i,c) =n+1,forc € X and i > S.rank(n,c).

Note that Lemma 5.25 requires the cardinality o of the alphabet to be no larger than the length
of the string. However, this will turn out to be too restrictive, for two reasons: (1) we would like
to be able to handle also automata labeled with larger alphabets and, most importantly, (2) in
our data structures (see the proof of Theorem 5.29) we will also need to manage rank and select
queries over strings defined not on X, but [1,p] X ¥ (where p < n is an integer specifying the
width of the underlying automaton), so even if ¢ < n it may still be p - ¢ > n. With the following
lemma we cover this more general case. The requirement || < n°W ensures that characters fit
in a constant number of computer memory words and thus they can be manipulated in constant
time (as it is customary in the data compression field, we recall that in this article we assume a
computer memory word to be formed by ©(logn) bits — see Section 2.1). Note that we lose fast
access functionality (which however will not be required in our application of this data structure).
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LEMMA 5.26 (SUucCINCT STRING OVER LARGE ALPHABET). Let S € X" be a string over an inte-
ger alphabet 3. = [0, 0 — 1] of size ¢ = || < n°W). Then, there exists a data structure of nHy(S)(1 +
0(1)) + O(n) bits, where Hy(S) is the zero-order entropy of S, supporting the following operations in
time O(loglog 0):

—Rank: S.rank(i,c) = [{j € {1,...,i} | S[j] = ¢}|, for 1 < i < nandc € ¥ that occurs in S.
—Select: S.select (i, c) equals the integer j such that S[j] = ¢ and S.rank(j,c) =i, for any 1 <
i < S.rank(n, c) and for any character ¢ € ¥ that occurs in S.

Given S, the data structure can be built in expected O(nloglog o) time.

Proor. If o < n, then we simply use the structure of Lemma 5.25. Otherwise (o > n), let
" ={S[i] | 1 <i < n} be the effective alphabet of S. We build a minimal perfect hash function
h:3 — [0, |X| — 1] mapping (injectively) %’ to the numbers in the range [0, [¥’| — 1] and mapping
arbitrarily > \ ¥’ to the range [0, |%’| — 1]. We store h using the structure described in [54]. This
structure can be built in O(n) expected time, uses O(n) bits of space, and answers queries of the
form h(x) in O(1) worst-case time. Note that |3’| < n, so we can build the structure of Lemma 5.25
starting from the string S € [0, |2’| — 1]” defined as S’[i] = h(S[i]). Then, rank and select opera-
tions on S can be answered as S.rank(i,c) = S’.rank(i, h(c)) and S.select(i,c) = S’.select(i, h(c)),
provided that ¢ € 3’. Notice that the zero-order entropies of S and S’ coincide, since the character’s
frequencies remain the same after applying h to the characters of S. We conclude that the overall
space of the data structure is at most nHy(S)(1 + o(1)) + O(n) bits. |

Finally, we need a fully-indexable dictionary data structure. Such a data structure encodes a set
of integers and supports efficiently a variant of rank and select queries as defined below:

LEMMA 5.27 (FULLY-INDEXABLE DICTIONARY [43], THEOREM 4.1). A set A = {x1,...,xn} C [1,u]
of cardinality n can be represented with a data structure of nlog(u/n) + O(n) bits so that the following
operations can be implemented in O(loglog(u/n)) time:

—Rank: A.rank(x) = {y € Aly < x}|, forany1l < x < u.
—Select: A.select(i) = x such that x € A and A.rank(x) =i, forany 1 <i < |A].

Given A as input, the data structure can be built in O(n) worst-case time.
Remark 5.28. The queries of Lemma 5.27 can be used to solve in O(loglog(u/n)) time also:

— Predecessor: the largest element of A smaller than or equal to x, if it exists. Forany 1 < x < u,
A.pred(x) = A.select(A.rank(x)) if A.rank(x) > 0, and A.pred(x) = L otherwise.

— Strict-Successor: the smallest element of A strictly greater than x, if it exists. Forany 1 < x <
u, A.succ(x) = A.select(A.rank(x) + 1) if A.rank(x) < |A|, and A.succ(x) = L otherwise.

— Membership: For any 1 < x < u, x € Aif and only if x = A.pred(x).

We are ready to present the main result of this section (Theorem 5.29): a linear-space index
supporting subpath queries on any automaton (Problem 6) in time proportional to p? - log log(po)
per query character (p being the automaton’s width).

THEOREM 5.29 (ABWT-INDEX OF A FINITE-STATE AUTOMATON). Let N = (Q,s, 8, F) be an NFA
on alphabet ¥ of size o = |Z| < e9W) where e = |8] is the number of N -transitions. Assume that we
are given a <-chain partition {Q; | 1 < i < p}, for some co-lex order < of width p. Then, in expected
time O(eloglog o), we can build a data structure using elog(po)(1 + o(1)) + O(e) bits that, given a
query string a € ¥™, answers the following queries in O(m - p* - loglog(po)) time:

Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023.



27:56 N. Cotumaccio et al.

(1) compute the set T (a) of all states reached by a path on N labeled a, represented by means
of p ranges on the chains in {Q; | 1 < i < p};

(2) compute the set 1, of all states reached by a path labeled with a originating in the source,
represented by means of p ranges on the chains in {Q; | 1 < i < p} and, in particular, decide
whether a € L(N).

Proor. Let n = |Q]. In this proof, we assume that the states of Q have been sorted like in Defi-
nition 5.6: if 77(v), for v € Q, is the unique integer such that v € Q, (), then we consider the order-
ingvy,...,vpof Qsuchthatforevery1 <i < j < nitholds 7(v;) < w(v;) V (r(v;) = n(vj) Av; <
v;). Moreover, we assume that s € Q; (again like in Definition 5.6), so s = v;. Foreveryi = 1,...,p,
lete; = |{(u,v,a)|5(u,a) =v,u € Q,v € Q;,a € X}| be the number of edges entering the ith chain,
let 3; = (Uuep, A(w)) \ {#} be the set of characters labeling edges entering the ith chain, and let
o; = |Zil.

We store the following data structures:

—One fully-indexable succinct dictionary (Lemma 5.27) on each X; to map X%; € [0,0 —
1] to [0,0; — 1]. The total number of required bits is Zle(oi log(o/oi) + O(0i)) <
Z‘le(ei log(a/o;) + O(e;)) = elogo — Zle(ei logo;) + O(e). As a consequence, we can
solve rank, select, predecessor, strict-successor and membership queries on each dictio-
nary in O(loglog(c/0;)) € O(loglog o) time.

—The bitvector CHAIN € {0,1}" of Definition 5.6 represented by the data structure of
Lemma 5.25. The number of required bits is nHy(CHAIN)(1 + o(1)) + O(n) = O(n) C O(e).
As a consequence, we can solve rank and select queries on CHAIN in O(1) time. In particular,
in O(1) time we can compute |Q;|, fori =1,...,p, because |Q;| = CHAIN.select(i + 1,1) —
CHAIN.select(i, 1).

—The bitvector FINAL € {0,1}" of Definition 5.6 represented by the data structure of
Lemma 5.25. The number of required bits is again O(n) € O(e).

—The bitvector OUT_DEG € {0, 1}¢*" of Definition 5.6 represented by the data structure of
Lemma 5.25. The number of required bits is (n + e)Hy(OUT_DEG)(1 + 0(1)) + O(n +e) C
O(e). As a consequence, we can solve rank and select queries on OUT_DEG in O(1) time.

—The string OUT € ([1,p] X )¢ of Definition 5.6 represented by the data structure of
Lemma 5.26 (the assumption on the size on the alphabet in Lemma 5.26 is sat-
isfied because |[1,p]Xc|=p-a<n-o<(e+1) 0 =e°D). The number of required
bits is eHy(OUT)(1 + 0o(1)) + O(e). We will bound the quantity eHy(OUT) by exhibit-
ing a prefix-free encoding of OUT. The key idea is that if (i,c) € [1,p] XX oc-
curs in OUT, then it must be c € X;, so we can encode (i,c) by using [log(p +
1)] <logp + 1 bits encoding i, followed by [log(o; + 1)] < logo; + 1 bits encoding ¢
(note that this part depends on i). We clearly obtain a prefix code, so we con-
clude eHy(0OUT) < Zle ei(logp +logao; + O(1)) = elogp + Zle(e,- log g;) + O(e) bits. Ob-
serving that Zle(ei logo;) < elogo, we conclude that the number of required bits
for OUT is bounded by eHy(OUT)(1 + o(1)) + O(e) = (elogp + Zle(e,- logo;) + O(e))(1 +
0(1)) + O(e) < (1 +o(1))elogp + Zle(ei log o;) + o(elog o) + O(e) bits. Notice that in
O(loglog(po)) time we can solve rank and select queries on OUT (that is, queries
OUT.rank(j, (i, c)) and OUT.select(j, (i,c))) forall 1 < i < p and for all ¢ € ¥. Indeed, given i
and c, we first check whether ¢ € X; by solving a membership query on the dictionary for
3; in O(loglog o) time. If ¢ ¢ ¥;, then we immediately conclude that OUT.rank(j, (i,c)) = 0
and OUT.select(j, (i, c)) is undefined. If ¢ € ¥;, then (i, ¢) appears in OUT, so the conclusion
follows from Lemma 5.26.
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—The bitvector IN_DEG € {0, 1}¢*" of Definition 5.6 represented by the data structure of
Lemma 5.25. The number of required bits is again O(e). As a consequence, we can solve
rank and select queries on IN_DEG in O(1) time.

— A bitvector IN’, represented by the data structure of Lemma 5.25, built as follows. We sort
all edges (vj,v;,c) by end state v; and, if the end state is the same, by label c. Then, we
build a string IN € %€ by concatenating all labels of the sorted edges. Finally, IN” € {0, 1}¢
is the bitvector such that IN’[k] = 1 if and only if k = 1 or IN[k] # IN[k — 1] or the k-th
edge and the (k — 1)-th edge reach distinct chains. The number of required bits is O(e).

For an example, consider the automaton of Figure 9. All sequences except for bitvector IN" are
reported in Example 5.7. To build bitvector IN’, we first build the string IN of all incoming labels of
the sorted edges: IN = aaabcabbbb. Then, bitvector IN” marks with a bit “1” (i) the first character
of each maximal unary substring in IN, and (ii) the characters of IN labeling the first edge in each
chain: IN’ = 1001111000.

By adding up the space of all components (note that the terms — Zle (ej log 0;) in the dictionar-
ies 2; and Z‘f:l(ei log 0;) in sequence OUT cancel out), we conclude that our data structures take
at most e log(pa)(1 + o(1)) + O(e) bits.

We proceed by showing how to solve queries 1 (string matching) and 2 (membership).

(1) Let us prove that, given a query string @ € ™, we can use our data structure to compute,
in time O(m - p? - loglog(pc)), the set T(a) of all states reached by a a-path on N, presented
by p convex sets on the chains {Q; | 1 < i < p}. By Lemma 5.24, it will suffice to show how to
compute R(a) and S(a). We can recursively compute each R(«) and S(«) in time proportional
to m by computing R(a’) and S(a’) for all prefixes @’ of a. Hence, we only have to show that
we can update R(a’) and S(a’) with a new character, in O(p? - loglog(po)) time. We start with
the empty prefix ¢, whose corresponding sets are R(¢) = Q and S(¢) = 0. For the update we apply
Lemmas 5.14 and 5.24. An inspection of the two lemmas reveals the we can update R(a’) and S(a”)
with a new character by means of O(p?) calls to the following queries.

a);

—(op1) forany 1 <i,j <p,1 <k <|Qj|, and a € %, compute out(Q;[1 i
< |Q;| such that

—(op2) forany 1 <i<p,a€Z and h > 0, find the largest integer 0 <
in(Q;i[1,k],a) < h;

—(op3) forany 1 <i < p,a € X, and z > 1, find the smallest integer 1 < ¢ < |Q;| such that
in(Q;[1,t],a) > z, if it exists, otherwise report that it does not exist.

— (op4) forany 1 < i < p and a € 3, find the largest integer 0 < h < |Q;]| such that, if h > 1,
then max(A(Q;[h])) < a.

k],
k

As a consequence, we are left to show that we can solve each query in O(loglog(po)) time.

(op1). The states in Q;[1, k] correspond to the convex set of all states (in the total order vy, . .., v,
of Definition 5.6) whose endpoints are v; and v,, where [ = CHAIN.select(j,1) and r =1+ k — 1.
Considering the order of edges used to define OUT, the set of all edges leaving a state in Q;[1, k]
forms a convex set in OUT and in OUT_DEG. Define:

—x = OUT_DEG.rank(OUT_DEG.select(l — 1, 1), 0);
—y = OUT_DEG.rank(OUT_DEG.select(r, 1), 0).

Notice that x is equal to the number of edges leaving all states before v;, while y is the number of
edges leaving all states up to v, included. As a consequence, we have x < y. If x = y, then there
are no edges leaving states in Q;[1, k] and we can immediately conclude out(Q;[1,k],i,a) = 0.
Assuming x < y, x + 1 and y are the endpoints of the convex set of all edges leaving states in
Qj[1,k]. Hence, we are left with counting the number of such edges labeled a and reaching
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chain Q;. Notice that OUT.rank(x, (i, a)) is the number of all edges labeled a and reaching chain i
whose start state comes before v;, whereas OUT.rank(y, (i, a)) is the number of all edges labeled
a and reaching i whose start state comes before or is equal to v,. We can then conclude that
out(Qj[1,k],i,a) = OUT.rank(y, (i, a)) — OUT.rank(x, (i, a)).

(op2). First, we check whether a € 3; by a membership query on the dictionary for 3;. If a ¢ 3;,
we immediately conclude that the largest k with the desired properties is k = |Q;|. Assume a € X;
and notice that the states in Q; correspond to the convex set of all states whose endpoints are
vy and vy, where [ = CHAIN.select(i, 1) and r = CHAIN.select(i + 1,1) — 1. Considering the order of
edges used to define IN, the set of all edges entering a state in Q;[1, k] forms a convex set in IN
and in IN_DEG. Define

—x = IN_DEG.rank(IN_DEG.select(l — 1,1),0);
—y = IN_DEG.rank(IN_DEG.select(r, 1),0).

Notice that x is equal to the number of edges reaching all states before v;, while y is the number
of edges reaching all states coming before or equal to v,. Since a € X;, we have x < y, and x + 1
and y are the endpoints of the convex set of all edges reaching a state in Q;. The next step is
to determine the smallest edge labeled a reaching a state in Q;. First, notice that the number of
characters smaller than or equal to a in 3; can be retrieved, by Lemma 5.27, as 3;.rank(a). Notice
that f = IN".rank(x, 1) yields the number of 0-runs in IN’ pertaining to chains before chain Q;
so that, since we know that a € X;, then g = IN".select(f + 3;.rank(a), 1) yields the smallest edge
labeled a in the convex set of all edges reaching a state in Q;. We distinguish two cases for the
parameter h of op2:

—h = 0.In this case, the largest k with the desired properties is equal to the position on chain
Q; of the state reached by the g-th edge minus one. The index of the state reached by the
g-th edge is given by p = IN_DEG.rank(IN_DEG.select(g,0), 1) + 1, so the largest k with the
desired properties is k = p — [.

—h > 0. The quantity h’ = IN'.select(f + X;.rank(a) + 1,1) — g = IN".select(f + X;.rank
(a) +1,1) — IN".select(f + Z;.rank(a), 1) yields the number of edges labeled a in the con-
vex set of all edges reaching a state in Q;. If h* < h, then we conclude that the largest k is
|Q;|. Hence, assume that A’ > h. We immediately obtain that the (h + 1)-th smallest edge
labeled a reaching a state in Q; is the (g + h)-th edge, and the largest k with the desired
properties is equal to the position on chain Q; of the state reached by the (g + h)-th edge
minus one. Analogously to case 1, the index of the state reached by this edge is given by
p = IN_DEG.rank(IN_DEG.select(g + h,0), 1) + 1, so the largest k with the desired proper-
tiesisk =p—1L

(op3). We simply use operation (op2) to compute the largest integer 0 < k < |Q;| such that
in(Q;[1,k],a) < z— 1. If k = |Q;|, then the desired integer does not exist, otherwise it is equal
tok + 1.

(op4). We first decide whether X;.succ(a) is defined. If it is not defined, then the largest
integer with the desired property is |Q;|. Now assume that X;.succ(a) is defined. Then the
largest integer with the desired property is simply the largest integer 0 < k < |Q;| — 1 such that
in(Q;[1, k], %;.succ(a)) < 0, which can be computed using (op2).

(2) Let us prove that, given a query string @ € 3™, we can use our data structure to compute I,
in O(m - p* - loglog(po)) time, represented as p ranges on the chains in {Q; | 1 < i < p}. We claim
that it will suffice to run the same algorithm used in the previous point, starting with R = {v;} and
S = 0. Indeed, consider the automaton N’ obtained from N by adding a new initial state v, and
adding exactly one edge from v, to v; (the old initial state) labeled with #, a character smaller than
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every character in the alphabet X. Let <’ the co-lex order on N’ obtained from < by adding the
pair {(vg, v1)}, and consider the <’-chain partition obtained from {Q; | 1 < i < p} by adding v, to
Q;. It is immediate to notice that for every k = 1, ..., n and for every string « € * we have that
vk € Iy on N if and only if vy € T(#a) on N'. Since vy has no incoming edges and on N'” we have
R(#) = {vy,v1} and S(#) = {vy}, the conclusion follows. Now, given I, we can easily check whether
a € L(N).Indeed, foreveryi = 1,..., p we know the integers [; and t; such that I, = Q;[I; + 1,;],
and we decide whether some of these states are final by computing f = CHAIN.select(i, 1), and then
checking whether FINAL.rank(f +1; — 1,1) — FINAL.rank(f + t; — 1, 1) is larger than zero. O

Notice that, in order to apply Theorem 5.29, we need a chain partition of a co-lex order over the
automaton. In the case of a DFA, Corollary 4.5 allows us to compute in polynomial time (with high
probability) a <-chain partition of optimal width, so from Theorem 5.29 we obtain the following
result.

COROLLARY 5.30. Let D = (Q,s, 3, F) be a DFA. Then, the data structure of Theorem 5.29 can be
built on D with parameter p = width(D) in expected O(|5|%) time.

Note that the data structure of Corollary 5.30 implicitly supports the navigation of the la-
beled graph underlying O starting from the initial state: a node is represented as the p ranges
(on the p chains) obtained when computing I,. This enables deciding whether « € L(D) in
O(p*loglog(po)) time per character of . Even if testing membership with our structure is in-
efficient on DFAs for large p (on a classic DFA representation, this operation can be easily imple-
mented in O(|a|) time), for small values of p on NFAs our membership procedure can be much
faster than the classical ones (determinization or dynamic programming), provided our index has
been built on the NFA.

5.4 Encoding NFAs

We now show a simple extension of the aBWT of Definition 5.6, yielding an injective encoding of
NFAs. It turns out that in order to achieve these goals it is sufficient to collect the components of
the aBWT and, in addition, the origin chain of every edge (see Figure 12 for an example):

Definition 5.31. Let N = (Q, s, d, F) be an NFA and let e = |§| be the number of N -transitions.
Let < be a co-lex order on N, and let {Q; | 1 < i < p} be a <-chain partition of Q, where wl.o.g.
s € Qr.Let r(v) and Q = {vy, ..., v,} be the map and the total state order defined in Definition 5.6.
Define a new sequence IN_CHAIN € [1,p]°, storing the edges’ origin chains, as follows. Sort all
edges (v}, v;, ¢) by increasing destination index i, breaking ties by label ¢ and then by origin index
Jj. Then, IN_CHAIN is obtained by concatenating the elements 7 (v;) for all edges (v}, v;, ¢) sorted
in this order.

The following lemma presents a function that will ultimately allow us to show that our aug-
mented aBBWT is indeed an injective encoding on NFAs.

LEMMA 5.32. Let 1 <i,j < p and a € 3. Let w be the number of edges labeled with character a
leaving any state in Q; and entering any state in Q;. Let Bj ; o = (f1, fo, ..., fiw) be state indices
suchthat (i)1 < fi < fo <--- < fi, < n, (i) if 1 < k < noccurs in Bj ; 4, then m(vy) = j and (iii) if
1 <k < noccurst > 1 times inBj ; o, then there exist exactly t edges labeled with character a leaving
vk and entering a state in Q;. Let Cj i q = (91,92, - - ., gw) be state indices such that ()1 < g < go <
<o < gw <, (i) if1 < h < noccursinCj; q, then w(vy) = i and (iii) if 1 < h < noccurst > 1 times
in Cj ; q, then there exist exactly t edges labeled with character a entering vy, and leaving a state in
Qj. Then, {(vff, Vg, a) | 1 < € < w} is the set of all edges labeled with character a, leaving a state in
Qj and entering a state in Q;.
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CHAIN 1 0 0 0 1 0
FINAL 0 0 1 1 0 1
IN_DEG 1 01 01 001 01 001
IN_CHAIN 1 1 21 1 22
OUT_DEG out 1 2 3 4 5 6
001 (1,a),(2,a) 1 (1,1,3) (1,2,a)
01 (1,0) 2 1,1,0)
1 3
01 (1,d) 4 1,1,d)
001 (Lo)(2.d) 5 2.1,0) (2.2,d)
01 (2,b) 6 (2,2,b)

Fig. 12. Augmented aBWT of an NFA (the one in Figure 11 on the left), using the chain partition
{{v1, v2,v3,v4}, {Us,V6}}. In addition to the aBWT of Definition 5.6, we add a sequence IN_CHAIN collect-
ing the origin chain of every edge. For each labeled edge (u, v, a), in the adjacency matrix we show the triple
(7(u), 7(v), a), that is, the origin chain, destination chain, and label of the edge (the matrix is visually divided
in 4 sectors, corresponding to all combinations of origin and destination chains). Vector IN_CHAIN collects
vertically the incoming chains, that is, the first component of each triple in the corresponding column of the
adjacency matrix.

Proor. Consider the set of all edges labeled with character a, leaving a state in Q; and entering
a state in Q;. Then, B ; , is obtained by picking and sorting all start states of these edges, and
Cj,i,a is obtained by picking and sorting all end states of these edges. The conclusion follows from
Axiom 2. m|

Lemma 5.32 allows reconstructing the topology of a NFA starting from our augmented aBWT,
as we show in the next lemma.

LEmMA 5.33. The aBWT of Definition 5.6, in addition to sequence IN_CHAIN of Definition 5.31, is
a one-to-one encoding over the NFAs.

Proor. From CHAIN and FINAL, we can retrieve the chain of each state, and we can decide which
states are final. We only have to show how to retrieve the set {(vf, vg,a) | vy € (S(vf, a), vf, Vg €
Q, a € 3} of all NFA’s transitions. By Lemma 5.32, we only have to prove that forevery 1 < i,j < p,
and for every a € ¥ we can retrieve B; ; , and C; ; ,. We will use ideas similar to those employed
in the proof of Lemma 5.15.

Let us show how to retrieve B; ; , for every 1 <i,j < p, and for every a € . Fix i, j and a.
From OUT_DEG we can retrieve the number of edges leaving each state in the jth chain. Then, the
definition of OUT implies that, for every state in the jth chain, we can retrieve the label and the
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destination chain of each edge leaving the state, so we can decide how many times a state in the
Jjth chain occurs in B; ; 4.

Let us show how to retrieve C; ; , for every 1 < i, j < p, and for every a € X. Fix i, j and a. From
IN_DEG we can retrieve the number of edges entering each state in the ith chain. From OUT we
can retrieve all characters (with multiplicities) labeling some edge entering the ith-chain. As a
consequence, Axiom 1 implies that, for every state in the ith chain, we can retrieve the label of
each edge entering the state. Moreover, the definition of IN_CHAIN implies that, for every state in
the ith cain, we can retrieve the start chain of each edge entering the state, so we can decide how
many times a state in the ith chain occurs in C; ; 4. ]

By analyzing the space required by our extension of the aBWT and applying Lemma 5.33, we
obtain:

COROLLARY 5.34. Let N be an NFA, and let p = width(N'). Then, we can store N using log(p*c) +
O(1) bits per transition. This space can also be expressed as (at most) 2pc log(p?c) + O(po) bits per
state.

Proor. The bound of log(p?c) + O(1) bits per transition follows easily from the definitions of
aBWT (Definition 5.6) and IN_CHAIN (Definition 5.31). In order to bound this space as a function of
the number of states, we use the bound |§| < 2pon implied by Lemma 2.6, where |5 is the number
of transitions. O

In Theorem 5.29 we provided an aBWT-index supporting pattern matching queries on any NFA.
Being a superset of the aBWT, our (indexed) augmented aBWT can clearly support the same op-
erations (in the same running times) of Theorem 5.29, albeit using additional log p bits per edge.
Actually, these operations turn out to be much simpler on the augmented aBWT than on the
aBWT (thanks to the new sequence IN_CHAIN). This is possible because by means of our aug-
mented aBBWT, given any convex set U of states (represented by means of p ranges on the chains)
and a character ¢, one can compute the convex set of all states that can be reached from U by
following edges labeled ¢ (see Lemma 5.1). However, the queries’ running times remain the same
as in Theorem 5.29 so we will not describe them here.

6 CONCLUSIONS

In this article, we considered the theoretical and practical implications of studying a specific partial
order on the states of a finite automaton. The considered partial order is a particularly natural
one: the one obtained lifting to sets the co-lex order of strings reaching every given state of the
underlying automaton.

In this work, we extensively argued that our proposed point of view allows us to sensibly clas-
sify regular languages and their complexities, from a both practically and theoretically interesting
perspective. The central measure for the classification we put forward is the (minimum) width
of the above mentioned partial order. In this article and in [31] we show that such measure in-
duces a proper hierarchy of regular languages and make a number of observations on the levels
of this hierarchy. An interesting feature of the classification obtained is that languages at higher
levels of the hierarchy have a larger entangled collection of states that makes them less prone to
index-ability — and, consequently, to any subsequent algorithmic analysis.

From a theoretical perspective, we showed that a canonical automaton minimizing the width to
its entanglement size (the Hasse automaton of a language), can be built at any given level.

From a practical perspective, in the last part of the article we introduced a technique to build very
efficient indexes, exploiting the partial order considered. As it turned out, the indexes proposed
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can be used in both the deterministic and non-deterministic case, but can be built in polynomial
time only in the former case. In the companion article [31] we show how to overcome this issue.

As a matter of fact, our full proposal can be divided in two macro steps: in the first one, the one
presented in this article, we illustrated and proved results that mainly apply to the deterministic-
width hierarchy and to indexing and encoding regular languages (a task that we have shown
to be computationally easy on DFAs). In a subsequent article, we will illustrate the extensions
of our classification results to the non-deterministic-width hierarchy, as well as polynomial-time
algorithms for sorting non-deterministic automata by means of co-lex relations (a more general
concept than co-lex orders, enabling indexing and avoiding NP-hardness).

A Glimpse into the Non-Deterministic Case

What happens if we consider the notion of width applied to non-deterministic automata instead
of deterministic ones? In this paragraph, we sketch the main results that will be presented in the
companion article [31].

(1) There exist NFAs without a maximum co-lex order, suggesting that Problem 1 (Automata-
width problem) could become more complex when applied to NFAs. Indeed, in [53] it is
proved that even deciding whether width(N) =1 (i.e.,, deciding whether N is Wheeler)
is an NP-complete problem. For this reason, a smallest-width NFA index cannot be built
in polynomial time by means of co-lex orders (assuming P # NP). We will show that the
solution relies on switching to co-lex relations (see [29]): the smallest-width relation can
be computed in polynomial time, it enables indexing, and its width is never larger than
that of a smallest-width co-lex order.

(2) Another way to bypass the previous obstacle to indexing NFAs is to consider the class
consisting of all NFAs admitting a maximum co-lex order. We will prove that this class
— dubbed the MAKX class — is a polynomial time decidable class of automata, strictly
between the DFA and NFA classes, for which the maximum co-lex order is always com-
putable in polynomial time. This implies that the NP-completeness of determining the
width of an NFA is due to automata outside the MAX class.

(3) Thelanguage-width problem becomes more complex: starting from an NFA N, already de-
ciding whether width? (£(N)) = 1 (equivalently, width™ (£(N)) = 1) is a PSPACE com-
plete problem (see [35]).

(4) The language hierarchies based on the two (deterministic/non-deterministic) notions of
width do not coincide, except for level 1 (Wheeler languages). More precisely, we will
prove that there exist regular languages £, whose deterministic width p > 1 can be chosen
arbitrarily large, such that p = width?(£) = width¥ (L) _ g matching the upper-bound
given in Corollary 3.3.
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APPENDIX
A  PARTITIONS AND ORDERS

This section is devoted to the proof of Theorem 4.11 and to other useful properties of entangled
convex sets. All these results follow from general results valid for arbitrary total orders and par-
titions. From now on, we fix a total order (Z, <) and a finite partition = {Py, ..., P} of Z. We
first give a notion of entanglement, with respect to P, for subsets X C Z. The main result of this
section, Theorem A.5, states that there always exists a finite, ordered partition V of Z composed
of entangled convex sets.

It is convenient to think of the elements of # as letters of an alphabet, forming finite or infinite
strings while labeling element of Z. A finite string P; . .. P, € P is said to be generated by X C Z,
if there exists a sequence x; < --- < xi of elements in X such that x; € P;, for all j=1,...,k.
We also say that P; ... Pk occurs in X at xy, . . ., x. Similarly, an infinite string P ... Py --- € P¢
is generated by X C Z if there exists a monotone sequence (x;);cy of elements in X such that
xj € Pj,forall j € N. Notice that if X is a finite set, then there exists an index iy such that for every

Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023.



27:64 N. Cotumaccio et al.

i > iy it holds P; = P;;. We can now re-state the notion of entanglement in this, more general,
context.

Definition A.1. Let (Z, <) be a total order, let  be a partition of Z, and let X C Z.

(1) We define Px ={Pe P :PNX +0}.

(2) fP’ ={Py,...,Pn} C P, wesay that P’ is entangled in X if the infinite string (P; . . . Pp,)®
is generated by X.

(3) We say that X is entangled if Px is entangled in X.

The property of X being entangled is captured by the occurrence of an infinite string
(P ...Py)®. In fact, as proved in the following lemma, finding (P; ...P,,)* for arbitrarily big
k is sufficient to guarantee the existence of (P; ...Pp,)“.

LEmMA A.2. Let (Z,<) be a total order, let P be a partition of Z, let X C Z, and let P’ =
{P1,...,Pmn} € P. The following are equivalent:

(1) Foreveryk € N, the string (P; ... Pp)¥ is generated by X.
(2) (Py...Py)® is generated by X.

Proor. The nontrivial implication is (1) = (2). If m = 1, then by choosing k = 1 we obtain that
there exists x € X such that x € Py, so (P;)® occurs in X, as witnessed by the monotone sequence
(xi)ien such that x; = x for every i € N. Thus, in the following, we can assume m > 2. This implies
that for every k, if (P; .. .Pm)k occurs in X at x1, X2, ..., Xm,, thenx; < x3 < ... < xp,,, thatis, the
inequalities are strict. If (1) holds, we prove that we can find an infinite family (Y;);>; of pairwise
disjoint subsets of X, each containing an occurrence of (P; ...P,,), such that for every pair of
distinct integers i, j it holds either Y; < Y; (that is, each element in Y; is smaller than each element
in Y;) or Y; < Y;. This will imply (2), because if the set {i > 1|(Vj > i)(Y; < Y;)} is infinite, then
(2) is witnessed by an increasing sequence, and if {i > 1|(¥j > i)(Y; < Y;)} is finite, then (2) is
witnessed by a decreasing sequence.

Let us show a recursive construction of (Y;);>;. We say that (X1, X») is a split of X if {X1, X,}
is a partition of X and X; < Xj. Given a split (X1, X;) of X, we claim that (1) must hold for either
X; or X, (or both). In fact, reasoning by contradiction, assume there exists k such that the string
(Py ...Pn)F is neither generated by X; nor by X,. This promptly leads to a contradiction, since
(P .. .Pm)Zk is generated by X and hence, if (P; .. .Pm)k is not generated by X, then it must be
generated by Xj.

Now consider an occurrence of (P;...P;)? generated by X and a split (X;,Xs) such that
(Py...Py) is generated by X; and (P; ... Py,,) is generated by X;,. Now, if (1) holds for Xj, then
define Y; = X; and repeat the construction using X; instead of X. If (1) holds for X, then define
Y; = X; and repeat the construction using X, instead of X. We can then recursively define a family
(Y;)i>1 with the desired properties. O

We now introduce the notion of an entangled convex decomposition, whose aim is at identifying
entangled regions of (Z, <) with respect to a partition .

Definition A.3. Let (Z, <) be a total order and let  be a partition of Z. We say that a partition
V of Z is an entangled, convex decomposition of P in (Z, <) (e.c. decomposition, for short) if all the
elements of V are entangled (w.r.t. the partition #) convex sets in (Z, <).
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Example A.4. Consider the total order (Z, <), where Z is the set of all integers and < is the usual
order on Z. Let P = {Py, P,, P3} be the partition of Z defined as follows:

Pi={n<0:nisodd}U{n>0:n=1mod 3}
P,={n<0:niseven}U{n > 0:n=2mod 3},
P; ={n>0:n=0mod 3}

The partition # generates the following trace over Z:
...P\P,P,P; ... PiP,P1PyP3sP 1 P,P5 . ..

Now define V = {V;,V,}, where Vi ={n€Z :n <0}, Vo ={n € Z : n > 0}. It is immediate to
check that V is an e.c. decomposition of P in (Z, <). More trivially, even V' = {Z} is an e.c.
decomposition of P in (Z, <).

Below we prove that if P is a finite partition, then there always exists a finite e.c. decomposition
of P.

THEOREM A.5. Let (Z, <) be a total order, and let P = {P4, ..., Py} be a finite partition of Z. Then,
P admits a finite e.c. decomposition in (Z, <).

Proor. We proceed by induction on m = |P|. If m = 1, then P = {Z}, so {Z} is an e.c. decom-
position of £ in (Z, <). Assume m > 2 and notice that we may also assume that the sequence
(P1...Py)? is not generated by Z, otherwise the partition V = {Z} is a finite e.c. decomposition
of P in (Z, <) and we are done. Since (P; ...P,)“ is not generated by Z, for any permutation
7 of the set {1,...,m} the sequence (Pr(1),. .., Pr(m)) is not generated by Z and therefore, by
Lemma A.2, for any 7 there exists an integer s, such that (P;(y), ..., Pr(m))*” is not generated by
Z. Using this property we prove that there exists a finite partition V of Z into convex sets such
that for every V € V and every 7, the string (Py(y), . . ., P,,(m))2 does not occur in V.

Consider the following procedure:

1: V « {Z}{initialise the partition}
2: for 7 permutation of {1,...,m} do

3. while exists an element in V generating (P .. .P,r(m))2 do

4 let V € V generating (Pr(1) - - . Pr(m))%

5: YV —V\V;

6: letay <---<am<a;<---<a, ianesuchthataj,an € Py, forj=1,...,m
7:

Ve—VUllaeV]|a<anlh{iaeV]a>anll;
8:  end while

9: end for

10: return V

The procedure starts with V = {Z} and recursively partitions a V in V into two nonempty
convex sets as long as (P (1), . - . , Pz (m))? occurs in V. Notice that the procedure ends after at most
2.z Sx iterations, returning a finite partition V of Z into convex sets.

Now fix V € V and consider the partition Pjy ={PNV |[PePAPNV #0}={PNV |Pc
Py} of V, where Py is as in Definition A.1 and [P}, | < m. To complete the proof it will be
enough to prove that #jy admits a finite e.c. decomposition in (V, <) because then a finite e.c.
decomposition of P in (Z, <) can be obtained by merging all the decompositions of Py, for
VeV

Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023.



27:66 N. Cotumaccio et al.

If |P|v| < m, then Py admits an e.c. decomposition by inductive hypothesis. Otherwise, ISD|V| =
m, say 79|V = {P{,...,P;,}. By construction, we know that for any permutation  of {1, m} the

string (P’ ) ﬂ(m )2 does not occur in V. Example A.6 below may help with an mtu1t10n for
the rest of the argument Let k > 1 be the number of distinct permutations =z of {1,...,m} such
that (P’ ) ,Pn(m)) occurs in V. We proceed by induction on k. If k = 1, then each set PJf is

convex and trivially entangled, so {ij | 1 < j < mj}isan e.c. decomposition of Py in (V, <). Now
assume k > 2 and fix a permutation 7 such that (PI’r(l), . ,Pl’r(m)) occurs in V. Define:

Vi={a€eV|Aay,...,am witha < a; < <amanda,ePﬂ()}
and V, = V '\ V;. Let us prove that V; and V, are nonempty. Just observe that if a1, . . ., ap, is a wit-
ness for (P’ @) n(m)) in V, then a; € V5. Moreover, a,, € V \ V; = V,, otherwise, since m > 1
andP’ . # P’ | thesequence (P’ .,..., )2 would occur in V. The previous observation im-
7(1) ﬂ(m) (1) ﬂ(m)

plies also that (P’ )y n(m)) does not occur in Vi, nor in V. Moreover V; and V; are clearly con-
vex. To conclude it will suffice to prove that the V;-partition Py, ={PNV; | P € Py, PNV; # 0}
admits a finite e.c. decomposition in (V;, <), for i = 1, 2. For any given i, if |P}y,| < m, we con-
clude by the inductive hypothesis on m. If, instead, |P|v,| = m, say Py, ={P/,..., P}, we

use the inductive hypothesis on k: the number of distinct permutations 7’ of {1,...,m} such
that (P”,..,...,P”, ) occurs in V; is less than k, since (P’ ..,...,P’ ) occurs in V while
7’ (1) 7’ (m) (1) (m)
(P, .\,...,P” ) doesnot occurin V;. O
(1) (m)

Example A.6. We give an example of the final part of the construction described in Theorem A.5.
Suppose Py = {P], P;, P;} leaves the following trace over (V, <):

(P{P3) (P3Py)® (Py)* (P)*.

Notice that, as assumed in the last part of the above proof, for any permutation m of {1,2,3} the
sequence (P’ o 7r(2) ”(3 ) does not appear in V; however, the sequence (P’ (1) 7r(2) 7r(3)) appears
inV for 7 = id. If we fix 7 = id and consider the sets V1, V; as in the above proof, then the partition

P|v leaves the following traces on the sets V;, Vy:
(P{P)? and (P3P (P))°(Py)“,

respectively. Notice that P; does not appear in V}, while the sequence (P{P;P;) does not appear in
V5, so that the inductive hypothesis can be applied.

We say that an e.c. decomposition of P in (Z, <) is a minimum-size e.c. decomposition if it
has minimum cardinality. As shown in the following remark, minimum-size e.c. decompositions
ensure additional interesting properties.

Remark A.7. Let (Z, <) be a total order, let # be a finite partition of Z,and letV = {V;,...,V,} be
a minimum-size e.c. decomposition of  in (Z, <), where V; < --- < V.. Then, forevery 1 <i < r,
we have Py, Q Py,.,, where Py, = {P € P | PNV; # 0} (see Definition A.1). In fact, if this were
not the case, V' = {Vq,..., Vi1, V; U Viyq, ...V} would be a smaller size e.c. decomposition of
in (Z, <). Similarly, for every 1 < i < r, it mustbe Py, ¢ Py, ,.In conclusion, foreveryi =1,...,r,
there exist R; € Py, \ Py,,, and L; € Py, \ Py, ,, where we assume Vy = V1 = 0.

In general, a minimum-size e.c. decomposition is not unique.

Example A.8. Let us show that even in the special case when (Z, <) = (Pref(L(9D)), <) and
P ={I, | u € Q} we can have more than one minimum-size e.c. decomposition.
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start

Fig. 13. An automaton O admitting two distinct minimum-size e.c. decompositions.

Consider the DFA D in Figure 13. Notice that in every e.c. decomposition of D one element is
{e}, because I = {e}. Moreover, every e.c. decomposition of D must have cardinality at least three,
because, since 1 <y 3, states 1 and 3 are not entangled. It is easy to check that:

V = {{e}, {ac" U bc™}, {[b(c +d)" \ bc* ] U f(c +d)* Ugd}}

and:
V' ={{el, {ac" Ub(c+d)" U [f(c+d)"\ fd*]},{fd" Ugd}},

are two distinct minimum-size e.c. decompositions of D.

We need the following lemmas on entangled convex sets in Section 4.2. Assume that (Z, <) isa
total order and P is a partition of Z.

LEMMA A9. Let V be a minimum-size e.c. decomposition of P. Assume that'V € V is such that
there exist C; < --- < C, entangled convex sets with V. C | JI_, C;. Then, for all P € P it holds:

Vie{l,....,n}(C;nP#0) > VNP #0.

Proor. If C; C V for some j, then VNP # 0 since VNP 2 C;j NP # 0. Otherwise, consider the
smallest i such that C; NV # 0. Since C; < --- < Cp, V is convex and V does not contain any
Cj, itmust be V C C; U Ciyq, (Where we assume Cjyq = 0if i = n). Let V = {V;,...,V;} with V; <
-+ <V, Forallj=1,...,r, consider the elements R; € PVj \ PVM andL; € PV]. \ 7)V,-,1 (where we
assume Vy = V.41 = 0), as in Remark A.7. Let s be such that V = V. We distinguish three cases.

(1) Vs N Ciz1 = 0. In this case, it must be Vi C C;. Let Vo_pn, Ve ipitsevvor Voso ooy Vorko1s Vsak
(h, k > 0) be all the elements of V' contained in C;. Since V; < - -- < V.., we conclude:

Veen U - UVs U UV CC S Vg UV g U UV U U Vg U Ve

We know that Ls_p, ..., Ls,Rs, ... Rspp occurin Vs_p U - - - U V4 t, so they also occur in C;.
Moreover, we also know that P occurs in C;. Since C; is entangled, there exists a sequence
As—p < - < s < P <ys <+ < ysik of elements in C; witnessing that the ordered se-
quence Ls_p,...,Ls, P, Ry, ... Rsyg occurs in Cy; it follows that Lg_p, ..., Ls, P, Rs, . . . Rg1k
occursin Ve_p_ 1 UVe_p U+ UV U -+ UVeip UViire as well. Since L,_j, does not occur
in Vi_p_1, then the ordered sequence Ls_p41,...,Ls, P,Rs, ... Rgip occursin Vs_p U - -+ U
VsU- U Viip UVigsr. Now, Lg_py1 does not occur in Vi_p, so the ordered sequence
Le_pi2y...,Lg,P,Rg,...Rey occurs in Vi_p g U--- UV U+ U Vg UViiryr. Proceed-
ing in this way, we obtain that the sequence P,Rs,...Rsk occurs in this order in
Vs U+ U Viik U Viiki1- Now suppose for sake of a contradiction that P does not occur in
Vs. As before we obtain that Ry, . . . Rg,x occurs in this order in Vi g U -+ U Vi U Vi,
Rsi1, . - . Ry occurs in this order in Vi, U -+ - U Vi U Viyki1, and so on. We finally con-
clude that R, occurs in V441, a contradiction.
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(2) Vs N C; = 0.1In this case, it must be Vs € C;11 and one concludes as in the previous case.
(3) Vs NC; #£0and Vs N Ciyq # 0. In this case, let V,_p, ..., Vi1 (h > 0) be all elements of V
contained in C;, and let V41, ..., Vsyx (k > 0) be all elements of V contained in C;;;. As
before:
Veeh U UV C©C S Vg1 UV g U UV UV
and:
Vs+1U"‘UVs+k QCHI QVSU‘/S+1U"'U‘/S+/<U‘/S+](+I'
Now, assume by contradiction that P does not occur in V;. First, let us prove that L
does not occur in C;. Suppose by contradiction that Ls occurs in C;. We know that
Ls_p,...,Ls—1 occurs in C;, and we also know that P occurs in C;. Since C; is entangled,
then Lg_p,...,Ls 1, Ls, P should occur in this order in C; and so also in Vs_,_; U V,_, U
-+ U V41 U Vs; however, reasoning as in case 1, this would imply that P occurs in Vj, a
contradiction. Analogously, one shows that Rs does not occur in Cj44.
Since R, and L occur in Vg, then there exists a monotone sequence in Vs whose trace con-
sists of alternating values of Rs and Ls. But V; € C; U Cj;1 and C; < Cy41, so the monotone
sequence is definitely contained in C; or Ci1. In the first case we would obtain that L
occurs in C;, and in the second case we would obtain that R occurs in Cj,q, so in both
cases we reach a contradiction.

O

LEMMA A.10. Let C C Z be an entangled convex set and consider any pair of convex sets Cy, Cy
such that C = Cy U Cy. Then, there exists i € {1, 2} such that C; is entangled and Pc, = Pc.

Proor. Let (z;);>1 be a monotone sequence witnessing the entanglement of C. Then, infinitely
many z;’s appear in either C; or C; (or both). In the former case C; is entangled: since C; is convex,
if jo > 1issuch that z;, € Cy, then the subsequence (z;);5j, is in C; and, clearly, we have Pc, = Pc.
In the latter case, analogously, C; is entangled and Pc, = Pc. m]

LEmMA A.11. Let Cy,Cy C Z be entangled convex sets. Then, at least one the following holds true:

(1) Cy\ C, is entangled and convex and Pc,\c, = Pc,;
(2) C;\ Cy is entangled and convex and Pc,\c, = Pc,;
(3) C1 U C; is entangled and convex and Pc,uc, = Pc, or Pc,uc, = Po,-

Proor. If C; N Cy = 0, (1) and (2) hold. If C;, € Cy or C; € Cy, (3) holds. In the remaining cases
observe that C; \ Cy, C3 \ C1, C; N Cy and C; U C, are convex. Since C; = (C; \ Cy) U (C; N C;) and
Cy = (Cy \ C1) U (C; N Cy), by Lemma A.10 we conclude that at least one the following holds true:

(1) Cy\ C is entangled and convex and Pc,\¢, = Pc,, or C; \ Cy is entangled and convex and
Pepe = Poys
(2) the intersection C; N C; is entangled and convex and Pe,nc, = Pc, = Po,-

In the first case we are done, while in the second case we have Pc,nc, = Pc, = Pc, = P, U
Pc, = Pc,uc,- Since C;NC; € CyUC; and C; N C; is entangled, we conclude that C; UC; is

entangled. ]
LEMMA A.12. Let Cy,...,C, C Z be entangled convex sets. Then, there exist m < n pairwise dis-
joint, entangled convex sets Cy, . ..,Cy, C Z, such that:

—Cy << Cpand )7 C;i = UL, C;
—if P € P occurs in all C;’s, then it occurs in all C}’s as well.
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Proor. We can suppose without loss of generality that the C;’s are non-empty and we proceed
by induction on the number of intersections r = [{(i, j)|i < j A C; N C; # 0}].

If r = 0, then the C;’s are pairwise disjoint and, since they are convex, they are comparable.
Hence, it is sufficient to take Cy, ..., C;, as the permutation of the C;’s such that C] < --- < Cj,.

Now assume r > 1 and let, without loss of generality, C; N C; # 0. We now produce a new se-
quence of at most n entangled convex sets to which we can apply the inductive hypothesis. By
Lemma A.11 at least one among C; \ C,, C, \ C; and C; U Cy, is an entangled convex set. If C; U C,
is an entangled convex set, then let C; U C;, Cs, . . ., Cp, be the new sequence. Otherwise, if C; \ C,
(the case C; \ Cy analogous) is entangled, let the new sequence be C; \ Cy,C2,Cs, .. .,Cp. In both
cases the number of intersections decreases: this is clear in the first case, while in the second case
Ci1\Cy CCrand (C;\Co)NCy = 0.

In all the above cases Lemma A.11 implies that if a P € # occurs in all C;’s, then it occurs in all
elements of the new family and we can conclude by the inductive hypothesis. ]

Below we prove a fairly intuitive result on the intersection of convex sets.

LEMMA A.13. Let (Z, <) be a total order. If C1,...,C, C Z are non-empty, convex sets such that
CinCj#0foralli,je{1,...,n}, then N, C; # 0.

Proor. We proceed by induction on n. Cases n = 1,2 are trivial, so assume n > 3. For every

i €{1,...,n}, the set:
ﬂ Cks

kef{l,...,n}
k#i
is nonempty by the inductive hypothesis, so we can pick an element d;. If for some distinct i and
Jj we have d; = d;, then such an element witnesses that (., C; # 0. Otherwise, assume without
loss of generality that d; < --- < d,. Fix any integer j such that 1 < j < n, and let us prove that d;
witnesses that (-, C; # 0. We only have to prove that d; € C;. This follows from d;, d,, € C; and
the fact that C; is convex. o
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