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Abstract

We consider the spectral problem for the Grushin Laplacian subject to homogeneous
Dirichlet boundary conditions on a bounded open subset of RY. We prove that the
symmetric functions of the eigenvalues depend real analytically upon domain pertur-
bations and we prove an Hadamard-type formula for their shape differential. In the case
of perturbations depending on a single scalar parameter, we prove a Rellich-Nagy-
type theorem which describes the bifurcation phenomenon of multiple eigenvalues. As
corollaries, we characterize the critical shapes under isovolumetric and isoperimetric
perturbations in terms of overdetermined problems and we deduce a new proof of the
Rellich—Pohozaev identity for the Grushin eigenvalues.
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1 Introduction

In this paper, we consider the following degenerate elliptic operator in RY:

Ag = Ay + x1¥ 4y, seN.
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Here and throughout the paper N € N, N > 2, h,k e NNh+k = N, x € RA,
y € RK, where N denotes the set of positive integers. The vector x denotes the
first 4 components of a vector z € R, and similarly y denotes the last k ones, i.e.
z=(x,y) e R" x Rk =RV By A, and A, we denote the standard Laplacians with
respect to the x and y variables, respectively. The operator Ag is nowadays known as
the Grushin Laplacian, and has been introduced in a preliminary version by Baouendi
[5] and Grushin [27,28]. In [5], Baouendi has studied the regularity of the solutions of
a boundary value problem for an elliptic operator, whose coefficients may vanish on
the boundary of the open set where the problem is considered. In [27,28], Grushin has
considered a class of operators that degenerate on a submanifold. Later on, a more gen-
eral notion of the Grushin Laplacian has been introduced and studied by Franchi and
Lanconelli [19-21]. In recent years, these operators have been studied under several
points of view. Here, we mention just a few contributions, without the aim of com-
pleteness. For example, inequalities and estimates related to the Grushin operator have
been investigated by many authors. D’ Ambrosio [11] has studied Hardy inequalities
related to Grushin-type operators. Garofalo and Shen [26] have obtained Carleman
estimates and unique continuation for the Grushin operator. Symmetry, existence and
uniqueness properties of extremal functions for the weighted Sobolev inequality are
obtained in Monti [45]. Monticelli et al. [48] have obtained Poincaré inequalities for
Sobolev spaces with matrix-valued weights with applications to the existence and
uniqueness of solutions to linear elliptic and parabolic degenerate partial differential
equations. Furthermore, several authors have investigated issues related to the solu-
tions to problems for degenerate equations. Kogoj and Lanconelli have proved in [33]
a Liouville theorem for a class of linear degenerate elliptic operators, whereas in [34]
they have obtained some existence, nonexistence and regularity results for boundary
value problems for semilinear degenerate equations. Monticelli [46] has obtained a
maximum principle for a class of linear degenerate elliptic differential operators of
the second order. Thuy and Tri [58,59] and Tri [60,62] have analyzed boundary value
problems for linear or semilinear degenerate elliptic differential equations. Other ref-
erences can be found in the survey of Kogoj and Lanconelli [35], where the authors
have discussed linear and semilinear problems involving the Aj-Laplacians, which
contain, as a particular case, the operator introduced by Baouendi and Grushin.
In our work, we are interested in the eigenvalue problem

— Agu = \u, (D

with zero Dirichlet boundary conditions on a variable bounded open subset £2 of RV .
It is well-known that problem (1) admits a divergent sequence of domain dependent
eigenvalues of finite multiplicity:

0<MR] < < 2lR2] < = +o0.

Our main aim is to understand the dependence of the eigenvalues A,[£2], both simple
and multiple, upon perturbation of the domain §2. In particular, we plan to extend
the results of Lamberti and Lanza de Cristoforis [41] for the Laplacian and of Buoso
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and Lamberti [7,8] for polyharmonic operators and systems to the case of the Grushin
Laplacian Ag.

Shape sensitivity analysis and shape optimization of quantities and functionals
related to partial differential equations are vast topics which have been investigated by
several authors with different techniques. We mention, for example, the monographs
by Bucur and Buttazzo [6], Daners [12], Delfour and Zolésio [14], Henrot [29], Henrot
and Pierre [30], Novotny and Sokotowski [51], Novotny et al. [52], Pironneau [53],
and Sokotowski and Zolésio [57]. One of the central problems concerns the analysis
of the dependence of the eigenvalues of partial differential operators upon domain
perturbations. Many authors studied the qualitative behavior of the eigenvalues of
various partial differential operators with respect to shape perturbations proving, for
example, continuity, smoothness or even analyticity results. In addition to the above
monographs, we mention in this direction the works of Arendt and Daners [1], Arrieta
[2], Arrieta and Carvalho [3], Buoso and Lamberti [7,8], Buoso and Provenzano [9],
El Soufi and Ilias [16], Fall and Weth [18], Lamberti and Lanza de Cristoforis [41], and
Prodi [54]. These issues are closely related to the shape optimization of eigenvalues.
Indeed, a first step towards the maximization or minimization of an eigenvalue under
suitable constraints (such as fixed volume or perimeter) is to study critical shapes.
Accordingly, a detailed analysis of the regularity upon shape perturbations and of the
shape differential is crucial for this kind of optimization problems. The problem of
minimizing the first eigenvalue of the Dirichlet Laplacian has been solved by Faber
[17] and Krahn [36], and later on other authors have generalized their result to different
operators (see, e.g., Ashbaugh and Benguria [4] and Nadirashvili [49]). However, in
general, finding the shapes which optimize a certain eigenvalue is a hard problem which
remains open for several well-studied operators, including the Grushin Laplacian.

Another point of view in spectral shape sensitivity analysis is proving quantitative
stability estimates for the eigenvalues in terms of some notion of vicinity of sets. For
this topic, which is outside the scope of the present work, we refer to the survey of
Burenkov, Lamberti and Lanza de Cristoforis [10].

This paper is in the spirit of studying the qualitative behavior of the eigenvalues
of the Grushin Laplacian upon shape perturbations. Namely, in contrast with other
approaches in the literature which address only continuity and differentiability issues,
in Theorem 5.1 we prove that the symmetric functions of the eigenvalues depend
real analytically upon shape perturbations. We note that considering the symmetric
functions of the eigenvalues, and not the eigenvalues themselves, is a natural choice.
Indeed, a perturbation of the domain can split a multiple eigenvalue into different
eigenvalues of lower multiplicity and thus the corresponding branches can have a cor-
ner at the splitting point. Furthermore, we obtain the Grushin analog of the Hadamard
formula for the shape differential (see formula (30) of Theorem 5.3). In the case of
perturbations depending real analytically on a single scalar parameter ¢, we prove a
Rellich-Nagy-type theorem which describes the bifurcation phenomenon of multiple
eigenvalues that we mentioned before. More precisely, given an eigenvalue A of multi-
plicity m on £2 and a family of perturbations {¢; }.cr of §£2 depending real analytically
on ¢ and such that ¢ is the identity, our result guarantees that all the branches splitting
from A at ¢ = 0 are described by m real analytic functions of €. Moreover, the right
derivatives at ¢ = 0 of the branches splitting from X coincide with the eigenvalues of
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the matrix

(- (G

where {v;};=1... m 1s an orthonormal basis in L? (£2) of the eigenspace corresponding to
A,nis the outer unitnormal field to 0§2, and ng := (ny, |x|*ny) (see formula (32)). We
note that formula (2) and the analogous formulas of the paper based on surface integrals
are obtained by assuming that the eigenfunctions are of class W01’2(.Q) NW22(82) or

at least of class Wé’z(U )N W22(U) for some neighborhood U of the support of the

av; dv;
t i 0Vj 2

d , 2
a—0n> on on nal U) @

i,j=1,...m

perturbation, here j—gq&e o This assumption is clearly automatically guaranteed by

classical regularity theory when U does not intersect the set {x = 0} (see also Remark
5.8). In any case, our formulas are also presented in an alternative form involving only
volume integrals, in which case extra regularity assumptions are not required. Although
we do not enter in regularity issues for the solutions of Grushin-type equations, we
note that the Wol’2 (£2)NW>2(£2) regularity assumption is satisfied for suitable classes
of domains (for instance, if the domain is smooth and has no characteristic points). In
this regard, we refer to Kohn and Nirenberg [37] and Jerison [32].

Finally, we show two consequences of our analysis. First, motivated by shape
optimization problems, we characterize the critical shapes under isovolumetric and
isoperimetric perturbations. In Theorem 6.1, we prove that if a domain §2 is a critical
set under the volume constraint Vol(£2) = const. for the symmetric functions of the
eigenvalues bifurcating from an eigenvalue A of multiplicity m, then

" v\
Z(—l> nglP=c  ond2\ {x =0},
on

for some constant c. Next, we consider the same problem under the perimeter constraint
Per(£2) = const. and in Theorem 6.2 we obtain the additional condition

m 2
Z(%) g =cH  ond2\ {x =0},

on
=1

where H is the mean curvature of 9£2. Under suitable regularity assumptions on the
eigenfunctions, the above extra conditions are also sufficient for §2 to be critical. As a
second consequence, we obtain a new simple proof of the Rellich—Pohozaev identity
for the Grushin eigenvalues, i.e.

1 w\*
A= 5/ (3—> InG |~ ((x, (1 +s)y) -n)do,
a2 \on

where v is an eigenfunction normalized in L>(£2).
The paper is organized as follows: In Sect. 2 we introduce some notation and pre-

liminaries. Section 3 is devoted to the eigenvalue problem for the Dirichlet Grushin
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Laplacian and to some well-known basic results about it. In Sect. 4 we define the set
of admissible domain perturbations ¢’s and we prove that the ¢-pullback is a linear
homeomorphism. Section 5 contains our main results, namely, we show that the sym-
metric functions of the eigenvalues depend real analytically upon shape perturbations
and we prove the Hadamard formula and the Rellich—-Nagy-type theorem. In Sect. 6 we
characterize the critical shapes under isovolumetric and isoperimetric perturbations
and we formulate the corresponding overdetermined problems. Finally, in Sect. 7 we
provide a new proof of the Rellich-Pohozaev formula for the Grushin eigenvalues.

2 Notation and Preliminaries

To deal with the Grushin Laplacian Ag, we need to introduce a well-known class of
associated weighted Sobolev spaces. Let U be a bounded open subset of RY . We denote
by W(l;’z(U ) the space of real-valued functions in L?(U) such that Oy, U € L?(U) for
alli € {1,...,h} and |x|°0y,u € L*(U) forall j € {1, ..., k}. The space Wé’Z(U)
can be endowed with the following scalar product:

h
(u, v>Wé’2(U) = (U, V) 2y + Z(axiu, 0 V) L2y

i=1

_l_

J

k
<|x |S Byju, |x|say/. U)LZ(U),
=1
forallu, v € W(l;’z(U). Here, (-, '>L2(U) denotes the standard scalar product in L?(U).
It is well-known that the space Wé’Z(U ) endowed with the scalar product (-, -),, 1.2 )
. G

is a Hilbert space. The norm induced by the scalar product (-, -) is

Wt W)

1/2

h k
2 2 25 2
lull iz, = | Nl + D2 Nonullfag, + D M8y ullfaq,
i=1 j=l

forallu e Wcl;’z(U ). Throughout the paper we use the following notation:

[ Inxn Onxk _ N
IG(Z) A <0k><h |-x|slk><k VZ—(x»y)GR )

where Iy« and I« denote the i x h and k x k identity matrices, respectively, whereas
0y, < and O, denote the & x k and k x h null matrices, respectively. Moreover, if
u e Wé’z(U) we set

Vou = Oxu, ..., 0, |x|*dyu, ..., |x|°dy,u) = Vulg, 3)
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and we refer to Vgu as the Grushin gradient of u. We note that if u is in Wé’z(U ),
in general its gradient Vu is a distribution. However, if by Vu we mean the function
defined a.e. in U as the distributional gradient of # in U \ {x = 0}, then the last

equality of (3) is not only formal but holds almost everywhere. The norm | - [|;,1.2 )
G
. . !/
is equivalent to the norm || - || WA W) defined by
’ _ 1,2
IIMIIWé,z(U) = llull2@y + NVeulll 2wy Yu € Wg™(U).

Remark2.1 If U N {x = 0} = @, then the norm in Wé’2(U ) is equivalent to the
standard Sobolev norm of W'-2(U).

We denote by Wé’%(U ) the closure of C2°(U) in Wcl;’z(U ). In Theorem 2.1 below, we
present an analog of the Rellich-Kondrachov embedding theorem that holds for the
Sobolev space WG O(U ). For a proof we refer to the works of Franchi and Serapioni
[22, Theorem 4.6] and of Kogoj and Lanconelli [34, Proposition 3.2], which consider
a more general class of weighted Sobolev spaces.

Theorem 2.1 (Rellich—Kondrachov) Let U be a bounded open subset of RN . Then the
space Wé”%(U ) is compactly embedded in L*(U).

Itis also known that an analog of the Poincaré inequality holds in the space Wé”%(U ).
Namely, the following theorem holds (for a proof, see, e.g., D’ Ambrosio [11, Theorem
3.7], Monticelli and Payne [47, Theorem 2.1] and Monticelli et al. [48]).

Theorem 2.2 (Poincaré inequality) Let U be a bounded open subset of RN. Then,
there exists C > 0 such that

1,2
lull;2@y = CllIVeulllp2wy  Yu € Wgh(U).

3 The Eigenvalue Problem

Here, we introduce the precise formulation of the eigenvalue problem. We fix U to be
a bounded open subset of R". The classical spectral problem is

—Agu=X_u inU,
! 4)

u=20 ondU,

in the unknowns A (the eigenvalues) and u (the eigenfunctions). Actually, to reduce the
regularity assumptions, we consider the weak formulation of problem (4). Namely,

/ Vou - Vopdz =1 / updz Vg € WU, )
U U

in the unknowns A € Rand u € WG O(U ). We use a standard procedure which enables
us to reduce the study of the elgenvalues of (5) to an eigenvalue problem for a compact
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self-adjoint operator in a Hilbert space. With a slight abuse of notation, we consider the
Grushin Laplacian Ag as the operator from Wcl;’,%)(U ) to its dual (Wé”%(U ))’ defined
by

Actullyli=— [ Vou-Vopdz Vg e Weh@). ©)
U

Next, we define the following bilinear form
Qclu, v] == —Aglullv]  Vu,v e W53 U).

It is easily seen that the bilinear form Q¢ is continuous. Moreover, by the Poincaré
inequality of Theorem 2.2, we have that

Qclu.u] = fU Voulde = eallulifiag, Vi € W),

)

for some ¢ > 0 and thus the bilinear form Q¢ is coercive. In other words, Q¢ is
a scalar product on W(l;”%(U ) which induces a norm equivalent to the standard one.
Thus, we can apply the Riesz representation theorem to deduce that Ag is a linear
homeomorphism from W(l;”%(U ) onto (Wcl;’f)(U ))’. We denote by J the map from

L2(U) to (W3 (U))' defined by

Tl = (u, ¥) 2y = / wpdz  Yue L*(U), Yy € WiaU). ()
U
Clearly J is continuous and injective. Equation (5) can be rewritten as
—ASY o Joilu] = pu, ®)

where 1 = A~! and i is the embedding of Wé’%(U ) in L2(U). Accordingly, it is
natural to consider the operator 7 from Wcl;’%(U ) to itself defined by

Tolul := —A5 "o Joilul  VYue W5 U).

Since the embedding i is compact by Theorem 2.1, T is compact in Wé”%(U ). More-
over, T is self-adjoint in Wé”%(U ) endowed with the scalar product Q. Indeed,

0l Tou, vl = — Ag[Tgullv] = Ag [A(G‘“ oJo i[u]] [v] = /U uv dz

Vi, v e Weo(U).
Since Q¢ is symmetric, we have that Qg[Tgu, v] = Qglu, Tgv]. In addition, Tg is

injective because it is the composition of injective maps. It follows that the spectrum
of Tg is discrete and consists of a sequence of positive eigenvalues w ;[U] of finite
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multiplicity converging to zero. More precisely, by classical spectral theory, by the
min-max principle (see, e.g., Davies [13, Sect. 4.5]), and by the equivalence of the
formulations (5) and (8) we have the following.

Theorem 3.1 The eigenvalues of equation (5) have finite multiplicity and can be rep-
resented by means of a divergent sequence

0<MUl=rU]l=<...22U] ... — +o0.

Moreover, they coincide with the inverse of the eigenvalues uj[U] of Tg, and

Veul?dz
AUl = mm maxfl}|+| VjeN.
ECWGO(U) u;g fUu dz

dimE=j

4 Admissible Domain Perturbations

Since we plan to consider the eigenvalue problem (5) on a variable domain, the first
step is to define what we mean by variable domain. Our point of view is to consider
a fixed domain and a family of open sets parametrized by a suitable homeomorphism
defined on the fixed domain. Accordingly, we fix

a bounded open subset £2 of R" and a bounded open subset O of RY

_ &)

suchthat @ # 2 N{x =0} C O.
From now on if ¢ is a map with values in R¥, we denote by ¢y = (Px, ..., Px,)
and by ¢y = (¢y,, ..., ¢y,) the first 2 and the last k components of ¢, respectively.

Moreover, we denote by 7, and by 7, the projections of RY to R" and R¥ which take
z = (x,y) to x and y, respectively. We set

Loo = {¢ e Lip(2)Y : 3¢, € Lip(, (2 N 0))", ¢, € Lip(m, (22 N 0))*

S = (hy 0T, Py 0y) I 2N O, y(0) = 0}.

It is easily seen that Lg o is a closed linear subspace of the Banach space Lip(£2)",
where Lip(£2) denotes the Banach space of Lipschitz functions in £2 endowed with the

norm supg, | f| + supZl Zzeg W Therefore, L ¢ is a Banach space itself.

We define the space of adm1551ble shape perturbations as

Ago = {¢ €Loo: inf P& ZOCI 0}.
21,22€82 |Z] —22|
#2722

see Fig. 1.
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Fig. 1 An example, in dimension N = 2, of a homeomorphism ¢ € Ag o for a possible choice of fixed
£2 and O. In the intersection between £2 and O, the homeomorphism ¢ deforms separately the x and y
directions

By Lamberti and Lanza de Cristoforis [41, Lemma 3.11], if ¢ € Ag o then ¢
is injective and inf | det D¢| > 0. Moreover, ¢ (£2) is a bounded open set and the
inverse map ¢~ belongs to Ag (2,0’ for some open set O’ containing ¢ (£2) N {x =
0}.

Remark 4.1 If ¢ € Ag o, then ¢ is a bi-Lipschitz homeomorphism from £2 into his
image that near the degenerate set, i.e. inside £2M O, deforms separately the x-direction
and the y-direction. Moreover, if a point belongs to the degenerate set {x = 0}, then its
image through ¢ has to remain on the degenerate set. Since ¢ is bi-Lipschitz, it is easily
seen that there exists C > 0 such that %lxl < ¢x(z) < Clx| for all z € £2. Finally,
it is worth noting that our setting includes both the case in which the degenerate set
{x = 0} intersects £2 and the case in which part of the boundary of §2 lies on the
degenerate set.

For a transformation ¢ € Ag o, we are able to prove that the ¢-pushforward (or
equivalently the ¢-pullback), that we will use to transplant the problem to the fixed
domain §2, is a linear homeomorphism.

Lemma 4.1 Let 2 and O be as in (9). Let ¢ € Ag. 0. Then, the operator Cp-n
defined by

Conlul :=uop™"  Vue LX),

is a linear homeomorghism from L*(82) to L*(¢(82)) which restricts a linear home-
omorphism from W5 ($2) onto W5 (¢($2)) and from W5 5(52) onto W (¢(£2)).

Moreover C;;ll)) = Cy.

Proof Letu € L?(£2). There exists ¢; > 0 such that
ICyn [ull?, = / o V() dz = / (u(2))*| det D¢| dz
¢ L=(¢(£2)) $(2) o
<ci /Q(u(z))2 dz = cillull}s g

Thus, C¢,<71) is continuous from L2(£2) to L2 (¢ (£2)). Since C¢H> is clearly surjective,
the Open Mapping Theorem implies that it is a linear homeomorphism from L2 (£2)
to L2(¢(£2)).

@ Springer



P.D. Lamberti et al.

Next, we fix u € C1(£2) N WCI;’2(.(2). Since ¢ is invertible, we have that ¢ (£2 N
0)N@p(2\0)=Tand that p(2 N O)U (2 \ O) = ¢(§2) and thus

V6 Cpn 11242y = f V6o ¢ ™) () dz
#(£2)
= Wewes M@k (10)
¢(£2n0)

+ / IV (u 0 ¢ ™D)(2)* dz.
¢ (£2\0)

We now consider the first summand f¢(9m0) |VG (o V) (2)|? dz in the right hand
side of (10). We have

/ Voo T (2)*dz
9 (£2N0)
= / IVu(@ ™" (@) (DT () I6(2)* dz
¢(£2N0)

_ / Vi) (D) 16((2) ] det D ()] dz.
£22N0

We now observe that for almost every z € £2 N O we have

—1 _ (D¢ () Opxi L 05 <k
(De() ’G("’(Z”‘< O qusy(z)) <0m |¢x<z)|S1kxk>

_ ((Dx¢x(z))_l 07k ) (Ihxh 0k )
01 (Dydy ()71 ) \ Ok 165 (D)1F Tk xk

:<lhxh 05 >(<Dx¢x(z>)1 05k >
O r 1Dx (D) Tk Ok (Dypy(z) !

= I($ () (Dp(2)~".

Thus,
/ |Vu(z)(D(2)) " G (¢(2))* | det D¢ (2)| dz
2200
= / IVu(2)I6 (¢ (2))(Dp(2)) "' det D (2)| dz.
22N0
Then, we note that

Vu(2)Ig(¢(2)) = (Veu(2), l¢x(2)|*Vyu(z))  for almostevery z € £2,
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and that there exists a constant C > 0 such that %|x| < |¢«(z)| < Clx|forallz € £2.
As a consequence, since ¢ € Lip(.Q)N , we deduce the existence of ¢c» > 0 such that

/ IVu(2)I6(¢(2))(D$ ()~ [*|det D (2)| dz < 2 / |Vou(z)|* dz,
£22N0 22N0

and accordingly that
/ Ve (o) (@) dz 562/ IVou(@)* dz. (1D
$(£2N00) 2no

We now turn to the second summand f¢(9\0) |V (uodp D) (z)|? dz in the right hand

side of (10). By Remark 2.1, the W(l;’z-norm is equivalent to the standard Sobolev
norm of W2 if we are far from the degenerate set {x = 0} and thus there exist
c3, ¢4, ¢5 > 0 such that

/ IV (u o ¢ (2)*dz 503/ V(oD (2)*dz
¢(£2\0) ¢(£2\0)

. / IVu(2)(Dp ()~ P| det D (2)] d=
S0 (12)

§c4/ Vu()dz
2\0

565/ Vou()Pdz.
2\0

Thus by (10) and by summing up the inequalities in (11) and (12), there exists
c¢ > 0 such that

VG Cpn 1l 724y = ColllVaull7a g

Since Cy -1 is continuous from L%(£2) to L*(¢(£2)), since Wcl;’z(.Q) is continuously
embedded in L2(£2), and since C!(£2)N Wé’z(.Q) is dense in W(l;’2(.Q) (see Franchi et
al. [23]), one can realize that C -1 is continuous from Wé’z(.Q) to Wé’z(q& (£2)). To
show the surjectivity, we take v € Wé’z (¢(£2)). Following the same argument as above

together with the inequality é|x| < |¢x(z)| one can realize that v o ¢ € Wcl;’z(.Q)
and, clearly, C¢(_|>[v o ¢] = v. By the Open Mapping Theorem C¢,(_1) is a linear

homeomorphism from W52(£2) to WS> (¢(£2)).

Finally, by a standard mollification argument Cy-n[u] € W(l;”%(tﬁ(())) for all
u € CX(¢(£2)). Therefore, since Wé”zo (¢(£2)) is a closed subspace of Wé’z(qﬁ (£2)),
we have that Cy-1[u] € Wcl;’,%)(¢(.{2)) for all u € Wcl;’,%(.Q) and thus Cyp-n restricts

a linear homeomorphism from Wcl;’!%)(.Q) onto Wé”% (¢ (£2)). The last part of the state-
ment is obvious. O
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5 Analyticity Results and Hadamard Formula

In this section, we perform the shape sensitivity analysis of the Grushin eigenvalue
problem. As in the previous section, we fix £2 and O as in (9) and ¢ € Ap o. We
consider

/ va.wdFA/ wdz Ve WR@@), (3
9 (£2) 9 (£2)

in the unknowns v € W(l;’%) (¢ (£2)) and A € R. By the results of Sect. 3, the eigenvalues
of equation (13) have finite multiplicity and can be represented by means of a divergent
sequence

0 <Mlpl < Aolpl <...<Aj[d] <...— +o00,

where we have set
Al i=Ajlp(€2)]  VjeN

In general, if we want to study the regularity of an eigenvalue upon a parameter, which
in our case is ¢, we face a first problem. Namely, we cannot expect to prove smooth
dependence of the eigenvalues themselves upon the parameter, when the eigenvalues
are not simple. This is due to bifurcation phenomena of splitting from a multiple
eigenvalue to different eigenvalues of lower multiplicity (cf. Rellich [56, p. 37]).
Hence, to circumvent this problem, we consider the elementary symmetric functions
of the eigenvalues. This is the point of view introduced by Lamberti and Lanza de
Cristoforis [41] and later adopted in many other works (see, e.g., [7,8,40,43]). Clearly,
when a certain eigenvalue is simple, for example in the case of the first Grushin
eigenvalue under the assumption that §2 \ {x = 0} is connected (see Monticelli and
Payne [47, Theorem 6.4]), our regularity result for the symmetric functions of the
eigenvalues implies that the same regularity is valid for the eigenvalue.

To perform this strategy, we need to introduce two subspaces of A o.Let F € N
be a finite set of indexes and we consider the subset of Ag o of those maps for which
the eigenvalues with index in F' do not coincide with the eigenvalues with index outside
F.Thatis

Ab 0 =1{9 € Ag.0 : al§] # Anlgl. ¥n € F, Ym € N\ F}.

We find also convenient to consider the set & g o of those maps in Ag o such that all
the eigenvalues with index in F coincide. Namely,

05 o= {6 € AL o 2u[d] = hnl@). Vi m € F).
For ¢ € Ag, o we introduce the following two operators.
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(i) Jy is the map from L2(£2) to (Wé”%(ﬂ))/ defined by
Jylullv] :=/ uv|det Dgldz  Vu € LA(2), Yv € W55 (£2).
5 :
(ii) Ag.g is the map from W5 §(£2) to (W5 (82))' defined by

Ag plullv] i= — /ﬂ Vu(D$) 16 (9)(Vu(Dp) " 16 (¢))'| det Dg| dz

Vu,v e Wi ().

Remark 5.1 Let¢ € Ag o.By performing a change of variable, one can readily verify
that

J¢ = C;(—l) oJo C¢(71) AG‘¢ = C;(—n o Ago C¢<71>,

being J and Ag the operators defined in (7) and (6) with U = ¢ (£2), respectively,
and Cy -1 the ¢-pushforward operator introduced in Lemma 4.1.

Since Ag is a linear homeomorphism from W7 (¢(£2)) onto (Wgo(¢(£2))) and

since J is a linear and continuous injection from L? (P (82))to( Wé”zo (¢(£2)))’,Lemma
4.1 immediately implies the following.

Corollary 5.1 Let 2 and O be as in (9) and ¢ € Ag 0. Then the operator Ag g is
a linear homeomorphism Wé’,zo(.Q) onto (Wé’%(.{?))/ and the operator Jy is a linear
and continuous injection from L*(§2) to (Wcl;’,%)(.Q))’ .

Next, in order to reformulate problem (13) into a spectral problem for a compact
self-adjoint operator, we set T 4 to be the map from WC];’%(.Q) to itself defined by

TG .lul := —A(Gfg olJpoilu]l  VueWgH(). (14)

Here, i denotes the embedding of W(l;‘%(.Q) in L2(£2). Clearly, equation (13) is equiv-
alent to

TG plu] = pu
with u = v o ¢ and o = A~!. Furthermore, we set
Qc.slu, vl = —Ag glullv]  Vu,v e W53 (). (15)

Adapting the same computations of the proof of Lemma 4.1, it is easily seen that Qg ¢
is a scalar product on Wé’%(Q) which induces a norm equivalent to the standard one
in Wh ().
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We now consider the operator 7 ¢ acting on (Wé”%(ﬂ), QG’,/)) and we prove that

it is a compact self-adjoint operator and that it depends real analytically on ¢. Before
doing this, we need some notation. If X', ) are two Banach spaces, we denote by
L(X, ) the space of linear and continuous operators from X" to ), we set L(X) :=
L(X, X) and we denote by B, (X) the space of bilinear symmetric forms on X'. These
spaces are endowed with their standard norms.

Proposition 5.1 Let $2 and O be as in (9) and ¢ € Ag o. Then
(1) Tg,p is a compact self-adjoint operator in (W(l;”%(.Q), QG’¢,).

(ii) The map from Ag. o to E(Wé’%(ﬁ)) x By (Wé’g%(.Q)) which takes ¢ to
(TG.¢, QG.¢) is real analytic.

Proof First we consider statement (i). The compactness of 7 4 is a consequence of

the compactness of the embedding of W(l;’%)(.Q) in L2(£2). For the self-adjointess we
note that

06.9lTG,pu, v] = — A [T gullv]l = —Ac.4 [—AE; oJyo i[u]] [v]
= Jglilul][v] Vi, v e Wo(2).
Next, we prove statement (ii). It is easily seen that the maps which take ¢ to Ag ¢,

Jg and Qg g from Ag o to LIWG(2), (W5 3(82))), LILA(82), (W 5(£2))) and

BS(Wé’%(.Q)), respectively, are real analytic. Then, since the map which takes an
invertible operator to its inverse is real analytic we can conclude that 7 ¢ depends
real analytically on ¢. O

We are ready to prove that the elementary symmetric functions of the eigenvalues
depend real analytically upon the domain’s shape ¢.

Theorem 5.1 Let 2 and O be as in (9). Let F be a finite nonempty subset of N. Let
Tt ef{l,...,|F|}. Then Af?,o is open in Lo o and the map Af  from Afz,o to R
defined by

Apcpli= Y aldl--a;[0] Ve A,

is real analytic.

Proof We denote by {14 ;[¢]} jen (o) the set of eigenvalues of T . As we have already
pointed out u;[¢] = (A j[¢])_l. Hence, the set Agy o coincides with the set

{¢ € A0 : unl@] # umldl. ¥n € F, Vm e N\ F}.

By Proposition 5.1, T¢ ¢ is self-adjoint with respect to the scalar product Q¢ 4 and,
moreover, both TG ¢ and Qg ¢ depend analytically on ¢ € Ag,o' Thus, Lamberti
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and Lanza de Cristoforis [41, Theorem 2.30] implies that Ag’ o isopenin Lg o and
the map Mp ; from Ag’ o to R defined by

Mgl = Y wildl---pjlgl Vo e A, (16)

Jleenfe€F
Ji<e<je

is real analytic. If we set M o[¢] := 1 forall ¢ € Ag’ - one can readily verify that

MFp | Fi—:[¢] F
Ap gl = —H220 vp e AL . (17)
Fe MF Flé] 60
Accordingly the statement follows. O

In view of the applications, once we have considered the regularity of the elemen-
tary symmetric functions, it is important to have an explicit formula for their shape
differential. Thus, our next step is to prove an Hadamard-type formula for the shape
differential of the elementary symmetric functions.

Theorem 5.2 Let 2 and O be as in (9). Let F be a finite nonempty subset of N.
Lett € {1,...,|F|}. Let ¢ € @50 and let Lr[¢] be the common value of all the

eigenvalues {)\j[&]}jg[i. Let {v;}ieF be an orthonormal basis in (Wcl;’%(q?(s?)), 06)

of the eigenspace associated with A [@). Then the Frechét differential of the map A F.t
at the point ¢ is delivered by the formula

d‘(p:(g(AF,r)[w]
~ (IF|—1 ~ ~
- —A;[m('f - ) > { / rlglof = IVguPdiv (v 0 $V) dz

ler L /o(2)

+ / (Vo) (D 0 $CDY 2 + 12Dy 0§ D)) (V) dz
o(82)

—/_ 2SIXI2S2|Vyv1|2x'(¢°¢~5(1))xdz} Yy € La.o. (18)
¢ (82)

Proof We set u; := v; o qs for all [ € F and we note that {u;};cF is an orthonormal
basis in (Wé”%(.Q), O¢. Ja) for the eigenspace corresponding to the eigenvalue A;l (]

of the operator 7; 2 We recall that MF - is the operator defined in (16). By Lamberti
and Lanza de Cristoforis [41, Theorem 2.30] it follows that

~ (|F|—1
dyyg(Mp Y] = A;‘f[m(' . '_ | ) D 064 [d|¢:4§TG,¢>[1ﬁ][ul], ul]

leF
Yy eLgoo.
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Thus, exploiting formula (17), we have that

d|¢:q§(AF,r)[w]
= {dw,:d}MF,lF\—r[W]MF,\Fl[QE] - MF,|F\—r[¢~>]d|¢_(g,MF,\F|W]} )»%l”[q;]

_ | -are |[F|—1 1=2/F |+ |F|
_{ [¢]<|F|—r—1> b ‘”( >}

%21 N81Y" 06 g [dipgToslw i),

leF

F
A”’[QS](' - )ZQG¢[ =g To. oLl V¥ e Loo.
leF
(19)

Thus, we have to compute the term Q é[dl¢=¢3 1G,¢[¥1[u;], u;]. By standard rules
of calculus in Banach spaces, by the definition (15) of Q¢ ¢, and since every u; is an
eigenfunction corresponding to the eigenvalue A;l [¢], we have that

Q6.4 [diggTool¥ l], Mz]

=064 [ 6=~ Ay 0 Jg 0 DY lu], uz]

= 04[] o (d\¢:(,;<1¢ 0 Y1) ], ]
+ 06,3 [ (dgmg(= A5 H11) 0 5 0 ilur), ]

= (g o 0 DI N ) [1]
= 46,4450 0 (dypBcp)]) 0 AL Do g ol | ]

= (d\¢=q~§(]¢ o l)[W][Ml]> [u;] + A;l[dﬂ)] (dld):é(AGv‘P)[w]) [wg][u;]
Yy e€Lpo

(cf. Lamberti and Lanza de Cristoforis [41, Lemma 3.26]). Hence, in order to have an
explicit representation of the differential, we need to compute the terms

(dg—go o D) ] and (dy_g(A6 1) sl ]

Standard rules of calculus in Banach spaces yield

[(dp—sdet DY) 0 6] det DFD = div (v 0 6D) ¥y € Loo.
(20)

We note that the map from { f € L°°(£2) : essinf| f| > 0} to L°°(§2) which takes f
to | f1 is differentiable and its differential at f is the map from L°°(£2) to itself which
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maps & to sgn( f)h. By the above equality (20) and by a change of variable we obtain
(dip—g o o DY) L]
= /Q ujdy,_;(|det DYIY]dz
= /m vidy,_((| det DG))[Y]) 0 ¢~V det DG~V dz
#(£2)

_ / v2div (w oq3<—1>) dz VY e Lo o.
P(82)

Next, we turn to consider the shape differential of the term ((Ag ¢)[¥ ) [u/1[u;]. By
standard rules of calculus we have

dy_3(DH) 'Y= —(DP)"' DY (D)~ ¥y € Lo o,

and

A Onxn 05 <k
d|¢:q§IG(¢)[W] B <0k><h S|q;x|5_2(]3x : 1//xlkxk) Vlﬂ € LQ’O.

Hence,

(dyy_g(Ac.) [ 1) g 1[u]
= /Q Vu;(D$) ' Dy (D$) ' 16($)(Vu(DP) ' I6($))'| det D| dz

+ /Q Vu (D)~ 16(8)(Vur(D$) ™' DY (D)~ ' 15($))' | det D| dz
- /Q Vui (D)~ 16(@) (Vur (D)~ 16($)) (d,_j| det DGy dz

- /Q Vu(D) ™ d,y_g 16 (@)W D(Vur (D)~ 16(@))'| det D) dz

- /Q Vu (D)~ 1) (Vur (D)~ (d 516 ($)[¥])($)'| det DP| dz
= / (Vo) (D 0 ¢ )IG)(Vgu)' dz

$(82)
[ e ® o 3oy vuy' d:
#(82)
—[ IV 2div (wo¢3<—1>) dz

#(£2)

— 2s/~ x> 2| Vyu2x - (Y 0 T, dz
P(82)
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= [ (D o8 + 13D oGV ) (Vun' dz
#(£2)

- / Vg ur2div (w o ¢3<—1>) dz
5@

_/~ 2s|x| | VyuPx - (04T dz Ve Lo o
$(82)

Accordingly, we have proved that

04| g ool )

_ / v2div (Ip ° qS(—”) dz
5@

#3718 [ (D o8 + 13D 0 60 ) Vu' d:
#(£2)

3131 [ (Weuldiv (w03 V) dz
$($2)

—A;l[q”ﬂ/~ 25l VyulPx - (0 §TV)rdz VY € Lo o
#(£2)

Putting together all the above equalities one verifies that formula (18) holds. O

Now, our aim is to rewrite formula (18) in a simpler form and obtain a Grushin
analog of the classical Hadamard formula. To achieve this goal, we prove an inter-
mediate technical lemma where we provide a suitable representation formula for

QG,J; [d|¢=q3TGs¢[‘/’][”1]’ uz], where u1, up are two eigenfunctions associated with

the same eigenvalue. The following lemma is the analog in the Grushin setting of
Lamberti and Lanza de Cristoforis [41, Lemma 3.26] for the standard Laplacian. We
note that, although the idea behind the proof is the same, the Grushin case requires a
careful and not straightforward analysis of several terms which do not appear in the
standard case. For this reason we include a detailed proof.

Lemma5.1 Let §2 and O be as in (9). Let ¢ € Aq.o. Suppose that (82) is of class
Cl Letvy, v, € Wé”%(qs(ﬂ)) be two eigenfunctions corresponding to an eigenvalue

M1 of (5). Suppose that vi, v2 € Wy *($(£2)) N W22($(2)). Let uy := vy o ¢,
Uy ‘=10 qg Then

0 4o Toolvllurl.ua] =161 [ 0@ Dn) 222 nP dor
G.o"1o=¢ - ’ a&(g) on on
Yy € Loo, (21)
where n denotes the outward unit normal field to AP (£2) and

ng :=nlg = (n,, |x|Sny) on 843(!2). (22)
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Proof We fix ¥ € Lg o and for the sake of simplicity we set w := ¥ o oD A
minor modification of the proof of Theorem 5.2 shows that

6.4 [d|¢=q;TG,¢[lﬂ][u1], uz]

= / vivpdiv (w) dz
$(£2)

+ k—l[(i]/: (Vvﬂ((Dw)Ié + Ié(Da))t>(Vv2)t dz
$(82)

27 el | (Vo) (Vouy)'div (w) dz
P(2)

— 27141 / 2s]x [P T2 (Vyu1) (Vyv2)'x - oy dz
#(£2)

YV eLqoo. (23)

We start by considering the second term in the right hand side of formula (23). A
simple computation shows that

/~ Vo, ((Dw)lg + I(z;(Da))’) (Vo) dz
#(82)
= [ Voo (Deor + (D)) (i)' d:

#(£2)

+ﬁ X[ Vy01 ( Dy, + (Dyoy)') (Vyv2) dz

#(£2)

[ V(Do + 1P D00 (T dz
#(£2)

+ﬁ Vyvz(Dxa)y~|—|x|2S(Dya)x)t> (Vo) dz. (24)
5@

We consider the second term in the right hand side of equation (24). By the Divergence
Theorem we have that

[ 2 Vg0 ( Dy, + (Dywy)') (Vye2)' dz
(2)

k
dwy, dvy v dwy. dv; v
T (et
< () dyj dyi dy; dyi dyi dy;
9%v; dv v 9%v
= Z /: [ * oy, o2 |x|2S“)yi_1 22 dz
ratpte)) dy;jdyi 0y; dyi dy;

k 2 2
d0°vy dv dvy 0°v
-5 / P wy, o o 4 Py, o 2 ) dz
— Ji2) dy; 0y dy; 0y;0y;
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vy duy 2 vy dv
+ f <|x|2‘ : 5P oy, —— ) do.
ljzl 96(2) Wy; y/ 8 8 Y7 y ayl 3y/ b4

We note that

d“v; dv dvy 0°v
Z/ x| % oy, L2+ Z/ |x|2sa)y/.—1 2 dz
i1 9@ dy;jdy; 0y; i1t dy;i 0yidy;
Z e (8”1 3”2) d:
PRl Tte) dyj dyj

= —/_ x| (Vy 1) (Vyv2) divyoy dz
#(£2)

+ / P @yl (Vyu) (V) do,
09 (82)

and

k

ovy dv dvy dv
E / <|)C|2S60y,-11y,-—1—2 + |x|2sa)y,.nyi—1—2> do
—,J$(2) 70y dy;j Ty 0y,

i,j=1

= / <|x|2s (wy Vyv})(ny Vyvh) + |x|25(wyvyu§)(nyvyu§)) do.
09(£2)
Accordingly, the second term in the right hand side of equation (24) equals
/: |x|2SVyv1<Dya)y + (Dya)y)t) (Vyvz)t dz
#(£2)
= —/~ |x|2SAyv2(Vyv1)w’ydz
#(£2)
—/~ X% Ayv1 (Vyn)o), dz
#(£2)
+[ x| (Vyu1) (Vyv2) divyoy dz
#(82)
[ m) (T (Y, do
09(£2)
+ / (1512 (@, V30 00y, 08) + 51 (@, Vyuh) (0, V) ) do.
09(£2)
Similarly, the first term in the right hand side of equation (24) equals

[ V(Do + (10 ) (Viva)
#(£2)
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= —/ Axvz(val)w;dz

#(£2)

—/~ Axv1(Vim)olh dz
P (£2)

+ /: (val)(vaZ)tdiwax dz
$(£2)

- / (o) (Vv (Vevn)') do,
A9 (£2)

+ /‘~ ((a)xvxvq)(nxvxvé) + (a)xvxvé)(nxvxvli)) dO’Z.
9p(£2)

Since v1, v are eigenfunctions we have

—/~ Axvl(vaz)a);dz—/~ |X|2SAyU1(VyU2)a);dZ
$(£2) $(£2)

= — / Agvi (Vo' dz +/~ Axvl(Vyvz)a); dz

P(2) (2)

+/ 1x|%* Ay w1 (Vi) dz
$(2)

=3l [ e dzt [ sl d:
#(£2) H(2)

+/ |X|2SAyvl(vaz)wi dz,
9 (£2)

and the same holds interchanging the role of v and v,. Accordingly,

—f~ Axvl(vaz)w;dz—f |x|2sAyv1(Vyv2)a)fvdZ
$(£2)

$(2)
—/~ Axv2(va1)a)§Cdz—/~ |x|2‘§Ayv2(Vyv1)w’de
$(2) $(2)
= —Al¢] f vivadiv(w) dz + / A v1(Vyn)o) dz
d(2) $(2)

+ /(Z,(_Q) |x|2SAyU1(va2)(U; dz +/: Axv2(vyvl)0); dz

#(£2)

+f x| Ayva (Vo) dz.
$(2)

Thus, by substituting all the above relations into equality (23), one can verify that

Q6.4 [digegToplv N, s

= );1[43]/: Ay (Vyv)w) dz
#(£2)
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+/\*‘[¢3]/~ A0y (Vyv)ol dz

$(82)

=~ [ (T (T divye d
$(2)

2Pl | (@ml)(Vyv))(Viwn) do,
09($2)

+ )\_l[(ﬁ] /8~(.Q) ((wxvxvi)(nxvxvé) + (wxvxvé)(nxvxvi)) do,
¢

) / X[ Ay (Vi) dz
P (£2)

‘{’)\_l[(ﬁ]‘/~ |x|2SAyU2(VxU1)CU; dz

$($2)

2P X (V) (Vyw) divew, dz
P(£2)

— 27 1g) f P @) (Vy0)(Vyw) do
0p(82)

+a7' g1 [ <|x|23(wyvyu§)(nyvyug) + x> (wyvyug)(nyvyvq)) do,
)

+ )\_1[(5]'[ Vyv) (way + |x|2S (Dya)x)t> (vaz)[ dz
5@

+ )ﬁl[q';]/~ Vyvz(Dxa)y + |x|2S(Dya)x)t> (val)t dz
$(£2)

- A—l[(i]f 251x |32 (Vyu1) (Vyv2)'x - wy dz. (25)
$(2)

We now set

I = A—l[é]f Acv1(Vy)ol, dz
$(2)
+ )rl[q;]/: Aca(Vyu))ol, dz
$(2)
—)»_l[fl;]f~ (V1) (Vi) divywy dz
$(2)
+27R1 [ P Ay (Ven)ol dz

#(£2)

+27MB1 | P Ay (Voo dz
$(2)

—27'[9] f x| (Vyu1) (Vyv2) divyoy dz
d(82)
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+a7g1 | Vyv1<Dxa)y+|x|25(Dya)x)t) (Vo) dz
F2)

3791 [ Vyua(Deoy + 13 (Dy00) ) (Vav))' dz
#($2)

-2 '[¢] fd) o 2s|x [P 2 (Vyo1) (Vyvo) 5 dz,

Li=-2""¢] | (0 (Viv) (Vi)' do,
A9(82)

- 27'[$] f P (@) (V) (Vyw) do
09(£2)
I3 = )\_l[(i] /~ ((wxvxvi)(nxvxvé) + (wxvxvé)(nxvxvi)) do,
09(£2)

+217'[9] o (11 @, ¥, o) (0, Yy 08) + 51 (@, Vyuh) (0, V) ) do

As a consequence, equality (25) reads as

065 [dgmiToolWlunl ] =1+ b+ 1. 26)

Now, we rewrite the terms /> and I3. We first consider /5.

L=-37""¢1|  (om)(Vou) (Vo) do,
09(£2)

+27P1 | IxP (@xnl) (Vyu1) (V) do,
09(£2)

) / (o) (Vou1)(Ven)' do;
09(£2)

+27'[¢] / ~ (@yn)(Vyu1) (Vi)' do
09(82)

=— 2791 | (wn')(Vgu)(Vou) do,
09(£2)

+27B1 | P (@) (Vo)) (Vyw))' do
09(£2)

+27MB1 | (o)) (Viv)(Vivo)' do.
09(£2)

We now consider the last two summands of the right hand side of the previous equality.
We have:

A @] / P (@) (Vy1) (Vy) do,
09(£2)
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g1 | dive(Ix* (Vyu) (Vo) wy) dz
P(82)

= 1" / 112 (Vyv1) (Vyv2)! dive oy dz

+A1 [43]/: |x|zsvyvl(DxVyU2)a); dz
#(82)

AT [ x Ve DYy o dz
$@)

UG | 25 P T  x (Vo) (Vyn) da,
$(£2)

and, similarly,

g / ~ (ynl)) (Vo) (Ven)' do,
09 (82)
=/\_l[</3]f~ (VruD) (Vyvo)'divyw, dz
#(82)
¢>]/ VleVv2>a) dz
9(£2)

9 [ va2<Dnyv1>w;dz.
¢ (£2)

Therefore, we deduce the following expression for I

L=-=2""¢]|_  (en)(Vov1)(Vor)' do
09(£2)

+,\—‘[<13]/~ 1% (Vyv1) (Vy ) divewy dz
$(£2)
TG [ WPV (a0 )k dz
$@)
+27'@1 [ |x|2Svyz)2(vayv1)w;dz
$(£2)
el | 251xF 2 xel (Vyv) (Vyv)' dz
$@)

+27G [ (Vev) (Vi) divywy dz
$(£2)

TG [ Vo (DyVevs ) dz
$($2)

Jr/\“[d?]/~ vaz(Dnyvl)w; dz. 27)
3(2)
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Next, we turn to consider /3. We recall that ng is the outward field to 92 defined in
(22). Therefore

I3 :)L_l[(l;] . ((wxvxvli)(nxvxvé) + (wxvxvé)(nxvxvli)) do,
dg(

AT (1@ Ve My Vyuh) + P (@, V,05) (0, V) ) do
93(%2)

— ') /8 . o) (@ FaD06¥6) + T 0 Vor)) do
9]
2P | 1P (@x Vi) (my Vyuh) do,
Ap($2)

2Rl | X1 (@x Vivh)(my Vil do,
09(£2)

+ )\71 [43] /603(9) ((a)yVyvﬁ)(ngvcvé) + (a)yVyvé)(n(;VGvﬁ)) do,
- )&_l[é]/~ (wyvyvi)(nxvxvé) do;

3$(2)
-2 '] / (@, Vyuh) (0, Vi) do,

3$(2)

= A—l[é]/ (Vv (MG VGvh) + (0Vvh) (g Vev)) do,
Ap(52)

—27NP1 | 1xP (@4 Viv)) (ny Vy0h) do,

99(£2)

—27UG [ 1x P (@ Vavh) (y Vo)) do,
09 (82)

] / (0, Vo) (1, Ve do,
Ap(£2)

-7 '] f _ (oyVyuh)(m, Vo)) do. (28)
3p(£2)
We consider the last four terms in the right hand side of the previous equation:

2Pl | 1x [P (e Vievd)(ny Vo 0h) do,
09(82)

2P | X (@x Vevh)(my Vil do,
ap(82)

= _rlw}][ divy(|x|2S(wxvxvj)vyv2 + |x|2s(a)xva§)Vyv1) dz
$(2)

=N [ A v, Vaed 2
P (£2)
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) /4) o X% Ay vy (@, Vevh) dz

— 27 ¢l o) X%y (Dy Vyv1) Vyvh dz
— 2] /(,;(9) x|y (Dy Vyv2) Vyu! dz
— 27 ¢l o) x| Vo vy (Dywy ) Vyvh dz
) /4) o |x[* V2 (Dyw,) Vyvi dz,

and similarly

-2l / C (wy Vyuh) (I Vivh) do, — 27 / (@, Vyvh)(n, Vo)) do,
99($2) 0$($2)

=7 [ A,V =T [ A,V d:
9(£2) $(£2)
- ,\‘1[<z3]/~ wy(DxVyv1)Vyvy dz — )\—1[</3]/~ wy(DyVyv2) V0| dz
#(£2) H(2)

— 27 'g] / Vyu1 (Dywy) Vivh dz — A7 [@] / Vyv2(Dywy) Vi v} dz.
#(£2) $(£2)
We can now rewrite the right hand side of equation (28) and deduce that

b= [ @VihmVeuh) + @V g Var)) do.
09(£2)
—27 Nl | kP Ay (e Viv)) dz
9(£2)
—27PL | IxP Ay (w0, Vivh) dz
$(£2)

—27NP | Ix[Fax(DyVev)Vyh dz
$(82)

— 271 | P ax(Dy Vi) Vyvi dz
$(£2)

—27'B1 [ PV (Dyw,) Vyvh dz
9(£2)

— 27 '[$] / lx % V02 (Dywy) Vyv! dz
$(£2)

SN[ Ao, dz =781 [ Ao, 9,0 dz
#(£2) d(£2)
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Pl | @y (DyVyu)Vevhdz =27 @] | @y (DyVyu2) Vil dz
P(£2) P(82)

Pl | Vyui(Dywy)Vivhdz —27'@] | Vyva(Dywy) Vi) dz.
) )

(29)

By equalities (25), (26), (27), and (29) and by noting that (D, V,v;)" = DV, v, we
deduce that

064 [d‘(p:q;TG,Mlﬂ][Ml], uz]

=-2"gl [ (on")(Vgu)(Veuo)' do,
09(£2)

v / (V)G Verh) + (@Vuh) (g Vev!) dos.
09(£2)

We note that, since vy, vy € Wol’z(qs(.Q)) N W2,2(¢§(_Q))’ the gradients Vv, Vv,
are parallel ton on 8(;3(.{2) and Vg vy, Vg s are parallel to ng on 8(;3(!2). Accordingly,

av; ~
Vevi = Vv Ig = (Vuin)nlg = a—lng, a.e.on p(2) fori e {1,2}.
n

Then
dvy 0vp
/~ (wn")(Vgu1) (Vo) do, = / (on')— —|ng|* do
9p(2) (%) dn on
and
/_ (a)Vvi)(n(;VGvg) + (wVvé)(n6VGvi)daz
0p(£2)
dvy 0
=2/ (@n') 2L 202 1062 do,.
AP (£2) on on
We can finally conclude that
1y " vy 3v2
Q6. [dgmgToolylinl ] =37'6) [ (@n) 72 =2 g do.
04 (82)

O

Now, combining Theorem 5.2, formula (19), and Lemma 5.1 we are able to deduce
our main result regarding the Hadamard-type formula for the shape differential of the
symmetric functions of the eigenvalues.

Theorem 5.3 Let 2 and O be as in (9). Let F be a finite nonempty subset of N.
Lett € {1,...,|F|}. Let ¢ € (9570 and let Ap[¢] be the common value of all the
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eigenvalues {X [qg]}jep. Let{v;}icF be an orthonormal basis in (Wé”% (B(2)), 06) of

the eiggnspace associgted with Mg [(]3]. Suppose thath(.Q) is of class C'and {vitier €
Wy 2 ($(2)) "\W>2($(82)). Then the Frechét differential of the map A - at the point
¢ is delivered by the formula

F
dy3(Ar.OlY] = —x;[qs](" )Z |

. v\ 2
(¥ 0 V') (ﬂ> ng|? do
o7 Jas) on
V¢ € Lo.o. (30)

Remark 5.2 In order to prove formula (21) and subsequently the Hadamard formula
(30) we had to assume some extra regularity for the eigenfunctions to avoid regularity
problems near 8(;3(9) N {x = 0}. However, if y € Lg ¢ is such that Y ono = 0,
then, since any problem around the degenerate set is canceled by v, formulas (21) and
(30) hold without requiring that the eigenfunctions are of class WO1 2N w22,

Next, we consider the case of a family of domain perturbations depending real analyti-
cally upon one scalar parameter. In this case it is possible to prove a Rellich—Nagy-type
theorem and describe all the branches splitting from a multiple eigenvalue of multi-
plicity m by means of m real analytic functions of the scalar parameter. Namely, we
have the following.

Theorem 5.4 Let 2 and O be as in (9). Let (]3 € Ap.o and {¢p:}eer € A0 be a
family depending real analytically on ¢ and such that ¢o = ¢. Let A be a Dirichlet
Grushin eigenvalue on ¢~>(S2) of multiplicity m. Let A = Ay [q~5] = ... = kn+m_1[¢~5]
forsomen € N. Let vy, ..., vy, be an orthonormal basis in (Wé’\%(qg(ﬂ)), 0c) of the
eigenspace associated with ). Suppose that ¢(82) is of class C' and that vy, . .., vy, €
Wy (@(£2) N W22($(£2)).

Then there exist an open interval I < R containing zero and m real ana-

Iytic functions gi,...,gm from I to R such that {’,[¢c], ..., dpym—1[Pe]} =
{g1(8), ..., gm(e)} for all ¢ € I. Moreover, the derivatives g{ 0), ..., g,0) of the
functions g1, ..., gm at zero coincide with the eigenvalues of the matrix
ov; 0
<—Af~ (oo n) L = Lin |2do> , 31
0p(£2) i,j=1,...m

where ¢o denotes the derivative at ¢ = 0 of the map € > ¢,. The same conclusion
holds dropping the regularity assumption on the eigenfunctions and requiring that
®e12no is the identity map for all ¢ € R.

Proof The proof follows by the abstract Rellich—Nagy-type theorem of Lamberti and
Lanza de Cristoforis [41, Theorem 2.27, Corollary 2.28] applied to the family of
operators (T¢, ¢, )ccr defined in (14), which guarantees that there exist an open interval
I containing zero and m real analytic functions fi, ..., f;; from I to R such that
Mnld17Y o dgm—1 @17 = {f1(e), ..., fm(e)} forall € € I and that, if we set
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u; =vjogforalli =1,...,m, the set {f0), ..., f,,(0)} coincides with the set of
eigenvalues of the matrix

(Q6.4]dig—sTe.sldolluil. u;))

i,j=1,...m
Then we can conclude by setting g; = fi_1 foralli = 1..., m and exploiting Lemma
5.1. The last part of the statement follows by the same arguments together with Remark
5.2. u|

We conclude this section with the following remark on the scalar product used.

Remark 5.3 The above formulas are obtained assuming that the orthogonality of the
eigenfunctions is taken in (Wé”%(qs([z)), Q). If instead one prefers to consider

{vi}ieF to be an orthonormal basis in L2($(Q)) endowed with its standard scalar
product, then formula (30) of Theorem 5.3 can be rewritten as

1y (1F1 =1 < av\?
dyy_g(AF Y] = =A% ‘[¢]<T_1 )Z/é (¥ o g D“”(E) InG|* do

leF $(2)
Yy eLoo.
Simi}arly, in Theorem 5.4 we can choose vy, ..., v, to be an orthonormal basis in
Lz(q’)(.Q)) and in this case the matrix (31) becomes
. - ov; 0v;
(— / (oo ¢<—“n’>iﬂ|nc|2da> . (32)
2($2) dn on i j=l,m

6 Critical Shapes and Overdetermined Problems

In this section we consider the problem of studying the critical shapes for the sym-
metric functions of the Grushin eigenvalues under isovolumetric and isoperimetric
perturbations. Let £2 be a bounded open subset of RV, Let F be a finite nonempty
subset of N. We set

A = {¢ € Lip(2)" : 30 asin (9) such that ¢ € A ,}.
Of = {¢ € AL : Mald] = Anld], Vn,m € F}.

Ifo € AE  we denote by V[¢] and P[¢] the volume and the perimeter of the set ¢ (£2),
respectively. Let T € {1, ..., |F|}. Our interest in critical shapes mainly comes from
possible applications to shape optimization problems. To the best of our knowledge,
the problem of finding optimal shapes for the Grushin eigenvalues under isovolumetric
or isoperimetric constraint is a difficult problem which is open at the moment, even
in the case of the first eigenvalue. A question related to the minimization of the first
Grushin eigenvalue is of course the search for optimal constants for the appropriate
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Poincaré inequality, for which only bounds are currently known (cf., e.g., D’ Ambrosio
[11, Theorem 3.7] for the Poincaré inequality, Garofalo and Nhieu [25, Corollary 1.6]
and Milman [44, Theorem 1.1] for analogous inequalities of Poincaré—Wirtinger-type).
However, we note that a partial step towards the solution of shape optimization prob-
lems is typically represented by the identification of the condition that characterizes
the critical shapes under volume and perimeter constraint, respectively. This allows to
state the corresponding overdetermined problems.

6.1 The Isovolumetric Problem

First, we consider the problem of finding critical shapes under isovolumetric pertur-
bations. Let £2 and O be as in (9). The volume functional V[-] is the map from Ag to
R defined by

Vig] ;=f ldz:/ |det Dp|dz V¢ € AL.
9 (£2) 2

It is easily seen that VI AE is real analytic and that, by standard rules of calculus in

Banach spaces, its differential at the point ¢~> € .Ag o 1s delivered by
djy—gVar, V1= /é(m div (w ° é(‘”) dz Yy elLlgo.

Under the assumption that JS(Q) is of class C!, the above differential can be rewritten
as

digViag, ,1V1 = fa sy (W08 V) mdo Vi eLao (D)
For M € 10, +o00[ we set
VIM] = {¢ e AL Vg = M} .

Suppose now that a shape ¢ e AL 2.0 is amaximizer (or a minimizer) for the symmetric
function Afr [¢] under the volume constraint ¢ € V[M] among all the shapes ¢ in
AF Then, for all open sets O’ C R¥ such that

O'COand2nN{x=0C 0, (34)
¢ is a maximizer (or a minimizer) under the volume constraint ¢ € V[M] for all the

shapes ¢ in .Ag o~ Accordingly, for all O' COsuchthat 2N{x =0} C O, disa
critical point for Af ; |AF under the volume constraint ¢ € V[M], in other words:
2,0’

kerdy_gViar  Ckerdy_gArcar | vO' C RY asin (34).
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By the Lagrange multipliers theorem, the above condition is equivalent to the fact that
for all open sets O’ € RY as in (34), there exists a constant ¢ € R (a Lagrange
multiplier) such that

d¢:¢",AF,t|Ag,0,[w] + CO/d¢:¢;V|AS’0/[1/f] =0 Vi€ Lo o (35)

Inspired by the above discussion, we introduce the following definition.

Definition 6.1 Let £2 be a bounded open subset of RN, I:et M €10, +o0[. Let F be a
finite nonempty subset of N. Let 7 € {1, ..., |F|}. Let¢ € Ag N V[M]. We say that

g5 is critical for Ar ; under Qe volume constraint ¢ € V[M ] if there exists a bounded
open subset O of RY with 2 N {x = 0} € O such that ¢ € AS’O and such that for

all open sets O’ € RY as in (34) there exists cos € R such that (35) holds.

In the following proposition we prove a necessary condition for the criticality of shapes
under isovolumetric perturbations. We point out that an analogous condition has been
obtained in [38,42] for the standard Laplacian in the Euclidean setting and in EI Soufi
and Ilias [16] for the Laplace—Beltrami operator on a Riemannian manifold. Moreover,
for a similar condition in a different context (the eigenvalues of the Laplacian on a
compact smooth surface with a one-parametric family of Riemannian metrics) we
mention Nadirashvili [50].

Theorem 6.1 Let §2 be a bounded open subset of RN. Let F be a finite nonempty
subset of Nand t € {1,...,|F|}. Let M € ]0, +ool. Let& € @5 N VIM] and let
XF[¢~5] be the common value of all the eigenvalues {A ; [q~5]}jep. Assume that qE(SZ) is of
class C'. Let {v;};cF be an orthonormal basis in (Wé”% (q}(.Q)), 0¢) of the eigenspace

associated with Ag[$). If ¢ is a critical shape for A F,z under the volume constraint
¢ € V[M], then there exists a constant c¢1 € R such that

2
Z (ﬁ) |ngl2 =] a.e. on 3¢ (82) \ {x =0}. (36)

on
leF

Proof Let q~5 be a critical shape for Ar ; under the volume constraint q~5 € V[M] and
let O € RY be as in Definition 6.1. For O’ C R¥ as in (34) we set

LY o :={¥ € La.o : ¥ieno = 0}

Then, by Theorem 5.3 and Remark 5.2, we have that

~ (|F|—1
dl¢:$(AF,r)[¢] = _)‘;[‘f’](lt l_ 1 ) Z/;

ep Y 09(2)

Vi€ LY o (37)

2
(¥ 0" Pn") (%) Ing|* do

Thus, formula (37), formula (33) for the differential of the volume functional, and
Definition 6.1 imply that for all open sets O’ C R¥ as in (34) there exists a constant
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co’ € R such that

- v\ 2 -
Z/ o¢(’1)> n(ﬂ) |IIG|2dO‘+C0// (woqﬁ(’l)) -ndo =0
96($2) on 9B(2)

leF
Vi € L_Q’O,.

On the other hand, if O’ € RY is as in (34), then L(:)2‘0 - L%,O" Hence, cor = co.
That is

~_ avy; 2 T(—
Z/ Vo ¢! ”)-n(a—) |ng|2do+c0f~ (1//0(;5( l))-ndcrzo
leF Y 99(£2) n dp(£2)

VY eLd . (38)

By the Fundamental Lemma of Calculus of Variations one can realize that (38) implies
that there exists a constant ¢; € R such that (36) holds. O

Remark 6.1 If one assumes that the eigenfunctions are of class W(}’z(d;(ﬂ)) N

W2'2(q3(.(2)), then it is easily seen that condition (36) becomes also sufficient for
the criticality of shapes under isovolumetric perturbations. Moreover, if the (N — 1)-

dimensional measure of 3¢ (£2) N {x = 0} is zero, i.e. |dp(£2) N {x = 0}‘N = 0,
then (36) can be rewritten as

31)1 2 2 ~
Z(E) ngl>=ci  ae. ondp(R).

We note that ‘8(;;(!2) N{x = 0}‘N = 0 is always verified when dim{x = 0} =k <
N —1.

The previous theorem suggests considering the overdetermined system

—Agu; = Aju; in2,Vie{l,...,m},
u =0 ond2, Vlief{l,...,m}, (39)

s (am) InG|> = const. on 3£2.

Here, A ; is the j-th eigenvalue which has multiplicity m € Nand uy, ..., uy, is a cor-
responding orthonormal basis of eigenvalues in WCI;’%)(.Q) such that the last condition

of system (39) makes sense (for example {u;}/=1..m < Wé’z(.Q) NWZ2(2) when 2
is of class C1). System (39) is the Grushin analog of the well-known overdetermined
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system for the Laplace operator:

—Au; = Ajuy in2,vViel{l,...,m},

u; =0 ondf2, vVl ef{l,...,m}, (40)
2

YL (%) = const. on d£2.

It is known that system (40) is satisfied when £2 is a ball (see Lamberti and Lanza de
Cristoforis [42]). Moreover, if §2 is connected and j = 1 (and then m = 1), problem
(40) is satisfied if and only if £2 is a ball (see Henry [31]).

It would be of great interest characterizing those bounded domains such that system
(39) is satisfied or, at least, find some shapes for which it is satisfied. These problems,
to the best of the authors’ knowledge, are open.

6.2 The Isoperimetric Problem

Next, we switch to consider the isoperimetric problem. In this section we assume that
£2 is a bounded open subset of R¥ of class C2. Let O be as in (9). We set

Loo=LaoNC (ZRY) 4G ,i=Ah,nC(2.RY)
AE = AE N2 (5 RN) o*L = ebnc? (5 RN).

The set L, , is a Banach subspace of C? (2, RV) and A*{, , is openin L}, . The
perimeter functional P[] is the map from A*g to R defined by

Plo] :=/ ldaz/ ‘n(D¢)_l‘|detD¢|do Vo e AL
AP (£2) 082

The map P, 4. E is real analytic and its differential at a point ¢ € A*g’ o 1s delivered
by Y

dy—pPasr, W1 = / (1/f oé(_l)) ‘nHdo Yy eLp,.

3p(52)

where H = div n denotes the mean curvature of 8({5(!2) (see [39]). For M € 10, +o0[
we set

PIM] = {¢> e AL plg] = M} .

Following the lines of the previous section and motivated by isoperimetric optimization
problems, we introduce the following definition.

Definition 6.2 Let §2 be a bounded open subset of R¥ of class C2. I:et M €10, +o0l.
Let F be a finite nonempty subset of N. Let t € {1, ..., |F|}.Let¢ € A*g N P[M].
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We say that ¢ is critical for Ar ; under the Lerimeter constraint ¢ € P[M ] if there
exists a bounded open subset O of RY with 2 N {x =0} € O such that ¢ € A*QO

and such that for all open sets O’ € RY as in (34) there exists co’ € R such that
d¢:q§AF,r‘A*g.0/ [1/f] + CO/d(b:J)PlA*g,O/[w] =0 VW € L?ZO/ .

Following the lines of the previous section, we are able to prove the following necessary
condition for critical shapes under isoperimetric perturbations.

Theorem 6.2 Let 2 be a bounded open subset of RN of class C?. Let F be a finite
nonempty subset of Nandt € {1,...,|F|}. Let M € ]0, 4-o0l. Let ¢ € @*g NP[M]
and let A [ be the common value of all the eigenvalues {Aj[J)]}jep. Let {v;}icF be
an orthonormal basis in (Wcl;’% (B(2)), 06) of the eigenspace associated with A F[q;].

If ¢ is a critical shape for AF ¢ under the perimeter constraint ¢ € P[M], then there
exists a constant ¢ € R such that

2
Z <%> Ingl> = caH  a.e. on 3p(£2) \ {x = 0}. (41)

on
leF

Remark 6.2 As in Remark 6.1, if the eigenfunctions are of class W01’2(¢~>(.Q)) N
W2'2(<Z>(Q)), then condition (41) becomes also sufficient for the criticality of shapes
under isoperimetric perturbations. Also, when |94 (£2) N {x = 0} s 0, the same
considerations as in Remark 6.1 can be done.

Asbefore, Theorem 6.2 suggests that it would be of interest to study the overdetermined
system

—Agu; = hju in$2,Viel{l,...,m},
u; =0 ondf2, vVl ef{l,...,m},

m( duy 2 2
D e (m) InGg|* =coH onds2,

for some constant ¢, € R.

7 The Rellich-Pohozaev Identity for the Grushin Laplacian

The aim of this section is to collect a new proof of the Rellich—-Pohozaev identity for
the Grushin Laplacian. Let 2 be a bounded open subset of RY of class C!. Let A
be an eigenvalue of the Dirichlet Grushin Laplacian, i.e. an eigenvalue of (5). Let u
be an eigenfunction in Wcl;’!%)(.Q) corresponding to A normalized with [lu| 2oy = 1.

Suppose that u € W(; ’2([2) N W22(£2). Then the Rellich-Pohozaev identity reads

1 2
A= —/ (g_u> InG|*((x, (1 +5)y) - n) do. (42)
982 n
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This identity is a consequence of a more general class of Pohozev-type identities (see,
e.g., Tri[60,61] for N = 2, Kogoj and Lanconelli [34, Sect. 2] for arbitrary N). We also
mention Garofalo and Lanconelli [24] for a Pohozaev-type identity for the Heisenberg
Laplacian. A proof of (42) can be done following the classical argument that Rellich
used for the standard Laplacian in [55]. This argument is rather elementary being
based only on integration by parts, but requires some lengthy computations. Instead,
our proof is a straightforward application of the Hadamard-type formula that we have
proved. More precisely, our strategy is first to differentiate the eigenvalue with respect
to the natural dilation in the Grushin setting, and then to match this derivative with the
one computed by (30). The same strategy was exploited by di Blasio and Lamberti
[15, Theorem 5.1] for the Finsler p-Laplacian.
The natural dilation in the Grushin setting is:

8:(z) i= (tx,t'™y)  Vz=(x,y) e RV, vt > 0.
We fix §2 to be a bounded open subset of RV of class C'. We set

2,:=8(2) Vt>0.

Let A = Ay[2] = -+ = Ay4m—1[82] be a Dirichlet Grushin eigenvalue on §2 of
multiplicity m. It is easily seen that

Prl21=x Ve>0,Vl=0,....,m—1. (43)
This can be deduced from the fact thatif [ =0, ..., m — 1 and u is an eigenfunction

in ng,(:z,) corresponding to A,;[$2;], then we have

/ Vo)) - Volp() dz
2
= fQ(V(u(&))IG(Z)) - (V(p(d))1g(z)) dz
=/ Vx(u(Sz))'Vx(w(ﬁz))derf IXIZSVy(u((Sz))-Vy(fp(&))dz
2 2
:f tZqu((S,)-Vx(p((S,)dZ-F/ Ix|* 2B Vyu(8,) - Vyp(8,) dz
2 2
:/ 12Veu - Vgt ~h= 19k dz—l—/ |x|2st2Vyu'Vy(pt_h_(lﬂ)k dz
£2; 2
:/ tZVGu . VG(pl_h_(1+S)k dz
2
= lz)\.n+[[gt] I/l(pt_h_(l-‘rs)k dz

2

= Pl 21] f @GPz Vo € WEA(2).
2
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Accordingly, by (43) with t = 1 + ¢, we have
At Q2i4el = A +)20 Ve>—1,VI=0,....,m—1.

Therefore, € — A,[$214¢] is differentiable in ]—1, +o0o[ and we have

d
——An [Q]Jre] = 2.
de e=0

On the other side, we can also compute the derivative dd_s)‘n [£2 1+5]) o exploiting our
E=
results. Let # be an eigenfunction corresponding to A normalized such that [[u[ 2oy =

1, and assume that u € W(}’Z(Q) N Wz’z(.Q). We note that if O is any bounded open
subset of RV containing 2 N{x = 0},then 8, € Ag o foralle > —1. We can apply
Theorem 5.4 and Remark 5.3 to the family {§;.} and obtain that the eigenvalues of
the matrix (32) are the derivatives at ¢ = 0 of the branches splitting from A. As we
have already seen above, the domain perturbation 814, preserves the multiplicity of
the eigenvalue A and accordingly the matrix (32) is actually a scalar matrix. Thus

d
—An [Ql+s]

9 2
Te =— /a:z (%) Ing|*((x, (1 +5)y) - m) do.
e=0

By the above two expressions of the derivative of the the eigenvalue we get the Rellich-
Pohozaev identity:

1 du\? 2
A=§/ an G|~ ((x, (1 +5)y) -n)do;.
82 \on
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