
27 

Co-lexicographically Ordering Automata and Regular 

Languages - Part I 

NICOLA COTUMACCIO , Gran Sasso Science Institute, Italy and Dalhousie University, Canada 

GIOVANNA D’AGOSTINO and ALBERTO POLICRITI , University of Udine, Italy 
NICOLA PREZZA , Ca’ Foscari University of Venice, Italy 

The states of a finite-state automaton N can be identified with collections of words in the prefix closure of 

the regular language accepted by N . But words can be ordered, and among the many possible orders a very 

natural one is the co-lexicographic order. Such naturalness stems from the fact that it suggests a transfer 

of the order from words to the automaton’s states. This suggestion is, in fact, concrete and in a number of 

articles automata admitting a total co-lexicographic ( co-lex for brevity) ordering of states have been proposed 

and studied. Such class of ordered automata — Wheeler automata — turned out to require just a constant 

number of bits per transition to be represented and enable regular expression matching queries in constant 

time per matched character. 

Unfortunately, not all automata can be totally ordered as previously outlined. In the present work, we lay 

out a new theory showing that all automata can always be partially ordered, and an intrinsic measure of their 

complexity can be defined and effectively determined, namely, the minimum width p of one of their admis- 

sible co-lex partial orders –dubbed here the automaton’s co-lex width . We first show that this new measure 

captures at once the complexity of several seemingly-unrelated hard problems on automata. Any NFA of co- 

lex width p: (i) has an equivalent powerset DFA whose size is exponential in p rather than (as a classic analysis 
shows) in the NFA’s size; (ii) can be encoded using just Θ( log p) bits per transition; (iii) admits a linear-space 
data structure solving regular expression matching queries in time proportional to p 2 per matched character. 
Some consequences of this new parameterization of automata are that PSPACE-hard problems such as NFA 

equivalence are FPT in p, and quadratic lower bounds for the regular expression matching problem do not 

hold for sufficiently small p. 

A preliminary version of this work appeared in the Proceedings of the 2021 ACM-SIAM Symposium on Discrete Algorithms 

(SODA) [ 32 ]. 
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Having established that the co-lex width of an automaton is a fundamental complexity measure, we pro- 

ceed by (i) determining its computational complexity and (ii) extending this notion from automata to regular 

languages by studying their smallest-width accepting NFAs and DFAs. In this work we focus on the deter- 

ministic case and prove that a canonical minimum-width DFA accepting a language L–dubbed the Hasse 

automaton H of L–can be exhibited. H provides, in a precise sense, the best possible way to (partially) 

order the states of any DFA accepting L, as long as we want to maintain an operational link with the (co- 

lexicographic) order of L’s prefixes. Finally, we explore the relationship between two conflicting objectives: 

minimizing the width and minimizing the number of states of a DFA. In this context, we provide an analogue 

of the Myhill-Nerode Theorem for co-lexicographically ordered regular languages. 

CCS Concepts: • Theory of computation → Fixed parameter tractability ; Data compression ; Pattern 

matching ; Sorting and searching ; Regular languages ; 

Additional Key Words and Phrases: Graph compression, powerset construction, FPT, Wheeler graphs, FM- 

index, Burrows-Wheeler Transform, Myhill-Nerode Theorem 
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 INTRODUCTION 

quipping the domain of a structure with some kind of order is often a fruitful move performed
n both Computer Science and Mathematics. An order provides direct access to data or domain
lements and sometimes allows to tackle problems otherwise too computationally difficult to cope
ith. For example, in descriptive complexity it is not known how to logically capture the class
in general, while this can be done on ordered structures (see [ 61 ]). In general, the price to be
aid when requiring/imposing an order, is a — sometimes significant — restriction of the class of
tructures to which subsequent results refer. If we do not wish to pay such a price, a partial order
an be a natural alternative. Then, the “farther” the partial order is from a total order, the less
owerful will be the applications of the established results. In other words, the “distance” from a
otal order of the partial order at hand becomes a measure of the extent to which we have been
ble to “tame” the class of structures under consideration. 
In this article, inspired by the above — somehow foggy — considerations, we focus on the class
f finite automata. Partial orders and automata have already met and attracted attention because
f their relation with logical, combinatorial, and algebraic characterization of languages. In the
iterature (see, among many others, [ 22 , 66 , 75 ]) a partially-ordered NFA is an automaton where
he transition relation induces a partial order on the set of its states. Here we pursue a different
pproach, closer to the one given in [ 77 ]. Our starting point is a work by Gagie et al. [ 47 ], pre-
enting a simple and unified perspective on several algorithmic techniques related to suffix sorting

in particular, to the Burrows-Wheeler transform [ 23 ], an ubiquitous string permutation in text
ompression and indexing — see also [ 65 ]). The general idea is to enforce and exploit a total order
mong the states of a given automaton, induced by an a priori fixed order of its underlying alpha-
et which propagates through the automaton’s transition relation. 1 The resulting automata, called
heeler automata , admit efficient data structures for solving string matching on the automaton’s
aths and enable a representation of the automaton in a space proportional to that of the edges’
abels — as well as enabling more advanced compression mechanisms, see [ 4 , 71 ]. This is in con-
rast with the fact that general graphs require a logarithmic (in the graph’s size) number of bits per
 The dependence on a fixed order of the alphabet marks the difference between this approach and the one of [ 77 ]. 
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dge to be represented, as well as with recent results showing that in general, regular expression
atching and string matching on labeled graphs can not be solved in subquadratic time, unless
he strong exponential time hypothesis is false [ 6 , 40 , 41 , 50 , 70 ]. 
Wheeler languages — i.e., languages accepted by Wheeler automata — form an interesting class
f subregular languages, where determinization becomes computationally easy (polynomial). As
as to be expected, however, requiring the existence of a total Wheeler order over an automaton
omes with a price. Not all automata enjoy the Wheeler property, and languages recognized by
heeler automata constitute a relatively small class: a subclass of star-free languages [ 3 ]. 
Our results here show that, as a matter of fact, Wheeler (automata and) languages can be seen

s a first level — in some sense the optimal level — of two hierarchies (deterministic and non-
eterministic) encompassing all regular languages. A level of each such hierarchy is based on a
artial order of minimum width 

2 defined over the states of an automaton accepting the language.
ore precisely, in Definition 2.1 we identify a class of partial orders — the co-lexicographic ones,
r co-lex for brevity — among the states of an automaton N , reflecting naturally the ( total ) co-
exicographic order among the prefixes of the language L (N ) accepted by N : we require that
1) states with different incoming labels are sorted according to the underlying alphabet’s order
nd (2) the co-lex order propagates through pairs of equally-labeled edges. The minimum width

f a co-lex order over N results in a measure — dubbed width (N ) — that we prove being a fun-
amental parameter for classifying finite automata as well as regular languages. Letting L be a
egular language, denote by width N (L) the smallest integer p such that there exists an NFA N 

uch that L = L (N ) and width (N ) = p, and by width D (L) the notion similarly defined using
FAs. These two non-deterministic/deterministic widths define two corresponding hierarchies of
egular languages. The overall goal of our work is to show that these hierarchies shed new light on
he relations existing between the sizes of DFAs and NFAs recognizing a given regular language,
s well as classify languages by their propensity to be searched , with important applications to
egular expression matching and string matching on labeled graphs. 
In this article, we mostly focus on the deterministic case and study in detail the hierarchy based
n width D (L) while, in a companion complementary article (see [ 31 ]), we complete the picture
y studying the non-deterministic case, proving (among other results) that the two hierarchies are
trict and do not collapse, and that in general they are exponentially separated, save for level one
the Wheeler languages — where allowing nondeterminism does not add expressive power. The
resent work and the companion article [ 31 ] are an extension of the SODA’21 article [ 32 ]. 
Consider an NFA N of co-lex width p. As far as motivations for introducing the new concept of

o-lex orders are concerned, in this article we show that: 

(1) the well-known explosion in the number of states occurring when computing the powerset

DFA Pow (N ) is exponential in p, rather than (as a classic analysis shows) in the size of
N . We prove that a similar exponential bound holds for width ( Pow (N ) ) . 

(2) N can be encoded using just log ( pσ ) +O ( 1 ) bits per transition on DFAs, where σ is the
alphabet’s size. NFAs can be encoded using additional log p bits per transition. 

(3) String matching on N ’s paths and testing membership in the automaton’s accepted lan-
guage can be solved in O ( p 2 log log ( pσ ) ) time per matched character. 

Result (1) provides one of the few known parameterizations of NFAs and immediately implies
hat hard problems such as NFA equivalence and universality are actually easy on small-width
FAs (for example Wheeler NFAs [ 47 ], for which width (N ) = 1 holds). The result allows us to
onclude also that the two deterministic and non-deterministic hierarchies of regular languages are
 The width of a partial order is the size of its largest antichain. 

Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 



27:4 N. Cotumaccio et al. 

Table 1. Known and New Lower and Upper Bounds for Computing the Width of an 

Automaton (DFA/NFA) and the Deterministic/non-deterministic Widths of a 

Regular Language (Encoded as a DFA/NFA) 

� � � � � � � � � � 

compute 
given 

A : DFA A : NFA 

width (A) O ( min ( |Q | 2 , |δ | log |Q |) ) [ 9 , 30 ] NP-HARD [ 53 , Theorem 2] 

p = width D ( L ( A) ) | δ | O (p ) [Theorem 4.27 ] 
Θ( | δ | 2 ) for p = 1 [ 8 ] 

PSPACE-HARD [ 35 , Theorem 10] 

p = width N ( L ( A) ) Θ( | δ | 2 ) for p = 1 [ 8 ] PSPACE-HARD [ 35 , Theorem 10] 

In this table, | Q | is the number of states and | δ | is the number of transitions of the automaton A = (Q , s , δ, F ). All 
hardness bounds follow from recent works dealing with the Wheeler case (automata of co-lex width equal to 1 and 

languages of deterministic and non-deterministic widths equal to 1). Computing the non-deterministic width in the case 

p = 1 is a polynomial problem if the input is a DFA because, only for this level of the two hierarchies, the deterministic 

and non-deterministic widths coincide [ 3 ] (they are both equal to 1). In this case, a quadratic algorithm for recognizing 

languages of deterministic (thus also non-deterministic) width equal to 1 has recently been proposed in [ 8 ], together 

with a matching conditional quadratic lower bound based on SETH. 
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xponentially related. Result (2) provides a new compression paradigm for labeled graphs. Result
3) breaks existing lower bounds for regular expression matching [ 6 ] and for string matching on
abeled graphs. More details on these connections, themes and trends in the literature, are discussed
n Section 1.1 . 
Having established that the co-lex width of a language/automaton is a fundamental complexity
easure, we address the problem of the effectiveness of such a measure in the deterministic case:
re the width of a DFA and the deterministic width of a language L (presented by an automaton)
omputable and, if so, at which cost? We observe that the width of a language is not in general equal
o the width of, say, its minimum DFA, since already at level one of the deterministic hierarchy
i.e., Wheeler languages) there are languages whose minimum DFA has deterministic width larger
han one [ 2 ]. This makes the language-width problem non-trivial. 
Table 1 reports our complexity results, as well as hardness results that follow from recent works
ealing with the Wheeler case. We prove that the width of a DFA can be computed in polynomial
ime. This is in contrast with a recent result showing that Wheeler NFAs are NP-complete to recog-
ize [ 53 ], which implies that deciding whether the width of a NFA is smaller than a given value is
P-hard. We then show that, although the deterministic width of a language, width D (L), differs in
eneral from the width of its (unique) minimum DFA, width D (L) can be computed in polynomial
ime for constant values of width D (L) given a DFA for L, and a canonical automaton realizing
his minimum width can be exhibited. Again, this is in contrast with the fact that recognizing
heeler languages ( width D ( L) = width N ( L) = 1 ) is a PSPACE-complete problem when the in-
ut language L is provided as an NFA [ 35 ]. The key observation for our result is a combinatorial
roperty of automata that we called the entanglement number of a DFA, a quantity measuring the
ntrinsic co-lex incomparability of the automaton’s states. The entanglement of the minimum DFA
or a regular language turns out to exactly correspond both to the deterministic width of the lan-
uage and to the width of the above mentioned canonical automaton, dubbed the Hasse automaton
or the language. As we shall prove, these results imply that width D (L) can be computed from the
inimum deterministic automaton recognizing L. 
A further contribution of this article is to explore the relationship between two (conflicting)
bjectives on deterministic automata: minimizing the co-lex width and minimizing the number of
tates. In this context, we provide an analogue of the Myhill-Nerode Theorem for regular languages
pplied to the concept of co-lex ordered automata. 
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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.1 Our Work in Context 

ur proposal in this article aims at proving that, by pairing automata with co-lex orders, we can
lassify regular languages by their propensity to be sorted . Our classification represent a useful
arameterization simultaneously for diverse automata-related measures: (1) the complexity of
FA determinization by the powerset-construction algorithm, (2) the encoding bit-complexity of
utomata, and (3) the complexity of operations on regular languages (e.g., membership) and on
abeled graphs (e.g., pattern matching). As we discuss below, previous works focused on studying
he complexity of points (1–3) separately and by cases, i.e., by studying notable classes of automata,
egular languages, and graphs on which these problems are easy. To the best of our knowledge,
urs is the only parameterization of automata/labeled graphs capturing simultaneously all these
spects. 

NFA determinization and existing subregular classifications . An extensive and detailed classifica-
ion of the complexity of the powerset construction algorithm on families of subregular languages
s carried out in [ 16 ]. That study proves that for the most popular and studied classes of sub-
egular languages — including (but not limited to) star-free [ 67 ], ordered [ 77 ], comet [ 21 ] and
uffix/prefix/infix-closed languages — the output of the powerset construction is exponential in
he size of the input NFA: for all the mentioned families, the resulting DFA may have at least
 

n−1 states in the worst case, where n is the number of states of the input NFA. Previously-known
amilies with a sub-exponential upper bound include unary regular languages, with a bound of

 

Θ( 
√ 

n ln n ) states [ 27 ], and the family of finite languages over alphabet of size σ , with a bound of

(σ
n 

log 2 σ+1 ) states [ 74 ]. In this context, our nondeterministic hierarchy of subregular languages
classifying languages by the width p of their smallest-width accepting NFA and guaranteeing

n equivalent DFA of size at most 2 p (n − p + 1 ) − 1 (see Theorem 3.2 ) — represents a more com-
lete classification than the above-mentioned classes (since it captures all regular languages), even
hough our deterministic and nondeterministic hierarchies are orthogonal to these classes in some
ases (see Section 4.4 for a study of the relations existing between our proposal and the class of
tar-free languages). 
Interestingly, [ 16 ] shows that the class of ordered automata [ 77 ] — automata admitting a total

tates’ order that must propagate through pairs of equally-labeled edges — does have a worst-
ase exponential-output powerset construction. Since in our work, we show that the powerset
onstruction builds a small-size DFA on bounded-width automata, this fact shows that the small
ifference between simply imposing an order on the states which is consistent with the transition
elation (ordered automata) and linking this property with a fixed order of the underlying alpha-
et (our framework), does have significant practical consequences in terms of deterministic state
omplexity. 
As far as other parameterizations of powerset construction are involved, we are aware of only
ne previous attempt in the literature: the notion of automata width introduced in [ 62 ]. Intuitively,
iven an NFA N the width of N as defined in [ 62 ] is the maximum number of N ’s states one needs
o keep track of simultaneously while looking for an accepting path for some input word (for
he word maximizing such quantity). By its very definition, this quantity is directly linked to the
utput’s size of powerset construction (while for our co-lex width, establishing such a connection
ill be more involved). 
Further notable classifications of subregular languages include the star-height hierarchy [ 38 ]

capturing all regular languages) and the Straubing-Thérien hierarchy [ 80 , 81 ] (capturing the star-
ree languages). To the best of our knowledge, these classifications do not lead to useful parame-
erizations for the automata/graph problems considered in this article. 
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Graph compression . Graph compression is a vast topic that has been extensively studied in the
iterature (see for example the survey [ 13 ]). Most solutions discussed below consider the unlabeled
nd undirected case; in those cases, a compressor for labeled graphs can be obtained by just storing
he labels and the edges’ directions separately using � log σ � + 1 additional bits per edge ( σ is the
lphabet’s size). 
Existing results studying worst-case information-theoretic lower bounds of graph encodings

an be used as the reference base for the compression methods discussed below. First of all, note
hat the worst-case information-theoretic number of bits needed to represent a directed graph with

edges and n vertices is log 
(

n 2 

m 

)
= m log ( n 

2 /m) + Θ( m), that is, log ( n 

2 /m) + Θ( 1 ) bits per edge.

he same lower bound holds on undirected graphs up to a constant additive number of bits per
dge. Other useful bounds (on automata) are studied in the recent work of Chakraborty et al. [ 25 ].
n that article, the authors present a succinct encoding for DFAs using log σ + log n + 1 . 45 bits per
ransition ( n is the number of states) and provide worst-case lower bounds as a function of the
umber of states: in the worst case, DFAs cannot be encoded using less than (σ − 1 ) log n +O (1 )
its per state and NFAs cannot be encoded in less than σn + 1 bits per state. The same article
rovides encodings matching these lower bounds up to low-order terms. 
In order to compare our encodings with the state-of-the-art, we anticipate that our solutions

tore DFAs within log ( pσ ) +O ( 1 ) bits per transition (Corollary 5.21 ) and NFAs within log (p 2 σ ) +
(1 ) bits per transition (Corollary 5.34 ). Most of the parameterized graph encodings discussed in
he literature (read below) provide a space bound per vertex . In Corollary 5.21 we show that our DFA
ncoding uses no more than σ log ( pσ ) +O ( σ ) bits per state. In Corollary 5.34 we show that our
FA encoding uses no more than 2 p σ log (p 2 σ ) +O (p σ ) bits per state. Note that the former bound
symptotically matches Chakraborty et al.’s lower bound for DFAs (since that p ≤ n), while the
atter matches Chakraborty et al.’s lower bound for NFAs up to a logarithmic multiplicative factor.
For our purposes, it is useful to divide graph compression strategies into general graph compres-

ors and compact encodings for particular graph classes. The former compressors work on arbitrary
raphs and exploit sources of redundancy in the graph’s topology in order to achieve a compact
epresentation. Compressors falling into this category include (this list is by no means complete,
ee [ 13 ] for further references) K 

2 trees on the graph’s adjacency matrix [ 20 ], straight-line pro-
rams on the graph’s adjacency list representation [ 28 ], and context-free graph grammars [ 39 ]. A
hared feature of these compressors is that, in general, they do not provide guarantees on the num-
er of bits per edge that will be used to encode an arbitrary graph (for example, a guarantee linked
ith a particular topology or graph parameter such as the ones discussed below); the compression
arameter associated with the graph is simply the size of the compressed representation itself.
his makes these techniques not directly comparable with our approach (if not experimentally). 
Techniques exploiting particular graph topologies or structural parameters of the graph to

chieve more compact encodings are closer to our parameterized approach, bearing in mind that
lso, in this case, a direct comparison is not always possible in the absence of known relations
etween our parameter p and the graph parameters mentioned below (the investigation of such
elations represents an interesting future research direction). A first example of such a param-
ter (on undirected graphs) is represented by boxicity [ 73 ], that is, the minimum number b of
imensions such that the graph’s edges correspond to the intersections of b-dimensional axes-
arallel boxes (the case b = 1 corresponds to interval graphs). Any graph with boxicity b can be
epresented naively using O (b ) words per vertex (that is, storing each vertex as a b-dimensional
ox), regardless of the fact that its number of edges could be quadratic in the number of ver-
ices (even in the interval graph case). Similar results are known for graphs of small clique-
idth/bandwidth/treedepth/treewidth [ 42 , 58 , 59 ] and bounded genus [ 36 ]; any graph from these
raph families can be encoded in O (k ) bits per vertex, where k is the graph parameter under
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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onsideration. Similarly, posets (transitively-closed DAGs) of width w can be encoded succinctly
sing 2 w + o (w ) bits per vertex [ 83 ]. While the above-mentioned methods focus on particular
raph parameters, another popular approach is to develop ad-hoc compact encodings for partic-
lar graph topologies. Separable graphs (graphs admitting a separator of size O (n 

c ) breaking the
raph into components of size αn for some c < 1 and α < 1 ) allow for an encoding using O (1 ) bits
er vertex [ 15 ]. This class includes planar graphs — admitting also an encoding of 4 bits per vertex
 46 ] — and trees — admitting an encoding of 2 bits per vertex (e.g., a simple balanced-parenthesis
epresentation) and an encoding of 1 + o (1 ) bits per vertex when every internal node has exactly
wo children [ 57 ]. Circular-arc graphs (a class including interval graphs) of maximum degree Δ can
e encoded in log Δ +O (1 ) bits per vertex, and this bound is asymptotically tight [ 26 ]; in the same
rticle, the authors show that circular-arc graphs with chromatic number χ admit an encoding
sing χ + o (χ ) bits per vertex. As mentioned above, on NFAs our proposed encoding uses a space
er state that can be expressed as a function of p and σ , thereby fitting with previous research on
ompact parameterized representations of graphs. 

Regular expression matching and string matching on labeled graphs . “Regular expression match-
ng” (REM) refers to the problem of determining whether there exist substrings of an input string
hat can be derived from an input regular expression. This problem generalizes that of determining
embership of a string to a regular language, and it finds important applications which include
ext processing utilities (where regular expressions are used to define search patterns), computer
etworks (see [ 82 ]), and databases (see [ 33 ]). A closely-related problem is that of “exact string

atching on labeled graphs ” ( SMLG ): find which paths of an edge-labeled graph match (with-
ut edits) a given string (see [ 40 ]). This problem arises naturally in several fields, such as bioinfor-
atics [ 7 , 78 ], where the pan-genome is a labeled graph capturing the genetic variation within a
pecies (and pattern matching queries are used to match an individual’s genome on this graph), and
raph databases [ 5 ]. Since NFAs can be viewed as labeled graphs, it is not surprising that existing
ower and upper bounds for both problems have been derived using the same set of techniques. 
In order to compare our approach with the state of the art, we anticipate that we describe labeled
raph indexes solving SMLG (and thus REM by constructing the index on an NFA derived from the
egular expression) in O ( p 2 log log ( pσ ) ) time per matched character, where p is the co-lex width of
he graph/automaton under consideration (Theorem 5.29 ). The general idea behind our approach is
hat co-lexicographically ordering the states of the underlying automaton accepting a language is
 way of structuring the search-space where functionalities will eventually operate. In this sense,
he co-lex width of a labeled graph (or that of a language) is a measure capturing the intrinsic
omplexity of the entire collection of strings that we aim at representing. 
Backurs and Indyk in [ 6 ] carry out a detailed study of the complexity of the REM problem as

 function of the expression’s structure for all regular expressions of depth up to 3. For each case
there are in total 36 ways of combining the regular operators “|”, Kleene plus, Kleene star, and
oncatenation up to depth 3), they either derive a sub-quadratic upper bound (where quadratic

eans the string’s length multiplied by the regular expression’s size) or a quadratic lower bound
onditioned on the Strong Exponential Time Hypothesis [ 56 ] or on the Orthogonal Vectors con-
ecture [ 19 ]. Note that this classification does not capture regular expressions of arbitrary depth.
imilarly, Equi et al. [ 40 ] establish lower and upper bounds for the SMLG problem, even in the
cenario where one is allowed to pre-process the graph in polynomial time [ 41 ] (that is, building
 graph index); their work represents a complete classification of the graph topologies admitting
ither sub-quadratic pattern matching algorithms or quadratic lower bounds (obtained assuming
he Orthogonal Vectors conjecture); in this context, quadratic means proportional to the string’s
ength times the graph’s size. In all these works, as well as in further articles refining these analy-
es by providing finer lower bounds or better upper bounds for particular cases [ 12 , 18 , 49 , 51 , 52 ],
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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he problem’s complexity is studied by cases and does not depend on a parameter of the language
r the graph. 
Techniques parameterizing the problem’s complexity on a graph parameter do exist in the liter-

ture, and are closer to the spirit of our work. These parameters include (these works consider the
MLG problem) the size of the labeled direct product [ 72 ], the output size of powerset construc-
ion [ 69 ], and a generalization of DAGs called k-funnels [ 24 ]. Like in our setting, in all these cases
uadratic query complexity is obtained in the worst case (on graphs maximizing the parameter
nder consideration). 

.2 Organization of the Article 

he article is organized as follows. In Section 2 we give some preliminary definitions, we formally
ntroduce the width-based deterministic and non-deterministic hierarchies, prove some prelimi-
ary results related to them, and state all the problems to be considered in the rest of the article.
roblems are classified as automata , language , and compression/indexing related. In Section 3 we
rove one of the strongest properties of our notion of co-lex width: this parameter yields a new up-
er bound to the size of the smallest DFA equivalent to a given NFA and implies new FPT analyses
or hard problems on NFAs such as universality, equivalence, and membership. In the central part
f the article, we discuss and propose solutions to the problems defined in Section 2 . In the first
aragraphs of Section 4 we give a simple polynomial solution to the DFA-width problem, thus solv-
ng Problem 1 (NFA width problem) when the input is a DFA. In the following three subsections, we
ntroduce tools that allow us to compute the deterministic width of a language: in particular, Sec-
ion 4.1 introduces the concept of entanglement of a DFA, a measure able to capture the language’s
eterministic width on the minimum DFA; Section 4.2 exhibits a canonical DFA (dubbed the Hasse

utomaton of a language) of minimum width, thus solving Problem 3 (Minimum-width DFA), and
ives an automata-free characterization for each level of the deterministic hierarchy, thus solving
roblem 4 (Automata-free characterization); Section 4.3 puts together the notions developed in
he two previous subsections to derive an algorithm computing the deterministic width of a lan-
uage, which solves the deterministic side of Problem 2 (Language width problem). In Section 4.4
e compare our notion of deterministic width with an important class of subregular languages:
he star-free languages. In Section 4.5 we prove a Myhill-Nerode theorem for each level of the
eterministic hierarchy, thereby providing an alternative solution to Problem 4 (Automata-free
haracterization). In Section 5 , we consider compression and indexing problems over finite state
utomata. More in detail, in Section 5.1 we establish the necessary tools at the core of our data
tructures (in particular, the path coherence property); in Section 5.2 we present a space-efficient
epresentation for automata (the automata BWT , or aBWT ) preserving the accepted regular lan-
uage (for any input NFA) and the automaton’s topology for a strict superclass of the DFAs; in
ection 5.3 we augment the aBWT to obtain an index solving subpath queries on languages and
FAs; finally, in Section 5.4 we augment the aBWT to make it faithful (i.e., preserving the automa-
on’s topology) also on NFAs. These last contributions solve Problems 5 (Compressing automata)
nd 6 (Indexing automata). In Section 6 we draw our conclusions. 
After the bibliography, an index gathers the main mathematical symbols and definitions used

hroughout the article, linking them to the location where they are defined. The article is concluded
ith Appendix A , where we prove general results related to partitions and orders which are needed
n some of our results in Section 4.2 and could be of independent interest. 
Notice that in Section 2 we present the main idea of the article: how to (partially) order the sets
f states of an automaton by lifting the co-lex order on strings. Then, Sections 3 –5 can be read
ndependently from one another: the reader interested in automata theory can focus on Sections 3
nd 4 , and the reader interested in graph compression can focus on Section 5 . 
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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 DEFINITIONS, FIRST RESULTS, AND PROBLEMS 

n this section, we first present all basic definitions required in order to follow the article: se-
uences, finite-state automata, orders, and model of computation used in our data-structures re-
ults. After giving all the necessary definitions, in Section 2.2 we introduce the core concept of our
rticle: the co-lex width of a finite-state automaton. Section 2.3 extends the notion of co-lex width
o regular languages. These two sections also formally introduce the problems, tackled in the next
ections, related to the notion of co-lex width, and prove some preliminary results. To conclude,
ection 2.4 formally defines the problems of automata compression and indexing. 

.1 Basics 

Sequences. Let Σ be a finite alphabet and let Σ∗ be the set of all finite sequences (also called words

r strings ) on Σ, with ε being the empty sequence. We write β � α if α , β ∈ Σ∗ and β is a suffix
f α . 
Throughout the article, we assume that there is a fixed total order 	 on Σ (in our examples,

he alphabetical order). When using an integer alphabet in Section 5 , the total order will be the
tandard order on integers. The special symbol # � Σ is considered smaller than any element in Σ.
e extend 	 to words in Σ∗ co-lexicographically , that is, for α , β ∈ Σ∗, we have α 	 β if and only if
ither α is a suffix of β , or there exist α ′ , β ′ , γ ∈ Σ∗ and a, b ∈ Σ, such that α = α ′ aγ and β = β ′ bγ
nd a ≺ b. 

Finite-state automata. A non-deterministic finite automaton (an NFA) accepting strings in Σ∗ is
 tuple N = (Q , s , δ , F ) where Q is a finite set of states, s is a unique initial state, δ (·, ·) : Q × Σ →
ow (Q ) is the transition function (where Pow (Q ) is the set of all subsets of Q ), and F ⊆ Q is the
et of final states. We write Q N 

, s N 

, δN 

, F N 

when the automaton N is not clear from the context
nd, conversely, if the automaton is clear from the context we will not explicitly say that s is the
nitial state, δ is the transition function and F is the set of final states. 
With | δ | we denote the cardinality of δ when seen as a set of triples over Q ×Q × Σ. In other
ords, | δ | = | { (u , v, a ) | v ∈ δ (u, a ), u, v ∈ Q, a ∈ Σ}. In fact, in our results (especially the data-
tructure related ones) we will often treat NFAs as edge-labeled graphs having as set of nodes Q
nd set of edges { (u , v, a ) | v ∈ δ (u, a ), u, v ∈ Q, a ∈ Σ}. 
As customary, we extend δ to operate on strings as follows: for all u ∈ Q, a ∈ Σ, and α ∈ Σ∗: 

δ (u , ε ) = { u } , δ (u , αa ) = 
⋃ 

v ∈δ (u,α ) 

δ (v, a ). 

e denote by L (N ) = {α ∈ Σ∗ : δ (s, α ) ∩ F � ∅} the language accepted by the automaton N . We
ay that two automata are equivalent if they accept the same language. 
We assume, without loss of generality, that all states in our automata are useful , that is, from

ach state one can reach a final state (possibly, the state itself). We assume also that every state is
eachable from the (unique) initial state. Hence, the collection of prefixes of words accepted by N ,
ref ( L ( N ) ) , will consist of the set of words that can be read on N starting from the initial state. 
Following [ 3 ], we adopt a specific notation to denote the set of words reaching a given state and

o denote the set of states reached by a given word: 

—if u ∈ Q , let I u be the set of words reaching u from the initial state: 

I u = {α ∈ Pref ( L ( N )) : u ∈ δ ( s, α )}; 

—if α ∈ Pref ( L ( N ) ) , let I α be the set δ (s, α ) of all states reached from the initial state by α . 
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Fig. 1. An NFA and the Hasse diagrams — that is, graphs depicting the transitive reductions of the partial 

orders — of two of its (maximal) co-lex orders. Characters are sorted according to the standard alphabetical 

order. 
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A deterministic finite automaton (a DFA ), is an NFA D where |δ (u, a ) | ≤ 1 , for any u ∈ Q and
 ∈ Σ. If the automaton is deterministic we write δ (u, α ) = v for the unique v such that δ (u, α ) =
 v} (if defined: we are not assuming a DFA to be complete). 
Let L ⊆ Σ∗ be a language. An equivalence relation ∼ on Pref (L) is right-invariant if for every
, β ∈ Pref (L) such that α ∼ β and for every a ∈ Σ it holds αa ∈ Pref (L) iff βa ∈ Pref (L) and,
f so, αa ∼ βa . We will extensively use the Myhill-Nerode equivalence induced by L, namely, the
ight-invariant equivalence relation ≡L 

on Pref (L) such that for every α , β ∈ Pref (L) it holds: 

α ≡L 

β ⇐⇒ {γ ∈ Σ∗ | αγ ∈ L} = {γ ∈ Σ∗ | βγ ∈ L}. 

We denote by D L 

the minimum (with respect to state-cardinality) deterministic automaton
ecognizing a regular language L. 
If u ∈ Q , then λ(u) denotes the set of labels of edges entering u, except when u = s when we also

dd # � Σ to λ(s ), with # ≺ e for all e ∈ Σ (see e .g., Figure 1 where s = 0 , λ(s ) = { # , a } , λ(1 ) = { a } ,
nd λ(5 ) = { b, c } ). If u ∈ Q , by min λ (u ) , max λ (u ) we denote the minimum and the maximum, with
espect to the order 	, among the elements in λ(u). 

Orders. A (non-strict) partial order is a pair (Z , ≤), where ≤ is a reflexive ( u ≤ u for all u ∈ Z ),
ransitive ( u ≤ v and v ≤ w implies u ≤ w , for all u, v, w ∈ Z ), and antisymmetric ( u ≤ v and v ≤ u
mplies u = v) binary relation on Z . 
Two elements u, v ∈ Z are said to be ≤- comparable if either u ≤ v or v ≤ u. A partial order can

lso be described using the relation u < v which holds when u ≤ v and u � v . We write u ‖ v if u
nd v are not ≤-comparable. 
If (Z , ≤) is a partial order and Z 

′ ⊆ Z we denote by (Z 

′ , ≤Z 

′ ) the restriction of the partial order
to the set Z 

′ . To simplify notation, we will also use (Z 

′ , ≤) when clear from the context. 
A partial order (Z , ≤) is a total order if for all y, z ∈ Z , y and z are ≤ -comparable. 
A subset Z 

′ ⊆ Z is a ≤- chain if (Z 

′ , ≤) is a total order. A family {Z i | 1 ≤ i ≤ p} is a ≤- chain

artition of Z if {Z i | 1 ≤ i ≤ p} is a partition of Z and each Z i is a ≤-chain. 
The width of a partial order (Z , ≤), denoted by width (≤), is the smallest cardinality of a ≤-chain
artition. A subset U ⊆ Z is a ≤- antichain if any two distinct elements in U are not ≤-comparable.
ilworth’s Theorem [ 37 ] states that the width of (Z , ≤) is equal to the cardinality of a largest
-antichain. 
If A, B are disjoint subsets of a partial order (Z , ≤), then A < B denotes: 

( ∀a ∈ A) ( ∀b ∈ B) ( a < b). 
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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A monotone sequence in (a partial order) (Z , ≤) is a sequence (v n ) n ∈ N 

with v n ∈ Z and either
 i ≤ v i+1 , for all i ∈ N , or v i ≥ v i+1 , for all i ∈ N . 
A subset C of a partial order (V , ≤) is ≤- convex if for every u, v, z ∈ V with u, z ∈ C and u < v < z
e have v ∈ C . We drop ≤ when clear from the context. 
If α 	 α ′ ∈ Σ∗, we define [ α , α ′ ] = {β : α 	 β 	 α ′ }; if the relative order between α , α ′ is not
nown, we set [ α , α ′ ] ± = [ α , α ′ ] , if α 	 α ′ , while [ α , α ′ ] ± = [ α ′ , α] , if α ′ 	 α . 

Other assumptions. Throughout the article, [ a, b] with a, b ∈ N and a ≤ b denotes the integer
et {a, a + 1 , . . . , b}. If b < a , then [ a, b] = ∅ . All logarithms used in the article are in base 2. 

.2 The Co-lex Width of an Automaton 

he notion of ordering stands at the core of the most successful compression and pre-processing
lgorithmic techniques: integer sorting and suffix sorting are two illuminating examples. This con-
ept is well-understood in the case of strings (where the co-lexicographic order of the string’s pre-
xes or the lexicographic order of the string’s suffixes are typically used) and has been generalized
o a special class of subregular languages (the Wheeler languages) in [ 47 ]. The goal of this section
s to provide a generalization of the co-lexicographic ( co-lex for brevity) order among prefixes of
 word to an order among the states of an NFA recognizing any regular language, by imposing
xioms on the accepting NFA. This will allow us to generalize powerful compression and indexing
lgorithmic techniques from strings to arbitrary regular languages and NFAs, as well as proving
elations between the sizes of NFAs and DFAs recognizing a given language. 
We capture co-lex orders on an NFA by means of two axioms which ensure a local comparability
etween pairs of states. Given two states u and v such that u < v , Axiom 1 of Definition 2.1 im-
oses that all words in I u end with letters being smaller than or equal to letters ending words in I v ;
xiom 2, instead, requires that the order among states u and v propagates backward when fol-
owing pairs of equally-labeled transitions. These two axioms generalize to NFAs the familiar
otion of prefix sorting: if the NFA is a simple path — i.e., a string —, this order reduces to the
ell-known co-lexicographic order among the string’s prefixes. 

Definition 2.1. Let N = (Q , s , δ , F ) be an NFA. A co-lex order on N is a partial order ≤ on Q that
atisfies the following two axioms: 

(1) (Axiom 1) For every u, v ∈ Q , if u < v , then max λ (u ) 	 min λ (v ) ; 
(2) (Axiom 2) For every a ∈ Σ and u, v, u 

′ , v 

′ ∈ Q , if u ∈ δ (u 

′ , a ), v ∈ δ (v 

′ , a ) and u < v , then
u 

′ ≤ v 

′ . 

Remark 2.2. 

(1) Since # ∈ λ(s ) and # � λ(u) for u � s , then from Axiom 1 it follows that for every u ∈ Q it
holds u � < s . 

(2) If D is a DFA, then we can restate Axiom 2 as follows: for every a ∈ Σ, if u = δ (u 

′ , a ),
v = δ (v 

′ , a ), and u < v , then u 

′ < v 

′ (it must be u 

′ � v 

′ because u and v are distinct). 

When ≤ is a total order, we say that the co-lex order ≤ is a Wheeler order . Wheeler orders
ere first introduced in [ 47 ] in a slightly less general setting. 3 The class of Wheeler languages —
hat is, the class of all regular languages recognized by some Wheeler NFA — is rather small: for
xample, unary languages are Wheeler only if they are finite or co-finite, and all Wheeler languages
 More in detail: they required the set λ (u ) of labels entering in state u to be a singleton for all u ∈ Q ( input consistency 

roperty). In this article, we drop this requirement and work with arbitrary NFAs. 

Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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re star-free (see [ 3 ]). Moreover, Wheeler languages are not closed under union, complement,
oncatenation, and Kleene star [ 3 ]. In contrast, as observed in the following remark, any regular
utomaton admits a co-lex order. 

Remark 2.3. Every NFA N admits some co-lex order. For example, the order { (u , u ) | u ∈ Q } and
he order { (u , v ) | max λ (u ) ≺ min λ (v ) } ∪ { (u , u ) | u ∈ Q } are co-lex orders on N . 

We note that Axiom 2 implies that the order between two states is not defined whenever their
redecessors cannot be unambiguously compared, as observed in the following remark. 

Remark 2.4. Let N = (Q , s , δ , F ) be an NFA and let ≤ be a co-lex order on N . Let u, v ∈ Q be
wo distinct states. Then, u ‖ v if at least one of the following holds: 

(1) There exist u 

′ , v 

′ ∈ Q and a ∈ Σ such that u ∈ δ (u 

′ , a ), v ∈ δ (v 

′ , a ) and u 

′ ‖ v 

′ . 
(2) There exist u 

′ , v 

′ , u 

′′ , v 

′′ ∈ Q and a, b ∈ Σ such that u ∈ δ (u 

′ , a ) ∩ δ (u 

′′ , b), v ∈ δ (v 

′ , a ) ∩
δ (v 

′′ , b), u 

′ < v 

′ and v 

′′ < u 

′′ . 

ndeed, if e.g., it were u < v , then Axiom 2 would imply that in case 1 it should hold u 

′ ≤ v 

′ and
n case 2 it should hold u 

′′ ≤ v 

′′ (which is forbidden by the antisymmetry of ≤). 

More than one non-trivial co-lex order can be given on the same automaton. As an example,
onsider Figure 1 : the automaton on the left admits the two co-lex orders whose Hasse diagrams
re depicted on the right. The first, ≤1 , is total and states that 2 < 1 3 , while the width of the second
ne, ≤2 , is equal to 2 and 3 < 2 2 holds. As a matter of fact, in any co-lex order ≤ for this automaton
n which 3 < 2 holds, nodes 4 and 5 must be incomparable. 
In Section 5 we will prove that a co-lex order over an automaton enables compression and index-

ng mechanisms whose efficiency is parameterized by the width of the co-lex order (the smaller,
he better): this justifies introducing the co-lex width of an NFA (Definition 2.5 ) as a meaningful
easure for compression and indexing. In fact, the co-lex width can also be used for further, inter-
sting, language-theoretic consequences — more on this in Sections 3 and 4 for the deterministic
ase and in [ 31 ] for the non-deterministic case. 

Definition 2.5. The co-lex width of an NFA N is the minimum width of a co-lex order on N : 

width (N ) = min{ width (≤) |≤ is a co-lex order on N } 

In Example 2.12 below we shall see that the value width (N ) may depend on the choice of the
otal order 	 on Σ. 
As a matter of fact, string sorting stands at the core of the most popular string compression

nd indexing paradigms, which for this reason also suffer from a sharp dependence on the total
lphabet order. For example, the number r of equal-letter runs of the Burrows-Wheeler trans-

orm ( BWT ) of a string [ 23 ] is an important string compressibility parameter (see [ 48 ]) and its
alue depends on the choice of the total order on the alphabet; deciding whether there exists an
rdering of the alphabet of a string such that r is bounded by a given value, however, is an NP-
omplete problem [ 11 ]. Despite this limitation, the BWT and the data structures based on it —
uch as the FM-index [ 45 ] and the r-index [ 48 ] — are widely used in applications with a fixed
often sub-optimal) alphabet order. 
Similarly, in our scenario, it is natural to wonder whether it is possible to determine an ordering
f the alphabet that minimizes the width of an automaton. Unfortunately, also this problem is not
ractable: deciding whether there exists a total alphabet order under which a given DFA is Wheeler
that is, it has co-lex width equal to one) is already an NP-complete problem [ 34 ]. In such situations,
ne possible way to tame the problem’s complexity is to study a more constrained version of the
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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roblem, with the goal of shedding new light on the more general (unconstrained) scenario. For
his reason, in this article, we start by fixing a total order on the alphabet and investigating the
mplications of this choice. In particular, we will prove that, if we fix an order on the alphabet,
hen the width of a DFA with respect to that order can be determined in polynomial time (see
orollary 4.5 ). This finding can already be used, for example, as a black-box to test candidate
lphabet orderings in search for the one minimizing the automaton’s width (more advanced search
trategies will be the subject of forthcoming works, bearing in mind that the optimal solution is
P-hard to find). 
In the following, we establish preliminary useful properties of the new measure width (N ). Our
rst observation is that this measure is linked with the graph’s sparsity . 

Lemma 2.6. Let N be an NFA on an alphabet of cardinality σ with n states and |δ | transitions, and

et p = width (N ). Then: 

|δ | ≤ (2 n − p )p σ . 

Proof. Let N be an NFA on an alphabet of cardinality σ with n states and |δ | transitions, and let
 = width (N ). Let ≤ be a co-lex order of width p , { Q i | 1 ≤ i ≤ p} be a ≤-chain partition of the set
f states, and for all 1 ≤ i ≤ p let Q i = { v i,1 , . . . , v i,n i } , where n i = |Q i | and v i,k < v i,k ′ whenever
 < k ′ . Fix 1 ≤ i, j ≤ p and a ∈ Σ, and consider all the transitions (v i,k , v j,l , a ) labeled with a that
eave Q i and reach Q j . We denote with e i, j, a the number of such transitions; our goal is to establish
n upper bound to this quantity for all i, j, a . Sort these e i, j, a edges (v i,k , v j,l , a ) by the index l of
heir destination state, breaking ties by the index k of their source state. Now, let us prove that
he value k + l is strictly increasing with respect to this order. In order words, we want to prove
hat if we pick two edges (v i,k , v j,l , a ) and (v i,k ′ , v j,l ′ , a ) being consecutive with respect to the
dge order, then k + l < k ′ + l ′ . By the definition of the edge order, we have l ≤ l ′ . If l = l ′ , again
y the definition of the edge order we have k < k ′ and so k + l < k ′ + l ′ . If l < l ′ , by Axiom 2 of
o-lex orders we have k ≤ k ′ , and again we conclude k + l < k ′ + l ′ . Since we have proved that
 + l is strictly increasing with respect to the edge order, then from 2 ≤ k + l ≤ n i + n j we obtain

 i, j, a ≤ n i + n j − 1 . Observing that 
∑ p 

i= 1 n i = n, we conclude: 

|δ | = 
∑ 

a∈Σ

p ∑ 

i= 1 

p ∑ 

j= 1 

e i, j, a ≤
∑ 

a∈Σ

p ∑ 

i= 1 

p ∑ 

j= 1 

(n i + n j − 1 ) = 2 σpn − σp 2 = (2 n − p )p σ . 

�

The above lemma will be useful later, when measuring the size of our NFA encodings as a
unction of the number of states. Note that Wheeler automata ( p = 1 ) have a number of transitions
roportional to O (σn). This relation was already noted in the literature [ 53 , Theorem 4]. 
Next, we move on to studying some preliminary properties of the smallest-width co-lex order.
e say that ≤∗ is a refinement of ≤ if, for all u, v ∈ Q , u ≤ v implies u ≤∗ v . Since there are only
nitely many co-lex orders over an automaton, every co-lex order ≤ is maximally refined by a co-
ex order. Moreover, if ≤∗ is a refinement of ≤, then it must be that width (≤∗) is less than or equal
o width (≤), since every ≤-chain partition is also a ≤∗-chain partition. This implies that there is
lways a maximal co-lex order ≤ on an NFA N such that width ( N ) = width ( ≤). In general, an
FA admits several maximal co-lex orders of different widths. For example, the two co-lex orders
resented in Figure 1 are both maximal and have different widths. This cannot happen over DFAs:
n the following lemma we prove that a DFA always admits a unique maximal co-lex order (the

aximum co-lex order) so that this order realizes the width of the DFA. In particular, the maximum
o-lex order refines every co-lex order on the DFA. This simplifies the search for a co-lex order
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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ealizing the width of the automaton and, indeed, in Lemma 4.3 and Corollary 4.5 we prove that
uch a co-lex order can be determined in polynomial time. 

Definition 2.7. Let D be a DFA. The relation < D 

over Q is defined by 

u < D 

v if and only if ( ∀α ∈ I u ) ( ∀β ∈ I v ) ( α ≺ β ). 

One can easily prove that ≤D 

(that is, < D 

∪ { (u , u ) | u ∈ Q } ) is a partial order over Q . Moreover:

Lemma 2.8. If D is a DFA then (Q, ≤D 

) is the maximum co-lex order on D. 

Proof. First, let us prove that ≤D 

is a co-lex order on D. 
To see that Axiom 1 holds assume that u < D 

v : we must prove that e = max λ (u ) 	 e ′ = min λ (v ) .
otice that it must be v � s because the empty string ε is in I s and ε is co-lexicographically smaller
han any other string. Hence, e ′ � # and if e = # we are done. Otherwise, there are αe ∈ I u and
′ e ′ ∈ I v , so that u < D 

v implies αe ≺ α ′ e ′ and therefore e 	 e ′ . As for Axiom 2, assume that
 ∈ δ (u 

′ , a ), v ∈ δ (v 

′ , a ), and u < D 

v . We must prove that u 

′ < D 

v 

′ . Fixing α ∈ I u ′ and β ∈ I v ′ , we
ust prove that α ≺ β . We have αa ∈ I u and βa ∈ I v , hence from u < D 

v it follows αa ≺ βa , and
herefore α ≺ β . 
Let us now prove that ≤D 

is the maximum co-lex order. 
Suppose, reasoning for contradiction, that ≤ is a co-lex order on D and for some distinct u, v ∈
, u < v , and u � < D 

v . Then, there exist α ∈ I u , β ∈ I v with β ≺ α . Let us fix u, v , α and β with the
bove properties such that β has the minimum possible length. Notice that β cannot be the empty
ord, otherwise v would be the initial state s , while z � < s for all z ∈ Q (see Remark 2.2 ). Hence,
= β ′ e for some e ∈ Σ and β ≺ α implies α = α ′ f for some f ∈ Σ. We then have e ∈ λ(v ), f ∈ λ(u),
nd by Axiom 1 of co-lex orders we get f 	 e . From β = β ′ e ≺ α = α ′ f we conclude f = e and β ′ ≺
′ . If u 

′ , v 

′ are such that δ (u 

′ , e ) = u, δ (v 

′ , e ) = v and α ′ ∈ I u ′ , β
′ ∈ I v ′ , then by Axiom 2 of co-lex

rders and Remark 2.2 we get u 

′ < v 

′ ; however, the pair α ′ , β ′ witnesses u 

′ �≤D 

v 

′ , contradicting
he minimality of β . �

Having proved that ≤D 

is the maximum co-lex order over D, we immediately deduce that its
haracterizing property is satisfied by any co-lex order. 

Corollary 2.9. If ≤ is a co-lex order over a DFA and u < v then ( ∀α ∈ I u ) ( ∀β ∈ I v ) ( α ≺ β ). 

Remark 2.10. The previous corollary shows that Axiom 1 of co-lex orders propagates from a local

evel (i.e., letters in λ(u), λ(v ), for which it holds (∀e ∈ λ(u) ) (∀f ∈ λ(v ) ) (e 	 f ) ) to a global one
i.e., words in I u , I v , for which it holds ( ∀α ∈ I u ) ( ∀β ∈ I v ) ( α 	 β )). This works for DFAs because
ifferent states are reached by disjoint sets of words: if u � v then I u ∩ I v = ∅ . On NFAs things
ecome more complicated and the existence of a maximum co-lex order is no longer guaranteed. 

Lemma 2.8 established that a DFA D always has a maximum co-lex order ≤D 

. This lemma will
e used in Section 3 to prove that both the cardinality and the width of the automaton resulting
rom the powerset construction applied to any NFA N are fixed-parameter linear in | N | with
arameter width (N ). Since ≤D 

extends any possible co-lex order on Q , it realizes the width of the
utomaton D, as stated in the following lemma. 

Lemma 2.11. If D is a DFA then width ( ≤D 

) = width ( D). 

With the next example, we show that the co-lex width of an automaton may depend on the total
rder on the alphabet. 

Example 2.12. Let D be a DFA. Let us show that, in general, the value width ( D) = width ( ≤D 

)
Lemma 2.11 ) may depend on the total order 	 on the alphabet. Let D be the DFA in Figure 2 . 
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Fig. 2. A DFA D where the value width (D) depends on the total order 	 on the alphabet. 
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First, assume that 	 is the standard alphabetical order such that a ≺ b ≺ c ≺ d . We have q 1 < D 

 2 < D 

q 4 and q 1 < D 

q 3 < D 

q 4 , so width (≤D 

) is at most two. Notice that q 2 and q 3 are not ≤D 

-
omparable because ac c , ac ∈ I q 2 , bc ∈ I q 3 and ac ≺ bc ≺ ac c , so width (≤D 

) is equal to two. 
Next, assume that 	 is the total order such that a ≺ c ≺ b ≺ d . Then, q 1 < D 

q 2 < D 

q 3 < D 

q 4 ,
ence width (≤D 

) is equal to one. 

We now generalize Corollary 2.9 to NFAs, coping with the fact that, on NFAs, sets I u , I v may
ntersect for u � v (we shall use this result in Sections 3 and 5 ). 

Lemma 2.13. Let N = (Q , s , δ , F ) be an NFA and let ≤ be a co-lex order on N . If u < v , then

( ∀α ∈ I u ) ( ∀β ∈ I v ) ( {α , β } � I u ∩ I v ⇒ α ≺ β ). 

Proof. Let α ∈ I u and β ∈ I v such that {α , β } � I u ∩ I v . We must prove that α ≺ β . Let γ ∈ Σ∗

e the longest string such that α = α ′ γ and β = β ′ γ , for some α ′ , β ′ ∈ Pref ( L ( N ) ). If α ′ = ε the
laim follows, therefore we can assume |α ′ | ≥ 1 . 
Let γ = c p . . . c 1 , with c i ∈ Σ for i ∈ { 1 , . . . , p } ( p ≥ 0 ), α ′ = a q . . . a 1 , with a i ∈ Σ for i ∈

1 , . . . , q} ( q ≥ 1 ), and β ′ = b r . . . b 1 , with b i ∈ Σ for i ∈ {1 , . . . , r } ( r ≥ 0 ). 
Assume |γ | > 0 . Since α ∈ I u and β ∈ I v , then there exist u 1 , v 1 ∈ Q such that α ′ c p . . . c 2 ∈ I u 1 ,

′ c p . . . c 2 ∈ I v 1 , u ∈ δ (u 1 , c 1 ) and v ∈ δ (v 1 , c 1 ). By Axiom 2, we obtain u 1 ≤ v 1 . However, it cannot
e u 1 = v 1 because this would imply {α , β } ⊆ I u ∩ I v , so it must be u 1 < v 1 . By iterating this argu-
ent, we conclude that there exist u 

′ , v 

′ ∈ Q such that α ′ ∈ I u ′ , β
′ ∈ I v ′ and u 

′ < v 

′ , and the same
onclusion holds if γ = ε as well. 
Now, it cannot be r = 0 because this would imply v 

′ = s , and u 

′ < s contradicts Remark 2.2 .
ence, it must be |β | ≥ 1 . By Axiom 1, it must be a 1 	 b 1 . At the same time, the definition of γ
mplies that it cannot be a 1 = b 1 , so we obtain a 1 ≺ b 1 and we can conclude α ≺ β . �

Lemma 2.13 has an important implication (which we will use later in Theorem 3.2 and will stand
t the core of the encoding and indexing results in Section 5 ): given a co-lex order on an NFA, then
he sets I α ’s are convex w.r.t this order. 

Corollary 2.14. Let N = (Q , s , δ , F ) be an NFA and let ≤ be a co-lex order on N . If α ∈
ref ( L ( N )) then I α is convex in (Q, ≤). 

Proof. Suppose u, z ∈ I α and let v ∈ Q be such that u < v < z. We have to prove that v ∈ I α .
f this were not true, we would have α ∈ (I u ∩ I z ) \ I v . Consider any β ∈ I v . By Lemma 2.13 we
ould have α ≺ β ≺ α , a contradiction. �

The notion of co-lex width of an automaton naturally calls into play the problem of determining
he complexity of computing this measure. More precisely, we define the NFA-width problem as
ollows: 
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Problem 1 (NFA Width Problem). Given an NFA N and an integer p, determine whether: 

width (N ) ≤ p. 

Problem 1 will be tackled for the particular case of DFAs in Section 4 . 
A natural question is whether there is a connection between the notion of width and the com-
lexity of regular expressions. The case width (N ) = 1 corresponds to the class of Wheeler au-
omata [ 47 ]. In [ 3 ], it was shown that Wheeler languages , that is, regular languages recognized by
heeler automata, are closed essentially only under intersection and under concatenation with

 finite language. On the other hand, with the next two remarks we point out that our notion of
idth can easily be used to capture complementation, intersection and union. 

Remark 2.15. Let D be a DFA. Then, there exists a DFA D 

′ such that L (D 

′ ) = Σ∗ \ L (D) and
idth ( D 

′ ) ≤ width ( D ) + 1 . The DFA D 

′ is obtained by first transforming D into a complete DFA
y adding a non-final sink state that is reached by all transitions not defined in D (including the
nes leaving the sink itself), then switching final and non-final states, and finally removing all
tates that neither are final, nor allow to reach a final state. In the worst case, the new sink state is
ot ≤D 

′ -comparable with any other state and therefore the width cannot increase by more than
ne. 

Remark 2.16. Let D 1 = (Q 1 , s 1 , δ1 , F 1 ), D 2 = (Q 2 , s 2 , δ2 , F 2 ) be DFAs, with width (D 1 ) = p 1 and
idth (D 2 ) = p 2 . Let us prove that there exists a DFA D such that L (D) = L (D 1 ) ∩ L (D 2 ) and
idth (D ) ≤ p 1 · p 2 and a DFA D 

′ such that L (D 

′ ) = L ( D 1 ) ∪ L ( D 2 ) and width ( D 

′ ) ≤ p 1 · p 2 +
 1 + p 2 . In the following, we will implicitly use Lemma 2.11 . Let { Q 1 , . . . , Q p 1 } and { Q 

∗
1 , . . . , Q 

∗
p 2 

} be
 ≤D 1 -chain partition of Q 1 and a ≤D 2 -chain partition of Q 2 , respectively. In order to build both D 

nd D 

′ , we first turn D 1 and D 2 into complete DFAs by adding non-final sinks � 1 , � 2 to Q 1 and Q 2 ,
espectively (like in Remark 2.15 ), then we build the standard product automaton: the set of states
s (Q 1 ∪ { � 1 } ) × (Q 2 ∪ { � 2 } ), the initial state is (s 1 , s 2 ), and the transition function is defined by
( ( u, v ), a ) = ( δ1 ( u, a ), δ2 (v, a )), for every state (u, v ) and for every a ∈ Σ. The difference between
 and D 

′ lies in how the set of final states is defined. 
We define D by letting F = F 1 × F 2 being the set of all final states, and then removing (i) all

tates that are not reachable from the initial state and (ii) all states that neither are final, nor allow
o reach a final state. Let D = (Q , s , δ , F ) the resulting DFA at the end of the construction. Notice
hat Q ⊆ Q 1 ×Q 2 (that is, the sinks play no role) because in D 1 and D 2 the sinks are not final
nd do not allow to reach a final state. Moreover, we have I (u,v ) = I u ∩ I v for every (u, v ) ∈ Q ,
ecause for every α ∈ Σ∗ there exists a path labeled α from (s 1 , s 2 ) to (u, v ) on D if and only
here exist a path labeled α from s 1 to u on D 1 and a path labeled α from s 2 to v on D 2 . As a
onsequence, L (D) = 

⋃ 

(u,v )∈F I (u,v ) = 
⋃ 

u ∈ F 1 ,v ∈ F 2 I u ∩ I v = L (D 1 ) ∩ L (D 2 ). Now, let us prove
hat width (D) ≤ p 1 · p 2 . For every i = 1 , . . . , p 1 and for every j = 1 , . . . , p 2 , define: 

Q i, j = { (u , v ) ∈ Q | u ∈ Q i , v ∈ Q 

∗
j }. 

ince {Q i, j | 1 ≤ i ≤ p 1 , 1 ≤ j ≤ p 2 } is a partition of Q , we only have to show that every Q i, j is a

D 

-chain. Let (u 1 , v 1 ), (u 2 , v 2 ) be distinct elements in Q i, j . Hence, at least one between u 1 � u 2

nd v 1 � v 2 holds true. Assume that u 1 � u 2 (the other case is analogous). Since u 1 , u 2 ∈ Q i , then
 1 < D 1 u 2 or u 2 < D 1 u 1 . Assuming without loss of generality that u 1 < D 1 u 2 , then from I (u 1 ,v 1 ) ⊆
 u 1 and I (u 2 ,v 2 ) ⊆ I u 2 we conclude (u 1 , v 1 ) < D 

(u 2 , v 2 ). 
Next, we define D 

′ by letting F ′ = (F 1 ×Q 2 ) ∪ (Q 1 × F 2 ) be the set of all final states, and then
emoving (i) all states that are not reachable from the initial state and removing (ii) all states that
either are final, nor allow to reach a final state. Let D 

′ = ( Q 

′ , ( s 1 , s 2 ), δ , F 
′ ) the resulting DFA at

he end of the construction. Again, we have I (u,v ) = I u ∩ I v for every (u, v ) ∈ Q 

′ such that u ∈ Q 1
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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nd v ∈ Q 2 , so L (D) = (u,v )∈F I (u,v ) = u ∈ F 1 ∨ v ∈ F 2 I u ∩ I v = L (D 1 ) ∪ L (D 2 ). Let us prove that
idth (D 

′ ) ≤ p 1 · p 2 + p 1 + p 2 . Notice that this time if (u, v ) ∈ Q 

′ , then it may happen that u = � 1
r v = � 2 (but not both). Moreover, if (u, � 2 ) ∈ Q 

′ , then I (u,� 2 ) = I u \ Pref (L 2 ), and if (� 1 , v ) ∈ Q 

′ ,
hen I (� 1 ,v ) = I v \ Pref (L 1 ). For every i = 1 , . . . , p 1 and for every j = 1 , . . . , p 2 , define: 

Q 

′ 
i, j = { (u , v ) ∈ Q 

′ | u ∈ Q i , v ∈ Q 

∗
j } 

Q 

′ 
i,� 2 
= { (u , � 2 ) ∈ Q 

′ | u ∈ Q i } 
Q 

′ 
� 1 , j 
= {(� 1 , v ) ∈ Q 

′ | v ∈ Q 

∗
j }. 

hese sets identify a partition of Q 

′ , and like before one can show that each set is a ≤D 

′ -chain. We
onclude that width (D 

′ ) ≤ p 1 · p 2 + p 1 + p 2 . 

The above two remarks suggest that our notion of width is related with the structural complex-
ty of the regular expressions accepting a given regular language. A more precise and complete
nalysis (improving these bounds, describing the behavior on NFAs and including the other reg-
lar operators, namely, concatenation and Kleene star) will be the subject of forthcoming works
see also Remark 2.18 for the consequences of the above two remarks on the smallest-width DFA
ecognizing a regular language). 

.3 The Co-lex Width of a Regular Language 

n the grounds of the definition of automata’s width, we also study some implications on the
heory of regular languages. We start by defining the width of a regular language based on the
o-lex orders of the automata recognizing it. 

Definition 2.17. Let L be a regular language. 

(1) The non-deterministic co-lex width of L, denoted by width N (L), is the smallest integer p
for which there exists an NFA N such that L (N ) = L and width (N ) = p. 

(2) The deterministic co-lex width of L, denoted by width D (L), is the smallest integer p for
which there exists a DFA D such that L (D) = L and width (D) = p. 

In Example 2.12 we showed that the width of an automaton may depend on the total order 	
n the alphabet. In Example 4.24 below, we will show that the deterministic and nondeterministic
idths of a language may also depend on the order 	 on the alphabet. 
On the grounds of Remarks 2.15 and 2.16 , we observe the following relations, which allow us to

onclude that already constant-width regular languages form an interesting class: 

Remark 2.18. Let L, L 1 , and L 2 be any regular languages. Then: 

(1) width D ( Σ∗ \ L) ≤ width D ( L) + 1 
(2) width D ( L 1 ∩ L 2 ) ≤ width D ( L 1 ) · width D ( L 2 )
(3) width D ( L 1 ∪ L 2 ) ≤ width D ( L 1 ) · width D ( L 2 ) +width 

D ( L 1 ) +width 
D ( L 2 ). 

hese inequalities are a direct consequence of Remarks 2.15 and 2.16 by starting from smallest-
idth DFAs recognizing L, L 1 , and L 2 . 

By Remark 2.18 , if L can be written as the boolean combination of a constant number of
heeler languages (for example, of a constant number of finite languages), then width N (L) ≤
idth D ( L) ∈ O ( 1 ). Furthermore, this bound holds for any total order 	 on the alphabet if the
tarting languages are finite (because finite languages are Wheeler independent of the alphabet
rder). 
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Definition 2.17 introduces two hierarchies of regular languages. As shown in Section 5 , lan-
uages in the first levels of these hierarchies are much easier to index and compress (see Section 2.4
or a definition of the indexing and compression problems for finite-state automata). Hence, it is
nteresting to determine the correct position of a given language in the above hierarchies, that is,
o solve the language width problem. 

Problem 2 (Language Width Problem). Given a regular language L (by means of a DFA or an

FA recognizing it) and an integer p, determine whether: 

—width 

D (L) ≤ p. 

—width 

N (L) ≤ p. 

The deterministic case will be tackled in Section 4 . In the companion article [ 31 ] we also study
he relationships between the deterministic and the non-deterministic hierarchies, proving that
very level of both hierarchies is non-empty and that, apart from level 1, the levels of the two
ierarchies do not coincide. 
The notion of width of a language naturally calls into play the problem of giving an automaton

ealizing the width of the language. 

Problem 3 (Minimum-width DFA). Given a regular language L, can we define a canonical DFA

 such that L (D) = L and width (D) = width 

D (L)? 

A solution to the above problem is provided in Section 4.2 , Theorem 4.21 . We shall prove that
he minimum-width DFA problem is orthogonal with respect to the well-studied minimum-size
FA problem: it could be necessary to split states in order to minimize the width of a DFA. Hence,
educing the size of a given DFA does not necessarily bring us to the minimum-width DFA for the
ame language. 
This side of the topic is complemented considering the following problem. 

Problem 4 (Automata-free Characterization). Is there an automata-free characterization of

anguages with deterministic width less than or equal to p? 

Two solutions to Problem 4 will be given: on the one hand, we will prove that we can characterize
idth- p languages by their co-lex monotone sequences of prefixes. On the other hand, a further
olution will be given by proving a generalization of the Myhill-Nerode Theorem for the class of
FAs of width p (for any fixed p). 

.4 Compression and Indexing 

nother problem that we will consider is that of improving the space usage of the existing encoding
or automata (such as the one of Chakraborty et al. [ 25 ] discussed in Section 1.1 ), in the case that
he automaton’s width is small: 

Problem 5 (Compressing Automata). Can we represent a finite state automaton using log σ +
 ( log n) bits per edge, provided its co-lex width p satisfies log p ∈ o ( log n)? 

The motivation behind Problem 5 is that Wheeler automata, that is, automata of co-lex width
qual to 1, can be represented using log σ +O (1 ) bits per edge [ 47 ]. Indeed, in Sections 5.2 and
.4 we will show that our notion of co-lex order will enable us to solve Problem 5 through a
eneralization of the powerful Burrows-Wheeler transform ( BW T ) [ 23 ]. The BW T of a text is a
ermutation that re-arranges the text’s characters according to the co-lex order of the prefixes that
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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recede them. 4 A well-known fact is that the BWT boosts compression and enables efficient index-
ng (read Problem 6 below) in compressed space [ 45 ]. Previous works generalized this transform
o trees [ 44 ], string sets [ 64 ], de Bruijn graphs [ 17 , 63 ] and Wheeler graphs [ 47 ]. In Section 5.2 we
omplete the picture by generalizing those BWT-based indexes to NFAs (equivalently, to arbitrary
abeled graphs) and languages and showing that this index indeed solves Problem 6 : 

Problem 6 (Indexing Automata). Let N = (Q , s , δ , F ) be a finite-state automaton. Let moreover

 (α ) be the set of states of N which are reached by a path labeled with a given word α , i.e., T (α ) =
u ∈ Q | (∃β ∈ I u ) (α � β ) }. Pre-process N into a small data structure supporting efficient subpath
ueries , i.e., given a query word α solve: 

—(Existential queries) Determine whether T (α ) � ∅ , i.e., whether α matches a substring of some

string in the language of N . 

—(Count queries) Compute the cardinality of T (α ). 
—(Locate queries) Return a representation for all the states in T (α ). 

Recent works (see Section 1.1 ) show that, as opposed to the membership problem on DFAs, all the
hree above-listed subpath queries are hard even on acyclic DFAs: unless the Strong Exponential
ime Hypothesis fails, such queries require quadratic time to be solved off-line [ 40 ] and even
n-line using any index constructible in polynomial time [ 41 ]. In Section 5.3 we provide a linear-
pace index solving subpath (and thus membership) queries on NFAs in time proportional to p 2

er character in the input query, p being the automaton’s co-lex width. The index can be built
n polynomial time on DFAs and exponential time on NFAs (the latter complexity is due to the
ardness of computing the co-lex width of NFAs). For small p, our index for DFAs breaks the
ndexing lower bound of Equi et al. [ 41 ]. 

 CO-LEX WIDTH AND NFA DETERMINIZATION 

n this section we show that the notion of width can be used to prove some crucial relationships
etween an NFA N and the powerset automaton Pow (N ) obtained from N . First, we bound the
idth of Pow (N ) in terms of the width of N and prove that the number of Pow (N )’s states
s exponential in width (N ) rather than in the number of N ’s states. This implies that several
roblems easy on DFAs but difficult on NFAs are in fact fixed-parameter tractable with respect to
he width. 
Recall that, given an NFA N = (Q , s , δ , F ), the powerset construction algorithm builds an equiv-

lent DFA Pow ( N ) = ( Q 

∗, s ∗, δ ∗, F ∗) defined as: 

—Q 

∗ = { I α | α ∈ Pref ( L ( N ) )} ; 
—s ∗ = { s} ; 
—δ ∗ (I α , a ) = I αa for all α ∈ Σ∗ and a ∈ Σ such that αa ∈ Pref ( L ( N ) ); 
—F ∗ = { I α | α ∈ L (N ) } . 

For α , α ′ ∈ Pref ( L ( N ) ) we have: 

δ ∗ (s ∗, α ′ ) = I α ⇐⇒ I α ′ = I α

and defining as usual I u ∗ = {α ∈ Pref ( L ( Pow ( N ) ) ) | u 

∗ ∈ δ ∗ (s ∗, α ) } for u 

∗ ∈ Q 

∗, we have that
or α ∈ Pref ( L ( N ) ): 

I I = {α ′ ∈ Pref ( L ( N ) ) | I α ′ = I α }. (1)

α

 The original definition considers the lexicographic order of the text’s suffixes. We choose a symmetric definition because 

t can be generalized to NFAs via co-lex orders. 
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We start with a characterization of the maximum co-lex order on Pow (N ) (which exists by
emma 2.8 ). 

Lemma 3.1. Let N = (Q , s , δ , F ) be an NFA and let Pow ( N ) = ( Q 

∗, s ∗, δ ∗, F ∗) be the powerset au-

omaton obtained from N . Let ≤Pow (N ) be the maximum co-lex order on Pow (N ). Then, for I α � I β : 

( I α < Pow (N ) I β ) ⇐⇒ ( ∀α ′ , β ′ ∈ Pref ( L ( N ) ) ) ( ( I α ′ = I α ) ∧ ( I β ′ = I β ) → α ′ ≺ β ′ ) 

oreover, let ≤ be a co-lex order on N , and fix α , β ∈ Pref ( L ( N ) ). Then: 

( ∃u ∈ I α ) ( ∃v ∈ I β ) ( { u , v} � I α ∩ I β ∧ u < v ) ⇒ (I α < Pow (N ) I β ). 

Proof. The first part follows immediately from the characterization of the maximum co-lex
rder over a DFA (Lemma 2.8 ) and Equation ( 1 ). Let us prove the second part. Consider u ∈ I α and
 ∈ I β such that { u , v} � I α ∩ I β and u < v . We prove that I α < Pow (N ) I β using the characterization
f < Pow (N ) given in the first part of the proof. Fix α

′ , β ′ ∈ Pref ( L ( N ) ) such that I α ′ = I α and
 β ′ = I β . We must prove that α ′ ≺ β ′ . From the hypothesis it follows u ∈ I α ′ , v ∈ I β ′ , and { u , v} �
 α ′ ∩ I β ′ so that α ′ ∈ I u , β

′ ∈ I v , and {α ′ , β ′ } � I u ∩ I v hold. Hence, α
′ ≺ β ′ follows from u < v and

emma 2.13 . �

We can now prove the main result of this section. 

Theorem 3.2. Let N = (Q , s , δ , F ) be an NFA and let Pow ( N ) = ( Q 

∗, s ∗, δ ∗, F ∗) be the powerset

utomaton obtained from N . Let n = |Q | and p = width (N ). Then: 

(1) width ( Pow (N )) ≤ 2 p − 1 ; 
(2) |Q 

∗ | ≤ 2 p (n − p + 1 ) − 1 . 

Proof. Let ≤ be a co-lex order on N such that width (≤) = p, and let {Q i | 1 ≤ i ≤ p} be a
-chain partition. Let ≤Pow (N ) be the maximum co-lex order on Pow (N ). For every nonempty
 ⊆ { 1 , . . . , p } , define: 

I K 

= { I α | (∀i ∈ { 1 , . . . , p } ) (I α ∩ Q i � ∅ ⇐⇒ i ∈ K )}. 

otice that Q 

∗ is the disjoint union of all I K 

. More precisely: 

Q 

∗ = 
⊔ 

∅ � K ⊆{ 1 , . . . , p } 
I K 

. (2)

et us prove that each I K 

is a ≤Pow (N ) -chain. Fix I α , I β ∈ I K 

, with I α � I β . We must prove that
 α and I β are ≤Pow (N ) -comparable. Since I α � I β , there exists either u ∈ I α \ I β or v ∈ I β \ I α . As-
ume that there exists u ∈ I α \ I β (the other case is analogous). In particular, let i ∈ { 1 , . . . , p } be
he unique integer such that u ∈ Q i . Since I α , I β ∈ I K 

, from the definition of I K 

it follows that

here exists v ∈ I β ∩ Q i . Notice that { u , v} � I α ∩ I β (so in particular u � v), and since u, v ∈ Q i we
onclude that u and v are ≤-comparable. By Lemma 3.1 we conclude that I α and I β are ≤Pow (N ) -
omparable. 

(1) The first part of the theorem follows from Equation ( 2 ), because each I K 

is a ≤Pow (N ) -chain
and there are 2 p − 1 choices for K . 

(2) Let us prove the second part of the theorem. Fix ∅ � K ⊆ { 1 , . . . , p } . For every I α ∈ I K 

and for every i ∈ K , let m 

i 
α be the smallest element of I α ∩ Q i (this makes sense because

(Q i , ≤) is totally ordered), and let M 

i 
α be the largest element of I α ∩ Q i . Fix I α , I β ∈ I K 

,
and note the following: 
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(a) Assume that for some i ∈ K it holds m 

i 
α < m 

i 
β

∨ M 

i 
α < M 

i 
β
. Then, it must be

I α < Pow (N ) I β . Indeed, assume that m 

i 
α < m 

i 
β
(the other case is analogous). We have

m 

i 
α ∈ I α , m 

i 
β

∈ I β , {m 

i 
α , m 

i 
β
} � I α ∩ I β and m 

i 
α < m 

i 
β
, so the conclusion follows from

Lemma 3.1 . Equivalently, we can state that if I α < Pow (N ) I β then ( ∀i ∈ K ) ( m 

i 
α ≤ m 

i 
β

∧
M 

i 
α ≤ M 

i 
β

). 

(b) Assume that for some i ∈ K it holds m 

i 
α = m 

i 
β

∧ M 

i 
α = M 

i 
β
. By Corollary 2.14 , the sets

I α and I β are convex in (Q, ≤). This implies that I α ∩ Q i and I β ∩ Q i are ≤Q i 
-convex,

and having the same minimum and maximum they must be equal, that is, I α ∩ Q i =

I β ∩ Q i . 

(c) Assume that ( ∀i ∈ K ) ( m 

i 
α = m 

i 
β

∧ M 

i 
α = M 

i 
β

). Then, it must be I α = I β . Indeed, from

point (b) we obtain ( ∀i ∈ K ) ( I α ∩ Q i = I β ∩ Q i ), so I α = 
⋃ 

i ∈K 

(I α ∩ Q i ) = 
⋃ 

i ∈K 

(I β ∩
Q i ) = I β . Notice that we can equivalently state that if I α � I β , then ( ∃i ∈ K ) ( m 

i 
α �

m 

i 
β

∨ M 

i 
α � M 

i 
β

). 

Fix I α , I β ∈ I K 

. Now it is easy to show that: 

I α < Pow (N ) I β ⇐⇒ (∀i ∈ K ) 
(
m 

i 
α ≤ m 

i 
β ∧ M 

i 
α ≤ M 

i 
β

)
∧ 

∧ (∃i ∈ K ) 
(
m 

i 
α < m 

i 
β ∨ M 

i 
α < M 

i 
β

)
. 

(3)

ndeed, ( ⇐ ) follows from point (a). As for ( ⇒ ), notice that ( ∀i ∈ K ) ( m 

i 
α ≤ m 

i 
β

∧ M 

i 
α ≤ M 

i 
β

) again

ollows from point (a), whereas ( ∃i ∈ K ) ( m 

i 
α < m 

i 
β

∨ M 

i 
α < M 

i 
β

) follows from point (c). 

Let | m 

i 
α | and | M 

i 
α | be the positions of m 

i 
α and M 

i 
α in the total order (Q i , ≤) (so | m 

i 
α | , | M 

i 
α | ∈

1 , . . . , | Q i | }). For every I α ∈ I K 

, define: 

T (I α ) = 
∑ 

i ∈K 

(���m 

i 
α
��� +

���M 

i 
α
���
)
. 

y Equation ( 3 ), we have that I α < Pow (N ) I β implies T (I α ) < T (I β ), so since I K 

is a < Pow (N ) -chain
e have that |I K 

| is bounded by the values that T (I α ) can take. For every I α ∈ I K 

we have 2 |K | ≤
 (I α ) ≤ 2 

∑ 

i ∈K 

| Q i | (because | m 

i 
α | , | M 

i 
α | ∈ {1 , . . . , | Q i | }), so: 

| I K 

| ≤ 2 
∑ 

i ∈K 

| Q i | − 2 | K | + 1 . (4)

rom Equations ( 2 ) and ( 4 ), we obtain: 

| Q 

∗ | = 
∑ 

∅ � K ⊆{ 1 , . . . , p } 

| I K 

| ≤
∑ 

∅ � K ⊆{ 1 , . . . , p } 

�
�
2 
∑ 

i ∈K 

| Q i | − 2 | K | + 1 �
�

= 2 
∑ 

∅ � K ⊆{ 1 , . . . , p } 

∑ 

i ∈K 

| Q i | − 2 
∑ 

∅ � K ⊆{ 1 , . . . , p } 

| K | +
∑ 

∅ � K ⊆{ 1 , . . . , p } 

1 . 

otice that 
∑ 

∅ � K ⊆{ 1 , . . . , p } 
∑ 

i ∈K 

| Q i | = 2 p−1 ∑ 

i ∈{ 1 , . . . , p } | Q i | = 2 p−1 n because every i ∈ { 1 , . . . , p }
ccurs in exactly 2 p−1 subsets of { 1 , . . . , p } . Similarly, we obtain ∑ 

∅ � K ⊆{ 1 , . . . , p } |K | = 2 p−1 p and
 

∅ � K ⊆{ 1 , . . . , p } 1 = 2 
p − 1 , We conclude: 

| Q 

∗ | ≤ 2 p n − 2 p p + 2 p − 1 = 2 p (n − p + 1 ) − 1 . 

�
As a first consequence of Theorem 3.2 we start comparing the non-deterministic and deter-
inistic width hierarchies of regular languages. Clearly, for every regular language L we have
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 



27:22 N. Cotumaccio et al. 

w  

w  

t  

p  

n  

a

 

w

 

l  

a
 

l  

p  

a

 

(  

t

 

s  

c  

c  

c

 

w

 

T  

O

 

r  

a  

r  

r

 

N

4

I  

C  

m  

w  

G  

J

idth N ( L) ≤ width D ( L) since DFAs are particular cases of NFAs. Moreover, for languages with

idth N (L) = 1 , the so-called Wheeler languages, it is known that the non-deterministic and de-
erministic widths coincide [ 2 ]. Nonetheless, in the companion article [ 31 ] we will prove that this
roperty is truly peculiar of Wheeler languages, because the gap between the deterministic and
on-deterministic hierarchies is, in general, exponential. Here we prove that Theorem 3.2 provides
n upper bound for the deterministic width in terms of the non-deterministic width. 

Corollary 3.3. Let L be a regular language. Then, width 

D (L) ≤ 2 width N (L) − 1 . 

Proof. Let N be an NFA such that L (N ) = L and width (N ) = width N (L). By Theorem 3.2 ,

e have width D ( L) ≤ width ( Pow ( N )) ≤ 2 width (N ) − 1 = 2 width 
N (L) − 1 . �

In a forthcoming work we will prove that the above bound is tight. Notice that the above corol-

ary shows once again that width N (L) = 1 implies width D (L) = 1 , that is, the non-deterministic
nd deterministic widths are equal for Wheeler languages. 
Theorem 3.2 has another intriguing consequence: the PSPACE-complete NFA equivalence prob-

em [ 79 ] is fixed-parameter tractable with respect to the widths of the automata. In order to
rove this result, we first update the analysis of Hopcroft et al. [ 55 ] of the powerset construction
lgorithm. 

Lemma 3.4 (Adapted from [ 55 ]). Let N = (Q , s , δ , F ) be an NFA and let Pow (N ) =
Q 

∗, s ∗, δ ∗, F ∗) be the powerset automaton obtained from N . Let n = |Q | and p = width (N ). Then,

he powerset construction algorithm runs in O ( 2 p ( n − p + 1 )n 

2 σ ) time. 

Proof. By Theorem 3.2 , we know that N = 2 p (n − p + 1 ) is an upper bound to the number of
tates of the equivalent DFA. Each state in Q 

∗ consists of k ≤ n states u 1 , . . . , u k of Q . For each
haracter a ∈ Σ, we need to follow all edges labeled a leaving u 1 , . . . , u k . In the worst case (a
omplete transition function), this leads to traversing O (k · n) ⊆ O (n 

2 ) edges of the NFA. The final
omplexity is thus O (N · n 

2 · σ ). �

Corollary 3.5. We can check the equivalence between two NFAs over an alphabet of size σ , both

ith number of states at most n and width at most p, in O ( 2 p ( n − p + 1 )n 

2 σ ) time. 

Proof. First, build the powerset automata, both having at most N = 2 p (n − p + 1 ) states by
heorem 3.2 . This takes O (N n 

2 σ ) time by Lemma 3.4 . Finally, DFA equivalence can be tested in
(N σ log N ) time by DFA minimization using Hopcroft’s algorithm. �

Similarly, the powerset construction can be used to test membership of a word of length m in a
egular language expressed as an NFA. When m is much larger than n and 2 p , this simple analysis of
 classical method yields a faster algorithm than the state-of-the-art solution by Thorup and Bille,
unning in time O (m · e · log log m/ ( log m) 3 /2 +m + e ) [ 14 ] where e is the NFA’s (equivalently, the
egular expression’s) size: 

Corollary 3.6. We can test membership of a word of length m in the language recognized by an

FA with n states and co-lex width p on alphabet of size σ in O ( 2 p ( n − p + 1 )n 

2 σ +m) time. 

 THE DETERMINISTIC WIDTH OF A REGULAR LANGUAGE 

n this section, we consider problems related to the notion of width in the deterministic case. In
orollary 4.5 we shall prove that (the NFA width) Problem 1 is polynomial for the case of DFAs. This
otivates the search for an efficient algorithm for (the language width) Problem 2 . Surprisingly,
e show that also this problem admits an efficient (polynomial) solution for any constant width.
iven a DFA, we then consider (the Minimum-width DFA) Problem 3 . In particular, we prove
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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hat the requests of minimizing the width and the number of states are conflicting: the minimum
FA recognizing a regular language will not, in general, have a minimum width, and among the
utomata of minimum width recognizing a language there can be non-isomorphic automata with
inimum number of states. We then propose two different solutions to Problem 4 (Automata-free
haracterization for languages of deterministic width p): in Corollary 4.22 we consider the behavior
f monotone sequences in ( Pref (L) , 	) , while in Theorem 4.37 we present a Myhill-Nerode result
or languages of fixed deterministic width. 
The notion of width of an automaton is simpler if we restrict our attention to the class of DFAs.
e already proved in Section 2.2 that any DFA admits a (unique) maximum co-lex order ≤D 

real-
zing the width of the automaton D. We shall now prove that the order ≤D 

is polynomially com-
utable and so is its width. We start with a characterization of ≤D 

in terms of graph reachability.

Definition 4.1. We say that a pair (u 

′ , v 

′ ) ∈ Q ×Q precedes a pair (u, v ) ∈ Q ×Q if u 

′ � v 

′ , u � v
nd there exists α ∈ Σ∗ such that δ (u 

′ , α ) = u, δ (v 

′ , α ) = v . 

Lemma 4.2. Let D be a DFA and let u, v ∈ Q , with u � v . Then: 

u < D 

v ⇔ for all pairs (u 

′ , v 

′ ) preceding (u, v ) it holds max λ (u ′ ) 	 min λ (v ′ ) . 

Proof. ( ⇒ ) Suppose u < D 

v . Let (u 

′ , v 

′ ) be a pair preceding (u, v ) and let γ ∈ Σ∗ be such that
(u 

′ , γ ) = u and δ (v 

′ , γ ) = v . We must prove that max λ (u ′ ) 	 min λ (v ′ ) . First, notice that it cannot be
 

′ = s , otherwise, given α ∈ I u ′ , we would have αγ ∈ I u and γ ∈ I v , which contradicts u < D 

v . So
e are only left with proving that if u 

′ = δ (u 

′′ , e ) and v 

′ = δ (v 

′′ , e ′ ), with e, e ′ ∈ Σ, then e 	 e ′ . Let
′′ ∈ I u ′′ and β

′′ ∈ I v ′′ . Then α
′′ eγ ∈ I u , β

′′ e ′ γ ∈ I v and from u < D 

v it follows that α ′′ e γ ≺ β ′′ e ′ γ ,
hich implies e 	 e ′ . 
( ⇐ ) Suppose that for all pairs (u 

′ , v 

′ ) preceding (u, v ) it holds max λ (u ′ ) 	 min λ (v ′ ) . Let α ∈ I u and
∈ I v . We must prove that α ≺ β . Since u � v , then α � β . Write α = α ′ γ and β = β ′ γ , where α ′

nd β ′ end with a distinct letter (or, possibly, exactly one of them is equal to the empty string). Let
 

′ , v 

′ ∈ Q be such that α ′ ∈ I u ′ and β
′ ∈ I v ′ . Then, (u 

′ , v 

′ ) precedes (u, v ), so it must be max λ (u ′ ) 	
in λ (v ′ ) . This implies that v 

′ � s , so β is not a suffix of α . If α is a suffix of β , we are done. Otherwise,
t must be α ′ = α ′′ a and β ′ = β ′′ b, with a, b ∈ Σ, a � b; from max λ (u ′ ) 	 min λ (v ′ ) it then follows
 ≺ b, which implies α ≺ β . �

Using the previous lemma we are now able to describe a polynomial time algorithm for com-
uting < D 

. Let G = (V , F ) where V = { (u , v ) ∈ Q ×Q | u � v } and F = { ( ( u 

′ , v 

′ ), (u, v )) ∈ V ×
 | ( ∃e ∈ Σ)( δ ( u 

′ , e ) = u ∧ δ ( v 

′ , e ) = v )}, where | F | ≤ | δ | 2 . Intuitively, we will use G to propagate
he complement � < D 

of < D 

. First, mark all nodes (u, v ) of G for which max λ (u ) 	 min λ (v ) does not

old. This process takes O ( |Q | 2 ) time: for any state u we find the minimum and the maximum of
(u) by scanning the transitions of the automaton (total time O ( | δ | ) ) ; then we decide in constant
ime when max λ (u ) 	 min λ (v ) does not hold. Then, mark all nodes reachable on G from marked
odes. This can be done with a simple DFS visit of G, initiating the stack with all marked nodes.
his process takes O ( | δ | 2 ) time. By Lemma 4.2 , the set of unmarked pairs is < D 

. Hence, we proved:

Lemma 4.3. Let D = (Q , s , δ , F ) be a DFA. We can find the order ≤D 

in O ( | δ | 2 ) time. 

It follows that also the width of a DFA is computable in polynomial time: by the following lemma
rom [ 60 ], the width of a partial order ≤ (and an associated ≤-chain partition) can always be found
n polynomial time from ≤. In the following results, with high probability means with success
robability at least 1 − N 

−c , where N is the size of the input and c is a user-defined constant. 

Lemma 4.4 ([60]). Let (V , ≤) be a partial order. A smallest ≤-chain partition of (V , ≤) and its width

an be found in 

˜ O ( | V | 2 ) time, with high probability. 
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Fig. 3. Three DFAs recognizing the same language. 

Fig. 4. The Hasse diagram of ≤D 1 
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Proof. In [ 60 , Theorem 1.6], it is shown how to compute a minimum chain partition of a DAG

ith n vertices and m edges in ˜ O (m + n 

3 /2 ) time with high probability. The claim follows running
his algorithm on the DAG corresponding to (V , ≤), having |V | nodes and O ( | V | 2 ) edges. �

Corollary 4.5. Let D = (Q , s , δ , F ) be a DFA. A co-lex order ≤ of width equal to width (D) and

 corresponding ≤-chain partition of cardinality equal to width (D) can be computed in 

˜ O ( | δ | 2 ) time

ith high probability. 

The previous corollary solves Problem 1 for DFAs. 5 As for the width-complexity over NFAs, it is
nown that the problem is NP-hard, since already deciding whether the width of an NFA is equal
o 1 (i.e., deciding whether the NFA is Wheeler) is an NP-complete problem (see [ 53 ]). 
We have proved that computing the width of a DFA is an “easy” problem. We now move to the
atural problem of computing the deterministic width of a regular language, presented by means
f a DFA recognizing it. 
It would have been nice to have the deterministic width of a language equal to the width of its
inimum DFA: if this were true, we could use Corollary 4.5 to determine width D (L) in polynomial
ime with high probability by inspecting its minimum-size accepting automaton. As we show in
xample 4.6 , unfortunately this is not the case. Moreover, there is, in general, no unique (up to
somorphism) minimum DFA of minimum width recognizing a given regular language. 

Example 4.6. In Figure 3 , three DFAs recognizing the same language L are shown. We prove
hat width D (L) = 2 , the width of the minimum DFA for L is 3, and there is not a unique minimum
utomaton among all DFAs recognizing L of width 2. Consider the DFA D 1 on the left of Figure 3
nd let L = L (D 1 ). The automaton D 1 is a minimum DFA for L. The states 0 , . . . , 5 are such
hat: I 0 = { ε } , I 1 = ac ∗, I 2 = bc ∗, I 3 = ac ∗d ∪ { дd, e e , he , f , k } , I 4 = { e, h } , I 5 = { д} . States 1 and 2 are
D 1 -incomparable because a ∈ I 1 , b ∈ I 2 , ac ∈ I 1 and a ≺ b ≺ ac . Similarly, one checks that states
,4,5 are pairwise ≤D 1 -incomparable. On the other hand, 0 is the minimum and states 1,2 precede
tates 3 , 4 , 5 in the order ≤D 1 . We conclude that the Hasse diagram of the partial order ≤D 1 is the
ne depicted in Figure 4 . 
 We mention that the bound of Corollary 4.5 has very recently been improved to O ( min ( |Q | 2 , |δ | log |Q |) ) in two subse- 
uent works [ 9 , 30 ]. 
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The width of the DFA D 1 is 3 because {3 , 4 , 5 } is a largest ≤D 1 -antichain. A ≤D 1 -chain partition
f cardinality 3 is, for example, { { 0 , 1 , 3 }, {2 , 4 }, {5 }}. 
Let us prove that width D (L) ≥ 2 . Suppose by contradiction that there exists a DFA D of width 1

ecognizing L. Then, the order ≤D 

is total. Moreover, there exists a state u such that two words of
he infinite set ac ∗ ∈ Pref (L), say ac i , ac j with i < j, belong to I u . Consider the word bc 

i ∈ Pref (L).
ince bc i � L 

ac i , it follows that bc i � I u . If u 

′ is such that bc i ∈ I q ′ , from ac i ≺ bc i ≺ ac j we have
hat u and u 

′ are ≤D 

-incomparable, a contradiction. 
Finally, let D 2 be the DFA in the center of Figure 3 and let D 3 be the DFA on the right of Figure 3 .
otice that L (D 2 ) = L (D 3 ) = L , and D 2 and D 3 have just one more state than D 1 and are non-
somorphic. We know that D 2 and D 3 cannot have width equal to 1. On the other hand, they both
ave width 2, as witnessed by the chains { { 0 , 1 , 4 }, {2 , 3 , 5 , 3 ′ }} (for D 2 ) and {{0 , 1 , 3 }, {2 , 4 , 5 , 4 ′ }}
for D 3 ). 

Motivated by the fact that computing the deterministic width of a regular language is not a
rivial problem, in the next subsections we develop a set of tools that will ultimately allow us to
erive an algorithm solving the problem. 
Example 4.6 triggers a further natural and important observation. It is known that languages
ith deterministic width equal to 1 (that is, Wheeler languages) admit a (unique) minimum-size
heeler DFA [ 2 ]. Note that Example 4.6 implies that no such minimality result holds true for
igher levels of the deterministic width hierarchy. In Section 4.5 we will explain why Example 4.6
s not the end of the story and we will derive an adequate notion of minimality. 

.1 The Entanglement of a Regular Language 

e now exhibit a measure that on the minimum DFA will capture exactly the width of the accepted
anguage: the entanglement number of a DFA. We shall use the following terminology: if D is a
FA and V ⊆ Pref ( L ( D) ) , then a state u occurs in V if there exists α ∈ V such that u = δ (s, α ). 

Definition 4.7. Let D be a DFA with set of states Q . 

(1) A subset Q 

′ ⊆ Q is entangled if there exists a monotone sequence (αi ) i ∈N 

in Pref (L (D))
such that for all u 

′ ∈ Q 

′ it holds δ (s, αi ) = u 

′ for infinitely many i’s. In this case the se-
quence (αi ) i ∈N 

is said to be a witness for (the entanglement of) Q 

′ . 
(2) A set V ⊆ Pref ( L ( D)) is entangled in D if there exists a monotone sequence (αi ) i ∈N 

,
with αi ∈ V for every i , witnessing that the set { δ (s, α ) | α ∈ V } , consisting of all states
occurring in V , is entangled. 

oreover, define: 

ent (D) = max {|Q 

′ | | Q 

′ ⊆ Q and Q 

′ is entangled } 
ent ( L) = m in { ent ( D) | D is a DFA ∧ L ( D) = L}. 

Notice that any singleton { u } ⊆ Q is entangled, as witnessed by the trivially monotone sequence
(αi ) i ∈N 

where all the αi ’s are equal and δ (s, αi ) = u. 
As an example consider the entanglement of all DFAs in Figure 3 . For any of them the entan-
lement is two, because the only entangled subset of states is { 1 , 2 } , as witnessed by the sequence
 ≺ b ≺ ac ≺ bc ≺ acc ≺ bcc ≺ · · ·. 
When two states u � u 

′ of a DFA D belong to an entangled set, there are words α ≺ β ≺ α ′ such
hat α , α ′ ∈ I u , β ∈ I u ′ , so that neither u < D 

u 

′ nor u 

′ < D 

u can hold. In other words, two distinct
tates u , u 

′ belonging to an entangled set are always ≤D 

-incomparable. Since by Lemma 2.11 , we
ave width ( ≤D 

) = width ( D), it easily follows that the entanglement of a DFA is always smaller
han or equal to its width. 
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Lemma 4.8. Let D be a DFA. Then ent ( D) ≤ width ( D). 

The converse of the above inequality is not always true: for the (minimum) DFA D 1 on the left
f Figure 3 we have ent (D 1 ) = 2 and width (D 1 ) = 3 . 
Contrary to what happens with the width, we now prove that the entanglement of a regular

anguage is realized by the minimum-size automaton accepting it. 

Lemma 4.9. If D L 

is the minimum-size DFA recognizing L, then ent ( D L 

) = ent ( L). 

Proof. It is enough to prove that ent ( D L 

) ≤ ent ( D), for any DFA D such that L ( D L 

) =
(D). Suppose u 1 , . . . , u k are pairwise distinct states which are entangled in D L 

, witnessed by
he monotone sequence (αi ) i ∈N 

. Since D L 

is minimum, each I u j is a union of a finite number of
 v , with v ∈ Q D 

. The monotone sequence (αi ) i ∈N 

goes through u j infinitely often, so there must
e a state v j ∈ Q D 

such that I v j ⊆ I u j and (αi ) i ∈N 

goes through v j infinitely often. Then (αi ) i ∈N 

oes through the pairwise distinct states v 1 , . . . , v k infinitely often and v 1 , . . . , v k are entangled
n D. �

.2 The Hasse Automaton of a Regular Language 

ur aim is at proving that the entanglement measure over the minimum DFA D L 

captures the
eterministic width of a language L: 

width D ( L) = ent ( D L 

) 

n order to prove the previous equality we shall describe an automaton, the Hasse automaton of L,
ealizing the width and the entanglement of the language as its width (Theorem 4.21 ). As a first
tep, given a DFA D we prove that there exists an equivalent DFA D 

′ that realizes the entangle-
ent of D as its width: ent ( D) = width ( D 

′ ) (Theorem 4.19 ). 
To give an intuition on the construction of the automaton D 

′ we use the trace of the DFA D,
hat is, the (in general) transfinite sequence: ( δ ( s, α )) α ∈ Pref (L) , indexed over the totally ordered set
 Pref (L) , 	) , where L = L (D) . We depict below a hypothetical ( Pref (L) , 	) , together with the
race left by a DFA D with set of states {u 1 , u 2 , u 3 } and δ (s, αi ) = δ (s, α ′ ) = u 1 , δ (s, βi ) = δ (s, β ′ 

i ) =
 2 , and δ (s, γi ) = u 3 : 

Consider the entanglement and width of D. Notice that the sets {u 1 , u 2 } and {u 2 , u 3 } are entan-
led. The set {u 1 , u 3 } is not entangled and therefore the set {u 1 , u 2 , u 3 } is not entangled. However,
u 1 , u 2 , u 3 } contains pairwise incomparable states. Hence the whole triplet {u 1 , u 2 , u 3 } does not con-
ribute to the entanglement but does contribute to the width so that ent (D) = 2 < width (D) = 3 .
In general, an automaton where incomparability and entanglement coincide would have

nt ( D) = width ( D). Hence, we would like to force all sets of incomparable states in the new
utomaton D 

′ to be entangled. To this end, we will first prove that there always exists a finite,
rdered partition V = { V 1 , . . . , V r } of Pref (L) composed of convex sets which are entangled in D.
n the example above we can write Pref (L) = V 1 ∪ V 2 ∪ V 3 , where: 

V 1 = {α1 , β1 , . . . , αi , βi , . . . } , V 2 = { β ′ 
1 , γ1 , . . . , β

′ 
i , γi . . . } , V 3 = { α ′ } , 

nd the states occurring (and entangled) in V 1 , V 2 , V 3 are, respectively: {u 1 , u 2 } , { u 2 , u 3 } , and { u 1 } .
n order to construct an equivalent automaton D 

′ in which the pairwise incomparability of the
hree states u 1 , u 2 , u 3 is eliminated and width (D 

′ ) = 2 , we could try to duplicate some of the orig-
nal states, as it would be the case if the states occurring in V 1 , V 2 , V 3 where, respectively, {u 1 , u 2 },
u 2 , u 3 }, and {u 

′ 
1 }. To this end, we will consider a refinement ∼ of the Myhill-Nerode equivalence on

ref (L) stating that two strings are equivalent if and only if they are in the same I u and allV ∈ V 
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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aying between the two strings intersect I u . In the above example we have βi ∼ β ′ 
j for all integers

, j, because no V ∈ V is contained in [ βi , β
′ 
j ] , while α1 � α ′ , since V 2 ⊆ [ α1 , α

′ ] but V 2 ∩ I u 1 = ∅ . 
We will prove that the equivalence ∼ decomposes the set of words reaching u into a finite number
f ∼-classes and induces a well-defined quotient automaton D 

′ equivalent to D. 
By construction, in the automaton D 

′ any set of ≺D 

′ -incomparable states { u 1 , . . . , u k } will occur
n at least an element V ∈ V , so that, V being entangled, they will contribute to the entanglement
umber of D and width ( D 

′ ) = ent (D) will follow. 
In our example, the new automaton D 

′ will leave the following trace: 

nd ent ( D) = width ( D 

′ ) = 2 . 
In order to give a formal definition of D 

′ we need some properties of entangled sets. Since these
roperties hold true with respect to a partition of a generic total order, we state and prove them
n a more general setting in Appendix A , while we state them without proof in this section. In
articular, most of the properties of D 

′ will be proved using a finite partition of ( Pref ( L ( D) ) , 	) ,
omposed by entangled, convex sets. 

Definition 4.10. If D is a DFA, we say that a partition V of Pref ( L ( D)) is an entangled, con-

ex decomposition of D ( e.c. decomposition , for short) if all the elements of V are convex in
( Pref ( L ( D) ) , 	) and entangled in D. 

Theorem 4.11. If D is a DFA, then there exists a finite partition V of Pref ( L ( D)) which is an e.c.

ecomposition of D. 

Proof. The existence of such a decomposition is guaranteed by Theorem A.5 of Appendix A ,
pplied to ( Z , ≤) = ( Pref ( L ( D) ) , 	) and P = { I u | u ∈ Q } . �

Using an e.c. decomposition of an automaton D we can express a condition implying the equal-
ty width ( D) = ent ( D). 

Lemma 4.12. Let D be a DFA. Suppose V 1 ≺ V 2 ≺ · · · ≺ V m 

is an e.c. decomposition of D such that

or every u ∈ Q there are 1 ≤ i ≤ j ≤ m with: 

I u ⊆ V i ∪ V i+1 ∪ · · · ∪ V j , and V h ∩ I u � ∅ , for all i ≤ h ≤ j . 

hen, width ( D) = ent ( D). 

Proof. We already proved that ent ( D) ≤ width ( D) in Lemma 4.8 . In order to prove the re-
erse inequality, let width (D) = p and let u 1 , . . . , u p be p 	D 

-incomparable states. If we prove
hat u 1 , . . . , u p are entangled, we are done. Fix i ∈ { 1 , . . . , p } and denote by W i the convex set
 h ∪ V h+1 ∪ · · · ∪ V k where I u i ⊆ V h ∪ V h+1 ∪ · · · ∪ V k and V j ∩ I u i � ∅ , for all h ≤ j ≤ k . From the
ncomparability of the u i ’s it follows that W i ∩ W j � ∅ , for all pairs i, j, so that 

⋂ 

i W i � ∅ by
emma A.13 in Appendix A . Since all W i ’s are unions of consecutive elements in the partition
 , there must be an element V ∈ V with V ⊆ ⋂ 

i W i . Such a V must contain an occurrence of
very u i , and since V is an entangled set, we conclude that u 1 , . . . , u p are entangled. �

The previous lemma suggests that in order to construct an automaton D 

′ recognizing the same
anguage as D and satisfying width ( D 

′ ) = ent ( D 

′ ) = ent ( D), we might duplicate some states in
in order to ensure that the new automaton D 

′ satisfies the condition of the previous Lemma.
onsider two words α ≺ α ′ reaching the same state u of D: if the convex [ α , α ′ ] is not contained
n a union of consecutive elements of the partition V , all having an occurrence of u, then in D 

′

e duplicate the state u into u and u 

′ , with α reaching u and α ′ reaching u 

′ (see Figure 5 ). 
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Fig. 5. The upper line represents the words in Pref (L), partitioned by the e.c. decomposition V , where some 

words are highlighted and labeled by the state they reach in D. The lower line still represents Pref (L), with 

the same e.c. decomposition, but now the highlighted words are labeled by states of D 

′ . Note that the strings 

α , α ′ reach the same state in D, but in different states in D 

′ , becauseV 3 ⊆ [ α , α ′ ] , and V 3 ∩ I u 2 = ∅ . However, 

the words α ′ , α ′′ reach the same state in both automata. 
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As usual, an equivalence relation ∼D 

over Pref (L) is used to introduce the new states of the
utomaton D 

′ . In order to maintain the definition of D 

′ independent from any particular e.c.
ecomposition V , in the definition below we use generic entangled convex sets instead of elements
f an e.c. decomposition. In Lemma 4.17 we prove that this is equivalent to using elements of an
.c. decomposition of minimum cardinality. 

Definition 4.13. Let D be a DFA and let ∼D 

be the equivalence relation on Pref ( L ( D)) defined
s follows: α ∼D 

α ′ if and only if: 

—δ (s, α ) = δ (s, α ′ ) and 
—there are entangled convex sets C 1 , . . . , C n ⊆ Pref ( L ( D)) such that: 

—[ α , α ′ ] ± ⊆ ⋃ n 
i= 1 C i ; 

—C i ∩ I δ (s,α ) � ∅ , for all i ∈ { 1 , . . . , n} . 

Note that ∼D 

is indeed an equivalence relation (in particular, it is transitive). When the DFA D
s clear from the context, we shall drop the subscript D in ∼D 

. 
In the following lemma we prove that the equivalence ∼ has finite index and L (D) is equal to

he union of some of its classes. 

Lemma 4.14. Let D be a DFA. Then, ∼ has a finite number of classes on Pref ( L ( D)) and L ( D) is
qual to the union of some ∼-classes. 

Proof. Consider an e.c. decomposition V = {V 1 , . . . , V m 

} of D, whose existence is guaranteed
y Theorem 4.11 . Since all V i ’s are entangled convex sets in Pref ( L ( D) ) , two words belonging to
he same V i and ending in the same state belong to the same ∼-class. Hence, the number of ∼-
lasses is at most m × | Q | . Moreover, α ∼ β implies δ (s, α ) = δ ( s, β ). Hence, α ∈ L ( D) and α ∼ β
mply β ∈ L (D), proving that L (D) is equal to the union of some ∼-classes. �

Lemma 4.15. Let D be a DFA. Then, the equivalence relation ∼ is right-invariant. 

Proof. Let L = L (D), assume α ∼ α ′ and let a ∈ Σ be such that αa ∈ Pref (L). We must prove
hat α ′ a ∈ Pref (L) and αa ∼ α ′ a . Since α ∼ α ′ we know that δ (s, α ) = δ (s, α ′ ) and there exist
ntangled convex sets C 1 , . . . , C n such that [ α , α

′ ] ± ⊆ C 1 ∪ · · · ∪ C n and C i ∩ I δ (s,α ) � ∅ for all
 = 1 , . . . , n. We must prove that α ′ a ∈ Pref ( L), δ ( s, αa ) = δ ( s, α ′ a ), and there exist entangled con-
ex sets C 

′ 
1 , . . . , C 

′ 
n ′ such that [ αa, α

′ a ] ± ⊆ C 

′ 
1 ∪ · · · ∪ C 

′ 
n ′ and C 

′ 
i ∩ I δ (s, αa ) � ∅ for all i = 1 , . . . , n 

′ .
From δ (s, α ) = δ (s, α ′ ) and αa ∈ Pref (L) we immediately obtain α ′ a ∈ Pref (L) and δ (s, αa ) =

(s, α ′ a ). Moreover, from [ α , α ′ ] ± ⊆ C 1 ∪ · · · ∪ C n we obtain [ αa, α
′ a ] ± = [ α , α ′ ] ±a ⊆ C 1 a ∪ · · · ∪

 n a , and from C i ∩ I δ (s,α ) � ∅ we obtain C i a ∩ I δ (s, αa ) � ∅ . We are only left with showing that ev-
ry C i a = {γa | γ ∈ C i } is an entangled convex set. The fact that they are convex follows directly
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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rom the definition of co-lex ordering. Let us prove that the C i a ’s are entangled. Fix i and con-
ider a monotone sequence (α j ) j ∈N 

witnessing that C i is entangled. Then (α j a ) j ∈N 

is a monotone
equence witnessing that C i a is entangled. �

We are now ready to complete the construction of the automaton D 

′ using ∼. 

Definition 4.16. Let D be a DFA and let L = L (D). Define D 

′ = (Q 

′ , s ′ , δ ′ , F ′ ) by: 

—Q 

′ = {[ α] ∼ : α ∈ Pref (L)}; 
—δ ′ ([ α] ∼, a ) = [ αa ] ∼ for every α ∈ Pref (L) and for every a ∈ Σ such that αa ∈ Pref (L); 
—s ′ = [ ε] ∼; 
—F ′ = {[ α] ∼ : α ∈ L}. 

The equivalence relation ∼ is right-invariant (Lemma 4.15 ), has finite index, and L is the union
f some ∼-classes (Lemma 4.14 ). Hence, D 

′ is a well-defined DFA, and α ∈ [ β] ∼ ⇐⇒ δ ′ (s ′ , α ) =
 β] ∼, which implies that for every α ∈ Pref (L) it holds: 

I [ α ] ∼ = [ α] ∼ (5)

nd so L (D 

′ ) = L . 
In the following lemma we prove that it is safe to replace C 1 , . . . , C n in Definition 4.13 by

he elements of a minimum-size e.c. decomposition, that is, an e.c. decomposition with minimum
ardinality. 

Lemma 4.17. Let D be a DFA and let V = { V 1 , . . . , V r } , with V 1 ≺ · · · ≺ V r , be a minimum-size

.c. decomposition of D. Then, α ∼ α ′ holds if and only if: 

• δ (s, α ) = δ (s, α ′ ) and 

• there exist integers i ≤ j such that: 

—[ α , α ′ ] ± ⊆ ⋃ j 

h= i 
V h ; 

—V h ∩ I δ (s,α ) � ∅ , for all h ∈ { i, . . . , j} . 

Proof. To prove that α ∼ α ′ holds under the above hypotheses, it is sufficient to recall that
 i , . . . , V j are entangled convex sets and apply Definition 4.13 . 
Let us prove the reverse implication. Pick α ∼ α ′ ∈ Pref ( L ( D) ) and let C 1 , . . . , C n be en-

angled convex sets such that [ α , α ′ ] ± ⊆ ⋃ n 
i= 1 C i and C i ∩ I u � ∅ , for every i = 1 , . . . , n, where

 = δ (s, α ) = δ (s, α ′ ). By Lemma A.12 of Appendix A we can assume that C 1 ≺ C 2 ≺ · · · ≺ C n . Let

 ≤ j be such that [ α , α ′ ] ± ⊆ ⋃ j 

h= i 
V h and V h ∩ [ α , α ′ ] ± � ∅ for all h ∈ { i, . . . , j} . We just have to

rove that V h ∩ I u � ∅ , for all h ∈ { i, . . . , j} . From V h ∩ [ α , α ′ ] ± � ∅ it follows that either V h con-
ains α or α ′ , or V h ⊆ [ α , α ′ ] ± ⊆ ⋃ n 

i= 1 C i . In the first case we have V h ∩ I u � ∅ because α , α ′ ∈ I u ,
hile in the second case V h ∩ I u � ∅ follows from Lemma A.9 of Appendix A . �

Let D 

′ be the automaton of Definition 4.16 . The following corollary allows us to consider an
.c. decomposition of D of minimum size as an e.c. decomposition of D 

′ . 

Corollary 4.18. Any e.c. decomposition of minimum size V 1 ≺ · · · ≺ V r of D is also an e.c. decom-

osition of D 

′ . Moreover, for all u 

′ ∈ Q 

′ , there exist i ≤ j such that I u ′ ⊆
⋃ j 

h= i 
V h and V h ∩ I u ′ � ∅ ,

or h = i, . . . , j. 

Proof. In order to prove that an e.c. decomposition of minimum size V 1 ≺ · · · ≺ V r of D is also
n e.c. decomposition of D 

′ we just have to check that V h is entangled in D 

′ , for all h = 1 , . . . , r .
et u 

′ 
1 , . . . , u 

′ 
k 
be the pairwise distinct D 

′ -states occurring in V h . Notice that by the definition
f δ ′ we have { u 

′ 
1 , . . . , u 

′ 
k 
} = { δ ′ (s ′ , α ) | α ∈ V h } = { [ α] ∼ | α ∈ V h } . Hence, for every j = 1 , . . . , k
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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here exists α j ∈ V h such that u 

′ 
j = [ α j ] ∼. Then the D-states u j = δ (s, α j ), for j = 1 , . . . , k , occur

n V h . Notice that u 1 , . . . , u k are pairwise distinct as well: if u i were equal to u j for i � j, then
rom Lemma 4.17 we would have αi ∼ α j and u 

′ 
i = [ αi ] ∼ = [ α j ] ∼ = u 

′ 
j would follow. Since V h is

ntangled in D, there exists a monotone sequence (βi ) i ∈N 

in V h reaching each u j infinitely many
imes. Fix j ∈ { 1 , . . . , k } . If δ (s, βi ) = u j then from δ (s, α j ) = u j and βi , α j ∈ V h it follows α j ∼ βi 

gain by Lemma 4.17 , so that δ ′ (s ′ , βi ) = [ βi ] ∼ = [ α j ] ∼ = u 

′ 
j in D 

′ . It follows that the sequence

βi ) i ∈N 

reaches u 

′ 
j infinitely many times. Hence, V h is entangled in D 

′ . 

As for the second part of the Corollary, if u 

′ = [ α] ∼ ∈ Q 

′ then I u ′ = [ α] ∼ (see Equation ( 5 )
bove). Let i ( j, respectively) be the minimum (maximum) index h with [ α] ∼ ∩ V h � ∅ ;
hen [ α] ∼ ⊆ V i ∪ · · · ∪ V j . Fix h ∈ {i, . . . , j} and consider u = δ (s, α ). Since there exist
′ , α ′′ ∈ Pref ( L ( D) ) such that α ′ ∼ α ∼ α ′′ , α ′ ∈ V i and α

′′ ∈ V j , then, Lemma 4.17 implies
(s, α ′ ) = δ (s, α ′′ ) = δ (s, α ) = u and V h ∩ I u � ∅ . Pick β ∈ V h ∩ I u . Then, the same lemma implies
∼ α so that β ∈ I u ′ and V h ∩ I u ′ � ∅ as well. �

We can now prove that D 

′ has width equal (to its entanglement and) to the entanglement of D.

Theorem 4.19. If D is a DFA, then ent ( D) = ent ( D 

′ ) = width ( D 

′ ). 

Proof. Let us prove that ent ( D 

′ ) ≤ ent ( D). Consider an entangled collection
[ α1 ] ∼, . . . , [ αh ] ∼} of h states in D 

′ . Then, there is a monotone sequence (γi ) i ∈N 

such that,
or each j ∈ {1 , . . . , h } we have δ ′ (s ′ , γi ) = [ α j ] ∼ for infinitely many i’s. Let V be a minimum-size
nite e.c. decomposition of D. Since V is a finite partition and all the elements of V are convex,
here exists V ∈ V and n 0 such that γi ∈ V for all i ≥ n 0 . In particular, there are words β1 , . . . , βh 

n V such that δ ′ (s ′ , βk ) = [ αk ] ∼, for every k = 1 , . . . , h . Define u k = δ (s, βk ) and notice that
he states u 1 , . . . , u h are pairwise distinct. In fact, if u r = u s for r � s , then by Lemma 4.17 we
ould have βr ∼ βs and [ αr ] ∼ = δ ′ (s ′ , βr ) = [ βr ] ∼ = [ βs ] ∼ = δ ′ (s ′ , βs ) = [ αs ] ∼, a contradiction.
oreover, {u 1 , . . . , u h } is an entangled set in D, because all these states occur in V (as witnessed
y β1 , . . . , βh ) and V is an element of an e.c. decomposition. Since this holds for any collection of
ntangled states in D 

′ , it follows that ent ( D 

′ ) ≤ ent ( D). 
Let us now prove that ent ( D) ≤ ent ( D 

′ ). Let {u 1 , . . . , u h } be an entangled set of h states in D,
itnessed by some monotone sequence (αi ) i ∈N 

. Every I u k is equal to a finite union of some I u ′ ’s,
ith u 

′ ∈ Q 

′ , and (αi ) i ∈N 

goes through any u k infinitely many times. Therefore, for all k = 1 , . . . h
here exist u 

′ 
k 

∈ Q 

′ such that I u ′ 
k 

⊆ I u k and (αi ) i ∈N 

goes through u 

′ 
k 
infinitely many times. We

onclude that u 

′ 
1 , . . . , u 

′ 
h 
are pairwise distinct and { u 

′ 
1 , . . . , u 

′ 
h 
} is an entangled set of states in D 

′ ,
hich implies ent ( D) ≤ ent ( D 

′ ). 
Finally, we prove that width ( D 

′ ) = ent ( D 

′ ). If V is an e.c. decomposition of D of minimum
ize, then Corollary 4.18 implies that V is an e.c. decomposition of D 

′ satisfying the hypothesis
f Lemma 4.12 so that width ( D 

′ ) = ent ( D 

′ ) follows from this lemma. �

If we start from the minimum DFA D L 

of a regular language L, then, as we shall see in Theo-
em 4.21 , the automaton D 

′ 
L 

acquires a special role because it realizes the deterministic width of
he language L. 

Definition 4.20. If D L 

is the minimum DFA of a regular language L, the DFA D 

′ 
L 

is called the

asse automaton for L and it is denoted by H L 

. 

The above definition is motivated by the fact that the width of the language can be “visualized”
y the Hasse diagram of the partial order ≤H L . 

Theorem 4.21. If D L 

is the minimum DFA of the regular language L, then: 

width 

D ( L) = width ( H L 

) = ent ( D L 

) = ent ( L). 
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Proof. By Lemma 4.9 we have ent ( D L 

) = ent ( L). Since ent ( D) ≤ width ( D) for all DFAs
Lemma 4.8 ), we obtain ent ( L) ≤ width D ( L), while from Theorem 4.19 we know that
idth ( H L 

) = ent ( D L 

). Hence, we have: 

width ( H L 

) = ent ( D L 

) = ent ( L) ≤ width D ( L) ≤ width ( H L 

) 

nd the conclusion follows. �

The previous theorem allow us to give a first answer to Problem 4 , that is, we provide an
utomata-free characterization of the deterministic width of a regular language. Recall that a
roperty is eventually true for a sequence if it holds true for all but finitely many elements of
he sequence. 

Corollary 4.22. Let L be a regular language. Then width 

D (L) ≤ p iff every (co-

exicographically) monotone sequence in Pref (L) is eventually included in at most p classes of

he Myhill-Nerode equivalence ≡L 

. 

Proof. Let D L 

be the minimum DFA for L. By definition, k states u 1 , . . . , u k are entangled
n D L 

iff there exists a monotone sequence (α j ) j ∈N 

such that, for each i = 1 , . . . , k , we have
(s, α j ) = u i for infinitely many j’s. Moreover, since D L 

is minimum, if i � i ′ a word arriving in
 i and a word arriving in u i ′ belong to different ≡L 

-classes. Hence, ent (D L 

) > p iff there exists a
onotone sequence in Pref (L) which eventually reaches more than p classes of the Myhill-Nerode
quivalence ≡L 

infinitely often, and the corollary follows from the previous theorem. �

Summarizing, the Hasse automaton H L 

captures the deterministic width of a language. An
nteresting open question is whether it is possible to devise an effective procedure to build the
asse automaton. More generally, also in view of the indexing and compression applications in
ection 5 , we have two conflicting objectives: minimizing the width and minimizing the number
f states. We will explore the latter objective in Section 4.5 . 

.3 Computing the Deterministic Width of a Regular Language 

n this section we shall use Theorem 4.21 — stating that the deterministic width of L is equal to the
ntanglement of the minimum DFA for L — to study the complexity of Problem 2 — the problem
f finding the deterministic width of a language recognized by a given automaton. We show that
f we are given a regular language L by means of a DFA D accepting L and a positive integer p,
hen the problem 

width D (L) 
? 
≤ p 

s solvable in polynomial time for constant values of p. More precisely, we show that the problem
f computing width D (L) is in the class XP with parameter p. This result is achieved by exhibit-
ng a dynamic programming algorithm that extends the ideas introduced in [ 3 ] when solving the
orresponding problem for Wheeler languages. 
Theorem 4.21 suggests that the minimum DFA contains all “topological” information required

o compute the width of a language. In the next theorem we clarify this intuition by providing a
raph-theoretical characterization of the deterministic width of a language based on the minimum
FA recognizing the language. 

Theorem 4.23. Let L be a regular language and let D L 

be the minimum DFA of L, with set of

tates Q . Let k ≥ 2 be an integer. Then, width 

D (L) ≥ k if and only if there exist strings μ1 , . . . , μk , γ
nd pairwise distinct states u 1 , . . . , u k ∈ Q , such that for every j = 1 , . . . , k : 

(1) μ j labels a path from the initial state s to u j ; 

(2) γ labels a cycle starting (and ending) at u j ; 
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Fig. 6. A glimpse into the minimum DFA used in the proof of Theorem 4.23 . 
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(3) either μ1 , . . . , μk ≺ γ or γ ≺ μ1 , . . . , μk ; 

(4) γ is not a suffix of μ j . 

Proof. By Theorem 4.21 we have width D ( L) = ent ( D L 

). We begin by proving that, if the
tated conditions hold true, then ent (D L 

) ≥ k . Notice that for every integer i we have μ j γ
i ∈ I u j .

oreover, the μ j ’s are pairwise distinct because the u j ’s are pairwise distinct, so without loss of
enerality we can assume μ1 ≺ · · · ≺ μk . 

(1) If μ1 ≺ · · · ≺ μk ≺ γ , consider the increasing sequence: 

μ1 ≺ · · · ≺ μk ≺ μ1 γ ≺ · · · ≺ μk γ ≺ μ1 γ
2 ≺ · · · ≺ μk γ

2 ≺ μ1 γ
3 ≺ · · · ≺ μk γ

3 ≺ . . . 

(2) If γ ≺ μ1 ≺ · · · ≺ μk , consider the decreasing sequence: 

μk � · · · � μ1 � μk γ � · · · � μ1 γ � μk γ
2 � · · · � μ1 γ

2 � μk γ
3 � · · · � μ1 γ

3 � . . . 

where μ1 γ
i � μk γ

i+1 holds because μ1 � γ and γ is not a suffix of μ1 . 

In both cases the sequence witnesses that {u 1 , . . . , u k } is an entangled set of distinct states, so
nt (D L 

) ≥ k . 
Conversely, assume that ent (D L 

) ≥ k . This means that there exist distinct states v 1 , . . . , v k and
 monotone sequence (αi ) i ∈N 

that reaches each of the v j ’s infinitely many times. Let us show that,
p to taking subsequences, we can assume not only that (αi ) i ∈N 

reaches each of the v j ’s infinitely
any times, but it also satisfies additional properties. 

—Since |Σ| and |Q | are finite and (αi ) i ∈N 

is monotone, then up to removing a finite number of
initial elements we can assume that all αi ’s end with the same m = | Q | k characters, and we
can write αi = α

′ 
i θ , for some θ ∈ Σm . Notice that such a new monotone sequence (αi ) i ∈N 

still reaches each of the v j ’s infinitely many times. 
—Up to taking a subsequence of the new (αi ) i ∈N 

, we can assume that αi reaches v j if and
only if i − j is a multiple of k , that is, α j , αk+j , α2 k+j , . . . ∈ I v j . Notice that such such a new
monotone sequence (αi ) i ∈N 

still satifies αi = α
′ 
i θ for every i . 

—Since |Q | is finite, up to taking a subsequence of the new (αi ) i ∈N 

we can assume that all αi ’s

reaching the same v j spell the suffix θ visiting the same m + 1 states x j 0 , x 
j 
1 , . . . , x 

j 
m 

= v j . 

Consider the k-tuples (x 1 s , . . . , x 
k 
s ), for s ∈ {0 , . . . , m} (corresponding to the states in column

n Figure 6 ). There are m + 1 = | Q | k + 1 such k-tuples and therefore two of them must be equal.
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hat is, there exist h, �, with 0 ≤ h < � ≤ m, such that (x 1 
h 
, . . . , x k 

h 
) = (x 1 

� 
, . . . , x k 

� 
). Hence, for all

 ∈ {1 , . . . , k } there is a cycle x j 
h 
, x j 

h+1 
, . . . , x j 

� 
, all these cycles are labeled by the same string γ ′ , and

e can write θ = ϕγ ′ ψ for some ϕ and ψ . 
Let u 1 , u 2 , . . . , u k be the pairwise distinct states x 

1 
h 
, x 2 

h 
, . . . , x k 

h 
(they are distinct, because if u i =

 j for some i � j we would have v i = v j ). Hence, we have k pairwise distinct states and k equally
abeled cycles. In order to fulfill the remaining conditions of the theorem, we proceed as follows.
onsidering the monotone sequence (α ′ 

i ϕ) i ∈N 

, reaching each of the u i ’s infinitely many times, we
ay suppose without loss of generality (possibly eliminating a finite number of initial elements)
hat all α ′ 

i ϕ’s are co-lexicographically larger than γ
′ or they are all co-lexicographically smaller

han γ ′ . 
If γ ′ is not a suffix of any α ′ 

i ϕ we can choose γ = γ ′ and, considering k words μ1 , . . . , μk of the
equence (α ′ 

i ϕ) i ∈N 

arriving in u 1 , . . . , u k , respectively, we are done. 
Otherwise, if γ ′ is a suffix of some α ′ 

i ϕ, pick 2 k − 1 strings δ1 , . . . , δ2 k−1 in the sequence (α
′ 
i ϕ) i ∈N 

uch that δk ends in u k , while δi and δk+i end in u i for i = 1 , . . . , k − 1 , and 

δ1 ≺ · · · ≺ δk ≺ · · · ≺ δ2 k−1 . 

Let r be an integer such that | (γ ′ ) r | > | δi | for every i = 1 , . . . , 2 k − 1 . Then γ = (γ ′ ) r is the label
f a cycle from u i , for every i = 1 , . . . , k , and γ is not a suffix of δi , for every i = 1 , . . . , 2 k − 1 . We
istinguish two cases: 

(1) δk ≺ γ . In this case, let μ1 , . . . , μk be equal to δ1 , . . . , δk , respectively. 
(2) γ ≺ δk . In this case, let μ1 , . . . , μk be equal to δk , . . . , δ2 k−1 , respectively. 

n both cases, we have either μ1 , . . . , μk ≺ γ or γ ≺ μ1 , . . . , μk and the conclusion follows. �

Example 4.24. Let L be a regular language. Let us prove that, in general, width D (L) and
idth N (L) may depend on the total order 	 on the alphabet. Let D be the DFA in Figure 2 ,
nd let L be the language recognized by D. Notice that D is the minimum DFA recognizing L. 
First, assume that 	 is the standard alphabetical order such that a ≺ b ≺ c ≺ d . Let us prove that
idth D (L) = 2 . From Example 2.12 , we obtain width D (L) ≤ 2 , and from Theorem 4.23 we obtain
idth D (L) ≥ 2 by choosing u 1 = q 2 , u 2 = q 3 , μ1 = a , μ2 = b, γ = c . Notice that Corollary 3.3 implies
hat width N ( L) = width D ( L) = 2 . 
Next, let 	 be the total order such that a ≺ c ≺ b ≺ d . From Example 2.12 we immediately obtain
idth N ( L) = width D ( L) = 1 . 

The strings μ1 , . . . , μk , and γ of Theorem 4.23 can be determined by a dynamic programming
lgorithm whose running time can be computed using the following lemma. 

Lemma 4.25. Let D be a DFA with set of states Q , and let s 1 , q 1 , . . . , s h , q h ∈ Q . Suppose there

re strings ν1 	 · · · 	 νh such that δ (s i , νi ) = q i , for every i = 1 , . . . , h . Then, there exist strings ν ′ 
1 	

· · 	 ν ′ 
h 

such that, for every i, j ∈ {1 , . . . , h }, it holds: 

—δ (s i , ν
′ 
i ) = q i ; 

—νi = νj iff ν ′ 
i = ν

′ 
j ; 

—νi � νj iff ν ′ 
i � ν ′ 

j ; 

— |ν ′ 
i | ≤ h − 2 +

∑ h 
t= 1 |Q | t . 

Proof. We will prove the lemma for h = 3 (the extension to the general case is straightforward).
iven φ ∈ Σ∗, we denote by φ (k ) the k -th letter of φ from the right (if |φ | < k we write φ (k ) = ε ,
here ε is the empty string); therefore, if φ � ε , then φ (1 ) is the last letter of φ. 
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Fig. 7. Proof of Lemma 4.25 . 
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Let ν1 	 ν2 	 ν3 be strings with δ (s i , νi ) = q i , for i = 1 , 2 , 3 . Let d 3 ,2 be the first position from the
ight where ν3 and ν2 differ (if ν3 = ν2 , let d 3 ,2 = | ν3 | ). Since ν2 	 ν3 , we have d 3 ,2 ≤ | ν3 | . Defining
 2 ,1 similarly, we have d 2 ,1 ≤ | ν2 | . 
We distinguish three cases. 

(1) d 3 ,2 = d 2 ,1 . 
(2) d 3 ,2 < d 2 ,1 (see Figure 7 (a), assuming that ν1 ≺ ν2 ≺ ν3 ). 
(3) d 2 ,1 < d 3 ,2 (see Figure 7 (b), assuming that ν1 ≺ ν2 ≺ ν3 ). 

Case 3 is analogous to case 2 and will not be considered. In cases 1 and 2, |ν3 | ≥ d 3 ,2 and |ν2 | ≥
 2 ,1 ≥ d 3 ,2 , so that ν3 , ν2 , and ν1 end with the same (possibly empty) word ξ with |ξ | = d 3 ,2 − 1 .
umming up: 

ν1 = θ1 ν1 (d 3 ,2 )ξ 	 ν2 = θ2 ν2 (d 3 ,2 )ξ 	 ν3 = θ3 ν3 (d 3 ,2 )ξ

or some (possibly empty) strings θ1 , θ2 , θ3 . 
Without loss of generality, we may assume that | ξ | ≤ | Q | 3 . Indeed, if | ξ | > | Q | 3 then when we

onsider the triples of states visited while reading the last |ξ | letters in computations from s i to
 i following νi , for i = 1 , 2 , 3 , we should have met a repetition. If this were the case, we could
rase a common factor from ξ , obtaining a shorter word ξ1 such that θ1 ν1 (d 3 ,2 )ξ1 	 θ2 ν2 (d 3 ,2 )ξ1 	
3 ν3 (d 3 ,2 )ξ1 , with the three new strings starting in s 1 , s 2 , s 3 and ending in q 1 , q 2 , q 3 , respectively,
especting equalities and suffixes. Then we can repeat the argument until we reach a word not
onger than | Q | 3 . 
If d 3 ,2 = d 2 ,1 , the order between the ν

′ 
i s is settled in position d 3 ,2 . Let r 1 , r 2 , r 3 be the states reached

rom s 1 , s 2 , s 3 by reading θ1 , θ2 , θ3 , respectively. For i = 1 , 2 , 3 , let θ̄i be the label of a simple path
rom s i to r i and let ν

′ 
i = θ̄i νi (d 3 ,2 )ξ . Then δ (s i , ν

′ 
i ) = q i , ν

′ 
1 	 ν ′ 

2 	 ν ′ 
3 , |ν ′ 

1 |, |ν ′ 
2 |, |ν ′ 

3 | ≤ |Q | + |Q | 3 . 
If d 3 ,2 < d 2 ,1 we have ν1 (d 3 ,2 ) = ν2 (d 3 ,2 ). Moreover, θ1 and θ2 end with the same word ξ

′ with
ξ ′ | = d 2 ,1 − d 3 ,2 − 1 (see Figure 7 (a)), and we can write 

θ1 = θ
′ 
1 ν1 (d 2 ,1 )ξ

′ 	 θ2 = θ
′ 
2 ν2 (d 2 ,1 )ξ

′ . 

rguing as before we can assume, without loss of generality, that | ξ ′ | ≤ | Q | 2 . Moreover, we have

1 (d 2 ,1 ) 	 ν2 (d 2 ,1 ) and, as before, we can assume that θ
′ 
1 , θ

′ 
2 and θ3 label simple paths. Therefore,

 θ ′ 
1 | , | θ ′ 

2 | , | θ3 | ≤ | Q | − 1 . Hence, in this case we can find ν ′ 
1 , ν

′ 
2 , ν

′ 
3 such that δ (s i , ν

′ 
i ) = q i , ν

′ 
1 	 ν ′ 

2 	
′ 
3 , and | ν ′ 

1 | , | ν ′ 
2 | , | ν ′ 

3 | ≤ 1 + |Q | + |Q | 2 + |Q | 3 . 
Finally, the construction implies that νi = νj iff ν ′ 

i = ν
′ 
j , and νi � νj iff ν ′ 

i � ν ′ 
j . �

We are now ready for a computational variant of Theorem 4.23 . 
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Corollary 4.26. Let L be a regular language and let D L 

be the minimum DFA of L, with set of

tates Q . Let k ≥ 2 be an integer. Then, width 

D (L) ≥ k if and only if there exist strings μ1 , . . . , μk ,
nd γ and there exist pairwise distinct u 1 , . . . , u k ∈ Q such that, for every j = 1 , . . . , k : 

(1) μ j labels a path from the initial state s to u j ; 

(2) γ labels a cycle starting (and ending) at u j ; 

(3) either μ1 , . . . , μk ≺ γ or γ ≺ μ1 , . . . , μk ; 

(4) | μ1 | , . . . , | μk | < | γ | ≤ 2 (2 k − 2 +
∑ 2 k 

t= 1 | Q | t ). 

Proof. (⇐ ) Since condition 4. implies that γ is not a suffix of any of the μ j , width 
D (L) ≥ k

ollows from Theorem 4.23 . 
( ⇒ ) If width D ( L) ≥ k , we use Theorem 4.23 and find words μ ′ 

1 , . . . , μ
′ 
k 
, γ ′ and pairwise distinct

tates u 1 , . . . , u k ∈ Q such that for every j = 1 , . . . , k : 

(1) μ ′ 
j labels a path from the initial state s to u j ; 

(2) γ ′ labels a cycle starting (and ending) at u j ; 
(3) either μ ′ 

1 , . . . , μ
′ 
k 

≺ γ ′ or γ ′ ≺ μ ′ 
1 , . . . , μ

′ 
k 
; 

(4) γ ′ is not a suffix of μ ′ 
j . 

e only consider the case γ ′ ≺ μ ′ 
1 , . . . , μ

′ 
k 
, since in the case μ ′ 

1 , . . . , μ
′ 
k 

≺ γ ′ the proof is similar.
p to an index permutation, we may suppose without loss of generality that γ ′ ≺ μ ′ 

1 ≺ · · · ≺ μ ′ 
k 
.

onsider the 2 k-words νi and states s i , q i defined, for i = 1 , . . . 2 k , as follows: 

—ν1 = · · · = νk = γ
′ , s 1 = q 1 = u 1 , . . . , s k = q k = u k ; 

—νk+i = μ
′ 
i , s k+i = s , q k+i = u i for i = 1 , . . . , k , where s is the initial state of D L 

. 

f we apply Lemma 4.25 to these 2 k-words, we obtain words ν ′ 
1 = · · · = ν ′ 

k 
≺ ν ′ 

k+1 
≺ · · · ≺ ν ′ 

2 k 
such

hat, for all i = 1 , . . . , k : 

(1) δ (u i , ν
′ 
1 ) = u i , that is, ν

′ 
1 labels a cycle from every u i ; 

(2) δ (s, ν ′ 
k+i 

) = u i ; 
(3) ν ′ 

1 is not a suffix of ν ′ 
k+i 

; 

(4) | ν ′ 
1 | , | ν ′ 

k+i 
| ≤ 2 k − 2 +

∑ 2 k 
t= 1 | Q | t . 

et r be the smallest integer such that | (ν ′ 
1 ) 

r | > max {| ν ′ 
k+i 

| | i ∈ {1 , . . . , k }}. Let μ1 = ν ′ 
k+1 
, . . . , μk =

′ 
2 k 
, γ = (ν ′ 

1 ) 
r . Since ν ′ 

1 is not a suffix of μi , for all i = 1 , . . . , k , from ν ′ 
1 ≺ μ1 ≺ · · · ≺ μk it follows

= (ν ′ 
1 ) 

r ≺ μ1 ≺ · · · ≺ μk , Moreover: 

| μ1 | , . . . , | μk | < | γ | ≤ max {| ν ′ 
k+i | | i ∈ {1 , . . . , k }} + | ν ′ 

1 | ≤ 2 �
�
2 k − 2 +

2 k ∑ 

t= 1 

| Q | t �
�

nd the conclusion follows. �

We can finally provide an algorithmic solution to Problem 2 in the deterministic case. 

Theorem 4.27. Let L be a regular language, given as input by means of any DFA D = (Q , s , δ , F )
ecognizing L. Then, for any integer p ≥ 1 we can decide whether width 

D (L) ≤ p in time | δ | O (p ) . 

Proof. We exhibit a dynamic programming algorithm based on Corollary 4.26 , plugging in the
alue k = p + 1 and returning true if and only if width D (L) ≥ k is false. 
First, note that the alphabet’s size is never larger than the number of transitions: σ ≤ | δ | ,

nd that | Q | ≤ | δ | + 1 since we assume that each state can be reached from s . Up to minimiz-
ng D (with Hopcroft’s algorithm, running in time O ( |Q |σ log |Q |) ≤ |δ | O (1 ) ) we can assume that
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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 = D L 

is the minimum DFA recognizing L. Let N 

′ = 2 (2 k − 2 +
∑ 2 k 

t= 1 | Q | t ) be the upper bound
o the lengths of the strings μi ( 1 ≤ i ≤ k) and γ that need to be considered, and let N = N 

′ + 1
e the number of states in a path labeled by a string of length N 

′ . Asymptotically, note that
 ≤ | Q | O (k ) ≤ | δ | O (k ) . The high-level idea of the algorithm is as follows. First, in condition (3)
f Corollary 4.26 , we focus on finding paths μ j ’s smaller than γ , as the other case (all μ j ’s larger
han γ ) can be solved with a symmetric strategy. Then: 

(1) For each state u and each length 2 ≤ � ≤ N , we compute the co-lexicographically smallest
path of length (number of states) � connecting s with u. 

(2) For each k-tuple u 1 , . . . , u k and each length � ≤ N , we compute the co-lexicographically
largest string γ labeling k cycles of length (number of states) � originating (respectively,
ending) from (respectively, in) all the states u 1 , . . . , u k . 

Steps (1) and (2) could be naively solved by enumerating the strings μ1 , . . . , μk , and γ and trying
ll possible combinations of states u 1 , . . . , u k . Because of the string enumeration step, however,
his strategy would be exponential in N , i.e., doubly-exponential in k . We show that a dynamic
rogramming strategy is exponentially faster. 
Step (1) . This construction is identical to the one used in [ 3 ] for the Wheeler case (p = 1 ).
or completeness, we report it here. Let πu, � , with u ∈ Q and 2 ≤ � ≤ N , denote the predecessor
f u such that the co-lexicographically smallest path of length (number of states) � connecting
he source s to u passes through πu, � as follows: s � πu, � → u. The node πu, � coincides with s if
 = 2 and u is a successor of s; in this case, the path is simply s → u. If there is no path of length �
onnecting s with u, then we write πu, � = ⊥ . We show that the set {πu, � : 2 ≤ � ≤ N , u ∈ Q } stores
n just polynomial space all co-lexicographically smallest paths of any fixed length 2 ≤ � ≤ N from
he source to any node u. We denote such a path — to be intended as a sequence u 1 → · · · → u � 

f states — with α� (u). The node sequence α� (u) can be obtained recursively (in O (�) steps) as

� ( u) = α�−1 ( πu, � ) → u, where α1 ( s ) = s by convention. Note also that α� (u) does not fully specify
he sequence of edges (and thus labels) connecting those � states, since two states may be connected
y multiple (differently labeled) edges. However, the corresponding co-lexicographically smallest
equence λ− ( α� ( u)) of � − 1 labels is uniquely defined as follows: { 

λ− ( α� ( u )) = min { a ∈ Σ | δ (s, a ) = u} if � = 2 , 
λ− ( α� ( u)) = λ− ( α�−1 ( πu, � ) → u) = λ− ( α�−1 ( πu, � )) · min {a ∈ Σ | δ ( πu, � , a ) = u} if � > 2 . 

It is not hard to see that each πu, � can be computed in | δ | O (k ) time using dynamic programming.
irst, we set πu,2 = s for all successors u of s . Then, for � = 3 , . . . , N : 

πu, � = argmin 
v ∈ Pred (u ) 

(
λ− ( α�−1 ( v )) · min {a ∈ Σ | δ ( v, a ) = u } 

)
, 

here Pred (u) is the set of all predecessors of u and the argmin operator compares strings in
o-lex order. In the equation above, if none of the α�−1 (v ) are well-defined (because there is no
ath of length � − 1 from s to v), then πu, � = ⊥ . Note that computing any particular πu, � requires

omparing co-lexicographically | Pred (u ) | ≤ |Q | strings of length at most � ≤ N ≤ | δ | O (k ) , which

verall amounts to | δ | O (k ) time. Since there are | Q | × N = | δ | O (k ) variables πu, � and each can be

omputed in time | δ | O (k ) , overall Step (1) takes time | δ | O (k ) . This completes the description of
tep (1). 
Step (2) . Fix a k-tuple u 1 , . . . , u k and a length 2 ≤ � ≤ N . Our goal is now to show how

o compute the co-lexicographically largest string γ of length � − 1 labeling k cycles of length
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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number of states) � originating (respectively, ending) from (respectively, in) all the states
 1 , . . . , u k . Our final strategy will iterate over all such k-tuples of states (in time exponential in
) in order to find one satisfying the conditions of Corollary 4.26 . 
Our goal can again be solved by dynamic programming. Let u 1 , . . . , u k and u 

′ 
1 , . . . , u 

′ 
k 
be two

-tuples of states, and let 2 ≤ � ≤ N . Let moreover πu 1 , ... , u k , u 
′ 
1 , . . . , u 

′ 
k 
, � be the k-tuple 〈 u 

′′ 
1 , . . . , u 

′′ 
k 
〉

f states (if it exists) such that there exists a string γ of length � − 1 with the following properties: 

—For each 1 ≤ i ≤ k , there is a path u i � u 

′′ 
i → u 

′ 
i of length (number of nodes) � labeled

with γ , and 
—γ is the co-lexicographically largest string satisfying the above property. 

If such a string γ does not exist, then we set πu 1 , . . . , u k , u 
′ 
1 , . . . , u 

′ 
k 
, � = ⊥ . 

Remember that we fix u 1 , . . . , u k . For � = 2 and each k-tuple u 

′ 
1 , . . . , u 

′ 
k 
, it is easy to compute

u 1 , . . . , u k , u 
′ 
1 , . . . , u 

′ 
k 
, � : this k-tuple is 〈 u 1 , . . . , u k 〉 (all paths have length 2) if and only if there exists

 ∈ Σ such that u 

′ 
i = δ (u i , c ) for all 1 ≤ i ≤ k (otherwise it does not exist). Then, γ is formed by

ne character: the largest such c . 
For � > 2 , the k-tuple πu 1 , . . . , u k , u 

′ 
1 , . . . , u 

′ 
k 
, � can be computed as follows. Assume we have computed

hose variables for all lengths � ′ < �. Note that for each such � ′ < � and k-tuple u 

′′ 
1 , . . . , u 

′′ 
k 
, the

ariables πu 1 , . . . , u k , u 
′′ 
1 , . . . , u 

′′ 
k 
, � ′ identify k paths u i � u 

′′ 
i of length (number of nodes) � 

′ . Let us denote

ith α� ′ (u 

′′ 
i ) such paths, for 1 ≤ i ≤ k . 

Then, πu 1 , . . . , u k , u 
′ 
1 , . . . , u 

′ 
k 
, � is equal to 〈 u 

′′ 
1 , . . . , u 

′′ 
k 
〉 maximizing co-lexicographically the string γ ′ ·

 defined as follows: 

(1) u 

′ 
i = δ (u 

′′ 
i , c ) for all 1 ≤ i ≤ k , 

(2) πu 1 , . . . , u k , u 
′′ 
1 , . . . , u 

′′ 
k 
, �−1 � ⊥ , and 

(3) γ ′ is the co-lexicographically largest string labeling all the paths α�−1 (u 

′′ 
i ). Note that this

string exists by condition (2), and it can be easily built by following those paths in parallel
(choosing, at each step, the largest character labeling all the k considered edges of the k
paths). 

If no c ∈ Σ satisfies condition (1), or condition (2) cannot be met, then πu 1 , . . . , u k , u 
′ 
1 , . . . , u 

′ 
k 
, � = ⊥ . 

Note that πu 1 , . . . , u k , u 1 , . . . , u k , � allows us to identify (if it exists) the largest string γ of length � − 1
abeling k cycles originating and ending in each u i , for 1 ≤ i ≤ k . 
Each tuple πu 1 , . . . , u k , u 

′ 
1 , . . . , u 

′ 
k 
, � can be computed in | δ | O (k ) time by dynamic programming (in order

f increasing �), and there are | δ | O (k ) such tuples to be computed (there are | Q | O (k ) ≤ | δ | O (k ) ways

f choosing u 1 , . . . , u k , u 

′ 
1 , . . . , u 

′ 
k 
, and N ≤ | δ | O (k ) ). Overall, also Step (2) can therefore be solved

n | δ | O (k ) time. 
To sum up, we can check if the conditions of Corollary 4.26 hold as follows: 

(1) We compute πu, � for each u ∈ Q and � ≤ N . This identifies a string μ� u for each such pair
u ∈ Q and � ≤ N : the co-lexicographically smallest one, of length � − 1 , labeling a path
connecting s with u. 

(2) For each k-tuple u 1 , . . . , u k and each � ≤ N , we compute πu 1 , . . . , u k , u 1 , . . . , u k , � . This identifies

a string γ � 
u 1 , . . . ,u k 

for each such tuple u 1 , . . . , u k and � ≤ N : the co-lexicographically largest
one, of length � − 1 , labeling k cycles originating and ending in each u i , for 1 ≤ i ≤ k . 

(3) We identify the k-tuple u 1 , . . . , u k and the lengths � i < � ≤ N (if they exist) such that

μ� i u i ≺ γ � 
u 1 , . . . ,u k 

for all 1 ≤ i ≤ k . 
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Fig. 8. A minimum DFA D n recognizing a star-free language L n with width 

D (L n ) = n for the two possible 

orders on the alphabet { a, b} . 
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The conditions of Corollary 4.26 hold if and only if step 3 above succeeds for at least one k-tuple
 1 , . . . , u k and lengths � i < � ≤ N , for 1 ≤ i ≤ k . Overall, the algorithm terminates in |δ | O (k ) =

 δ | O (p ) time. �

.4 Relation with Star-Free Languages 

heorem 4.23 allows us to describe the levels of the width hierarchy looking to cycles in the mini-
um automata for the languages. This results resemble another very well known result on a class
f subregular languages, the star-free ones, which can also be described by inspecting the cycles
n the minimum DFA for the language. 

Definition 4.28. A regular language is said to be star-free if it can be described by a regular
xpression constructed from the letters of the alphabet, the empty set symbol, all boolean operators
including complementation), and concatenation (but no Kleene star). 

A well-known automata characterization of star-free languages is given by using counters. A
ounter in a DFA is a sequence of pairwise-distinct states u 0 , . . . , u n (with n ≥ 1 ) such that there
xists a non-empty string α with δ (u 0 , α ) = u 1 , . . . , δ (u n−1 , α ) = u n , δ (u n , α ) = u 0 . A language is
tar-free if and only if its minimum DFA has no counters [ 67 , 76 ]. 
We can easily prove that a Wheeler language, i.e., a language Lwith width N ( L) = width D ( L) =

 for a fixed order of the alphabet, is always star-free. Indeed, if the minimum DFA for a language
as a counter u 0 , . . . , u n with string α , and γ ∈ I u 0 , then (γα

n ) n ∈ N 

is a monotone sequence (increas-
ng or decreasing depending on which string between γ and γα is smaller) which is not ultimately
ncluded in one class of the Myhill-Nerode equivalence ≡L 

(because in a minimum DFA the I u ’s
re exactly equal to Nerode classes). Hence, the language is not Wheeler by Corollary 4.22 . 
This implies that the first level of the deterministic width hierarchy is included in the class
f star-free languages. On the other hand, in the next example we prove that there is an in-
nite sequence of star-free languages (L n ) n ∈ N 

over the two letter alphabet { a, b} such that
idth D (L n ) = n, for both total orders 	 on { a, b} . 

Example 4.29. In Figure 8 we depicted a DFA D n with 3 n states accepting the language L n =
 n−1 
j= 0 b 

j ab ∗a j+1 . Notice that: 

(1) for every state u and for every 1 ≤ j ≤ n, we have that δ (u, aba j ) is defined and final if
and only if u = q j ; 
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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(2) for every state u in the second or third row and for every 1 ≤ j ≤ n, we have that δ (u, ba j )
is defined and final if and only if u = r j ; 

(3) for every state u in the third row and for every 1 ≤ j ≤ n, we have that δ (u, a j−1 ) is defined
and final if and only if u = s j . 

We conclude that D n is the minimum DFA of L n . 
Since D n has no counters (because every cycle is a self-loop), the above mentioned character-

zation of star-free languages tells us that L n is star-free. Let us prove that ent (D n ) = n, so that
idth D (L n ) = n follows from Theorem 4.21 . Notice that (1) states in the first row are reached by
nly one string, (2) states in the second row are reached infinitely many times only by string end-
ng with b, and (3) states in the third row are reached only by strings ending with a . This implies
nt (D n ) ≤ n, because the words belonging to a monotone sequence witnessing an entanglement
etween states will definitely end by the same letter, so only states belonging to the same row may
elong to an entangled set. Finally, the n states in the second level are entangled, as it witnessed
y the monotone sequence: 

a ≺ ba ≺ b b a ≺ · · · ≺ b n−1 a ≺ ab ≺ b ab ≺ b b ab ≺ · · · ≺ b n−1 ab ≺ · · · ≺ ab k ≺ b ab k ≺ b b ab k ≺ . . . 
if a ≺ b, and by the monotone sequence: 

b n−1 a � b n−2 a � · · · � a � b n−1 ab � b n−2 ab � · · · � ab � · · · � b n−1 ab k � b n−2 ab k � · · · � ab k � . . . 

if b ≺ a . Hence, in both cases we have ent (D n ) = n. 

.5 The Convex Myhill-Nerode Theorem 

n the previous sections we described a hierarchy of regular languages by means of their deter-
inistic widths. A natural question is whether a corresponding Myhill-Nerode theorem can be
rovided for every level of the hierarchy: given a regular language L, if we consider all DFAs rec-
gnizing L and having width equal to width D (L), is there a unique such DFA having the minimum
umber of states? In general, the answer is “no”, as showed in Example 4.6 . 
The non-uniqueness can be explained as follows. If a DFA of width p recognizes L, then Pref (L)

an be partitioned into p sets, each of which consists of the (disjoint) union of some pairwise
omparable I q ’s. However, in general the partition into p sets is not unique, so it may happen that
wo distinct partitions lead to two non-isomorphic minimal DFAs with the same number of states.
or example, in Figure 3 , we see two non-isomorphic DFAs (center and right) realizing the width
f the language and with the minimum number of states among all DFAs recognizing the same
anguage and realizing the width of the language: the chain partition { { 0 , 1 , 4 }, {2 , 3 , 5 , 3 ′ }} of the
FA in the center induces the partition { ac ∗ ∪ { ε, e, h }, bc ∗ ∪ ac ∗d ∪ {дd, ee, he, f , k, д} } of Pref (L),
hereas the chain partition { { 0 , 1 , 3 }, {2 , 4 , 5 , 4 ′ }} of the DFA on the right induces the partition

 ac ∗ ∪ ac ∗d ∪ { ε, дd, e e , he , f , k }, b c ∗ ∪ {e , h, д} } of Pref (L). 
This example shows that no uniqueness results can be ensured as long as partitions are not fixed.
ut what happens if we fix a partition? As we will prove in this section, once a partition is fixed, it
s possible to prove a full Myhill-Nerode theorem, thereby providing a DFA-free characterization
f languages of width equal to p and a minimum DFA for these languages. 
More formally, let D = (Q , s , δ , F ) be a DFA, and let {Q i | 1 ≤ i ≤ p} be a ≤D 

-chain partition of
. For every i ∈ { 1 , . . . , p } , define: 

Pref ( L ( D) ) i = {α ∈ Pref ( L ( D) ) | δ (s, α ) ∈ Q i }. 
hen { Pref ( L ( D) i | 1 ≤ i ≤ p } is a partition of Pref ( L ( D) ), and from now on we will think of
uch a partition as fixed. We now consider the class of all DFAs accepting L and inducing the
onsidered partition. 
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Definition 4.30. Let D = (Q , s , δ , F ) be a DFA, and let P = {U 1 , . . . , U p } be a partition of
ref ( L ( D) ). We say that D is P-sortable if there exists a ≤D 

-chain partition {Q i | 1 ≤ i ≤ p}
uch that for every i ∈ { 1 , . . . , p } : 

Pref ( L ( D) ) i = U i . 

We wish to give a DFA-free characterization of languages L and partitions P of Pref (L) for
hich there exists a P-sortable DFA. As in the Myhill-Nerode theorem, we aim at determining
hich properties an equivalence relation ∼ should satisfy to ensure that a canonical construction
rovides a P-sortable DFA. First, L must be regular, so ∼ is expected to be right-invariant. In order
o develop some intuition on the required properties, let us consider an equivalence relation which
lays a key role in the classical Myhill-Nerode theorem. Let D = (Q , s , δ , F ) be a P-sortable DFA,
nd let ≡D 

be the equivalence relation on Pref ( L ( D) ) defined by 

α ≡D 

β ⇔ δ (s, α ) = δ (s, β ). 

otice that equivalent strings end up in the same element of P ( P-consistency ), and since all states
n each ≤D 

-chain Q i are comparable, then each I q must be convex in the corresponding element of
 ( P -convexity ). More formally we consider the following definition, where, for every α ∈ Pref (L),
e denote by U α the unique element U i of P such that α ∈ U i . 

Definition 4.31. Let L ⊆ Σ∗ be a language, and let ∼ be an equivalence relation on Pref (L). Let
 = {U 1 , . . . , U p } be a partition of Pref (L). 

(1) We say that ∼ is P-consistent if for every α , β ∈ Pref (L), if α ∼ β , then U α = U β . 
(2) Assume that ∼ is P-consistent. We say that ∼ is P-convex if for every α ∈ Pref (L) we

have that [ α] ∼ is a convex in (U α , 	). 

As we now prove, these are exactly the required properties for a DFA-free characterization. 
Let L ⊆ Σ∗ be a language, and let ∼ be an equivalence relation on Pref (L). We say that ∼ respects

ref (L) if:

( ∀α , β ∈ Pref ( L) ) (∀ϕ ∈ Σ∗) ( α ∼ β ∧ αϕ ∈ Pref ( L) → βϕ ∈ Pref ( L) ) . 

ow, let us define the right-invariant, P-consistent and P-convex refinements of an equivalence
elation ∼. 

(1) Assume that ∼ respects Pref (L). For every α , β ∈ Pref (L), define: 

α ∼r β ⇐⇒ ( ∀ϕ ∈ Σ∗) ( αϕ ∈ Pref ( L) → αϕ ∼ βϕ). 

We say that ∼r is the right-invariant refinement of ∼. 
(2) Let P = { U 1 , . . . , U p } be a partition of Pref (L). For every α , β ∈ Pref (L), define: 

α ∼cs β ⇐⇒ (α ∼ β ) ∧ (U α = U β ) 

We say that ∼cs is the P-consistent refinement of ∼. 
(3) Let P = { U 1 , . . . , U p } be a partition of Pref (L). Assume that ∼ is P-consistent. For every

α , γ ∈ Pref (L), define: 

α ∼cv γ ⇐⇒ (α ∼ γ )∧ 

∧ ( ∀β ∈ Pref ( L) ) ( ( ( U α = U β ) ∧ ( min {α , γ } ≺ β ≺ max {α , γ }) → α ∼ β ). 

We say that ∼cv is the P-convex refinement of ∼. 
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Co-lexicographically Ordering Automata and Regular Languages - Part I 27:41 

I  

c  

l
 

m  

d  

w  

r

 

a  

c

 

P  

p
a  

α  

p  

p  

o  

B  

α

b  

P
 

c  

fi  

r  

r  

a

 

D  

i

 

≡
 

s

 

o  

c  

fi

t is easy to check that ∼r is the coarsest right-invariant equivalence relation refining ∼, ∼cs is the
oarsest P-consistent equivalence relation refining ∼ and ∼cv is the coarsest P-convex equiva-
ence relation refining ∼. 
We wish to prove that any equivalence relation that respects Pref (L) admits a coarsest refine-
ent being P -consistent, P -convex and right-invariant at once, because then we will be able to
efine an equivalence relation inducing the minimum ( P-sortable) DFA. We first prove that if
e use the operators cv and r , in this order, over a P-consistent and right-invariant equivalence
elation we do not lose P-consistency, nor right-invariance, and we gain P-convexity. 

Lemma 4.32. Let L ⊆ Σ∗ be a language, and let P be a partition of Pref (L). If ∼ is a P-consistent

nd right-invariant equivalence relation on Pref (L), then the relation (∼cv ) r is P -consistent, P -

onvex and right-invariant. 

Proof. By definition (∼cv ) r is a right-invariant refinement. Moreover, ∼cv and (∼cv ) r are
-consistent because they are refinements of the P-consistent equivalence relation ∼. Let us
rove that (∼cv ) r is P-convex. Assume that α , β, γ ∈ Pref (L) are such that α (∼cv ) r γ , α ≺ β ≺ γ
nd U α = U β . Being (∼cv ) r a P-consistent relation, we have U α = U β = U γ . We must prove that
(∼cv ) r β . Fix ϕ ∈ Σ∗ such that αϕ ∈ Pref (L). We must prove that αϕ ∼cv βϕ. Now, α (∼cv ) r γ im-
lies α ∼cv γ . Since α ≺ β ≺ γ and U α = U β = U γ , then the P-convexity of ∼cv implies α ∼cv β . In
articular, α ∼ β . Since ∼ is right-invariant we have αϕ ∼ βϕ, and from the P-consistency of ∼we
btain U αϕ = U βϕ . Moreover, α (∼cv ) r γ implies αϕ (∼cv ) r γϕ by right-invariance, so αϕ ∼cv γϕ.
y P-convexity, from αϕ ∼cv γϕ, U αϕ = U βϕ and αϕ ≺ βϕ ≺ γϕ (since α ≺ β ≺ γ ) we conclude
ϕ ∼cv βϕ. �

Corollary 4.33. Let L ⊆ Σ∗ be a nonempty language, and let P be a partition of Pref (L). Let ∼
e an equivalence relation that respects Pref (L). Then, there exists a (unique) coarsest P-consistent,

-convex and right-invariant equivalence relation refining ∼. 

Proof. The equivalence relation (∼cs ) r is P-consistent (because it is a refinement of the P-
onsistent equivalence relation ∼cs ) and right-invariant (by definition it is a right-invariant re-
nement), so by Lemma 4.32 the equivalence relation ( ( ( ∼cs ) r ) cv ) r is P -consistent, P -convex and
ight-invariant. Moreover, every P -consistent, P -convex and right-invariant equivalence relation
efining ∼ must also refine ( ( ( ∼cs ) r ) cv ) r , so ( ( ( ∼cs ) r ) cv ) r is the coarsest P -consistent, P -convex
nd right-invariant equivalence relation refining ∼. �

Corollary 4.33 allows us to give the following definition. 

Definition 4.34. Let L ⊆ Σ∗ be a language, and let P = {U 1 , . . . , U p } be a partition of Pref (L).

enote by ≡P 

L 

the coarsest P -consistent, P -convex and right-invariant equivalence relation refin-

ng the Myhill-Nerode equivalence ≡L 

. 

In particular, since L is the union of some ≡L 

-classes, we also have that L is the union of some
P 

L 

-classes. 

Recall that, given a DFA D = (Q , s , δ , F ), the equivalence relation ≡D 

on Pref ( L ( D) ) is the one
uch that: 

α ≡D 

β ⇐⇒ δ (s, α ) = δ (s, β ). 

Here are the key properties of ≡D 

, when D is a P-sortable DFA. 

Lemma 4.35. Let D = (Q , s , δ , F ) be a P-sortable DFA, where P = {U 1 , . . . , U p } is a partition

f Pref (L ) for L = L (D) . Then, ≡D 

has finite index, it respects Pref (L), it is right-invariant, P-

onsistent, P-convex, it refines ≡P 

L 

, and L is the union of some ≡D 

-classes. In particular, ≡P 

L 

has

nite index. 
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Proof. The relation ≡D 

has index equal to | Q | . It respects Pref (L) because if α ≡D 

β and ϕ ∈ Σ∗

atisfies αϕ ∈ Pref (L), then there exists γ with αϕγ ∈ L so δ (s, αϕγ ) ∈ F . Since δ (s, α ) = δ (s, β )
e obtain δ (s, αϕγ ) = δ (s, βϕγ ) and so βϕγ ∈ L and βϕ ∈ Pref (L) follows. Moreover, it is right-
nvariant because if α ≡D 

β and ϕ ∈ Σ∗ is such that αϕγ ∈ L, then βϕ ∈ Pref ( L) and from δ ( s, α ) =
(s, β ) we obtain δ ( s, αϕ) = δ ( s, βϕ). 
For every α ∈ Pref (L) we have [ α] ≡D 

= I δ (s,α ) , which implies that ≡D 

is P-consistent. More-
ver, ≡D 

is P-convex, that is, for every α ∈ Pref (L) we have that [ α] ≡D 

= I δ (s,α ) is convex in

 α , because if u 1 , . . . , u k ∈ Q are such that U α = 
⋃ k 

i= 1 I u i , then the u i ’s must be pairwise ≤D 

-
omparable, being in the same ≤D 

-chain. Moreover, ≡D 

refines ≡L 

, because α ≡D 

β implies that
or every ϕ ∈ Σ∗ we have δ (s, αϕ) = δ (s, βϕ) and so αϕ ∈ L iff βϕ ∈ L. Since ≡P 

L 

is the coars-

st P -consistent, P -convex and right-invariant equivalence relation refining ≡L 

, and ≡D 

is a P-
onsistent, P-convex and right-invariant equivalence relation refining ≡L 

, we conclude that ≡D 

lso refines ≡P 

L 

, which in particular implies that L is the union of some ≡D 

-classes. We know that

D 

has finite index, so ≡P 

L 

has finite index. �

We can now explain how to canonically build a P-sortable DFA starting from an equivalence
elation. 

Lemma 4.36. Let L ⊆ Σ∗ be a language, and let P = {U 1 , . . . , U p } be a partition of Pref (L). Assume

hat L is the union of some classes of a P -consistent, P -convex, right-invariant equivalence relation

on Pref (L) of finite index. Then, L is recognized by a P-sortable DFA D ∼ = (Q ∼, s ∼, δ∼, F ∼) such

hat: 

(1) |Q ∼| is equal to the index of ∼; 

(2) ≡D ∼ and ∼ are the same equivalence relation (in particular, |Q ∼| is equal to the index of ≡D ∼ ).

oreover, if B is a P-sortable DFA that recognizes L, then D ≡B is isomorphic to B. 

Proof. Define the DFA D ∼ = (Q ∼, s ∼, δ∼, F ∼) as follows. 

—Q ∼ = {[ α] ∼ | α ∈ Pref (L)}; 
—s ∼ = [ ε] ∼, where ε is the empty string; 
—δ∼ ([ α] ∼, a ) = [ αa ] ∼, for every α ∈ Σ∗ and a ∈ Σ such that αa ∈ Pref (L). 
—F ∼ = {[ α] ∼ | α ∈ L}. 

ince ∼ is right-invariant, it has finite index and L is the union of some ∼-classes, then D ∼ is a
ell-defined DFA and: 

α ∈ [ β] ∼ ⇐⇒ δ∼ (s ∼, α ) = [ β] ∼. (6)

which implies that for every α ∈ Pref (L) it holds I [ α ] ∼ = [ α] ∼, and so L ( D ∼) = L. 
For every i ∈ { 1 , . . . , p } , define: 

Q i = {[ α] ∼ | U α = U i }. 

Notice that each Q i is well-defined because ∼ is P-consistent, and each Q i is a ≤D ∼-chain be-
ause ∼ is P-convex. It follows that {Q i | 1 ≤ i ≤ p} is a ≤D ∼-chain partition of Q ∼. 
From Equation ( 6 ) we obtain: 

Pref ( L ( D ∼) ) i = {α ∈ Pref ( L ( D ∼) ) | δ∼ (s ∼, α ) ∈ Q i } 
= {α ∈ Pref ( L ( D ∼) ) | (∃[ β] ∼ ∈ Q i α ∈ [ β] ∼)} 
= {α ∈ Pref ( L ( D ∼) ) | U α = U i } = U i . 
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n other words, D ∼ witnesses that L is recognized by a P-sortable DFA. Moreover: 

(1) The number of states of D ∼ is clearly equal to the index of ∼. 
(2) By Equation ( 6 ): 

α ≡D ∼ β ⇐⇒ δ∼ (s ∼, α ) = δ∼ (s ∼, β ) ⇐⇒ [ α] ∼ = [ β] ∼ ⇐⇒ α ∼ β

so ≡D ∼ and ∼ are the same equivalence relation. 

inally, suppose B is a P-sortable DFA that recognizes L. Notice that by Lemma 4.35 we have that

B 

is a P -consistent, P -convex, right-invariant equivalence relation on Pref (L) of finite index
uch that L is the union of some ≡B 

-classes, so D ≡B is well-defined. Call Q B 

the set of states of B,
nd let ϕ : Q ≡B → Q B 

be the function sending [ α] ≡B into the state in Q B 

reached by reading α . No-
ice that ϕ is well-defined because by the definition of ≡B 

we obtain that all strings in [ α] ≡B reach
he same state of B. It is easy to check that ϕ determines an isomorphism between D ≡B and B. �

We now have all the required definitions to state our Myhill-Nerode theorem, which generalizes
he one for Wheeler languages [ 2 ]. 

Theorem 4.37 (Convex Myhill-Nerode Theorem). Let L be a language. Let P be a partition

f Pref (L). The following are equivalent: 

(1) L is recognized by a P-sortable DFA. 

(2) ≡P 

L 

has finite index. 

(3) L is the union of some classes of a P -consistent, P -convex, right-invariant equivalence rela-

tion on Pref (L) of finite index. 

oreover, if one of the above statements is true (and so all the above statements are true), then there

xists a unique minimum P-sortable DFA recognizing L (that is, two P-sortable DFAs recognizing

 having the minimum number of states must be isomorphic). 

Proof. ( 1 ) → ( 2 ) It follows from Lemma 4.35 . 
( 2 ) → ( 3 ) The desired equivalence relation is simply ≡P 

L 

. 

( 3 ) → ( 1 ) It follows from Lemma 4.36 . 
Now, let us prove that the minimum DFA is D ≡P 

L 
as defined in Lemma 4.36 . First, D ≡P 

L 
is well-

efined because ≡P 

L 

is P -consistent, P -convex and right-invariant by definition; moreover, it has

nite index and L is the union of some ≡P 

L 

-equivalence classes by Lemma 4.35 . Now, the number

f states of D ≡P 
L 
is equal to the index of ≡P 

L 

, or equivalently, of ≡D ≡P 
L 
. On the other hand, let B

e any P-sortable DFA recognizing L non-isomorphic to D ≡P 
L 
. Then ≡B 

is a refinement of ≡P 

L 

y Lemma 4.35 , and it must be a strict refinement of ≡P 

L 

, otherwise D ≡P 
L 
would be equal to D ≡B ,

hich by Lemma 4.36 is isomorphic to B, a contradiction. We conclude that the index of ≡P 

L 

is

maller than the index of ≡B 

, so again by Lemma 4.36 the number of states of D ≡P 
L 
is smaller than

he number of states of D ≡B and so of B. �

Notice that for a language L Definition 4.30 implies that width D (L) = p if and only if (i) there
xists a partition P of size p such that L is recognized by a P-sortable DFA and (ii) for every
artition P 

′ of size less than p it holds that L is not recognized by a P 

′ -sortable DFA. As a con-
equence, width D (L) = p if and only if the minimum cardinality of a partition P of Pref (L) that
atisfies any of the statements in Theorem 4.37 is equal to p. Given a P-sortable DFA recognizing
, it can be shown that the minimum P-sortable DFA recognizing L can be built in polynomial
ime by generalizing the algorithm in [ 1 ] (we do not provide the algorithmic details here because
hey would take us away from the main ideas that we want to convey). 
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 WIDTH-AWARE ENCODINGS AND INDEXES FOR REGULAR LANGUAGES 

n this section, we present compressed data structures for automata solving the compression and
he indexing problems, that is Problems 5 and 6 of Section 2.4 . 
When presenting our data structures in detail, we will assume to be working with integer al-
habets of the form Σ = [0 , σ − 1] , that is, alphabets formed by all integers {0 , 1 , . . . , σ − 1 }. Our
ata structure results hold in the word RAM model with words of size w ∈ Θ( log u) bits, where
is the size of the input under consideration (for example, u may be the size of an automaton or
he length of a string, depending on the input of the algorithm under consideration). When not
pecified otherwise, the space of our data structures is measured in words. 
Given an array S = S [1] S [2] . . . S [ | S | ] , let S [ l , r ] = S [ l] S [ l + 1] . . . S [ r − 1] S [ r ] , if 1 ≤ l ≤ r ≤ | S | ,

nd S[ l , r ] = ∅ if l > r . 
Recall that the zero-order entropy of a sequence S ∈ Σn of length n over alphabet Σ is H 0 (S ) =
 

c ∈Σ
|S | c 
n 

log 2 
n 

|S | c , where | S | c denotes the number of occurrences of character c in S . We will use

ome well-known properties of H 0 (S ): the quantity nH 0 (S ) is a lower bound to the length of any
ncoding of S that encodes each character independently from the others via a prefix code of the
lphabet Σ, and in particular H 0 (S ) ≤ log 2 σ . 

.1 Path Coherence and Lower Bounds 

he reason why Wheeler automata admit an efficient indexing mechanism lies in two key obser-
ations: (i) on finite total orders a convex set can be expressed with O (1 ) words by specifying its
ndpoints, and (ii) the set of states reached by a path labeled with a given string α forms a convex
et ( path-coherence ). We now show that the convex property holds true also for co-lex orders by
eneralizing the result in [ 47 ]. 

Lemma 5.1 (Path-coherence). Let N = (Q , s , δ , F ) be an NFA, ≤ be a co-lex order on N , α ∈ Σ∗,

nd U be a ≤-convex set of states. Then, the set U 

′ of all states in Q that can be reached from U by

ollowing edges whose labels, when concatenated, yield α , is still a (possibly empty) ≤-convex set. 

Proof. We proceed by induction on | α | . If | α | = 0 , then α = ε, and we are done. Now assume
α | ≥ 1 . We can write α = α ′ a , with α ′ ∈ Σ∗, a ∈ Σ. Let u, v, z ∈ Q such that u < v < z and u, z ∈
 

′ . We must prove that v ∈ U 

′ . By the inductive hypothesis, the set U 

′′ of all states in Q that
an be reached from some state in U by following edges whose labels, when concatenated, yield
′ , is a ≤-convex set. In particular, there exist u 

′ , z ′ ∈ U 

′′ such that u ∈ δ (u 

′ , a ) and z ∈ δ (z ′ , a ).
ince a ∈ λ(u) ∩ λ(z) and u < v < z, then λ(v ) = {a } (otherwise by Axiom 1 we would obtain a
ontradiction), so there exists v 

′ ∈ Q such that v ∈ δ (v 

′ , a ). From u < v < z and Axiom 2 we obtain
 

′ ≤ v 

′ ≤ z ′ . Since u 

′ , z ′ ∈ U 

′′ and U 

′′ is a ≤-convex set, then v 

′ ∈ U 

′′ , and so v ∈ U 

′ . �

Note that Corollary 2.14 in Section 2.2 also follows from Lemma 5.1 by picking U = { s} , because
hen U 

′ = I α . 
As we will see, the above result implies that indexing mechanism can be extended to arbitrary fi-
ite automata by updating one ≤-convex set for each character of the query pattern. This, however,
oes not mean that, in general, indexing can be performed as efficiently as on Wheeler automata:
s we show next, in general, it is not possible to represent a ≤-convex set in a partial order using
onstant space. 

Lemma 5.2. The following hold: 

(1) Any partial order (V , ≤) of width p has at least 2 p distinct ≤-convex subsets. 

(2) For any n and p such that 1 ≤ p ≤ n, there exists a partial order (V , ≤) of width p and |V | = n
with at least (n/p) p distinct ≤-convex subsets. 
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Proof. (1) Since V has width p, there exists an antichain A of cardinality p. It is easy to see
hat any subset I ⊆ A is a distinct ≤-convex set. The bound 2 p follows. (2) Consider a partial order
ormed by p mutually-incomparable total orders V i , all having n/p elements. Since any total order
f cardinality n/p has ( n/p + 1 ) ( n/p)/ 2 + 1 distinct convex sets and any combination of ≤V i -convex
ets forms a distinct ≤-convex set, we obtain at least 

p ∏ 

i= 1 

( ( n/p + 1 ) ( n/p)/ 2 + 1 ) ≥
p ∏ 

i= 1 

n/p = (n/p) p 

istinct ≤-convex sets. �

Remark 5.3. Given an NFA N with n states and a co-lex order ≤ of width p on N , Lemma 5.2
mplies an information-theoretic lower bound of p bits for expressing a ≤-convex set, which in-
reases to Ω( p log ( n/p)) bits in the worst case. This means that, up to (possibly) a logarithmic
actor, in the word RAM model Ω(p) time is needed to manipulate one ≤-convex set. 

Remark 5.4. If (V , ≤) is a partial order, V 

′ ⊆ V and U is a convex subset of (V , ≤), then U ∩ V 

′ is
 convex set over the restricted partial order (V 

′ , ≤V ′ ). In particular, if {V i | 1 ≤ i ≤ p} is a partition
f V then any ≤-convex set U is the disjoint union of p (possibly empty) sets U 1 , . . . , U p , where
 i = U ∩ V i is a convex set over the restriction (V i , ≤V i ). 

The above remarks motivate the following strategy. Letting p be the width of a partial order ≤, by
ilworth’s theorem [ 37 ] there exists a ≤-chain partition {Q i | 1 ≤ i ≤ p} ofQ into p chains. Then,
emark 5.4 implies that a ≤-convex set can be encoded by at most p convex sets, each contained
n a distinct chain, using O (p) words. This encoding is essentially optimal by Remark 5.3 . 
Using the above mentioned strategy we can now refine Lemma 5.1 (path-coherence) and its

orollary (Corollary 2.14 ). 

Lemma 5.5. Let N = (Q , s , δ , F ) be an NFA, ≤ be a co-lex order on N , { Q i } p i= 1 be a ≤-chain partition

f N , α ∈ Σ∗, and U be a ≤-convex set of states. Then, the set U 

′ of all states in Q that can be reached

rom U by following edges whose labels, when concatenated, yield α , is the disjoint union of p (possibly

mpty) sets U 

′ 
1 , . . . , U 

′ 
p , where U 

′ 
i = U 

′ ∩ Q i is ≤Q i 
-convex, for i = 1 , . . . , p. 

In particular, if α ∈ Pref ( L ( A) ) then, I α is the disjoint union of p (possibly empty) sets I 1 α , . . . , I 
p 
α ,

here I i α = I α ∩ Q i is ≤Q i 
-convex, for i = 1 , . . . , p. 

.2 Encoding DFAs and Languages: The Automaton BWT (aBWT) 

et us define a representation of an automaton that is a generalization of the well-known BWT of
 string [ 23 ]. We call this generalization the automaton Burrows-Wheeler transform ( aBWT )
nd, just like the BWT of a string is an encoding of the string (that is, distinct strings have distinct
WTs), we will show that the aBWT of a DFA is an encoding of the DFA. We will also see that, on
FAs, the aBWT allow us to reconstruct the accepted language and to efficiently solve the string
atching problem (Problem 6 ), but in general it is not an encoding since it is not sufficient to
econstruct the NFA’s topology. A variant, using slightly more space and encoding NFAs, will be
resented in Section 5.4 . 
The aBWT is given for an automaton N = (Q , s , δ , F ) and it depends on a co-lex order ≤ en-
owed with a fixed ≤-chain partition {Q i | 1 ≤ i ≤ p} of Q (we assume s ∈ Q 1 , so s is the first
lement of Q 1 ). An intuition behind the aBWT is provided in Figure 9 : after sorting the states in
 total order which agrees with the co-lex order ≤ on pairs whose elements belong to the same
lass of the partition {Q i | 1 ≤ i ≤ p} and drawing the transition function’s adjacency matrix in
his order, we build five sequences collecting the chain borders ( CHAIN ), a boolean flag per state
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Fig. 9. A DFA D accepting L = ab ( aa ) ∗ ( b ( b + c ) ) ∗, together with the Hasse diagram of its maximum co- 

lex order ≤ and the adjacency matrix of D. In the following examples we consider the ≤-chain partition 

given by Q 1 = {v 1 , v 2 , v 3 , v 4 } , Q 2 = { v 5 , v 6 , v 7 }. The adjacency matrix is sorted according to the total order 

Q = {v 1 , v 2 , v 3 , v 4 , v 5 , v 6 , v 7 }. The two different shades of gray divide the edges by destination chain (either 1 

or 2). Each edge is represented in this matrix as the pair (i, c ), where i is the destination chain and c ∈ Σ is the 

edge’s label. This way of visualizing the adjacency matrix can be viewed as a two-dimensional representation 

of the automaton Burrows-Wheeler transform (aBWT, Definition 5.6 ). The aBWT can be linearized in five 

sequences, as shown here and in Example 5.7 . 
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arking final states ( FINAL ), the states’ in-degrees ( IN _ DEG ), the states’ out-degrees ( OUT _ DEG ), and
he states’ labels and destination chains ( OUT ). 

Definition 5.6 (aBWT of an Automaton). Let N = (Q , s , δ , F ) be an NFA and let e = |δ | be
he number of N -transitions. Let ≤ be a co-lex order on N , and let {Q i | 1 ≤ i ≤ p} be a ≤-
hain partition of Q , where w.l.o.g. s ∈ Q 1 . Let π (v ) be the unique map such that v ∈ Q π (v ) 

nd consider the total state order Q = {v 1 , . . . , v n } such that, for every 1 ≤ i < j ≤ n, it holds 6

(v i ) < π (v j ) ∨ (π (v i ) = π (v j ) ∧ v i < v j ). The automaton Burrows-Wheeler transform aBWT (N ,
, {Q i | 1 ≤ i ≤ p}) of (N , ≤, {Q i | 1 ≤ i ≤ p}) consists of the following sequences. 

—CHAIN ∈ { 0 , 1 } n is such that the ith bit is equal to 1 if and only if v i is the first state of some
chain Q j . 

—FINAL ∈ { 0 , 1 } n is such that the ith bit is equal to 1 if and only if v i ∈ F . 
—IN _ DEG ∈ { 0 , 1 } e+n stores the nodes’ in-degrees in unary. More precisely, (1) IN _ DEG con-
tains exactly n characters equal to 1, (2) IN _ DEG contains exactly e characters equal to 0,
and (3) the number of zeros between the (i − 1 )-th character equal to one (or the beginning
of the sequence if i = 1 ) and the ith character equal to 1 yields the in-degree of v i . 
 Notice the overload on symbol ≤, also used to indicate the co-lex order among states. 
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—OUT _ DEG ∈ { 0 , 1 } e+n stores the nodes’ out-degrees in unary. More precisely, (1) OUT _ DEG
contains exactly n characters equal to 1, (2) OUT _ DEG contains exactly e characters equal
to 0, and (3) the number of zeros between the (i − 1 )-th character equal to one (or the
beginning of the sequence if i = 1 ) and the ith character equal to 1 yields the out-degree
of v i . 

—OUT stores the edges’ labels and destination chains, as follows. Sort all edges (v j , v i , c ) by
their starting state v j according to their index j. Edges originating from the same state are
further sorted by their label c . Edges sharing the starting state and label are further sorted
by destination node v i . Then, OUT is obtained by concatenating the pairs ( π ( v i ), c ) for all
edges (v j , v i , c ) sorted in this order. 

Example 5.7. The aBWT of (D, ≤, {Q i | 1 ≤ i ≤ 2 }) in Figure 9 consists of the following
equences: 

—CHAIN = 1000100 . 
—FINAL = 0001110 . 
—IN _ DEG = 10100100101010001 . 
—OUT _ DEG = 01010101001001001 . 
—OUT = ( 1 , a ) ( 2 , b) ( 2 , a ) ( 2 , b) ( 1 , a ) ( 2 , b) ( 1 , a ) ( 2 , b) ( 1 , b) ( 1 , c ). 

It is not hard to show that the aBWT generalizes all existing approaches [ 17 , 23 , 44 , 47 , 63 , 64 ],
or which p = 1 always holds (and so sequences CHAIN and the first components of the pairs in OUT
re uninformative). For example, on strings also OUT _ DEG and IN _ DEG are uninformative ( FINAL
oes not apply); the only sequence left is the concatenation of the second components of the pairs
n OUT , that is, the classic Burrows-Wheeler transform (to be precise, its co-lexicographic variant).
In this section, we will prove that if we only know the aBWT of an automaton we can recon-

truct all the sets I i α of Lemma 5.5 (we recall that I i α is the set of all states in the ith chain being
onnected with the source by a path labeled α ), and in particular we can retrieve the language
f the automaton. To this end, we first define some auxiliary sets of states of an NFA — S (α ) and
(α ) — and we prove that, for any 1 ≤ i ≤ p, on the ith chain the convex set corresponding to I i α

ays between (the convex sets) S (α ) ∩ Q i and L(α ) ∩ Q i . Intuitively, S (α ) (respectively, L(α )) is the
et of all states u whose associated regular language I u contains only strings co-lexicographically
trictly smaller (respectively, larger) than α . 

Definition 5.8. Let N = (Q , s , δ , F ) be an NFA, ≤ be a co-lex order on N , and {Q i | 1 ≤ i ≤ p} be
 ≤-chain partition of Q . Let α ∈ Σ∗. Define: 

S (α ) = {u ∈ Q | (∀β ∈ I u ) (β ≺ α )} 
L(α ) = {u ∈ Q | (∀β ∈ I u ) (α ≺ β )}. 

oreover, for every i = 1 , . . . , p define S i ( α ) = S ( α ) ∩ Q i and L i ( α ) = L( α ) ∩ Q i . 

In the following, we see a ≤-chain Q i as an array of sorted elements, so Q i [ j] and Q i [1 , k] denote
he jth smallest state in Q i and the k smallest states in Q i , respectively. 
In Lemma 5.9 we show that in order to compute I α it will be sufficient to compute S (α ) and L(α ).

Lemma 5.9. Let N = (Q , s , δ , F ) be an NFA, ≤ be a co-lex order on N , {Q i | 1 ≤ i ≤ p} be a ≤-chain

artition of Q , and α ∈ Σ∗. 

(1) If u, v ∈ Q are such that u ≤ v and v ∈ S (α ), then u ∈ S (α ). In particular, for every i =
1 , . . . , p there exists 0 ≤ l i ≤ |Q i | such that S i (α ) = Q i [1 , l i ] (namely, l i = | S i (α ) | ). 
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Fig. 10. Consider the NFA in the figure and the Hasse diagram of a co-lex order ≤ with chain parti- 

tion Q 1 = {s, q 1 , q 3 } and Q 2 = {q 2 , q 4 , q 5 }. If we consider the word b, then, on the one hand, I 1 
b 
= ∅ and 

{ S 1 (b) = { s} , L 1 (b) = { q 3 } } is not a partition of Q 1 . On the other hand, since I 2 
b 
= {q 4 } � ∅ , then {S 2 (b) = 

{ q 2 } , I 2 b 
, L 1 (b) = { q 5 } } is an ordered Q 2 -partition. 
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(2) If u, v ∈ Q are such that u ≤ v and u ∈ L(α ), then v ∈ L(α ). In particular, for every i =
1 , . . . , p there exists 1 ≤ r i ≤ |Q i | + 1 such that L i (α ) = Q i [ r i , |Q i |] (namely, r i = |Q i | −
|L i (α ) | + 1 ). 

(3) I α , S (α ), and L(α ) are pairwise disjoint. In particular, it always holds that l i < r i . 
(4) Let 1 ≤ i ≤ p. If I i α � ∅ , then I i α = Q i [ l i + 1 , r i − 1] , that is, {S i (α ), I i α , L i (α )} is an ordered

partition of Q i . 

Proof. 

(1) Let β ∈ I u . We must prove that β ≺ α . Now, if β ∈ I v , from v ∈ S (α ) we obtain β ≺ α . If
β � I v , then for any γ ∈ I v we have β ≺ γ by Lemma 2.13 . Again, we have γ ≺ α , so we
conclude β ≺ α . 

(2) Analogous to the previous point. 
(3) We have I α ∩ S (α ) = ∅ because if u ∈ I α , then α ∈ I u , so u � S (α ). Similarly, I α ∩ L(α ) = ∅ .

Finally, we have S ( α ) ∩ L( α ) = ∅ because if there existed u ∈ S ( α ) ∩ L( α ), then for any
β ∈ I u (there exists at least one such β since I u � ∅ ) we would obtain β ≺ α ≺ β , a
contradiction. 

(4) To begin with, let us prove that, for every v ∈ I α , (1) if u < v , then either u ∈ I α or u ∈
S (α ), and (2) if v < z, then either z ∈ I α or z ∈ L(α ). We only prove (1), the proof of (2)
being analogous. Assume that u � I α , and let β ∈ I u . We must prove that β ≺ α and, since
α ∈ I v \ I u , this follows from Lemma 2.13 . 
Now, let 1 ≤ i ≤ p be such that I i α � ∅ , and let us prove that {S i (α ), I i α , L i (α )} is an ordered
partition of Q i . Consider u ∈ I i α . Then, if v ∈ Q i \ I i α we have either v < u or u < v , hence
what we have proved above implies that either v ∈ S i (α ) or v ∈ L i (α ). Therefore, if I i α � ∅
then {S i (α ), I i α , L i (α )} is an ordered partition of Q i and point 4 follows. 

�

Remark 5.10. Notice that if I i α = ∅ then {S i (α ), L i (α )} is not, in general, an ordered partition of
 i , as shown in Figure 10 . 

Our next step is to show how to recursively compute the sets S (α ) and L(α ) defined above. We
egin with the following two lemmas. 

Lemma 5.11. Let N = (Q , s , δ , F ) be an NFA, ≤ be a co-lex order on N , {Q i | 1 ≤ i ≤ p} be a ≤-

hain partition of Q , α ′ ∈ Σ∗, a ∈ Σ, and u ∈ Q . 

(1) u ∈ S (α ′ a ) if and only if (1) max λ (u ) 	 a and (2) if u 

′ ∈ Q is such that u ∈ δ (u 

′ , a ), then

u 

′ ∈ S (α ′ ). 
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(2) u ∈ L(α ′ a ) if and only if (1) a 	 min λ (u ) and (2) if u 

′ ∈ Q is such that u ∈ δ (u 

′ , a ), then

u 

′ ∈ L(α ′ ). 

Proof. Let us prove the first statement. 
(⇒ ) Let c ∈ Σ such that c ∈ λ(u ) \ { # } . Let u 

′ ∈ Q such that u ∈ δ (u 

′ , c ), and let β ′ ∈ I u ′ . Then
′ c ∈ I u , so from u ∈ S (α ′ a ) we obtain β ′ c ≺ α ′ a , which implies c 	 a . Now assume that c = a .
uppose for sake of contradiction that u 

′ � S (α ′ ). This means that there exists γ ′ ∈ I u ′ such that
′ 	 γ ′ . This implies α ′ a 	 γ ′ a and, since γ ′ a ∈ I u , we obtain u � S (α ′ a ), a contradiction. 
(⇐ ) Let β ∈ I u . We must prove that β ≺ α ′ a . If β = ε we are done, because ε ≺ α ′ a . Now assume

hat β = β ′ b. This means that there exists u 

′ ∈ Q such that u ∈ δ (u 

′ , b) and β ′ ∈ I u ′ . We know that
 	 a . If b ≺ a , then β ≺ α ′ a and we are done. If b = a , then u 

′ ∈ S (α ′ ), so β ′ ≺ α ′ , which implies
≺ α ′ a . 
The proof of the second statement is analogous (the only difference being that in (⇐ ) it must
ecessarily be β � ε , because a 	 min λ (u ) ). �

Lemma 5.12. Let N = (Q , s , δ , F ) be an NFA, ≤ be a co-lex order on N , {Q i | 1 ≤ i ≤ p} be a ≤-

hain partition of Q , α ′ ∈ Σ∗, and a ∈ Σ. Fix 1 ≤ i ≤ p, and let S i (α
′ a ) = Q i [1 , l i ] and L i (α

′ a ) =
 i [ r i , |Q i |] . 

(1) If u 

′ ∈ S (α ′ ) and u ∈ Q i are such that u ∈ δ (u 

′ , a ), then u ∈ Q i [1 , min {l i + 1 , |Q i |}] . 
(2) If u 

′ ∈ L(α ′ ) and u ∈ Q i are such that u ∈ δ (u 

′ , a ), then u ∈ Q i [ max { r i − 1 , 1 } , | Q i | ] . 

Proof. We only prove the first statement, the proof of the second statement being entirely
nalogous. We can assume l i < |Q i | − 1 , otherwise the conclusion is trivial. If a ≺ max ( λ( Q i [ l i +
] )) the conclusion is immediate by Axiom 1, so we can assume max ( λ( Q i [ l i + 1] )) 	 a . We know
hat Q i [ l i + 1] � S (α ′ a ), so by Lemma 5.11 there exists v 

′ ∈ Q such that Q i [ l i + 1] ∈ δ (v 

′ , a ) and
 

′ � S (α ′ ). Suppose for sake of contradiction that Q i [ l i + 1] < u. By Axiom 2 we obtain v 

′ ≤ u 

′ .
rom u 

′ ∈ S (α ′ ) and Lemma 5.9 we conclude v 

′ ∈ S (α ′ ), a contradiction. �

The following definition is instrumental in giving an operative variant of Lemma 5.11 (i.e.,
emma 5.14 ) to be used in our algorithms. 

Definition 5.13. Let N = (Q , s , δ , F ) be an NFA, ≤ be a co-lex order on N , and {Q i | 1 ≤ i ≤ p}
e a ≤-chain partition of Q . Let U ⊆ Q . We denote by in (U , a ) the number of edges labeled with
haracter a that enter states in U : 

in ( U , a ) = |{( u 

′ , u) | u 

′ ∈ Q, u ∈ U , u ∈ δ (u 

′ , a )}|. 
e denote by out (U , i, a ) the number of edges labeled with character a that leave states in U and
nter the ith chain: 

out (U , i, a ) = |{ (u 

′ , u ) | u 

′ ∈ U , u ∈ Q i , u ∈ δ (u 

′ , a )}|. 

In the following lemma, we show how to compute the convex sets corresponding to S i (α
′ a ) and

 i (α
′ a ), for every i = 1 , . . . , p, using the above definitions. 

Lemma 5.14. Let N = (Q , s , δ , F ) be an NFA, ≤ be a co-lex order on N , {Q i | 1 ≤ i ≤ p} be a ≤-

hain partition of Q , α ′ ∈ Σ∗, a ∈ Σ, and α = α ′ a . For every j = 1 , . . . , p, let S j (α
′ ) = Q j [1 , l 

′ 
j ] and

 j (α
′ ) = Q j [ r 

′ 
j , |Q j |] . Fix 1 ≤ i ≤ p, and let S i (α ) = Q i [1 , l i ] and L i (α ) = Q i [ r i , |Q i |] . 

(1) Let x = out ( S ( α ), i, a ) = 
∑ p 

j= 1 out (Q j [1 , l 
′ 
j ] , i, a ). Then, l i is the largest integer 0 ≤ k ≤ |Q i |

such that (i) in (Q i [1 , k] , a ) ≤ x , and (ii) if k ≥ 1 , then max ( λ( Q i [ k] )) 	 a . 
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(2) Let y = out ( L( α ), i, a ) = 
∑ p 

j= 1 out (Q j [ r 
′ 
j , | Q j | ] , i, a ). Then, r i is the smallest integer 1 ≤ k ≤

|Q i | + 1 such that (i) in (Q i [ k , | Q i | ] , a ) ≤ y, and (ii) if k ≤ | Q i | , then a 	 min ( λ( Q i [ k] ) ) . 

Proof. Again, we just prove the first statement since the proof of the second one is analogous.
Let z i be the largest integer 0 ≤ k ≤ |Q i | such that (i) in (Q i [1 , k] , a ) ≤ x , and (ii) if k ≥ 1 , then
ax ( λ( Q i [ k] )) 	 a . We want to prove that l i = z i . 
(≤) The conclusion is immediate if l i = 0 , so we can assume l i ≥ 1 . It will suffice to prove that

n (Q i [1 , l i ] , a ) ≤ x and max ( λ( Q i [ l i ] )) 	 a . This follows from Lemma 5.11 and the definition of x .
(≥) The conclusion is immediate if l i = | Q i | , so we can assume l i < | Q i | . We only have to
rove that if l i + 1 ≤ k ≤ | Q i | , then either in (Q i [1 , k] , a ) > x or max ( λ( Q i [ k] )) � a . By Axiom 1,
t will suffice to prove that we have in (Q i [1 , l i + 1] , a ) > x or max (λ(Q i [ l i + 1] )) � a . Assume
hat max ( λ( Q i [ l i + 1] )) 	 a . Since Q i [ l i + 1] � S (α ), by Lemma 5.11 there exists v 

′ ∈ Q such that
 i [ l i + 1] ∈ δ (v 

′ , a ) and v 

′ � S (α ′ ). We will conclude that in (Q i [1 , l i + 1] , a ) > x if we show that
or every j = 1 , . . . , p, if u 

′ ∈ Q j and u ∈ Q i are such that u 

′ ∈ Q j [1 , l 
′ 
j ] (and so u 

′ ∈ S (α ′ )) and

 ∈ δ (u 

′ , a ), then it must be u ∈ Q i [1 , l i + 1] . This follows from Lemma 5.12 . �

We now use Lemma 5.14 to retrieve the language of the automaton starting from the aBWT. 

Lemma 5.15. Let N = (Q , s , δ , F ) be an NFA, ≤ be a co-lex order on N , and {Q i | 1 ≤ i ≤ p} be

 ≤-chain partition of Q , with s ∈ Q 1 . Let v 1 , . . . , v n be the ordering of Q defined in Definition 5.6 .

ssume that we do not know N , but we only know aBWT (N , ≤, {Q i | 1 ≤ i ≤ p}). Then, for every

∈ Σ∗ we can retrieve the set { i ∈ { 1 , . . . , n} | α ∈ I v i } , which yields δ (s, α ). 

Proof. First, let us prove that for every k = 1 , . . . , n, we can retrieve the labels — with multi-
licities — of all edges entering v k . By scanning CHAIN we can retrieve the integers k 1 and k 2 such
hat the states in chain Q i are v k 1 , v k 1 +1 , . . . , v k 2 −1 , v k 2 . By scanning OUT , which stores the label
nd the destinational chain of each edge, we can retrieve how many edges enter chain Q i , and
e can retrieve the labels - with multiplicities - of all edges entering chain Q i . By considering the
ubstring of IN _ DEG between the (k 1 − 1 )-th one and the k 2 -th one we can retrieve the in-degrees
f all states in chain Q i . Since we know the labels - with multiplicities - of all edges entering chain
 i and the in-degrees of all states in chain Q i , by Axiom 1 we can retrieve the labels - with multi-
licities - of all edges entering each node in chain Q i : order the multiset of incoming edge labels,
can the nodes in Q i in order, and assign the labels to each node in Q i in agreement with their
n-degrees. 
Let us prove that for every i = 1 , . . . , p we can retrieve the integers l i and r i such that S i (α ) =
 i [1 , l i ] and L i (α ) = Q i [ r i , |Q i |] . We proceed by induction on | α | . If | α | = 0 , then α = ε , so for every

 = 1 , . . . , p we have l i = 0 , for every i = 2 , . . . , p we have r i = 1 , and r 1 = 2 . Now, assume |α | > 0 .
e can write α = α ′ a , with α ′ ∈ Σ∗ and a ∈ Σ. By the inductive hypothesis, for j = 1 , . . . , p we
now the integers l ′ j and r 

′ 
j such that S j (α

′ ) = Q j [1 , l 
′ 
j ] and L j (α

′ ) = Q j [ r 
′ 
j , |Q j |] . Notice that by us-

ng OUT _ DEG and OUT we can compute out (Q j [1 , l 
′ 
j ] , i, a ) for every j = 1 , . . . , p (see Definition 5.13 ).

ince we know the labels - with multiplicities - of all edges entering each state, we can also com-
ute in (Q i [ c, d] , a ) and λ(Q i [ k] )) for every i = 1 , . . . , p, 1 ≤ c ≤ d ≤ |Q i |, and 1 ≤ k ≤ |Q i |. By
emma 5.14 we conclude that we can compute l i and r i for every i = 1 , . . . , p, and we are done. 
Now, let us prove that for every α ∈ Σ∗ we can retrieve the set { i ∈ { 1 , . . . , n} | α ∈ I v i } .
e proceed by induction on | α | . If | α | = 0 , then α = ε and { i ∈ { 1 , . . . , n} | ε ∈ I v i } = { 1 } . Now,
ssume |α | > 0 . We can write α = α ′ a , with α ′ ∈ Σ∗ and a ∈ Σ. By the inductive hypothe-
is, we know { i ∈ { 1 , . . . , n} | α ′ ∈ I v i } . For every i = 1 , . . . , p we decide whether I i α � ∅ by us-
ng { i ∈ { 1 , . . . , n} | α ′ ∈ I v } , OUT _ DEG and OUT . If I i � ∅ , then by Lemma 5.9 we know that
i α
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Fig. 11. Consider the two non-isomorphic NFAs N 1 and N 2 in the figure, both with set of states Q = 

{v 1 , v 2 , v 3 , v 4 , v 5 , v 6 }. Let ≤1 and ≤2 be the maximal co-lex orders given by the Hasse diagrams shown 

in the figure, and notice that in both cases if we consider Q 1 = {v 1 , v 2 , v 3 , v 4 } and Q 2 = {v 5 , v 6 } we ob- 

tain a minimum-size chain partition Q = {Q 1 , Q 2 }. It is easy to check that aBWT (N 1 , ≤1 , Q) = aBWT (N 2 , ≤2 
, Q) because in both cases we have CHAIN = 100010 , FINAL = 001101 , OUT _ DEG = 0010110100101 , OUT = 
( 1 , a ) ( 2 , a ) ( 1 , c ) ( 1 , d ) ( 1 , c ) ( 2 , d ) ( 2 , b), and IN _ DEG = 1010100101001 . Consistently with Theorem 5.19 , we have 

that N 1 and N 2 are not distinguished by their paths. 

I  

{

 

F  

s  

a

 

L  

d  

t  

I  

w
 

s  

t

 

e

 

t  

s

 

w

 

i 
α = Q i [ l i + 1 , r i − 1] , and we know how to determine l i and r i . Hence, we can easily compute
 i ∈ { 1 , . . . , n} | α ∈ I v i } . �

Corollary 5.16. If aBWT (N , ≤, {Q i | 1 ≤ i ≤ p}) = aBWT (N 

′ , ≤′ , {Q 

′ 
i | 1 ≤ i ≤ p ′ }), then: 

(1) p = p ′ ; 
(2) for every 1 ≤ i ≤ p we have | Q i | = | Q 

′ 
i | ; 

(3) L (N ) = L (N 

′ ). 

Proof. Since N and N 

′ share the sequence CHAIN , it must be p = p ′ and | Q i | = | Q 

′ 
i | for every i .

ix a string α ∈ Σ∗. Then, by Lemma 5.15 we conclude that the set { i ∈ { 1 , . . . , n} | α ∈ I v i } is the
ame for both N and N 

′ . Since N and N 

′ share also the sequence FINAL , we conclude that α is
ccepted by N if and only if it is accepted by N 

′ . �

Corollary 5.16 ensures that aBWT (N , ≤, {Q i | 1 ≤ i ≤ p}) is enough to reconstruct the language
(N ) of an NFA. Similarly to the string case, however (where the BWT is augmented with light
ata structures in order to achieve efficient indexing with the FM-index [ 45 ]), we will need addi-
ional data structures built on top of the aBWT in order to solve efficiently string matching queries.
n Section 5.3 we will show how to extend the FM-index to automata by augmenting the aBWT
ith light data structures. 
While Corollary 5.16 establishes that the aBWT preserves the automaton’s language, it does not

tate anything about whether it preserves the automaton’s topology. In fact, we now show that
his is not, in general, the case. 

Definition 5.17. Let N = (Q , s , δ , F ) be an NFA. We say that N is distinguished by its paths if for
very v ∈ Q there exists α ∈ Σ∗ such that I α = { v} . 

Remark 5.18. If an NFA is not distinguished by its paths, then, in general, we cannot retrieve its
opology from its aBWT, because there exist two non-isomorphic NFAs having the same aBWT:
ee Figure 11 for an example. 

Let us prove that aBWT (N , ≤, {Q i | 1 ≤ i ≤ p}) is a one-to-one encoding for the class of automata
hich are distinguished by paths. 
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Theorem 5.19. Let N = (Q , s , δ , F ) be an NFA, ≤ be a co-lex order on N , and {Q i | 1 ≤ i ≤ p} be

 ≤-chain partition of Q , with s ∈ Q 1 . Assume that we do not know N , but we only know aBWT (N ,
, {Q i | 1 ≤ i ≤ p}). Then, we can decide whether N is distinguished by its paths and, if so, we can

etrieve N . 

Proof. Let v 1 , . . . , v n be the ordering of Q in Definition 5.6 . We know that v 1 is the initial state
nd for every j = 1 , . . . , n we can decide whether v j is final by using FINAL . Now, for every α ∈ Σ∗,
et C α = { i ∈ { 1 , . . . , n} | α ∈ I v i } . Notice that we can compute C α for every α ∈ Σ∗ by Lemma 5.15 .
onsider a list that contains pairs of the form (α , C α ). Initially, the list contains only (ε, { 1 } ). Re-
ove recursively an element (α , C α ) and for every a ∈ Σ add (αa, C αa ) to the list if and only if
 αa is nonempty and it is not the second element of a pair which is or has already been in the list.
his implies that after at most |Σ| · 2 n steps the list is empty, and any non-empty C α has been the
econd element of some pair in the list. Then, we conclude that N is distinguished by its paths
f and only for every k = 1 , . . . , n the set {v k } has been the second element of some pair in the
ist. In particular, if N is distinguished by its paths, then for every k = 1 , . . . , n we know a string
′ ∈ Σ∗ such that C α ′ = { k } . We are only left with showing that we can use α ′ to retrieve all edges
eaving v k . Fix a character a ∈ Σ. Then, compute C α ′ a using again Lemma 5.15 . Then, v k has |C α ′ a |
utgoing edges labeled a , whose indexes are given by C α ′ a . �

Since any DFA is distinguished by its paths, we obtain the following corollary: 

Corollary 5.20. The aBWT is a one-to-one encoding over DFAs. 

By counting the number of bits required by the aBWT, we can determine the size of our encoding
or NFAs that are distinguished by their paths: 

Corollary 5.21. Let N be an NFA that is distinguished by its paths (for example, a DFA), and

et p = width (N ). Then, we can store N using log ( pσ ) +O ( 1 ) bits per transition. If N is a DFA, this

pace can also be expressed as (at most) σ log ( pσ ) +O ( σ ) bits per state. If N is an NFA, this space

an also be expressed as (at most) 2 p σ log (p σ ) +O (p σ ) bits per state. 

Proof. The bound of log ( pσ ) +O ( 1 ) bits per transition follows directly from Definition 5.6 and
heorem 5.19 . Letting |δ | denote the number of transitions and n denote the number of states, on
FAs the naive bound |δ | ≤ nσ holds; this allows us to derive the bound of σ log ( pσ ) +O ( σ ) bits
er state on DFAs. On arbitrary NFAs, we can use the bound |δ | ≤ 2 pσn implied by Lemma 2.6 ,
ielding the bound of 2 p σ log (p σ ) +O (p σ ) bits per state on NFAs. �

We stress that, while not being an encoding of the NFA, the aBWT still allows to reconstruct
he language of the automaton and — as we will show in the next subsection — to solve subpath
ueries (Problem 6 ) by returning the convex set of all states reached by a path labeled with a given
nput query string. In Section 5.4 we will augment the aBWT and obtain an injective encoding of
rbitrary NFAs. 

.3 An Index for NFAs and Languages 

e now show how to support subpath queries by augmenting the aBWT with light data structures
nd turning it into an index. In fact, our structure is a generalization of the FM-index [ 45 ] to arbi-
rary automata. This contribution will solve Problem 6 . Our index can be built in polynomial time
or DFAs and exponential time for NFAs. In our companion article [ 31 ] we will present an index
or NFAs that can be built in polynomial time by circumventing the NP-hardness of computing a
o-lex order of minimum width: the solution will be to switch to co-lex relations (see also [ 29 ]). 
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Solving subpath queries on an NFA requires finding the subset T (α ) of its states reached by
ome path labeled by the query string α . In turn, note that there is a path labeled α ending in state
if and only if I u contains a string suffixed by α . This motivates the following definition. 

Definition 5.22. Let N = (Q , s , δ , F ) be an NFA, ≤ be a co-lex order on N , {Q i | 1 ≤ i ≤ p} be a
-chain partition of Q , and α ∈ Σ∗. Define: 

T (α ) = {u ∈ Q | (∃β ∈ I u ) (α � β ) }, 
R (α ) = S ( α ) ∪ T ( α ) = {u ∈ Q | ( ∀β ∈ I u ) ( β ≺ α ) ∨ ( ∃β ∈ I u ) ( α � β )}. 

oreover, for every i = 1 , . . . , p define T i ( α ) = T ( α ) ∩ Q i and R i ( α ) = R ( α ) ∩ Q i . 

Intuitively, T (α ) contains all states reached by a path labeled with α , while R (α ) contains
ll the states that are either reached by a string suffixed by α , or only reached by strings co-
exicographically smaller than α . Note that the goal of an index solving subpath queries (Problem 6 )
s to compute the (cardinality of the) set T (α ). The aim of the next lemma is to show that, once a
o-lex order is fixed, T (α ) always forms a range (a convex set). Indeed, we now prove a counterpart
f Lemma 5.9 , where for any α ∈ Σ∗ we showed that S i (α ) = Q i [1 , l i ] , for some 0 ≤ l i ≤ | Q i | . 

Lemma 5.23. Let N = (Q , s , δ , F ) be an NFA, ≤ be a co-lex order on N , and {Q i | 1 ≤ i ≤ p} be a

-chain partition of Q . Let α ∈ Σ∗. Then: 

(1) S ( α ) ∩ T ( α ) = ∅ . 
(2) T (α ) is ≤-convex. 

(3) If u, v ∈ Q are such that u ≤ v and v ∈ R (α ), then u ∈ R (α ). In particular, for every i =
1 , . . . , p there exists 0 ≤ t i ≤ |Q i | such that T i (α ) = Q i [ |S i (α ) | + 1 , t i ] (namely, t i = |R i (α ) |).

Proof. 

(1) If u ∈ T (α ), then there exists β ∈ I u such that α � β . In particular, α 	 β , so u � S (α ) =
{v ∈ Q | (∀β ∈ I v ) (β ≺ α )}. 

(2) It follows from Lemma 5.1 by picking U = Q . 
(3) If v ∈ S (α ), then u ∈ S (α ) by Lemma 5.9 and so u ∈ R (α ). Now, assume that v ∈ T (α ). If u ∈

T (α ) we are done. If u � T (α ) (and therefore u � v), we want to prove that u ∈ S (α ), which
implies u ∈ R (α ). Fix β ∈ I u ; we must prove that β ≺ α . Since v ∈ T (α ), then there exists
γ ∈ Σ∗ such that γα ∈ I v . Moreover, γα � I u because u � T (α ). Since u < v , by Lemma 2.13
we conclude β ≺ γα . Since u � T (α ) implies α �� β , from β ≺ γα we conclude β ≺ α . 

�

We now show how to recursively compute the range on each chain Q i corresponding to R i (α ).
ote that, by Lemma 5.14 , we can assume to be able to recursively compute the range on each
hain Q i corresponding to S i (α ). A computational variant of Lemma 5.23 will allow us to compute
 i (α ) on each chain 1 ≤ i ≤ p. Each recursive step of this procedure — dubbed here forward search

will stand at the core of our index. 

Lemma 5.24 (Forward Search). Let N = (Q , s , δ , F ) be an NFA, ≤ be a co-lex order on N , and

Q i | 1 ≤ i ≤ p} be a ≤-chain partition of Q . Let α ′ ∈ Σ∗, a ∈ Σ and α = α ′ a . For every 1 ≤ i, j ≤ p,

et: 

—S j (α
′ ) = Q j [1 , l 

′ 
j ] ; 

—R j (α
′ ) = Q j [1 , t 

′ 
j ] ; 

—S i (α ) = Q i [1 , l i ] ; 
—R i (α ) = Q i [1 , t i ] . 
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ix 1 ≤ i ≤ p, and define c = 
∑ p 

j= 1 out (Q j [1 , l 
′ 
j ] , i, a ) and d = 

∑ p 
j= 1 out (Q j [1 , t 

′ 
j ] , i, a ). Then d ≥ c ,

nd: 

(1) If d = c , then T i (α ) = ∅ and so t i = l i . 
(2) If d > c , then T i (α ) � ∅ and t i , with 1 ≤ t i ≤ | Q i | , is the smallest integer such that

in (Q i [1 , t i ] , a ) ≥ d . 

n particular, l i can be computed by means of Lemma 5.14 , and: 

T i (α ) = Q i [ l i + 1 , t i ] . 

Proof. Since S ( α ) ⊆ R ( α ), we have d ≥ c . Now, notice that T i (α ) � ∅ if and only there exists
n edge labeled a leaving a state in T (α ′ ) and reaching chain Q i , if and only if d > c . Hence,
n the following we can assume T i (α ) � ∅ . In particular, this implies l i < |Q i | and t i ≥ l i + 1 . By
emma 5.12 all edges labeled a , leaving a state in S (α ′ ), and reaching chain Q i must end in Q i [1 , l i +
] . At the same time, since T i (α ) � ∅ , the definition of t i implies that there exists v 

′ ∈ T (α ′ ) (and
o v 

′ ∈ R (α ′ )) such that Q i [ t i ] ∈ δ (v 

′ , a ). Hence, the conclusion will follow if we prove that if
 

′ , u ∈ Q are such that u ∈ Q i [1 , t i − 1] and u ∈ δ (u 

′ , a ), then u 

′ ∈ R (α ′ ). Since u < Q i [ t i ] , from
xiom 2 we obtain u 

′ ≤ v 

′ and since v 

′ ∈ R (α ′ ), from Lemma 5.23 we conclude u 

′ ∈ R (α ′ ). �

The next step is to show how to implement the forward search procedure of Lemma 5.24 using
ast and small data structures, thereby obtaining an index. Before presenting the main result of
his section (the aBWT-index of an automaton, Theorem 5.29 ), we report a few results on data
tructures that will be the building blocks of our index. In the following lemma, H 0 (S ) is the zero-
rder entropy of S ∈ Σ∗. 

Lemma 5.25 (Succinct String [ 10 ], Theorem 5.2 and [ 68 ], Section 6.3). Let S ∈ Σn be a string

ver an integer alphabet Σ = [0 , σ − 1] of size σ ≤ n. Then, there exists a data structure of nH 0 ( S ) ( 1 +
 ( 1 )) +O ( n) bits supporting the following operations in time O ( log log σ ): 

—Access: S[ i] , for any 1 ≤ i ≤ n. 

—Rank: S .rank (i, c ) = | {j ∈ {1 , . . . , i} | S [ j] = c}|, for any 1 ≤ i ≤ n and c ∈ Σ. 

—Select: S .s e le c t (i, c ) equals the integer j such that S[ j] = c and S .rank (j, c ) = i , for any 1 ≤
i ≤ S .rank (n, c ) and c ∈ Σ. 

iven S , the data structure can be built in O (n log log σ ) worst-case time. 

In other words, the operation S[ i] simply returns the ith character appearing in S , the operation
 .rank (i, c ) returns the number of occurrences of character c among the first i characters of S ,
nd the operation S .s e le c t (i, c ) returns the position of the ith occurrences of character c in S (if it
xists). In the following, it will be expedient to assume S .rank (0 , c ) = S .s e le ct (0 , c ) = 0 , for c ∈ Σ,
nd S .s e le c t (i, c ) = n + 1 , for c ∈ Σ and i > S .rank (n, c ). 
Note that Lemma 5.25 requires the cardinality σ of the alphabet to be no larger than the length
f the string. However, this will turn out to be too restrictive, for two reasons: (1) we would like
o be able to handle also automata labeled with larger alphabets and, most importantly, (2) in
ur data structures (see the proof of Theorem 5.29 ) we will also need to manage rank and select

ueries over strings defined not on Σ, but [1 , p] × Σ (where p ≤ n is an integer specifying the
idth of the underlying automaton), so even if σ ≤ n it may still be p · σ > n. With the following

emma we cover this more general case. The requirement |Σ| ≤ n 

O (1 ) ensures that characters fit
n a constant number of computer memory words and thus they can be manipulated in constant
ime (as it is customary in the data compression field, we recall that in this article we assume a
omputer memory word to be formed by Θ( log n) bits — see Section 2.1 ). Note that we lose fast
ccess functionality (which however will not be required in our application of this data structure).
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Lemma 5.26 (Succinct String Over Large Alphabet). Let S ∈ Σn be a string over an inte-

er alphabet Σ = [0 , σ − 1] of size σ = |Σ| ≤ n 

O (1 ) . Then, there exists a data structure of nH 0 ( S ) ( 1 +
 ( 1 )) +O ( n) bits, where H 0 ( S ) is the zero-order entropy of S , supporting the following operations in

ime O ( log log σ ): 

—Rank: S .rank (i, c ) = | {j ∈ {1 , . . . , i} | S [ j] = c}|, for 1 ≤ i ≤ n and c ∈ Σ that occurs in S . 

—Select: S .s e le c t (i, c ) equals the integer j such that S[ j] = c and S .rank (j, c ) = i , for any 1 ≤
i ≤ S .rank (n, c ) and for any character c ∈ Σ that occurs in S . 

iven S , the data structure can be built in expected O (n log log σ ) time. 

Proof. If σ ≤ n, then we simply use the structure of Lemma 5.25 . Otherwise ( σ > n), let
′ = {S[ i] | 1 ≤ i ≤ n} be the effective alphabet of S . We build a minimal perfect hash function
 : Σ → [0 , |Σ′ | − 1] mapping (injectively) Σ′ to the numbers in the range [0 , |Σ′ | − 1] and mapping
rbitrarily Σ \ Σ′ to the range [0 , |Σ′ | − 1] . We store h using the structure described in [ 54 ]. This
tructure can be built in O (n) expected time, uses O (n) bits of space, and answers queries of the
orm h (x ) in O (1 ) worst-case time. Note that |Σ′ | ≤ n, so we can build the structure of Lemma 5.25
tarting from the string S ′ ∈ [0 , |Σ′ | − 1] n defined as S ′ [ i] = h (S[ i] ). Then, rank and select opera-
ions on S can be answered as S .rank (i, c ) = S ′ .rank ( i, h ( c )) and S .s e le ct (i, c ) = S ′ .s e le ct ( i, h ( c ) ) ,
rovided that c ∈ Σ′ . Notice that the zero-order entropies of S and S ′ coincide, since the character’s
requencies remain the same after applying h to the characters of S . We conclude that the overall
pace of the data structure is at most nH 0 ( S ) ( 1 + o (1 )) +O (n) bits. �

Finally, we need a fully-indexable dictionary data structure. Such a data structure encodes a set
f integers and supports efficiently a variant of rank and select queries as defined below: 

Lemma 5.27 (Fully-indexable Dictionary [ 43 ], Theorem 4.1). A set A = {x 1 , . . . , x n } ⊆ [1 , u]
f cardinality n can be represented with a data structure of n log ( u/n) +O ( n) bits so that the following

perations can be implemented in O ( log log (u/n)) time: 

—Rank: A.rank (x ) = | {y ∈ A | y ≤ x }|, for any 1 ≤ x ≤ u. 

—Select: A.s e le ct (i ) = x such that x ∈ A and A.rank (x ) = i , for any 1 ≤ i ≤ | A| . 

iven A as input, the data structure can be built in O (n) worst-case time. 

Remark 5.28. The queries of Lemma 5.27 can be used to solve in O ( log log (u/n)) time also: 

—Predecessor: the largest element of A smaller than or equal to x , if it exists. For any 1 ≤ x ≤ u,
A.pred (x ) = A.select (A.rank (x ) ) if A.rank (x ) > 0 , and A.pred (x ) = ⊥ otherwise. 

—Strict-Successor: the smallest element of A strictly greater than x , if it exists. For any 1 ≤ x ≤
u , A.su c c (x ) = A.s e le ct ( A.rank ( x ) + 1 ) if A.rank ( x ) < |A|, and A.su c c (x ) = ⊥ otherwise. 

—Membership: For any 1 ≤ x ≤ u, x ∈ A if and only if x = A.pred (x ) . 

We are ready to present the main result of this section (Theorem 5.29 ): a linear-space index
upporting subpath queries on any automaton (Problem 6 ) in time proportional to p 2 · log log (pσ )
er query character ( p being the automaton’s width). 

Theorem 5.29 (aBWT-index of a Finite-state Automaton). Let N = (Q , s , δ , F ) be an NFA

n alphabet Σ of size σ = |Σ| ≤ e O (1 ) , where e = |δ | is the number of N -transitions. Assume that we

re given a ≤-chain partition {Q i | 1 ≤ i ≤ p}, for some co-lex order ≤ of width p. Then, in expected

ime O (e log log σ ), we can build a data structure using e log ( pσ ) ( 1 + o (1 )) +O (e ) bits that, given a

uery string α ∈ Σm , answers the following queries in O (m · p 2 · log log (pσ )) time: 
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(1) compute the set T (α ) of all states reached by a path on N labeled α , represented by means

of p ranges on the chains in {Q i | 1 ≤ i ≤ p}; 
(2) compute the set I α of all states reached by a path labeled with α originating in the source,

represented by means of p ranges on the chains in {Q i | 1 ≤ i ≤ p} and, in particular, decide

whether α ∈ L (N ) . 

Proof. Let n = | Q | . In this proof, we assume that the states of Q have been sorted like in Defi-
ition 5.6 : if π (v ), for v ∈ Q , is the unique integer such that v ∈ Q π (v ) , then we consider the order-
ng v 1 , . . . , v n of Q such that for every 1 ≤ i < j ≤ n it holds π (v i ) < π ( v j ) ∨ ( π ( v i ) = π ( v j ) ∧ v i <
 j ). Moreover, we assume that s ∈ Q 1 (again like in Definition 5.6 ), so s = v 1 . For every i = 1 , . . . , p,
et e i = |{ (u , v, a ) | δ (u, a ) = v, u ∈ Q, v ∈ Q i , a ∈ Σ}| be the number of edges entering the ith chain,
et Σi = ( 

⋃ 

u ∈Q i 
λ(u )) \ { # } be the set of characters labeling edges entering the ith chain, and let

i = | Σi | . 
We store the following data structures: 

—One fully-indexable succinct dictionary (Lemma 5.27 ) on each Σi to map Σi ⊆ [0 , σ −
1] to [0 , σi − 1] . The total number of required bits is 

∑ p 
i= 1 ( σi log ( σ/σi ) +O ( σi )) ≤∑ p 

i= 1 ( e i log ( σ/σi ) +O ( e i )) = e log σ −∑ p 
i= 1 ( e i log σi ) +O ( e ). As a consequence, we can

solve rank, select, predecessor, strict-successor and membership queries on each dictio-
nary in O ( log log (σ/σi )) ⊆ O ( log log σ ) time. 

—The bitvector CHAIN ∈ { 0 , 1 } n of Definition 5.6 represented by the data structure of
Lemma 5.25 . The number of required bits is nH 0 ( CHAIN ) (1 + o (1 )) +O (n) = O (n) ⊆ O (e ).
As a consequence, we can solve rank and select queries on CHAIN in O (1 ) time. In particular,
in O (1 ) time we can compute | Q i | , for i = 1 , . . . , p, because |Q i | = CHAIN .s e le ct (i + 1 , 1 ) −
CHAIN .s e le ct (i, 1 ). 

—The bitvector FINAL ∈ { 0 , 1 } n of Definition 5.6 represented by the data structure of
Lemma 5.25 . The number of required bits is again O (n) ⊆ O (e ). 

—The bitvector OUT _ DEG ∈ { 0 , 1 } e+n of Definition 5.6 represented by the data structure of
Lemma 5.25 . The number of required bits is ( n + e )H 0 ( OUT _ DEG ) ( 1 + o (1 )) +O (n + e ) ⊆
O (e ). As a consequence, we can solve rank and select queries on OUT _ DEG in O (1 ) time. 

—The string OUT ∈ ([1 , p] × Σ) e of Definition 5.6 represented by the data structure of
Lemma 5.26 (the assumption on the size on the alphabet in Lemma 5.26 is sat-

isfied because |[1 , p] × σ | = p · σ ≤ n · σ ≤ (e + 1 ) · σ = e O (1 ) ). The number of required
bits is eH 0 ( OUT ) (1 + o (1 )) +O (e ). We will bound the quantity eH 0 ( OUT ) by exhibit-
ing a prefix-free encoding of OUT . The key idea is that if (i, c ) ∈ [1 , p] × Σ oc-
curs in OUT , then it must be c ∈ Σi , so we can encode (i, c ) by using � log (p +
1 )� ≤ log p + 1 bits encoding i , followed by � log (σi + 1 )� ≤ log σi + 1 bits encoding c
(note that this part depends on i). We clearly obtain a prefix code, so we con-

clude e H 0 ( OUT ) ≤
∑ p 

i= 1 e i ( log p + log σi +O ( 1 )) = e log p +
∑ p 

i= 1 ( e i log σi ) +O ( e ) bits. Ob-

serving that 
∑ p 

i= 1 (e i log σi ) ≤ e log σ , we conclude that the number of required bits

for OUT is bounded by eH 0 ( OUT ) (1 + o (1 )) +O (e ) = (e log p +
∑ p 

i= 1 (e i log σi ) +O (e ) ) (1 +

o ( 1 )) +O ( e ) ≤ ( 1 + o (1 ) ) e log p +
∑ p 

i= 1 (e i log σi ) + o (e log σ ) +O (e ) bits. Notice that in
O ( log log (pσ )) time we can solve rank and select queries on OUT (that is, queries
OUT .rank ( j, ( i, c )) and OUT .s e le ct ( j, ( i, c ) ) ) for all 1 ≤ i ≤ p and for all c ∈ Σ. Indeed, given i
and c , we first check whether c ∈ Σi by solving a membership query on the dictionary for
Σi in O ( log log σ ) time. If c � Σi , then we immediately conclude that OUT .rank ( j, ( i, c )) = 0
and OUT .s e le ct ( j, ( i, c )) is undefined. If c ∈ Σi , then (i, c ) appears in OUT , so the conclusion
follows from Lemma 5.26 . 
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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—The bitvector IN _ DEG ∈ { 0 , 1 } e+n of Definition 5.6 represented by the data structure of
Lemma 5.25 . The number of required bits is again O (e ). As a consequence, we can solve
rank and select queries on IN _ DEG in O (1 ) time. 

—A bitvector IN ′ , represented by the data structure of Lemma 5.25 , built as follows. We sort
all edges (v j , v i , c ) by end state v i and, if the end state is the same, by label c . Then, we
build a string IN ∈ Σe by concatenating all labels of the sorted edges. Finally, IN ′ ∈ { 0 , 1 } e 
is the bitvector such that IN ′ [ k] = 1 if and only if k = 1 or IN [ k] � IN [ k − 1] or the k-th
edge and the (k − 1 )-th edge reach distinct chains. The number of required bits is O (e ). 

For an example, consider the automaton of Figure 9 . All sequences except for bitvector IN ′ are
eported in Example 5.7 . To build bitvector IN ′ , we first build the string IN of all incoming labels of
he sorted edges: IN = aaab cab b b b . Then, bitvector IN ′ marks with a bit “1” (i) the first character
f each maximal unary substring in IN , and (ii) the characters of IN labeling the first edge in each
hain: IN ′ = 1001111000 . 
By adding up the space of all components (note that the terms −∑ p 

i= 1 (e i log σi ) in the dictionar-

es Σi and 
∑ p 

i= 1 (e i log σi ) in sequence OUT cancel out), we conclude that our data structures take
t most e log ( pσ ) ( 1 + o (1 )) +O (e ) bits. 
We proceed by showing how to solve queries 1 (string matching) and 2 (membership). 
(1) Let us prove that, given a query string α ∈ Σm , we can use our data structure to compute,

n time O (m · p 2 · log log (pσ ) ) , the set T (α ) of all states reached by a α-path on N , presented
y p convex sets on the chains {Q i | 1 ≤ i ≤ p}. By Lemma 5.24 , it will suffice to show how to
ompute R (α ) and S (α ). We can recursively compute each R (α ) and S (α ) in time proportional
o m by computing R (α ′ ) and S (α ′ ) for all prefixes α ′ of α . Hence, we only have to show that
e can update R (α ′ ) and S (α ′ ) with a new character, in O (p 2 · log log (pσ )) time. We start with
he empty prefix ε , whose corresponding sets are R (ε ) = Q and S (ε ) = ∅ . For the update we apply
emmas 5.14 and 5.24 . An inspection of the two lemmas reveals the we can update R (α ′ ) and S (α ′ )
ith a new character by means of O (p 2 ) calls to the following queries. 

—(op1) for any 1 ≤ i, j ≤ p, 1 ≤ k ≤ | Q j | , and a ∈ Σ, compute out (Q j [1 , k] , i, a ); 
—(op2) for any 1 ≤ i ≤ p, a ∈ Σ, and h ≥ 0 , find the largest integer 0 ≤ k ≤ |Q i | such that
in (Q i [1 , k] , a ) ≤ h ; 

—(op3) for any 1 ≤ i ≤ p, a ∈ Σ, and z ≥ 1 , find the smallest integer 1 ≤ t ≤ |Q i | such that
in (Q i [1 , t] , a ) ≥ z, if it exists, otherwise report that it does not exist. 

—(op4) for any 1 ≤ i ≤ p and a ∈ Σ, find the largest integer 0 ≤ h ≤ |Q i | such that, if h ≥ 1 ,
then max ( λ( Q i [ h ] )) 	 a . 

As a consequence, we are left to show that we can solve each query in O ( log log (pσ )) time. 
( op1 ). The states in Q j [1 , k] correspond to the convex set of all states (in the total order v 1 , . . . , v n

f Definition 5.6 ) whose endpoints are v l and v r , where l = CHAIN .s e le ct (j, 1 ) and r = l + k − 1 .
onsidering the order of edges used to define OUT , the set of all edges leaving a state in Q j [1 , k]
orms a convex set in OUT and in OUT _ DEG . Define: 

—x = OUT _ DEG .rank ( OUT _ DEG .s e le ct (l − 1 , 1 ), 0 ); 
—y = OUT _ DEG .rank ( OUT _ DEG .s e le ct (r , 1 ), 0 ). 

otice that x is equal to the number of edges leaving all states before v l , while y is the number of
dges leaving all states up to v r included. As a consequence, we have x ≤ y. If x = y, then there
re no edges leaving states in Q j [1 , k] and we can immediately conclude out (Q j [1 , k] , i, a ) = 0 .
ssuming x < y, x + 1 and y are the endpoints of the convex set of all edges leaving states in
 j [1 , k] . Hence, we are left with counting the number of such edges labeled a and reaching
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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hain Q i . Notice that OUT .rank ( x , ( i, a )) is the number of all edges labeled a and reaching chain i
hose start state comes before v l , whereas OUT .rank ( y, ( i, a )) is the number of all edges labeled
 and reaching i whose start state comes before or is equal to v r . We can then conclude that
ut (Q j [1 , k] , i, a ) = OUT .rank (y, (i, a ) ) − OUT .rank (x , (i, a ) ) . 
( op2 ). First, we check whether a ∈ Σi by a membership query on the dictionary for Σi . If a � Σi ,
e immediately conclude that the largest k with the desired properties is k = | Q i | . Assume a ∈ Σi 

nd notice that the states in Q i correspond to the convex set of all states whose endpoints are
 l and v r , where l = CHAIN .s e le ct (i, 1 ) and r = CHAIN .s e le ct (i + 1 , 1 ) − 1 . Considering the order of
dges used to define IN , the set of all edges entering a state in Q j [1 , k] forms a convex set in IN
nd in IN _ DEG . Define 

—x = IN _ DEG .rank ( IN _ DEG .s e le ct (l − 1 , 1 ), 0 ); 
—y = IN _ DEG .rank ( IN _ DEG .s e le ct (r , 1 ), 0 ). 

otice that x is equal to the number of edges reaching all states before v l , while y is the number
f edges reaching all states coming before or equal to v r . Since a ∈ Σi , we have x < y, and x + 1
nd y are the endpoints of the convex set of all edges reaching a state in Q i . The next step is
o determine the smallest edge labeled a reaching a state in Q i . First, notice that the number of
haracters smaller than or equal to a in Σi can be retrieved, by Lemma 5.27 , as Σi .rank (a ). Notice
hat f = IN ′ .rank (x , 1 ) yields the number of 0-runs in IN ′ pertaining to chains before chain Q i 

o that, since we know that a ∈ Σi , then д = IN 
′ .s e le ct ( f + Σi .rank ( a ), 1 ) yields the smallest edge

abeled a in the convex set of all edges reaching a state in Q i . We distinguish two cases for the
arameter h of op2 : 

—h = 0 . In this case, the largest k with the desired properties is equal to the position on chain
Q i of the state reached by the д-th edge minus one. The index of the state reached by the
д-th edge is given by p = IN _ DEG .rank ( IN _ DEG .s e le ct (д, 0 ), 1 ) + 1 , so the largest k with the
desired properties is k = p − l . 

—h > 0 . The quantity h 

′ = IN ′ .s e le ct ( f + Σi .rank ( a ) + 1 , 1 ) − д = IN ′ .s e le ct ( f + Σi .rank
(a ) + 1 , 1 ) − IN ′ .s e le ct ( f + Σi .rank ( a ), 1 ) yields the number of edges labeled a in the con-
vex set of all edges reaching a state in Q i . If h 

′ ≤ h , then we conclude that the largest k is
| Q i | . Hence, assume that h 

′ > h . We immediately obtain that the (h + 1 )-th smallest edge
labeled a reaching a state in Q i is the (д + h )-th edge, and the largest k with the desired
properties is equal to the position on chain Q i of the state reached by the (д + h )-th edge
minus one. Analogously to case 1, the index of the state reached by this edge is given by
p = IN _ DEG .rank ( IN _ DEG .s e le ct (д + h, 0 ), 1 ) + 1 , so the largest k with the desired proper-
ties is k = p − l . 

( op3 ). We simply use operation ( op2 ) to compute the largest integer 0 ≤ k ≤ |Q i | such that
n (Q i [1 , k] , a ) ≤ z − 1 . If k = |Q i |, then the desired integer does not exist, otherwise it is equal
o k + 1 . 
( op4 ). We first decide whether Σi .su c c (a ) is defined. If it is not defined, then the largest

nteger with the desired property is | Q i | . Now assume that Σi .su c c (a ) is defined. Then the
argest integer with the desired property is simply the largest integer 0 ≤ k ≤ |Q i | − 1 such that
n (Q i [1 , k] , Σi .su c c (a )) ≤ 0 , which can be computed using ( op2 ). 
(2) Let us prove that, given a query string α ∈ Σm , we can use our data structure to compute I α

n O (m · p 2 · log log (pσ )) time, represented as p ranges on the chains in {Q i | 1 ≤ i ≤ p}. We claim
hat it will suffice to run the same algorithm used in the previous point, starting with R = {v 1 } and
 = ∅ . Indeed, consider the automaton N 

′ obtained from N by adding a new initial state v 0 and
dding exactly one edge from v 0 to v 1 (the old initial state) labeled with # , a character smaller than
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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very character in the alphabet Σ. Let ≤′ the co-lex order on N 

′ obtained from ≤ by adding the
air {(v 0 , v 1 )}, and consider the ≤′ -chain partition obtained from {Q i | 1 ≤ i ≤ p} by adding v 0 to
 1 . It is immediate to notice that for every k = 1 , . . . , n and for every string α ∈ Σ∗ we have that
 k ∈ I α on N if and only if v k ∈ T (# α ) on N 

′ . Since v 0 has no incoming edges and on N 

′ we have
(# ) = {v 0 , v 1 } and S (# ) = {v 0 }, the conclusion follows. Now, given I α , we can easily check whether
∈ L (N ) . Indeed, for every i = 1 , . . . , p we know the integers l i and t i such that I 

i 
α = Q i [ l i + 1 , t i ] ,

nd we decide whether some of these states are final by computing f = CHAIN .s e le ct (i, 1 ), and then
hecking whether FINAL .rank ( f + l i − 1 , 1 ) − FINAL .rank ( f + t i − 1 , 1 ) is larger than zero. �

Notice that, in order to apply Theorem 5.29 , we need a chain partition of a co-lex order over the
utomaton. In the case of a DFA, Corollary 4.5 allows us to compute in polynomial time (with high
robability) a ≤-chain partition of optimal width, so from Theorem 5.29 we obtain the following
esult. 

Corollary 5.30. Let D = (Q , s , δ , F ) be a DFA. Then, the data structure of Theorem 5.29 can be

uilt on D with parameter p = width (D) in expected 

˜ O ( | δ | 2 ) time. 

Note that the data structure of Corollary 5.30 implicitly supports the navigation of the la-
eled graph underlying D starting from the initial state: a node is represented as the p ranges
on the p chains) obtained when computing I α . This enables deciding whether α ∈ L (D) in
( p 2 log log ( pσ ) ) time per character of α . Even if testing membership with our structure is in-
fficient on DFAs for large p (on a classic DFA representation, this operation can be easily imple-
ented in O ( | α | ) time), for small values of p on NFAs our membership procedure can be much
aster than the classical ones (determinization or dynamic programming), provided our index has
een built on the NFA. 

.4 Encoding NFAs 

e now show a simple extension of the aBWT of Definition 5.6 , yielding an injective encoding of
FAs. It turns out that in order to achieve these goals it is sufficient to collect the components of
he aBWT and, in addition, the origin chain of every edge (see Figure 12 for an example): 

Definition 5.31. Let N = (Q , s , δ , F ) be an NFA and let e = |δ | be the number of N -transitions.
et ≤ be a co-lex order on N , and let {Q i | 1 ≤ i ≤ p} be a ≤-chain partition of Q , where w.l.o.g.
 ∈ Q 1 . Let π (v ) and Q = {v 1 , . . . , v n } be the map and the total state order defined in Definition 5.6 .
efine a new sequence IN _ CHAIN ∈ [1 , p] e , storing the edges’ origin chains, as follows. Sort all
dges (v j , v i , c ) by increasing destination index i , breaking ties by label c and then by origin index
. Then, IN _ CHAIN is obtained by concatenating the elements π (v j ) for all edges (v j , v i , c ) sorted
n this order. 

The following lemma presents a function that will ultimately allow us to show that our aug-
ented aBWT is indeed an injective encoding on NFAs. 

Lemma 5.32. Let 1 ≤ i, j ≤ p and a ∈ Σ. Let w be the number of edges labeled with character a
eaving any state in Q j and entering any state in Q i . Let B j, i, a = ( f 1 , f 2 , . . . , f w 

) be state indices

uch that (i) 1 ≤ f 1 ≤ f 2 ≤ · · · ≤ f w 

≤ n, (ii) if 1 ≤ k ≤ n occurs in B j, i, a , then π (v k ) = j and (iii) if

 ≤ k ≤ n occurs t ≥ 1 times in B j, i, a , then there exist exactly t edges labeled with character a leaving

 k and entering a state in Q i . Let C j, i, a = (д 1 , д 2 , . . . , д w 

) be state indices such that (i) 1 ≤ д 1 ≤ д 2 ≤
· · ≤ д w 

≤ n, (ii) if 1 ≤ h ≤ n occurs in C j, i, a , then π (v h ) = i and (iii) if 1 ≤ h ≤ n occurs t ≥ 1 times

n C j, i, a , then there exist exactly t edges labeled with character a entering v h and leaving a state in

 j . Then, {(v f � , v д � , a ) | 1 ≤ � ≤ w } is the set of all edges labeled with character a , leaving a state in

 j and entering a state in Q i . 
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Fig. 12. Augmented aBWT of an NFA (the one in Figure 11 on the left), using the chain partition 

{ { v 1 , v 2 , v 3 , v 4 } , { v 5 , v 6 } } . In addition to the aBWT of Definition 5.6 , we add a sequence IN_CHAIN collect- 

ing the origin chain of every edge. For each labeled edge (u, v, a ), in the adjacency matrix we show the triple 

( π ( u), π ( v ) , a ) , that is, the origin chain, destination chain, and label of the edge (the matrix is visually divided 

in 4 sectors, corresponding to all combinations of origin and destination chains). Vector IN_CHAIN collects 

vertically the incoming chains, that is, the first component of each triple in the corresponding column of the 

adjacency matrix. 
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Proof. Consider the set of all edges labeled with character a , leaving a state in Q j and entering
 state in Q i . Then, B j, i, a is obtained by picking and sorting all start states of these edges, and
 j, i, a is obtained by picking and sorting all end states of these edges. The conclusion follows from
xiom 2. �

Lemma 5.32 allows reconstructing the topology of a NFA starting from our augmented aBWT,
s we show in the next lemma. 

Lemma 5.33. The aBWT of Definition 5.6 , in addition to sequence IN _ CHAIN of Definition 5.31 , is

 one-to-one encoding over the NFAs. 

Proof. From CHAIN and FINAL , we can retrieve the chain of each state, and we can decide which
tates are final. We only have to show how to retrieve the set {(v f , v д , a ) | v д ∈ δ (v f , a ), v f , v д ∈
, a ∈ Σ} of all NFA’s transitions. By Lemma 5.32 , we only have to prove that for every 1 ≤ i, j ≤ p,
nd for every a ∈ Σ we can retrieve B j, i, a and C j, i, a . We will use ideas similar to those employed
n the proof of Lemma 5.15 . 
Let us show how to retrieve B j, i, a for every 1 ≤ i, j ≤ p, and for every a ∈ Σ. Fix i , j and a .
rom OUT _ DEG we can retrieve the number of edges leaving each state in the jth chain. Then, the
efinition of OUT implies that, for every state in the jth chain, we can retrieve the label and the
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 



Co-lexicographically Ordering Automata and Regular Languages - Part I 27:61 

d  

j
 

I  

c  

c  

e  

t  

m

 

o

O  

s

 

a  

t  

o

 

B  

e  

A  

a  

m  

a  

f  

a

6

I  

o  

o  

u
 

s  

p  

o  

d  

o  

l  

i
 

i
 

e  
estination chain of each edge leaving the state, so we can decide how many times a state in the
th chain occurs in B j, i, a . 
Let us show how to retrieve C j, i, a for every 1 ≤ i, j ≤ p, and for every a ∈ Σ. Fix i , j and a . From

N _ DEG we can retrieve the number of edges entering each state in the ith chain. From OUT we
an retrieve all characters (with multiplicities) labeling some edge entering the ith-chain. As a
onsequence, Axiom 1 implies that, for every state in the ith chain, we can retrieve the label of
ach edge entering the state. Moreover, the definition of IN _ CHAIN implies that, for every state in
he ith cain, we can retrieve the start chain of each edge entering the state, so we can decide how
any times a state in the ith chain occurs in C j, i, a . �

By analyzing the space required by our extension of the aBWT and applying Lemma 5.33 , we
btain: 

Corollary 5.34. Let N be an NFA, and let p = width (N ). Then, we can store N using log (p 2 σ ) +
(1 ) bits per transition. This space can also be expressed as (at most) 2 p σ log (p 2 σ ) +O (p σ ) bits per

tate. 

Proof. The bound of log ( p 2 σ ) +O ( 1 ) bits per transition follows easily from the definitions of
BWT (Definition 5.6 ) and IN _ CHAIN (Definition 5.31 ). In order to bound this space as a function of
he number of states, we use the bound |δ | ≤ 2 pσn implied by Lemma 2.6 , where |δ | is the number
f transitions. �

In Theorem 5.29 we provided an aBWT-index supporting pattern matching queries on any NFA.
eing a superset of the aBWT, our (indexed) augmented aBWT can clearly support the same op-
rations (in the same running times) of Theorem 5.29 , albeit using additional log p bits per edge.
ctually, these operations turn out to be much simpler on the augmented aBWT than on the
BWT (thanks to the new sequence IN_CHAIN ). This is possible because by means of our aug-
ented aBWT, given any convex set U of states (represented by means of p ranges on the chains)
nd a character c , one can compute the convex set of all states that can be reached from U by
ollowing edges labeled c (see Lemma 5.1 ). However, the queries’ running times remain the same
s in Theorem 5.29 so we will not describe them here. 

 CONCLUSIONS 

n this article, we considered the theoretical and practical implications of studying a specific partial

rder on the states of a finite automaton. The considered partial order is a particularly natural
ne: the one obtained lifting to sets the co-lex order of strings reaching every given state of the
nderlying automaton. 
In this work, we extensively argued that our proposed point of view allows us to sensibly clas-

ify regular languages and their complexities, from a both practically and theoretically interesting
erspective. The central measure for the classification we put forward is the (minimum) width

f the above mentioned partial order. In this article and in [ 31 ] we show that such measure in-
uces a proper hierarchy of regular languages and make a number of observations on the levels
f this hierarchy. An interesting feature of the classification obtained is that languages at higher
evels of the hierarchy have a larger entangled collection of states that makes them less prone to
ndex-ability — and, consequently, to any subsequent algorithmic analysis. 
From a theoretical perspective, we showed that a canonical automaton minimizing the width to

ts entanglement size (the Hasse automaton of a language), can be built at any given level. 
From a practical perspective, in the last part of the article we introduced a technique to build very

fficient indexes, exploiting the partial order considered. As it turned out, the indexes proposed
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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an be used in both the deterministic and non-deterministic case, but can be built in polynomial
ime only in the former case. In the companion article [ 31 ] we show how to overcome this issue. 
As a matter of fact, our full proposal can be divided in two macro steps: in the first one, the one
resented in this article, we illustrated and proved results that mainly apply to the deterministic-
idth hierarchy and to indexing and encoding regular languages (a task that we have shown
o be computationally easy on DFAs). In a subsequent article, we will illustrate the extensions
f our classification results to the non-deterministic-width hierarchy, as well as polynomial-time
lgorithms for sorting non-deterministic automata by means of co-lex relations (a more general
oncept than co-lex orders, enabling indexing and avoiding NP-hardness). 

 Glimpse into the Non-Deterministic Case 

hat happens if we consider the notion of width applied to non-deterministic automata instead
f deterministic ones? In this paragraph, we sketch the main results that will be presented in the
ompanion article [ 31 ]. 

(1) There exist NFAs without a maximum co-lex order, suggesting that Problem 1 (Automata-
width problem) could become more complex when applied to NFAs. Indeed, in [ 53 ] it is
proved that even deciding whether width (N ) = 1 (i.e., deciding whether N is Wheeler)
is an NP-complete problem. For this reason, a smallest-width NFA index cannot be built
in polynomial time by means of co-lex orders (assuming P � N P ). We will show that the
solution relies on switching to co-lex relations (see [ 29 ]): the smallest-width relation can
be computed in polynomial time, it enables indexing, and its width is never larger than
that of a smallest-width co-lex order. 

(2) Another way to bypass the previous obstacle to indexing NFAs is to consider the class
consisting of all NFAs admitting a maximum co-lex order. We will prove that this class
— dubbed the MAX class — is a polynomial time decidable class of automata, strictly
between the DFA and NFA classes, for which the maximum co-lex order is always com-
putable in polynomial time. This implies that the NP-completeness of determining the
width of an NFA is due to automata outside the MAX class. 

(3) The language-width problem becomes more complex: starting from an NFA N , already de-
ciding whether width D ( L ( N )) = 1 (equivalently, width N ( L ( N )) = 1 ) is a PSPACE com-
plete problem (see [ 35 ]). 

(4) The language hierarchies based on the two (deterministic/non-deterministic) notions of
width do not coincide, except for level 1 (Wheeler languages). More precisely, we will
prove that there exist regular languages L, whose deterministic width p > 1 can be chosen

arbitrarily large, such that p = width D (L) = 2 width 
N (L) − 1 , matching the upper-bound

given in Corollary 3.3 . 
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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PPENDIX 

 PARTITIONS AND ORDERS 

his section is devoted to the proof of Theorem 4.11 and to other useful properties of entangled
onvex sets. All these results follow from general results valid for arbitrary total orders and par-
itions. From now on, we fix a total order (Z , ≤) and a finite partition P = { P 1 , . . . , P m 

} of Z . We
rst give a notion of entanglement, with respect to P, for subsets X ⊆ Z . The main result of this
ection, Theorem A.5 , states that there always exists a finite, ordered partition V of Z composed
f entangled convex sets. 
It is convenient to think of the elements of P as letters of an alphabet, forming finite or infinite

trings while labeling element of Z . A finite string P 1 . . . P k ∈ P 

∗ is said to be generated by X ⊆ Z ,
f there exists a sequence x 1 ≤ · · · ≤ x k of elements in X such that x j ∈ P j , for all j = 1 , . . . , k .
e also say that P 1 . . . P k occurs in X at x 1 , . . . , x k . Similarly, an infinite string P 1 . . . P k · · · ∈ P 

ω 

s generated by X ⊆ Z if there exists a monotone sequence (x i ) i ∈N 

of elements in X such that
 j ∈ P j , for all j ∈ N . Notice that if X is a finite set, then there exists an index i 0 such that for every
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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 ≥ i 0 it holds P i = P i 0 . We can now re-state the notion of entanglement in this, more general,
ontext. 

Definition A.1. Let (Z , ≤) be a total order, let P be a partition of Z , and let X ⊆ Z . 

(1) We define P X 

= {P ∈ P : P ∩ X � ∅}. 
(2) If P 

′ = {P 1 , . . . , P m 

} ⊆ P, we say that P 

′ is entangled in X if the infinite string (P 1 . . . P m 

) ω 

is generated by X . 
(3) We say that X is entangled if P X 

is entangled in X . 

The property of X being entangled is captured by the occurrence of an infinite string
P 1 . . . P m 

) ω . In fact, as proved in the following lemma, finding (P 1 . . . P m 

) k for arbitrarily big
is sufficient to guarantee the existence of (P 1 . . . P m 

) ω . 

Lemma A.2. Let (Z , ≤) be a total order, let P be a partition of Z , let X ⊆ Z , and let P 

′ =
P 1 , . . . , P m 

} ⊆ P. The following are equivalent: 

(1) For every k ∈ N , the string (P 1 . . . P m 

) k is generated by X . 

(2) (P 1 . . . P m 

) ω is generated by X . 

Proof. The nontrivial implication is ( 1 ) ⇒ ( 2 ). If m = 1 , then by choosing k = 1 we obtain that
here exists x ∈ X such that x ∈ P 1 , so (P 1 ) 

ω occurs in X , as witnessed by the monotone sequence
x i ) i ∈N 

such that x i = x for every i ∈ N . Thus, in the following, we can assume m ≥ 2 . This implies
hat for every k , if (P 1 . . . P m 

) k occurs in X at x 1 , x 2 , . . . , x m k 
, then x 1 < x 2 < . . . < x m k 

, that is, the
nequalities are strict. If (1 ) holds, we prove that we can find an infinite family (Y i ) i ≥1 of pairwise
isjoint subsets of X , each containing an occurrence of (P 1 . . . P m 

), such that for every pair of
istinct integers i, j it holds either Y i < Y j (that is, each element in Y i is smaller than each element
n Y j ) or Y j < Y i . This will imply (2 ), because if the set {i ≥ 1 |(∀j > i ) (Y i < Y j )} is infinite, then
2 ) is witnessed by an increasing sequence, and if {i ≥ 1 |(∀j > i ) (Y i < Y j )} is finite, then (2 ) is
itnessed by a decreasing sequence. 
Let us show a recursive construction of (Y i ) i ≥1 . We say that 〈 X 1 , X 2 〉 is a split of X if {X 1 , X 2 }

s a partition of X and X 1 < X 2 . Given a split 〈 X 1 , X 2 〉 of X , we claim that (1) must hold for either
 1 or X 2 (or both). In fact, reasoning by contradiction, assume there exists k̄ such that the string

P 1 . . . P m 

) k̄ is neither generated by X 1 nor by X 2 . This promptly leads to a contradiction, since

P 1 . . . P m 

) 2 ̄k is generated by X and hence, if (P 1 . . . P m 

) k̄ is not generated by X 1 , then it must be
enerated by X 2 . 
Now consider an occurrence of (P 1 . . . P m 

) 2 generated by X and a split 〈 X 1 , X 2 〉 such that
P 1 . . . P m 

) is generated by X 1 and (P 1 . . . P m 

) is generated by X 2 . Now, if (1) holds for X 1 , then
efine Y 1 = X 2 and repeat the construction using X 1 instead of X . If (1) holds for X 2 , then define
 1 = X 1 and repeat the construction using X 2 instead of X . We can then recursively define a family
Y i ) i ≥1 with the desired properties. �

We now introduce the notion of an entangled convex decomposition , whose aim is at identifying
ntangled regions of (Z , ≤) with respect to a partition P. 

Definition A.3. Let (Z , ≤) be a total order and let P be a partition of Z . We say that a partition
 of Z is an entangled, convex decomposition of P in (Z , ≤) ( e.c. decomposition , for short) if all the
lements of V are entangled (w.r.t. the partition P) convex sets in (Z , ≤). 
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Example A.4. Consider the total order (Z , ≤), where Z is the set of all integers and ≤ is the usual
rder on Z . Let P = {P 1 , P 2 , P 3 } be the partition of Z defined as follows: 

P 1 = {n ≤ 0 : n is odd } ∪ {n > 0 : n ≡ 1 mod 3 } 
P 2 = {n ≤ 0 : n is even } ∪ {n > 0 : n ≡ 2 mod 3 }, 
P 3 = {n > 0 : n ≡ 0 mod 3 } 

The partition P generates the following trace over Z : 

. . . P 1 P 2 P 1 P 2 . . . P 1 P 2 P 1 P 2 P 3 P 1 P 2 P 3 . . . 

Now define V = {V 1 , V 2 }, where V 1 = {n ∈ Z : n ≤ 0 }, V 2 = {n ∈ Z : n > 0 }. It is immediate to
heck that V is an e.c. decomposition of P in (Z , ≤). More trivially, even V 

′ = {Z } is an e.c.
ecomposition of P in (Z , ≤). 

Below we prove that if P is a finite partition, then there always exists a finite e.c. decomposition
f P. 

Theorem A.5. Let (Z , ≤) be a total order, and let P = {P 1 , . . . , P m 

} be a finite partition of Z . Then,

 admits a finite e.c. decomposition in (Z , ≤). 

Proof. We proceed by induction on m = | P| . If m = 1 , then P = { Z } , so { Z } is an e.c. decom-
osition of P in (Z , ≤). Assume m ≥ 2 and notice that we may also assume that the sequence

(P 1 . . . P m 

) ω is not generated by Z , otherwise the partition V = {Z } is a finite e.c. decomposition
f P in (Z , ≤) and we are done. Since (P 1 . . . P m 

) ω is not generated by Z , for any permutation
of the set {1 , . . . , m} the sequence (P π (1 ) , . . . , P π (m) ) 

ω is not generated by Z and therefore, by
emma A.2 , for any π there exists an integer s π such that (P π (1 ) , . . . , P π (m) ) 

s π is not generated by
. Using this property we prove that there exists a finite partition V of Z into convex sets such
hat for every V ∈ V and every π , the string (P π (1 ) , . . . , P π (m) ) 

2 does not occur in V . 
Consider the following procedure: 

1: V ← { Z } ;{initialise the partition} 
2: for π permutation of {1 , . . . , m} do 

3: while exists an element in V generating (P π (1 ) . . . P π (m) ) 
2 do 

4: let V ∈ V generating (P π (1 ) . . . P π (m) ) 
2 ; 

5: V ← V \ V ; 
6: let α1 < · · · < αm 

< α ′ 
1 < · · · < α ′ 

m 

in V be such that α j , α
′ 
j ∈ P π (j ) , for j = 1 , . . . , m; 

7: V ← V ∪ { { α ∈ V | α ≤ αm 

} , { α ∈ V | α > αm 

} } ; 
8: end while 

9: end for 

10: return V 

The procedure starts with V = { Z } and recursively partitions a V in V into two nonempty
onvex sets as long as (P π (1 ) , . . . , P π (m) ) 

2 occurs in V . Notice that the procedure ends after at most
 

π s π iterations, returning a finite partition V of Z into convex sets. 
Now fix V ∈ V and consider the partition P |V = {P ∩ V | P ∈ P ∧ P ∩ V � ∅} = {P ∩ V | P ∈
 V } of V , where P V is as in Definition A.1 and |P | V | ≤ m. To complete the proof it will be
nough to prove that P |V admits a finite e.c. decomposition in (V , ≤) because then a finite e.c.
ecomposition of P in (Z , ≤) can be obtained by merging all the decompositions of P |V , for
 ∈ V . 
Journal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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If |P |V | < m, then P |V admits an e.c. decomposition by inductive hypothesis. Otherwise, |P |V | =
, say P |V = { P ′ 1 , . . . , P ′ m 

} . By construction, we know that for any permutation π of { 1 , . . . , m} the
tring (P ′ 

π (1 ) 
, . . . , P ′ 

π (m) 
) 2 does not occur in V . Example A.6 below may help with an intuition for

he rest of the argument. Let k ≥ 1 be the number of distinct permutations π of { 1 , . . . , m} such
hat (P ′ 

π (1 ) 
, . . . , P ′ 

π (m) 
) occurs in V . We proceed by induction on k . If k = 1 , then each set P ′ j is

onvex and trivially entangled, so {P ′ j | 1 ≤ j ≤ m} is an e.c. decomposition of P |V in (V , ≤). Now

ssume k ≥ 2 and fix a permutation π such that (P ′ 
π (1 ) 
, . . . , P ′ 

π (m) 
) occurs in V . Define: 

V 1 = {α ∈ V | ∃ α1 , . . . , αm 

with α ≤ α1 < · · · < αm 

and αi ∈ P ′ 
π (i ) 

} 

nd V 2 = V \ V 1 . Let us prove that V 1 and V 2 are nonempty. Just observe that if α1 , . . . , αm 

is a wit-
ess for (P ′ 

π (1 ) 
, . . . , P ′ 

π (m) 
) in V , then α1 ∈ V 1 . Moreover, αm 

∈ V \ V 1 = V 2 , otherwise, since m > 1

nd P ′ 
π (1 ) 
� P ′ 

π (m) 
, the sequence (P ′ 

π (1 ) 
, . . . , P ′ 

π (m) 
) 2 would occur in V . The previous observation im-

lies also that (P ′ 
π (1 ) 
, . . . , P ′ 

π (m) 
) does not occur in V 1 , nor in V 2 . Moreover V 1 andV 2 are clearly con-

ex. To conclude it will suffice to prove that the V i -partition P |V i = {P ∩ V i | P ∈ P |V , P ∩ V i � ∅}
dmits a finite e.c. decomposition in (V i , ≤), for i = 1 , 2 . For any given i , if |P |V i | < m, we con-
lude by the inductive hypothesis on m. If, instead, |P |V i | = m, say P |V i = { P ′′ 1 , . . . , P 

′′ 
m 

} , we
se the inductive hypothesis on k : the number of distinct permutations π ′ of { 1 , . . . , m} such
hat (P ′′ 

π ′ (1 ) , . . . , P 
′′ 
π ′ (m) 

) occurs in V i is less than k , since (P ′ 
π (1 ) 
, . . . , P ′ 

π (m) 
) occurs in V while

P ′′ 
π (1 ) 
, . . . , P ′′ 

π (m) 
) does not occur in V i . �

Example A.6. We give an example of the final part of the construction described in Theorem A.5 .
uppose P |V = {P ′ 1 , P ′ 2 , P ′ 3 } leaves the following trace over (V , ≤): 

(P ′ 1 P 
′ 
2 ) 

ω (P ′ 3 P 
′ 
2 ) 

ω (P ′ 1 ) 
ω (P ′ 2 ) 

ω . 

otice that, as assumed in the last part of the above proof, for any permutation π of {1 , 2 , 3 } the
equence (P ′ 

π (1 ) 
P ′ 

π (2 ) 
P ′ 

π (3 ) 
) 2 does not appear in V ; however, the sequence (P ′ 

π (1 ) 
P ′ 

π (2 ) 
P ′ 

π (3 ) 
) appears

n V for π = id . If we fix π = id and consider the sets V 1 , V 2 as in the above proof, then the partition
 |V leaves the following traces on the sets V 1 , V 2 : 

(P ′ 1 P 
′ 
2 ) 

ω and (P ′ 3 P 
′ 
2 ) 

ω (P ′ 1 ) 
ω (P ′ 2 ) 

ω , 

espectively. Notice that P ′ 3 does not appear in V 1 , while the sequence (P 
′ 
1 P 

′ 
2 P 

′ 
3 ) does not appear in

 2 , so that the inductive hypothesis can be applied. 

We say that an e.c. decomposition of P in (Z , ≤) is a minimum-size e.c. decomposition if it
as minimum cardinality. As shown in the following remark, minimum-size e.c. decompositions
nsure additional interesting properties. 

Remark A.7. Let (Z , ≤) be a total order, let P be a finite partition of Z , and let V = {V 1 , . . . , V r } be
 minimum-size e.c. decomposition of P in (Z , ≤), where V 1 < · · · < V r . Then, for every 1 ≤ i < r ,
e have P V i � P V i+1 , where P V i = {P ∈ P | P ∩ V i � ∅} (see Definition A.1 ). In fact, if this were
ot the case, V 

′ = {V 1 , . . . , V i−1 , V i ∪ V i+1 , . . . V r } would be a smaller size e.c. decomposition of P 

n (Z , ≤). Similarly, for every 1 < i ≤ r , it must be P V i � P V i−1 . In conclusion, for every i = 1 , . . . , r ,
here exist R i ∈ P V i \ P V i+1 and L i ∈ P V i \ P V i−1 , where we assume V 0 = V r+1 = ∅ . 

In general, a minimum-size e.c. decomposition is not unique. 

Example A.8. Let us show that even in the special case when ( Z , ≤) = ( Pref ( L ( D) ), 	) and
 = {I u | u ∈ Q } we can have more than one minimum-size e.c. decomposition. 
ournal of the ACM, Vol. 70, No. 4, Article 27. Publication date: August 2023. 
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Fig. 13. An automaton D admitting two distinct minimum-size e.c. decompositions. 
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Consider the DFA D in Figure 13 . Notice that in every e.c. decomposition of D one element is
 ε } , because I 0 = { ε } . Moreover, every e.c. decomposition of D must have cardinality at least three,
ecause, since 1 < D 

3 , states 1 and 3 are not entangled. It is easy to check that: 

V = { { ε } , { ac ∗ ∪ bc ∗} , { [ b (c + d ) ∗ \ bc ∗] ∪ f (c + d ) ∗ ∪ дd ∗}} 
nd: 

V 

′ = { { ε } , { ac ∗ ∪ b (c + d ) ∗ ∪ [ f (c + d ) ∗ \ f d ∗] } , { f d ∗ ∪ дd ∗} } , 
re two distinct minimum-size e.c. decompositions of D. 

We need the following lemmas on entangled convex sets in Section 4.2 . Assume that (Z , ≤) is a
otal order and P is a partition of Z . 

Lemma A.9. Let V be a minimum-size e.c. decomposition of P. Assume that V ∈ V is such that

here exist C 1 < · · · < C n entangled convex sets with V ⊆ ⋃ n 
i= 1 C i . Then, for all P ∈ P it holds: 

∀i ∈ { 1 , . . . , n} (C i ∩ P � ∅ ) → V ∩ P � ∅ . 

Proof. If C j ⊆ V for some j, then V ∩ P � ∅ since V ∩ P ⊇ C j ∩ P � ∅ . Otherwise, consider the
mallest i such that C i ∩ V � ∅ . Since C 1 < · · · < C n , V is convex and V does not contain any
 j , it must be V ⊆ C i ∪ C i+1 , (where we assume C i+1 = ∅ if i = n). Let V = {V 1 , . . . , V r } with V 1 <
· · < V r . For all j = 1 , . . . , r , consider the elements R j ∈ P V j \ P V j+1 and L j ∈ P V j \ P V j−1 (where we
ssume V 0 = V r+1 = ∅ ), as in Remark A.7 . Let s be such that V = V s . We distinguish three cases. 

(1) V s ∩ C i+1 = ∅ . In this case, it must be V s ⊆ C i . Let V s−h , V s−h+1 , . . . , V s , . . . , V s+k−1 , V s+k 

( h, k ≥ 0 ) be all the elements of V contained in C i . Since V 1 < · · · < V r , we conclude: 

V s−h ∪ · · · ∪ V s ∪ · · · ∪ V s+k ⊆ C i ⊆ V s−h−1 ∪ V s−h ∪ · · · ∪ V s ∪ · · · ∪ V s+k ∪ V s+k+1 . 

We know that L s−h , . . . , L s , R s , . . . R s+k occur in V s−h ∪ · · · ∪ V s+k , so they also occur in C i .
Moreover, we also know that P occurs in C i . Since C i is entangled, there exists a sequence
αs−h ≤ · · · ≤ αs ≤ β ≤ γs ≤ · · · ≤ γs+k of elements in C i witnessing that the ordered se-
quence L s−h , . . . , L s , P , R s , . . . R s+k occurs in C i ; it follows that L s−h , . . . , L s , P , R s , . . . R s+k 

occurs in V s−h−1 ∪ V s−h ∪ · · · ∪ V s ∪ · · · ∪ V s+k ∪ V s+k+1 as well. Since L s−h does not occur
in V s−h−1 , then the ordered sequence L s−h+1 , . . . , L s , P , R s , . . . R s+k occurs in V s−h ∪ · · · ∪
V s ∪ · · · ∪ V s+k ∪ V s+k+1 . Now, L s−h+1 does not occur in V s−h , so the ordered sequence
L s−h+2 , . . . , L s , P , R s , . . . R s+k occurs in V s−h+1 ∪ · · · ∪ V s ∪ · · · ∪ V s+k ∪ V s+k+1 . Proceed-
ing in this way, we obtain that the sequence P , R s , . . . R s+k occurs in this order in
V s ∪ · · · ∪ V s+k ∪ V s+k+1 . Now suppose for sake of a contradiction that P does not occur in
V s . As before we obtain that R s , . . . R s+k occurs in this order in V s+1 ∪ · · · ∪ V s+k ∪ V s+k+1 ,
R s+1 , . . . R s+k occurs in this order in V s+2 ∪ · · · ∪ V s+k ∪ V s+k+1 , and so on. We finally con-
clude that R occurs in V , a contradiction. 
s+k s+k+1 
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(2) V s ∩ C i = ∅ . In this case, it must be V s ⊆ C i+1 and one concludes as in the previous case. 
(3) V s ∩ C i � ∅ and V s ∩ C i+1 � ∅ . In this case, let V s−h , . . . , V s−1 ( h ≥ 0 ) be all elements of V 

contained in C i , and let V s+1 , . . . , V s+k ( k ≥ 0 ) be all elements of V contained in C i+1 . As
before: 

V s−h ∪ · · · ∪ V s−1 ⊆ C i ⊆ V s−h−1 ∪ V s−h ∪ · · · ∪ V s−1 ∪ V s 

and: 

V s+1 ∪ · · · ∪ V s+k ⊆ C i+1 ⊆ V s ∪ V s+1 ∪ · · · ∪ V s+k ∪ V s+k+1 . 

Now, assume by contradiction that P does not occur in V s . First, let us prove that L s 

does not occur in C i . Suppose by contradiction that L s occurs in C i . We know that
L s−h , . . . , L s−1 occurs in C i , and we also know that P occurs in C i . Since C i is entangled,
then L s−h , . . . , L s−1 , L s , P should occur in this order in C i and so also in V s−h−1 ∪ V s−h ∪
· · · ∪ V s−1 ∪ V s ; however, reasoning as in case 1, this would imply that P occurs in V s , a
contradiction. Analogously, one shows that R s does not occur in C i+1 . 
Since R s and L s occur in V s , then there exists a monotone sequence in V s whose trace con-
sists of alternating values of R s and L s . But V s ⊆ C i ∪ C i+1 and C i ≺ C i+1 , so the monotone
sequence is definitely contained in C i or C i+1 . In the first case we would obtain that L s 

occurs in C i , and in the second case we would obtain that R s occurs in C i+1 , so in both
cases we reach a contradiction. 

�

Lemma A.10. Let C ⊆ Z be an entangled convex set and consider any pair of convex sets C 1 , C 2

uch that C = C 1 ∪ C 2 . Then, there exists i ∈ {1 , 2 } such that C i is entangled and P C i 
= P C 

. 

Proof. Let (z i ) i ≥1 be a monotone sequence witnessing the entanglement of C . Then, infinitely
any z j ’s appear in either C 1 or C 2 (or both). In the former case C 1 is entangled: since C 1 is convex,
f j 0 ≥ 1 is such that z j 0 ∈ C 1 , then the subsequence (z j ) j ≥j 0 is in C 1 and, clearly, we have P C 1 = P C 

.
n the latter case, analogously, C 2 is entangled and P C 2 = P C 

. �

Lemma A.11. Let C 1 , C 2 ⊆ Z be entangled convex sets. Then, at least one the following holds true: 

(1) C 1 \ C 2 is entangled and convex and P C 1 \ C 2 = P C 1 ; 

(2) C 2 \ C 1 is entangled and convex and P C 2 \ C 1 = P C 2 ; 

(3) C 1 ∪ C 2 is entangled and convex and P C 1 ∪ C 2 = P C 1 or P C 1 ∪ C 2 = P C 2 . 

Proof. If C 1 ∩ C 2 = ∅ , (1) and (2) hold. If C 2 ⊆ C 1 or C 1 ⊆ C 2 , (3) holds. In the remaining cases
bserve that C 1 \ C 2 , C 2 \ C 1 , C 1 ∩ C 2 and C 1 ∪ C 2 are convex. Since C 1 = (C 1 \ C 2 ) ∪ (C 1 ∩ C 2 ) and
 2 = (C 2 \ C 1 ) ∪ (C 1 ∩ C 2 ), by Lemma A.10 we conclude that at least one the following holds true: 

(1) C 1 \ C 2 is entangled and convex and P C 1 \ C 2 = P C 1 , or C 2 \ C 1 is entangled and convex and
P C 2 \ C 1 = P C 2 ; 

(2) the intersection C 1 ∩ C 2 is entangled and convex and P C 1 ∩ C 2 = P C 1 = P C 2 . 

n the first case we are done, while in the second case we have P C 1 ∩ C 2 = P C 1 = P C 2 = P C 1 ∪
 C 2 = P C 1 ∪ C 2 . Since C 1 ∩ C 2 ⊆ C 1 ∪ C 2 and C 1 ∩ C 2 is entangled, we conclude that C 1 ∪ C 2 is
ntangled. �

Lemma A.12. Let C 1 , . . . , C n ⊆ Z be entangled convex sets. Then, there exist m ≤ n pairwise dis-

oint, entangled convex sets C 

′ 
1 , . . . , C 

′ 
m 

⊆ Z , such that: 

—C 

′ 
1 < · · · < C 

′ 
m 

and 

⋃ n 
i= 1 C i = 

⋃ m 

i= 1 C 

′ 
i ; 

—if P ∈ P occurs in all C i ’s, then it occurs in all C 

′ 
i ’s as well. 
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Proof. We can suppose without loss of generality that the C i ’s are non-empty and we proceed
y induction on the number of intersections r = | {(i, j ) | i < j ∧ C i ∩ C j � ∅}|. 
If r = 0 , then the C i ’s are pairwise disjoint and, since they are convex, they are comparable.
ence, it is sufficient to take C 

′ 
1 , . . . , C 

′ 
n as the permutation of the C i ’s such that C 

′ 
1 < · · · < C 

′ 
n . 

Now assume r ≥ 1 and let, without loss of generality, C 1 ∩ C 2 � ∅ . We now produce a new se-
uence of at most n entangled convex sets to which we can apply the inductive hypothesis. By
emma A.11 at least one among C 1 \ C 2 , C 2 \ C 1 and C 1 ∪ C 2 , is an entangled convex set. If C 1 ∪ C 2

s an entangled convex set, then let C 1 ∪ C 2 , C 3 , . . . , C n be the new sequence. Otherwise, if C 1 \ C 2

the case C 2 \ C 1 analogous) is entangled, let the new sequence be C 1 \ C 2 , C 2 , C 3 , . . . , C n . In both
ases the number of intersections decreases: this is clear in the first case, while in the second case
 1 \ C 2 ⊆ C 1 and (C 1 \ C 2 ) ∩ C 2 = ∅ . 
In all the above cases Lemma A.11 implies that if a P ∈ P occurs in all C i ’s, then it occurs in all

lements of the new family and we can conclude by the inductive hypothesis. �

Below we prove a fairly intuitive result on the intersection of convex sets. 

Lemma A.13. Let (Z , ≤) be a total order. If C 1 , . . . , C n ⊆ Z are non-empty, convex sets such that

 i ∩ C j � ∅ for all i, j ∈ {1 , . . . , n}, then 

⋂ n 
i= 1 C i � ∅ . 

Proof. We proceed by induction on n. Cases n = 1 , 2 are trivial, so assume n ≥ 3 . For every
 ∈ { 1 , . . . , n} , the set: ⋂ 

k ∈ {1 , . . . , n } 
k � i 

C k , 

s nonempty by the inductive hypothesis, so we can pick an element d i . If for some distinct i and
 we have d i = d j , then such an element witnesses that 

⋂ n 
i= 1 C i � ∅ . Otherwise, assume without

oss of generality that d 1 < · · · < d n . Fix any integer j such that 1 < j < n, and let us prove that d j
itnesses that 

⋂ n 
i= 1 C i � ∅ . We only have to prove that d j ∈ C j . This follows from d 1 , d n ∈ C j and

he fact that C j is convex. �
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