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Abstract

We study future-blind preferences, which are preferences that heavily discount the
future, within the space of infinite consumption streams. We give two definitions: N-
blindness, where agents ignore periods beyond a fixed date N, and eventual blindness,
where all but finitely many dates are neglected. Using a topological approach, we
show that the finest topology ensuring eventual blindness coincides with the product
topology. This provides a behavioral foundation for continuity in the product topol-
ogy, which was considered for studying equilibrium existence in infinite-dimensional
spaces. Finally, we characterize the dual spaces under these topologies.

“Apres moi, le déluge."”
Louis XV (1710-1774)

1 Introduction

The evaluation of infinite utility or consumption streams is a central problem in social
choice theory, intergenerational welfare, and infinite-horizon economic models. Since
Diamond’s (1965) seminal impossibility result, it has been well understood that natural
requirements such as continuity, Pareto efficiency, and intergenerational equity cannot
be simultaneously satisfied when the horizon is infinite. Intergenerational equity, also
called anonymity, is an ethically appealing property that requires interchanging the
income of two generations should not alter the evaluation of the stream. Much of the
literature has focused on how to reconcile equity with the two other properties, see
Pivato and Fleurbaey (2024) for an extensive survey on this topic. As already noted in
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Diamond (1965), equity can be interpreted as a form of extreme patience: the timing
of consumption does not affect agents’ preferences.

This paper takes the opposite viewpoint and studies a class of preference relations
that we call future-blind. Informally, future-blind preferences exhibit extreme forms
of impatience: sufficiently distant generations are eventually ignored, even if large
compensations are offered. While such behavior may be ethically controversial, it
remains relevant. One can think of infinitely lived but boundedly rational agents who
maximize a “short run utility”, as in Lovo and Polemarchakis (2010). Alternatively,
agents may rationally discard all future dates beyond some point in time as it is
too costly to consider all future periods (rational inattention). Finally, some decision
maker may not care at all about future generations (the quote by Louis XV serves as
an example).

We introduce two notions of future-blindness. The first one, N-blindness, describes
preferences of an agent who neglects all future periods starting from an exogenously
given date N. The second more flexible notion, eventual blindness, requires that there
exists some (endogenous) finite horizon beyond which changes to the stream no longer
affect strict preferences. This finite date exists even if the agent is compensated at a
growing rate for receiving outcomes later in the future.

We study future-blindness following a topological approach. Continuity of prefer-
ences is often seen as a mathematical requirement and it is interpreted as a robustness
assumption. Intuitively, if preferences are continuous, the ranking between streams
should not change if the streams are slightly perturbed. It is well-known that in infinite
dimensional spaces, such as /®°, continuity brings much more structure. As Svensson
(1980) put it:

“A continuity assumption of preferences is not only a mathematical assumption,
which is often the case in finite-dimensional spaces but also reflects a value
judgement."

Continuity with respect to different topologies entails specific discounting behavior.
To give an intuition, consider the sup-norm topology over [*° in which the distance
between sequences x and y is given by sup,, |x(n) — y(n)|. Consider the sequence
(of sequences) (e;); where each e; is equal to 1 in position 7 and O otherwise. Note
that the sup-norm-distance between e; and the sequence 0 is always 1, no matter how
big the index i is. Thus, continuity with respect to the sup-norm topology can be
interpreted as a form of patience: one unit received in the distant future does count as
one unit received closer to the present. This simple example shows that the sup-norm
topology is not indicated to deal with future-blind preferences. Actually, Lauwers
(1997) argues that only topologies that are finer than the sup-norm topology can deal
with equity/patience.! The literature on (impossibility of) patience include the works
of Svensson (1980), Campbell (1985), Shinotsuka (1997), Sakai (2003), Banerjee and
Mitra (2008) and Alcantud and Dubey (2014).

Our main objective is to clarify how these behavioral properties relate to conti-
nuity with respect to standard topologies on [°°, the space of bounded real-valued

! We underline that this is just an example and that continuity with respect to sup-norm topology is not
equivalent to patience. For instance it is well known that the functional )", Blu(x;) defined on [*° and
axiomatized in Koopmans (1960) is continuous with respect to the sup-norm topology.
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sequences. Building on the approach of Brown and Lewis (1981), who provided a
behavioral characterization of the Mackey topology via myopia,”> we ask the follow-
ing question: which continuity assumptions correspond to the extreme forms of tail
insensitivity implied by future-blindness? Our main results provide a sharp answer.
First, we show that the largest topology under which all continuous preferences are
N-blind is characterized by the fact that sequences differing from 0O only after period
N are arbitrarily close to the 0 sequence. Second, our main proposition shows that the
finest locally convex topology under which all continuous preferences are eventually
blind coincides with the product topology. This establishes a direct behavioral inter-
pretation of product-topology continuity: it corresponds to welfare comparisons that
eventually disregard all sufficiently remote generations, regardless of compensating
improvements.

Our result parallels Brown and Lewis (1981) main theorem that shows that the
myopic topology is equivalent to the Mackey topology. It is a significant result as the
Mackey topology was used by Bewley (1972) to prove the existence of equilibria in the
infinite dimensional space L'. Proposition 4.3 fills a gap in the literature: the product
topology was used by Peleg and Yaari (1970) to show the existence of equilibria when
the commodity space is [*°. Therefore, we explicitly provide a behavioral foundation
for continuity with respect to the product topology: it implies that agents are eventually
blind. It is worth noticing that continuity with respect to the product topology is a very
convenient assumption. In fact, budget sets are compact in the product topology (by
Tychonoff theorem) and hence the maximization of a continuous function yields the
existence of optimal solutions. See Lauwers (1997) for a discussion about the efficiency
of the product topology.

Finally, we study dual spaces when [*° is paired with our different topologies. Dual
spaces contain continuous linear functionals, which generalize the notion of prices in
infinite dimensions. We show that the dual space of /°° when paired with the N-blind
topology is the space of sequences that are equal to zero for all n > N. The dual
space of the eventually blind topology is the space of sequences that are zero for all
but finitely many elements (of course, this result is expected, as the eventually blind
topology is equal to the product topology).

The rest of the paper is organized as follows. Section2 explains notations and
contains some reminders about the topologies that we use. Sections 3 and 4 present
the concepts of N-blindness and eventual blindness respectively, and study their related
topologies. Section 5 investigates dual spaces. Section 6 concludes.

2 Notation and mathematical preliminaries

The set of all natural numbers N = {0, 1, ..., } represents time periods. A real-valued
sequence is any function x : N — R whose values are denoted x(n) or x,. We also
write X = (xg, X1, ... ). Therefore RY is the vector space of all sequences. This paper
deals with the subspace [*° of real-valued bounded sequences. More specifically, if

2 Myopic agents discount the future too, but not as strongly as future-blind decision makers. A precise
definition of myopia is given in Sect. 3.
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we denote the sup-norm ||X||cc = sup,,cy Xz !, then
0o __ N .
I ={xeR": x|l < 00}.

The set [*° is interpreted as the set of all possible income or consumption streams. The
sets [9° and [5°, denote the subsets of /°° with non-negative and positive sequences,
respectively. A preference relation > on [* is a complete and transitive binary relation
representing the tastes of a decision maker or a social planner. Note that preferences
are not indexed by time; this implies that the decision maker is only making decisions
in period 0.

The sum between two sequences and the multiplication by a scalar are the pointwise
sum and multiplication, i.e. forallx,y € [ ando € R,x +y = (xo+y0, X1+Y1, --.)
and ax = (axp, axy, ...). We denote e; the sequence that is equal to 1 in position i
and 0 everywhere else, i.e. €;(i) = 1 and e; (k) = O for all k # i.

In the paper, we will deal with the following subspaces of [*°:

c(%z (xe€l*®:x,=0foralln > N},
coo = {x € [*° : x,, = 0 for all but finitely many n},

co={xel®:limx, =0},
n

llz{xeloo:2|xn|<oo}.
n

We remark that c(% Ccoo S Cep C I
For all n € N we define the head operator H,, : [°° — [°° and the tail operator
T, : I°° — [*° for all x € [*° by

Hn(x)z(x07 cees Xn, 07 07 "')’

T,x) = (0, ..., 0, Xpq1, Xpq2, --.).

We are interested in studying how continuity of preferences translates into time
discounting. Let T be a topology on [°°. A preference is continuous with respect to t
if for all y € [°° the sets {x € [*® : x > y} and {x € [*® : y > x} are t-open. The rest
of this section contains some reminders about topology.

Reminders.

In this paper, we restrict our attention to locally convex topologies. A topologi-
cal vector space is called locally convex if it has a neighborhood basis at the origin
consisting of convex sets. Usually, it is easier to work with seminorms. A seminorm
on [ is a function p : [°*° — R such that for all x,y € [* and for all @ € R, (i)
p(x+y) < p(x)+ p(y) and (ii) p(ax) = |o|p(x). If moreover p(x) = 0 if and only
if x = 0, then p is a norm.

A family of seminorms I' generates a topology t if t is the smallest topology
making all seminorms in I" continuous. More explicitly, if I is a family of seminorms
on [*°, a subset Y C [* is said to be an open neighborhood of 0 € [*° if 0 € I/ and if
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there are a finite family of seminorms ¢, ..., gx € I' and a real number € > 0 such
that
ﬂf?zl{x €l®:qi(x) <e} CU.

Every topology generated by seminorms is a locally convex topology and every locally
convex topology is generated by seminorms, see Aliprantis and Border (2006), The-
orem 5.73.

Suppose that the family of seminorms I'" generates topology 7. Then a sequence

(of sequences) (x,), converges in t to a sequence X € [°°, denoted x,, i>n x, if and
only if py, (X, —X) —, O for every y € I' (see Aliprantis and Border (2006), Lemma
5.76).

A'locally convex topology generated by I' has the Hausdorff property if Nger{x €
[ : g(x) = 0} = {0}. Let A denote the closure of a set A. Then a locally convex
topology generated by I' is Hausdorff if and only if {0} = {0}, i.e. for all x # 0, there
exists ¢ € I' such that g(x) # 0.

Let 71 and 1, be two topologies on [*°. If 71 € 1, we say that 1 is weaker (or
coarser) than 1 or that t; is stronger (or finer) than t;. If additionally 71 # 12, we
write T1 C 12 and we say that 77 is strictly weaker (or strictly coarser) than 7, or that
177 is strictly stronger (or strictly finer) than 7.

Given a topology 7 on [, the (topological) dual of [°° with respect to t is the
set of T-continuous linear functionals on /*° and it is denoted (I°°, 7)’. In economics,
dual spaces play an important role as prices of commodities lie in the dual.

There are several interesting and well-known topologies on [°°. In this paper, the
ones listed below will play a central role.

e The sup-normtopology, denoted T°°, is generated by the sup-norm (already defined
above). We denote ba (resp. ca) the set of boundedly (resp. countably) additive
charges over the power set 2. Then it is well known that the dual space (I°°, 7>°)’
is isomorphic to ba, i.e. every T°°-continuous linear functional over [*° can be
represented by f xdp with p € ba (the integral is known as the Dunford integral,
see Chapter 4 of Rao and Rao (1983)).

e The product topology, denoted T 7, is generated by the family of seminorms { p, |n €
N}, where for all n € N, p,(x) = |x,], for all x € [°°. It can be proved (see
Aliprantis and Border (2006) Theorem 16.3), that the dual space (I*°, t?)’ is
isomorphic to cqp.

e The Mackey topology, denoted ¢, is the strongest topology in /> with /! as its
topological dual.

e The strict topology, denoted t*, introduced by Buck (1958), is generated by the
family of seminorms g, (X) = sup,, |a,x,|, where a € cp. By Conway (1967), the
strict topology coincides with the Mackey topology in [*°.

We remark that t7 C t™¢ = ¢ C .
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3 N-Blindness

Section 3 analyzes decision makers who neglect the future starting from an exogenous
time period N € N. The aim is to find a suitable topology over /* that characterizes
such behavior.

Recall that, for N € N, the head and tail operators are defined respectively by
Hy(x) = (x0,...,xN,0,...)and Ty(x) = (0,...,0, XN+1, XN+2, ...). Consider
the following definition.

Definition 3.1 Let N € N be any fixed natural number. A preference relation > on [*°
is N-blind if for all x,y,z € [*°,if x > y then X > y + T,,(z) foralln > N.

Definition 3.1 states that an agent is N-blind if, whenever she has a strict preference
for stream x over stream y, she will continue to strictly prefer x over y even after
stream z is added to y starting from period N. The strict preference is maintained
independently of how “good" stream z is, such behavior indicates that the decision
maker only cares about periods up to N. A closely related finite-cutoff idea appears in
Campi6n et al. (2025). They study a finite-dimensional setting and introduce a form
of myopia based on forgetfulness of the past. In their framework, agents disregard
sufficiently early periods, whereas our notion of N-blindness concerns agents who
disregard all periods after a fixed future date N. Thus the two concepts share the same
finite-cutoff structure, but they differ both in the direction of time that is neglected and
in the underlying commodity space.

We now give three equivalent definitions of N-blindness.

Proposition 3.1 Let N € N be any natural number. Then the following assertions are
equivalent.

(1) > is N-blind.

(ii) Forallx,y,z,w €1, ifx =y then x + T,,(w) =y + T,,(z) foralln > N.
(iii) Forallx,y € 1®, if Hy(X) = HN(y) thenx ~'y.
(iv) Forallx € I*°, Hy(X) ~ X.

Proof (i) = (ii). Suppose by contradiction that x > y but there are zZ, w € [*° and
n > N suchthaty+7,(z) > x+7,(w). Then we getx > y+7,(z) > x+T,,(w) where
the strict preference comes from (i) and the weak one by the hypothesis. But then x >
x-+T7,(w) and takingz = —w by N-blindness we obtain X > x+ 75, (W)+T,(—W) = X,
a contradiction.

(ii) = (i). Obvious.

(i) = (iii). Take x, y such that Hy (x) = Hy(y). Suppose that x > y. If Ty (x) =
Tn(y), then x = y and x > y yields a contradiction. If Ty (x) # Ty (y), then taking
z=x—-yin(@)wegetx >y+Ty@ =y+InEx-—y) =y+TnE) —ITy(y) =
Hy(y)+Tn(y)+Tn(x) —Tn(y) = Hn(y) + Tn(X) = Hn(X) + Tn (X) = X, another
contradiction.

(iii) = (i). Take x,y,z € [* such that x > y. Then since Hy(y) = Hy(y +
Tn(z)), by point (iii) we havey ~y + Tn(z). Therefore, x >y + Tn(z).

@ Springer



Future-blindness and the product topology

(iii) = (iv). Obvious.
(iv) = (iii). Take X,y € [*° and suppose Hy(x) = Hy(y). Then x ~ Hy(X) =
Hy(y) ~y. o

The result above gives alternative characterizations of N-blindness. Points (iii)
and (iv) simply say that an N-blind decision maker is indifferent whenever sequences
are equal until period N. Point (ii) in Proposition 3.1 says that a decision maker’s
strict preference x > y will not be changed not only if y is improved by z after period
N (as in Definition 3.1), but also if x is worsened through w.

N-blindness is a very strong example of preferences for present over future con-
sumption. An N-blind agent only considers the first N periods and neglects all the
others. It is reminiscent of the (dynamic) model of Lovo and Polemarchakis (2010) in
which agents are infinitely lived but act in each period as if they would live only N
more periods. For comparison, consider the notion of myopia® introduced by Brown
and Lewis (1981).

Definition 3.2 (Brown and Lewis 1981) A preference relation > on [*° is myopic if
for all x,y, z € [*°, there exists N € N such that if x > y then x > y + T},(z) for all
n>N.

Since in the definition of myopia N depends on sequences X, y and z one can readily
see that N-blindness is a severe form of myopia, where the period N in which the
agent starts neglecting the future is fixed and does not depend on the streams under
consideration. Hence, for all N € N, an N-blind preference is also myopic.

Brown and Lewis (1981) introduced the definition of myopic topologies.

Definition 3.3 (Brown and Lewis 1981) A locally convex topology 7 is myopic if
every t-continuous preference is myopic.

Likewise, we introduce the following definition of N-blind topologies.

Definition 3.4 A locally convex topology t is N-blind if every t-continuous prefer-
ence is N-blind.

As it turns out, Brown and Lewis (1981) show that a locally convex topology
generated by a family of seminorms I' is myopic if and only if p(7},(x)) —, 0 for all
p € landallx € [*°. A seminorm with this property will be called a myopic seminorm.
The following result characterizes N-blindness in locally convex topologies through
properties of seminorms.

Proposition 3.2 Let T be a locally convex topology on [°° generated by a family of
seminorm . Then t is N-blind if and only if for all p € T, p(T,,(x)) = 0 for all
n> N and all x € [*°.

Proof = We follow the ideas in the proof of Lemma 1 in Brown and Lewis (1981).
Suppose that 7 is generated by the family of seminorms I' = {p,, : « € A}. Then for

3 Brown and Lewis (1981) considered also a notion of weak myopia, in which z is the constant unit
sequence. If preferences are monotonic, these two concepts coincide.
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all @ € A we can define a t-continuous preference >, on [*° by x >, y if and only
if pe(x) = pa(y).

Fix now p, € I'. If p, = 0 we are done. Otherwise there is X such that p, (X) > 0.
Then for all k € N, { pa(X) = py (1X) > 0 = py(0) and therefore 1X =, 0. Since
7 is N-blind and >, is t-continuous, for all » > N and for all z € [* %i >q T, (Z).
Hence % Pa(X) > po(Ty(z)) for all k € N. We conclude that py(T,(z)) = O for all
n>Nandall z € [*.

< Suppose that p € T, p(T,(x)) = 0 for all n > N and all x € [* and that >
is T-continuous. We will use point (ii7) of Proposition 3.1. Take x, y € {*° such that
Hy (x) = Hpy(y) but suppose by contradiction that x > y. Since > is T-continuous the
setd ={z €l :x > z}isopenandy € U.Sinceforall p € T, p(y— (y+Tn(2))) =
p(Tn(z)) = 0 for all z € [°°, we have that y + Ty (z) € U for all z € [°°. But then
taking z = x — y we obtain that x € ¥/, a contradiction. Therefore x ~ y. O

Proposition 3.2 shows that seminorms generating N-blind topologies assign value
zero to sequences that are zero up to period N. These seminorms will be called N-
blind seminorms. Clearly, every N-blind seminorm is also a myopic seminorm. An
example of an N-blind seminorm is the following.

Example 1 Note that if k < N — 1, the seminorm py defined for all x € [*° by

Pr(X) = |xk|
is a N-blind seminorm by Proposition 3.2.

Since continuity of preferences is defined in terms of open upper and lower contour
sets, the finer a topology, the “easier” for a preference relation to be continuous with
respect to it. We would like therefore to consider the finest topology with the property
of being N-blind. Consider the following definition.

Definition 3.5 We denote rk, the finest N-blind locally convex topology over [*°. The
family of seminorms generating it is denoted Ff\,.

We will prove now that the topology r/l\’, exists for all N € N and we will give an
explicit characterization of all seminorms in Fﬁ’v.

Recall that two families of seminorms are said to be equivalent if they generate the
same topology. Consider two families of seminorms {p, : o« € A} and {gg : B € B}.
They are equivalent if and only if every seminorm p, (resp. gg) is dominated by a
finite number of seminorms in {gg : B € B} (resp. {py : a € A}). Explicitly, they are
equivalent if and only if (i) for all @ € A there exist f1, ..., By, € B and ¢ > 0 such
that py (x) < c(gp, (X) + -+ + gp,, (X)) for all x € [°°; and (ii) for all B € B there
existay, ..., an, € A and d > 0 such that gg(x) < d(pe,(X) + -+ + Pa (x)) for
all x € [°°. We are ready to give a complete characterization of seminorms generating
the topology r]{’,.

Proposition 3.3 rk, exists forall N € N, and it is generated by the family of seminorms
PN = {pr :k=0,..., N}, where pi(x) = |xi| for all x € I*°.
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Proof Consider the family of Fﬁ’v containing all seminorms p such that p(7,,(x)) =0
forall n > N and all x € [°°. Example 1 shows that, if k < N — 1, then pg(X) = |xk|
belongs to Ff’v. Therefore this family is non empty. Hence Ff’\, generates a locally
convex topology that is N-blind by Proposition 3.2. Moreover, it is the finest as it
contains all such seminorms.

We show now that Ff’v and PV generate the same topology. By Proposition 3.2,

every seminorm in P" is a N-blind seminorm. Therefore PV C F?\,. Now, letg € I'%,
and define
‘= ma e
ci= max g (e;)

i=0,...,

where e; denotes the sequence equal to O everywhere except in position i, where it is
equal to 1. By Proposition 3.2, g(Ty (x)) = 0. Therefore, if ¢ = 0, then ¢ = 0 and
q(x) < pi(x) forallx € [*°,and i = 0, ..., N. On the other hand if ¢ > 0, notice that

q(x) = q(Hy(X) + Ty (X)) < q(Hy (X)) + q(Tn (X)) = q(Hy(X)).

Since Hy (x) = ZlN:O x;e;, we have

N N N N N
q(x) <q <inei) <> qWie) =) Ixilg(e) < max g(e;) Yol <ed pix).
i=0 i=0

i=0 i=0 i=0

Therefore, all the seminorms in Fﬁ’v are dominated by seminorms in PN and we can

conclude that Fﬁ’v and PV generate the same topology. O
The following two corollaries show respectively that 1'1}\7/ is not Hausdorff and that

('(K,) NeN forms a nested sequence of topologies.

Corollary 3.1 III\’/ is not Hausdorff and the closure of {0} with respect to the topology

w0 is Ty = {Ty(x) 1 x € [}

Proof Note thatforall x € [°°, Ty (x) belongs to all neighborhoods of {0} and therefore
Ty C m On the other hand if x ¢ Ty, then there exists a seminorm p in PN such
that p(x) > 0, which implies that x ¢ {0}. Hence {0} C T and we obtain {0} = Ty.
This result implies that r]{’, is not Hausdorff. O

Corollary 3.2 For any pair M, N € N the following holds:
b b 14
M <N =1, Cty ST

Proof By Proposition 3.3, rll\’, is generated by the family of seminorms PV = {py :

k=0,...,N}. Clearly, if M < N then pM - PY and hence 711\]/1 - r;i,. Moreover,

since Uyen PV is the set of seminorms generating the product topology, for all N,
b p

Ty & Tl O

Topology f}{, of Definition 3.5 was inspired by Brown and Lewis (1981), who
defined in a similar fashion the myopic topology t™", the finest myopic locally convex
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topology over [*°. This topology is generated by the family of myopic seminorms (see
above Proposition 3.2). A remarkable result of Brown and Lewis (1981) is that the
myopic topology 7 and the Mackey topology ¢ coincide, i.e. t™¢ = ¢™.* This
result is important since it justifies the use of the Mackey topology in general equi-
librium. In his seminal paper, Bewley (1972) assumed that agents’ preferences were
continuous with respect to it to get summable prices. The fact that the Mackey topol-
ogy coincides with the myopic topology behaviorally justifies this assumption. The
interpretation is therefore that if agents discount the future an equilibrium exists. The
converse was proved by Araujo (1985) who showed that myopia is actually necessary
to get an equilibrium.

Corollaries 3.1 and 3.2 show that we obtained a nested sequence of non-Hausdorff
topologies, all strictly contained in the product topology 7”. This result implies that
when N tends to infinity we do not achieve any kind of patience. Actually, since the
product topology is strictly weaker than the myopic topology " of Brown and Lewis
(1981), an agent with t”-continuous preferences will be at least as myopic as an agent
with " -continuous preferences.

The next section makes precise in which sense an agent “discounts” the future if
her preferences are 7”-continuous.

4 Eventual blindness and the product topology

Section 4 presents the main result of our paper, a behavioral characterization of the
product topology. We saw in Corollary 3.2 that (r}\’,) NeN forms a nested sequence
of topologies all included in the product topology t”. Here, we give a behavioral
characterization of t”-continuous preferences in terms of how agents discount the
future. Consider the following definition.

Definition 4.1 A preference relation > on [ is eventually blind if for all x, y € [*° and
for all (z)ken Withzg € [%°,if x > y then there exists N € Nsuch thatx > y+7},(z,)
foralln > N.

Definition 4.1 can be interpreted in the following way. Suppose that an agent strictly
prefers x to y. Then there exists a time-period N such that for all subsequent periods n
she will prefer stream x to stream y, even if the latter is improved through 7;,(z,). Note
that, contrary to Definition 3.2 of myopia, we are considering sequences of streams
and not a fixed stream added to the tail of y. Therefore, the decision maker keeps
her preference for x over y when the streams are added late enough, even if one is
“compensating" the fact that the agent is getting the increase later and later in time.

To better understand the role of the sequence (z)xen consider the following exam-
ple. Suppose that society has access to a technology whose payoff depends on the date
at which it is implemented. For example, consider a technology that requires n periods
of development before it becomes productive. If implemented after n periods, it yields

4 Therefore they also coincide with the strict topology t*, see Sect. 2.

5 Therefore, on the one hand, eventual blindness implies myopia and on the other hand that N-blindness
implies eventual blindness.
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no payoff before date n, but from date n onward it generates a constant payoff equal
to, say, 10”. Thus the associated payoff stream is T,,(z,,) = (0, ..., 0, 10", 10",...).
Waiting one additional period increases the eventual payoff from 10" to 10”1, Hence,
postponement is accompanied by an exponentially larger future reward. Eventual
blindness says that, despite this growth, any strict preference x > y is eventually
unaffected by such delayed compensation: there exists a sufficiently distant date N
such that, for every n > N, x > y + T,,(z,).

Thus, an eventually blind preference does not merely ignore a fixed payoff stream
when it is postponed far enough. It ignores even compensation streams whose magni-
tude increases with the postponement date. This illustrates why eventual blindness is
stronger than standard myopia and why the definition allows the compensating stream
to depend on n. Example 2 provides a numerical illustration.

Example 2 In this example, we illustrate the concept of eventual blindness and we
compare it with the one of myopia.

We start with myopia, introduced in Definition 3.2. To simplify the analysis consider
three constant streams x = (x, x,...),y = (¥, y,...), Z = (2,2, ...) and suppose
x >y > 0andz > 1 such that y + z > x. If an agent has monotone preferences then
x > y and also y 4+ z > x. Consider the sequence (y + 7k (z))ren shown in the table
below.

k 0 1 2 3 n n+1
O |y |y+z|y+z|y+z]| ... | y+z|y+z
1 y y y+z|y+z|...|y+tz|y+z
2 y y y y+z | ..|y+z|y+tz
n y y y y y y+z

The first row corresponds to y + T(z), increasing k can be interpreted as postponing
the date at which y will be improved adding the tail of z. The last row corresponds
toy + 7,,(z), where we postponed this improvement until period n + 1. According to
Definition 3.2, this new stream is strictly worse than x for a myopic decision maker
whenever 7 is big enough.

Consider now the sequence (zi)xen Where for all k, z; = (K1, 2K ) e 1.
Let us now represent the sequence (y + 7 (Zx))keN On a table.

k 0 1 2 3 n n+1
Oy |y+z| y+z | y+z | ... | y+z y+z
1 y y y+22 | y+72 y+72 y+72
2 |y y y y+23 y+22 | y+23
n |y y y y y y + !
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As before, increasing k means that we postpone the date at which y will be improved.
However, in this case we are “compensating” this delay by enlarging the amount
assigned to the agent. This compensation is not contemplated in Definition 3.2 for
myopia. Therefore a myopic agent may very well have preferences y + Ty (zx) > x for
all k € N. On the other hand, according to Definition 4.1, an eventually blind agent
will have the opposite strict preference provided that & is sufficiently large.

In analogy with what we did in Sect.3, we define now the concept of eventually
blind topologies.

Definition 4.2 A locally convex topology t is eventually blind if every t-continuous
preference is eventually blind.

The following proposition characterizes eventually blind topology by giving a result
on convergence of tails of sequences.

Proposition 4.1 Let t be a locally convex topology on [°°. Then t is eventually blind
if and only if for all (X)ken, Tp(Xn) —n 0.

Proof = This direction can be shown following the ideas in the proof of Lemma 1 in
Brown and Lewis (1981) as we did in Proposition 3.2.

<= Suppose by contradiction that x > y but there is a sequence (zj)ren such that
for all k € N there is a Ny such that'y + Ty, (zy,) > X. Since Ty, (zy,) l>k 0, by
continuity of > we obtain y > X, a contradiction. O

As in Sect.3, we look for the finest eventually blind topology, since we want to
have as many preferences as possible that are continuous with respect to it.

Definition 4.3 We denote 7” the finest eventually blind locally convex topology over
[°°. The family of seminorms generating it is denoted I'?.

The following proposition shows that t” exists, and characterizes the family I'? of
eventually blind seminorms generating it.

Proposition 4.2 t” exists and it is generated by the family I'? = {py : @ € A} where
for all o there exists N such that po(T,(X,)) = 0 for alln > N, for all (Xi)keN.

Proof Let t be the topology generated by the family "2 of all seminorms {po 1 €
A}, such that py(T,(x,)) —n O for all sequences (Xi)ren. Clearly & # Ff’v C
I'” € I'? VN, hence the locally convex topology 7% exists and is eventually blind by
Proposition 4.1. Moreover, it is the finest since "% contains all the seminorms with
this property.

We show now that I'? = "%, Suppose by contradiction that there exists py € I’
such that for all k € N there is ny > k and x,,, € [°° such that p, (T}, (x,,)) > 0.
Define the new sequence of streams X,

X .
"k otherwise.

) {0 ifn # ng
X, =

pot(Tnk (Xnk )

@ Springer



Future-blindness and the product topology

Note that for all n, X, € [*°. However, py(T,,(X,,)) = 1 for all k and therefore
T, (X)) /4 7,0, contradicting Proposition 4.1. O

Coherently with the nomenclatures given above, we call eventually blind seminorms
the ones with the property given in Proposition 4.2.

Remark 4.1 Note that for all N € N, N-blind seminorms are eventually blind semi-
norms. Moreover, eventually blind seminorms are also myopic seminorms (see the
discussion above Proposition 3.2). Therefore for all N € N

b b m
Tyt ST

We are now ready to present the main result of the paper. Proposition 4.3 below
characterizes the product topology 77, showing that it is the finest eventually blind
locally convex topology over [*°.

Proposition 4.3 ? = t?.

Proof We prove the result in two steps.
Step 1. 0 o P,

P
Note that for all (x¢)ren, Tn(Xn) r—>,1 0 and therefore t7 is an eventually blind
topology by Proposition 4.1. Since % is the finest eventually blind topology, we obtain
b
™ D P,

Step 2. 0 C P,

By Proposition 4.2, t” is generated by the family of eventually blind seminorms.
Let p be one such seminorm. Then there exists N € N such that p(7;,(x,)) = 0 for all
n > N and all sequences (Xg)reN C [%°. In particular, fixing any x € [°° and taking a
sequence with xy = x, we obtain p(Tx (x)) = 0. Hence p(Ty(x)) = Oforall x € [*®
and therefore

p(x) = p(Hy(x) + Ty (x)) < p(Hy (X)) + p(Tn (X)) = p(Hy(X)).

Since Hy (x) = ZZN:O x;e;, we have

N N N
p(x) < p(Hy(x)) = p (Zm) < ; kil p(e;) < [j_%l,e_l_w(e,-)] D il

i=0 i=0

Therefore p is dominated by finitely many seminorms generating the product topology.
Hence every eventually blind seminorm is t”-continuous, and so f C P,

Combining the two inclusions gives 7% = 7. O

While continuity with respect to the Mackey topology was behaviorally charac-
terized by the concept of myopia in Brown and Lewis (1981), the product topology
received much less attention. A related paper, discussed in detail in Sect. 4.1, is that of

@ Springer



M. Andrade et al.

Streufert (1993), who studied in an abstract framework a concept called tail insensitiv-
ity. Both product and Mackey topologies have been fruitfully used in the literature of
general equilibrium in the seminal paper of Peleg and Yaari (1970) (product topology)
and Bewley (1972) (Mackey topology). Proposition 4.3 fills a gap in the literature
as it gives an explicit and meaningful economic interpretation to preferences that are
continuous with respect to the product topology. Finally, a related but opposite line
of work is Monteiro et al. (2018, 2019), who introduce hyperopic preferences and
hyperopic topologies on [°°. Hyperopic agents neglect finite heads and focus on the
distant future, whereas eventually blind agents neglect sufficiently remote tails.

We conclude this section with some examples of eventually blind utility functions,
and we study their continuity properties.

Example 3 Consider the following utility functions.

1. Let v : R — R be a continuous function. Define the utility function u : [*° — R
by u(x) = Z}i\]:o v(xy). Then u is N-blind, and it is easy to see that it is continuous
with respect to rf\’,.

2. Letv:R — R, v(x) := #\xl and define u : [®° — R, by u(x) := Y0, L)

n=0 on+l -

This utility function is eventually blind and t”-continuous. However, it is neither
N-blind nor © }f, -continuous.

v(xn)

Function u is well-defined since ), it

_ Voo vl 00 1 _
- Zn:() 2)14111 S Zn:() on+l — 1

v(x) -
on+l 18

We prove continuity with respect to 2. Since v is continuous, f;,(x) =
a continuous real function. Defining g, : [*° — R as g, = f, o p, where p,
is the n-th projection, we immediately get that g, is a t”-continuous function.
For any m € N the function u,,(x) = )", ;fffl) = > o 8n(X) is a sum of

rb-continuous functions and therefore is t”-continuous. Finally, Vx € [°°, |u(x) —

_ 00 v(xn) 00 v(xn)
U (X)| = Zn:m—i—l o+l = Zn:m—H o+l
hence the sequence of tb-continuous functionals (4,;) converges uniformly to u,
which implies that u is also 7°-continuous. By definition of 7, the utility function

is eventually blind.

We show that u is not rf,-continuous at 0. Consider the constant sequence 1 =
(1,1,...)andnote that u(Ty (1) = Y02 vy ot = 1 Y02 vy 57 = 377 >
0.Nowlet0 < & < 2= N+D 1ty were tk,-continuous at 0, then there would exist
a neighborhood V of 0 such that |u(x) — u(0)| < ¢ for all x € V. However, by
Corollary 3.1, Ty (1) € V for every neighborhood V of 0, while |u(Ty (1)) —
u(0)| = u(Ty (1)) > . This contradiction shows that u is not rll\’,-continuous at 0.

3.ux) =), % is M¢_continuous and t’-discontinuous.

o0 1 1
= Zn:m—i—l ¥l = m+l —>m 07

Clearly, u is well-defined since ), < Xl D, 2,,% = [|X[leo < +00.

Note that sequence 2=ty e 11 Tt is well known that every elementof a € [ 1
defines a linear T#¢-continuous function faover I® by fa(x) =), xna,. Since
u is defined precisely in this way, it is 7™¢-continuous. To see that u is not t°-
continuous, take the sequence defined for all k € N by z;x = T (2k+11), where

Xn
on+l

b
1 is the constant sequence equal to one. Clearly zj T—>k 0. However, u(zy) =
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oo okl k+1 ym00 1 k+1_1
Yot g = 2 s = 2 55y = L forall k € N. Therefore

u(zy) - u(0) = 0 and u is °-discontinuous.

4. Let >; be the intertemporal lexicographic preference, thatis, thatx >; y < 3N €
Nsuchthat xy > yy andx, >y, Vn < N —landx ~; y < x =Y. Then >, is
eventually blind, but it is not t®°-continuous (and hence not tb-continuous).
Suppose X >; y, then there is N such that xy > yy and x, > y, Vn < N — 1.
Hence for all sequences (zx)ien With zg € [, x > y + T, (z,) foralln > N.
We show that >; is not t°°-continuous. Consider the sequence z;y = (%, -1,

—1,...). Then for all k € N, z; >; 0 and moreover z; T—>k O, —-1,—-1,...).
However, 0 >=; (0, —1, —1,...), hence >; is not °°-continuous.

4.1 Eventual blindness and dictatorship of the present

A related notion of future-insensitivity is the one of dictatorship of the present of
Chichilnisky (1996) in the context of sustainable development. In our notation, this
condition says that, whenever x > y, there exists a finite date N = N (X, y) such that,
for all n > N, arbitrary replacements of the tails of both streams cannot reverse the
strict comparison:

H,(x) + T,(w) = H,(y) + T,,(z) forallw,z e [®.

Thus a sufficiently long finite head determines the ranking. Streufert’s (1993) tail
insensitivity has a similar interpretation in an abstract recursive-utility framework:
once two streams are strictly ranked, there is a sufficiently distant date after which no
conceivable pair of tails can alter the original strict ordering.

Eventual blindness is related to these conditions, but it is not identical to them.
First, let us give an equivalent characterization of eventual blindness in the spirit of
Chichilnisky/Streufert.

Proposition 4.4 The following are equivalent.

(1) > is eventually blind.
(ii) Forallx,y € [, if x >y then there exists N € N such that X > y + T, (z) for all
n>Nandz e [*.

Proof (i) = (ii). Suppose that condition (ii) fails. Then there exist X,y € [%° such
that x >y and a strictly increasing sequence (1) jen and streams z/ € [*° such that
y+ Tnj (z)) > x for all j € N. Define a sequence of streams (Zj)ien by

Zi =

. 7/ ifk=n j
0 otherwise.

Applying Definition 4.1 to (Z,),, there exists N such that x > y + T},(Z,) for all
n>N.
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Choose j such thatn; > N. Then
X>y+ Tnj(z\n‘,-) =y+ Tnj(zj) > X,

a contradiction.
(ii) = (i). Immediate. m]

Clearly, point (ii) of Proposition 4.4 can also be rewritten as X > H, (y) + 7,,(z)
forall n > N and z € [®. In fact, for any z € [°°, one can take 2’ = z — y
and getx > y+ T,(Z) =y + T,,(z — y) = H,(y) + T,(z). This highlights that
eventual blindness is a one-sided version of the Chichilnisky/Streufert two-sided tail-
insensitivity condition. Eventual blindness says that, once x > y, sufficiently delayed
tail changes to y cannot overturn the comparison. Tail insensitivity says something
stronger: the comparison cannot be reversed even if x is worsened, once the worsening
starts late enough in the future. We now show that eventual blindness is a weaker
requirement.

Proposition 4.5 Tail insensitivity implies eventual blindness. The converse is false.

Proof Assume tail insensitivity and let x > y. Then there exists N such that, for every
n >N, H,(x) + T,(w) = H,(y) + T, (z) forall z, w € [*°*. Fixn > N and r € [*°.
Choose w = xand z =y + r. Then

X = Hy(x) + T,,(x) > Hy(y) + Tp(y + 1) =y + Ty (r).
Since r € [*° was arbitrary, we obtain x > y + T}, (r) for all r € [°°. By Proposition
4.4, this is exactly eventual blindness.

We show that the converse is false by constructing a preference relation that is
eventually blind but not tail insensitive. Consider a complete and transitive preference
relation > over [*° defined by

X >y < inf x; > inf
=Y keNXk " keN Yk
First, we show that > is eventually blind. Suppose x > y. Then

a ;= inf x; > inf y; := b.
k k ! Yk

Since a > b = infy yi, there exists a finite N such that minp<x<y yx < a. Now take
any n > N and any z € [*°. We have that

inf T,,(2))r < min < min <a.
n Y+ Th(@) < ol yk < min vk

Therefore x >y + T,,(z) and the preference is eventually blind.
Second, we show that > does not satisfy tail insensitivity. Take

x=(1,1,1,..), y=(0,00,...).
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Then inf; xy = 1 > 0 = inf}, y; and therefore x > y. Now take
w=(—1,—-1,-1,...), z=1(0,0,0,...).
For all n € N we have

inf (Hyp (%) + Tn (W) = —1 < 0 = inf (H,(y) + Tn(2))x

and therefore tail insensitivity fails. O

Thus eventual blindness is strictly weaker than full tail insensitivity. Chichilnisky
(1996) studies sustainable welfare criteria, and her no-dictatorship-of-the-present
axiom rules out precisely this form of tail insensitivity. Streufert (1993), instead, stud-
ies the two-sided tail insensitivity in an abstract recursive-utility framework and relates
it to the discrete product topology (in which all coordinate spaces are endowed with the
discrete topology). Our paper instead works on /°° with locally convex topologies and
studies the weaker, one-sided condition of eventual blindness. The main result shows
that the usual coordinatewise product topology is the finest locally convex topology
under which all continuous preferences are eventually blind.

5 Dual spaces

The objective of this section is to study the dual spaces of the N-blind topology r}\’,,
and the eventually blind topology 7. Dual spaces are important objects as continuous
linear functionals generalize the notion of prices when the space of commodities is
infinite dimensional. Note that in Sect. 4, Proposition 4.3, we proved that the b =P,
and it is well known that the dual of the product topology is cog. For the sake of
completeness, we give here a direct proof.

We begin by characterizing all linear functions which are © f, -continuous (we recall
that the sets cé\{) and cqp appearing in the propositions below have been defined in

Sect.2).
Proposition 5.1 The following assertions are equivalent:

(1) The linear functional f :[°®° — R is Tf,-continuous.
(i) f is a linear functional and f(Ty) = {0}, where Ty = {Tn(X) : x € [*°}.
(iii) There exists a € c(% such that f(x) = ZZO:O anXxy.

Proof (i) = (ii). By Corollary 3.1 we have that Ty = {0}. Therefore, since f is tfl-
continuous, | f(Tx (X)) —0] < € foralle > 0 and forall x € [*°. Hence f(Ty(x)) =0
for all x € [*°.

(ii) = (iii). Let a, := f(e,) for each n € N. For all x € [*° we have

fx) = f(HN(X) + Ty (X))
= fHNX) + f(TN (X))
= f(Hy (X)),

@ Springer



M. Andrade et al.

where the second equality follows from linearity of f and third one follows from
f(Ty) = {0}. Again by linearity for all x € [*°, f(x) = f(Hy (X)) = Zr}zv:() anXy.
Hence a € cly,.

(iii) = (i).Leta € c(% \ {0} and f(x) = Zﬁlvzo apx,.Since f is clearly linear, we
only need to prove that it is continuous at 0. By Proposition 3.3, r}{’, is generated by
the family of seminorms PN = {pr : k=0,..., N}, where pr(x) = |xx|. Fixe > 0
and consider the neighborhood A of 0 defined by

€
N = el*®: —— k=0,...,N¢.
{X < N D mans Jarl }

Then for all x € A/ one has

N N
€
x) — 0] < iXi| < (max |a; i| < (max|a;)(N+1)——————— =¢€.
f ) |_§|a,xl|_< : |al|>l§|x,| (max lai YOV + 1) e
Hence f is r]{’,-continuous. O

When agents have preferences that are continuous with respect to r;\’, they are future-
blind and they treat the infinite dimensional space [°° as a space with dimension N 4 1.
Hence, as shown in Proposition 5.1, also the dual space will be finite dimensional and
can be identified with c(%.

We now study the dual space of 7°.

Proposition 5.2 The following assertions are equivalent:

(i) The linear functional f is T°-continuous.
(i) f is a linear functional and there exists N such that f(Ty) = {0}.
(iii) There exists a € cqog such that f(x) = Z;)o:() anXxp.

Proof We first prove an auxiliary lemma.

Lemma5.1 Letb € ! be such that b, # 0 for alln € J, where J is an infinite subset
of N.Then J' = {k € J : Y72 by # 0} is also an infinite set.

Proof Suppose J' is finite, take N € J such that N > max{J’} and define Jy := {k €
J : k > N}, then ZZO:/( b, = 0 Yk € Jy. But, given any two consecutive numbers
k1, ko € Jn, such that, say, k» > ki, one has

00 00 ko—1
0=0-0=) by— Y by=— Y by=—b.
n=ky n=k n=k

The last equality comes from the fact that k1 + 1, .., ko =1 ¢ J = bjy41 = ... =
bi,—1 = 0. But b, = 0 contradicts the definition of J. Therefore, J' is also an infinite
subset of N. O
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(i) = (ii). We prove it by contradiction. As noted in Remark 4.1 we have b C o,
This implies (I°°, %) C (I°°, ™)’ = I', where the last equality is shown in Brown
and Lewis (1981). Therefore all continuous linear functions in (/°°, t”)’ can be written
as f(x) = Yoo bux, for some b € [ ! Suppose by contradiction that we have
b € !\ cgo. For such b we can find two infinite sets J and J’ as in Lemma 5.1. For
all k € J', define the constant sequence ¢ (n) = m for all n € N. Take now
the sequence (Xx)xen of elements in [°° defined by I

o ifk=0ork ¢ J’
TN ifkel

and note that for k in J’ one has

f(Xk)Zib- (—1 >:i—z’93kbi _ L
=\ by Yo bi b Yy bi bi

By Lemma 5.1, J' is an infinite set, therefore (f(Xx))rcys is a subsequence of
(f (Xx))ken and because b € 11, then limg_, o0 by = 0. Moreover, by Proposition 4.1

b
we have that x; = T_1(X¢) T—>k 0. Thus,

1
lim by = 0= lim f(xg) = lim — #£0= lim f(xz) #0 = f(0).
ke’ ke’ ket by k—00

k—o00 k—>00 k— 00

Hence, f is not 7’ —continuous.

(iii) = (ii). Leta € coo and f(x) = ZZO=O a, x,. Since there exists N such that
a, =0foralln > N, forallx € [*®

N [}
FING) =) a0+ Y 0x, =0,

n=0 n=N+1

Therefore there exists N such that f(Ty) = {0}.

(ii) = (i).If f is alinear functional such that f(Txy) = {0} for some N € N, then
by Proposition 5.1, f is r]l\’,-continuous, and consequently is 7°-continuous.

(ii) = (iii). This can be shown as in the proof of Proposition 5.1. O

The comparison with hyperopic topologies is also instructive. Monteiro et al. (2018)
define hyperopic preferences as the opposite of myopic preferences: finite consumption
streams are neglected and only the distant future matters. Their largest hyperopic
topology has a dual connected to bounded purely finitely additive measures. Moreover,
Monteiro et al. (2019) construct a hyperopic topology with dual coinciding exactly
with the set of purely finitely additive measures. By contrast, the dual of the eventual-
blind/product topology is cgp, so prices have finite support.
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Table 1 Behaviors and topologies

Behavior Topology Tail behavior Dual space
N-blindness rk, Ty = {0} C(%
b
Eventual Blindness =P Tu(Xn) —>n 0, ¥(xp)k €00
m
Myopia ¢ = ¢Mc T, (x) T—>,, 0, Vx 1!

6 Conclusions

In this article, we studied topologies that are consistent with future-blind agents. More
specifically, we introduced two types of behaviors. On the one hand, N-blind decision
makers completely neglect the future after period N, on the other hand, eventually
blind agents overlook future periods starting from some point in time, even if some
compensation is given to them.

When the space is infinite dimensional, continuity of preferences entails strong
behavioral properties. The paper’s main contribution is to study locally convex topolo-
gies coherent with N-blind and eventually blind behaviors, as was done in the seminal
paper of Brown and Lewis (1981). We showed that N-blindness is characterized by
continuity with respect to the non-Hausdorff topology r}\’,, while eventual blindness
characterizes the product topology 7. To the best of our knowledge, we are the first to
characterize how continuity with respect to the product topology translates into time
discounting.

Finally, we studied the spaces of continuous linear functionals, interpreted as a
generalized version of price vectors. When paired with t}\’], the dual space of [* is
equal to c(%, the set of sequences that are 0 after period N. When paired with 7?, the
dual is equal to cqp, the set of sequences with finitely many non-zero elements.

We conclude with Table 1, which summarizes our main results and compares them
with the ones obtained by Brown and Lewis (1981).
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