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ABSTRACT. Skew Boolean algebras (SBA) and Boolean-like algebras (nBA) are one-pointed
and n-pointed noncommutative generalisation of Boolean algebras, respectively. We show
that any nBA is a cluster of n isomorphic right-handed SBAs, axiomatised here as the variety
of skew star algebras. The variety of skew star algebras is shown to be term equivalent to
the variety of nBAs. We use SBAs in order to develop a general theory of multideals for
nBAs. We also provide a representation theorem for right-handed SBAs in terms of nBAs of
n-partitions.

1. INTRODUCTION

Boolean algebras are the main example of a well-behaved double-pointed variety - meaning a
variety V whose type includes two distinct constants 0,1 in every nontrivial A € V. Since there
are other double-pointed varieties of algebras that have Boolean-like features, in [21, [14] the
notion of Boolean-like algebra (of dimension 2) was introduced as a generalisation of Boolean
algebras to a double-pointed but otherwise arbitrary similarity type. The idea behind this
approach was that a Boolean-like algebra of dimension 2 is an algebra A such that every a € A
is 2-central in the sense of Vaggione [25], meaning that 6(a,0) and 6(a, 1) are complementary
factor congruences of A. Central elements can be given an equational characterisation through
the ternary operator ¢ satisfying the fundamental properties of the if-then-else connective
of computer science. Algebraic analogues of the if-then-else construction have been studied
extensively in the literature; the best known of these realisations is the ternary discriminator
function t : A3 — A of general algebra [26], defined for all a,b,c € A by t(a,b,c) =cif a =1b
and a otherwise. Varieties generated by a class of algebras with a common discriminator term
are called discriminator varieties and are the most successful generalisation of Boolean algebras
to date ([0, Section IV.9]).

It turns out that some important properties of Boolean algebras are shared by n-pointed
algebras whose elements satisfy all the equational conditions of n-central elements through
an operator ¢ of arity n + 1 satisfying the fundamental properties of a generalised if-then-else
connective. These algebras, and the varieties they form, were termed Boolean-like algebras of
dimension n (nBA, for short) in [5]. Varieties of nBAs have many remarkable properties in
common with the variety of Boolean algebras. In particular, any variety of nBAs with compatible
operations is generated by the nBAs of finite cardinality n. In the pure case (i.e., when the
type includes just the generalised if-then-else ¢ and the n constants eq,...,e,), there is (up
to isomorphism) a unique nBA n of cardinality n, so that any pure nBA is isomorphic to a
subalgebra of n’, for a suitable set I. Another remarkable property of the 2-element Boolean
algebra is the definability of all finite Boolean functions in terms of the connectives AND, OR,
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NOT. This property is inherited by the algebra n: all finite functions on the universe of n are
term-definable, so that the variety of pure nBAs is primal. More generally, a variety of an
arbitrary type with one generator is primal if and only if it is a variety of nBAs.

Lattices and boolean algebras have been generalised in other directions: in the last decades
weakenings of lattices where the meet and join operations may fail to be commutative have
attracted the attention of various researchers. A non-commutative generalisation of lattices,
probably the most interesting and successful, is the concept of skew lattice [16] along with the
related notion of skew Boolean algebra (SBA) (the interested reader is referred to [17) Bl [15] or
[23] for a comprehensive account). Here, a SBA is a skew lattice with zero in the sense of Leech
[16], structurally enriched with an implicative BCK-difference [12] operation. Roughly speaking,
a SBA is a non-commutative analogue of a generalised Boolean algebra. The significance of
SBAs is revealed by a result of Leech [I5], stating that any right-handed SBA can be embedded
into some SBA of partial functions. This result has been revisited and further explored in [I]
and [13], showing that any SBA is dual to a sheaf over a locally-compact Boolean space.

SBAs are also closely related to discriminator varieties (see [3], [7] for the one-pointed case
and [2I] for the double-pointed one). Seminal results of Bignall and Leech [3] show that every
algebra in a one-pointed discriminator variety can be presented, up to term equivalence, as a
skew Boolean intersection algebra (SBIA) with compatible operations. SBIAs are closely related
to the SBAs of Leech [15]. Every SBIA has a SBA term reduct, but not conversely.

The present paper explores the connection between skew Boolean algebras and Boolean-like
algebras of dimension n. We prove that any nBA A contains a symmetric N-skew cluster of right-
handed SBIAs ST'(A),...,SI'(A), called its N-skew reducts. Interestingly, every permutation o
of the symmetric group S,, determines a bunch of isomorphisms

ST(A) =S (A) . SU(A) = S0 (A)

which shows the inner symmetry of the nBAs. Every nBA has also a skew cluster S1(A),...,S,(A)
of isomorphic right-handed SBAs, called its skew reducts, which are the skew Boolean algebra

reducts of members of the N-skew cluster of A. The skew reducts of a nBA are so deeply

correlated that they allow to recover the full structure of the nBA. We introduce a new variety

of algebras, called skew star algebras, equationally axiomatising a bunch of skew Boolean

algebras and their relationships, and we prove that it is term equivalent to the variety of nBAs.
We also provide a representation theorem for right-handed skew Boolean algebras in terms

of nBAs of n-partitions. This result follows on combining Leech’s example [I5] showing that

every right-handed skew Boolean algebra can be embedded in an algebra of partial functions

with codomain {1,2} with the result given in [5] that every nBA is isomorphic to a nBA of

n-partitions.

The notion of ideal plays an important role in order theory and universal algebra. Ideals,
filters and congruences are interdefinable in Boolean algebras. In the case of nBAs, the couple
ideal-filter is replaced by multideals, which are tuples (I1,. .., I,) of disjoint skew Boolean ideals
satisfying some compatibility conditions that extend in a conservative way those of the Boolean
case. We show that there exists a bijective correspondence between multideals and congruences
on nBAs, rephrasing the well known correspondence of the Boolean case. The proof of this
result makes an essential use of the notion of a coordinate, originally defined in [5] and rephrased
here in terms of the operations of the skew reducts. Any element x of a nBA A univocally
determines a n-tuple of elements of the canonical inner Boolean algebra B of A, its coordinates,
codifying x as a “linear combination”. In the Boolean case, there is a bijective correspondence
between maximal ideals and homomorphisms onto 2. In the last section of the paper we show
that every multideal can be extended to an ultramultideal, and that there exists a bijective
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correspondence between ultramultideals and homomorphisms onto n. Moreover, ultramultideals
are proved to be exactly the prime multideals.

2. PRELIMINARIES

The notation and terminology in this paper are pretty standard. For concepts, notations and
results not covered hereafter, the reader is referred to [6l [20] for universal algebra, to [17, 15} 23]
for skew Boolean algebras and to [21], 14} 5] for nBAs.

2.1. Algebras. If 7 is an algebraic type, an algebra A of type 7 is called a 7-algebra, or simply
an algebra when 7 is clear from the context. An algebra is trivial if its carrier set is a singleton
set.

Superscripts that mark the difference between operations and operation symbols will be
dropped whenever the context is sufficient for a disambiguation.

Con(A) is the lattice of all congruences on A, whose bottom and top elements are, respectively,
A ={(a,a):a € A} and V= Ax A. Given a,b € A, we write 0(a, b) for the smallest congruence
6 such that (a,b) € 6.

We say that an algebra A is: (i) subdirectly irreducible if the lattice Con(A) has a unique
atom; (ii) simple if Con(A) = {A, V}; (iii) directly indecomposable if A is not isomorphic to a
direct product of two nontrivial algebras.

A class V of T-algebras is a variety (equational class) if it is closed under subalgebras, direct
products and homomorphic images. If K is a class of 7-algebras, the variety V(K) generated by
K is the smallest variety including K. If K = {A} we write V(A) for V({A}).

Following Blok and Pigozzi [4], two elements a, b of an algebra A are said to be residually
distinct if they have distinct images in every non-trivial homomorphic image of A.

We say that a variety V is n-pointed iff it has at least n nullary operators that are distinct in
any nontrivial member of V. Boolean algebras are the main example of a double-pointed variety.

A one-pointed variety V is 0-regular if the congruences of algebras in V are uniquely determined
by their O-classes. Fichtner [9] has shown that a one-pointed variety is O-regular if and only if

there exist binary terms di(z,y),...,d,(z,y) satisfying the following two conditions:
o di(x,x) =0 for every i = 1,...,n;
o di(z,y) =do(z,y) = =dp(z,y) =0 = xz=y.

2.1.1. Notations. If A is a set and X C A, then X denotes the set A \ X.
Let 7 = {1,...,n} and ¢ be an operator of arity n + 1. If dy,...,d} is a partition of 7 and
a,by ..., by € A, then

(1) qa,by/dy,. .. bg/dy)

denotes g(a,c1,...,¢n), whereforall 1 <i <n, ¢, =b;iff i € d;. Notice that g(a,b1/d1,...,br/dk)
is well-defined as di, ..., d; partition 7. If d; is a singleton {i}, then we write b/i for b/d;. If
d; =\ d, is the complement of d,., then we may write b/d, for b/d;. The notation will be
used extensively throughout the paper, mainly to define derived term operations in the context
of nBAs.

2.2. Factor Congruences and Decomposition. Directly indecomposable algebras play an
important role in the characterisation of the structure of a variety of algebras. For example, if
the class of indecomposable algebras in a Church variety (see Section and [21]) is universal,
then any algebra in the variety is a weak Boolean product of directly indecomposable algebras.
In this section we summarize the basic ingredients of factorisation: tuples of complementary
factor congruences and decomposition operators (see [20]).
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Definition 2.1. A sequence (¢1,...,¢,) of congruences on a T-algebra A is a n-tuple of
complementary factor congruences exactly when:

(1) Micicn ¢ = A
(2) Y(ai,...,a,) € A", there is u € A such that a;¢; u, for all 1 <i <mn.

Such an element u such that a;¢; u for every i is unique by Definition ).
If (¢1,...,0n) is a n-tuple of complementary factor congruences on A, then the function
n
f:A — ][ A/¢i, defined by f(a) = (a/¢1,...,a/d,), is an isomorphism. Moreover, ev-
i=1
ery factori;ation of A in n factors univocally determines a n-tuple of complementary factor
congruences.

A pair (¢1, ¢2) of congruences is a pair of complementary factor congruences if and only if
$1 N = A and ¢ 0 ¢ = V. The pair (A, V) corresponds to the product A = A x 1, where 1
is a trivial algebra; obviously 1 2 A/V and A = A/A.

A factor congruence is any congruence which belongs to a pair of complementary factor
congruences. The set of factor congruences of A is not, in general, a sublattice of Con(A).

Notice that, if (¢1,...,¢,) is a n-tuple of complementary factor congruences, then ¢; is a
factor congruence for each 1 < i < n, because the pair (¢;,[) iz ¢;) is a pair of complementary
factor congruences.

It is possible to characterise n-tuple of complementary factor congruences in terms of certain
algebra homomorphisms called decomposition operators (see [20, Def. 4.32] for additional details).

Definition 2.2. An n-ary decomposition operator on an algebra A is a function f: A" — A
satisfying the following conditions:

D1: f(z,z,...,x) = x;

D2: f(f($117x127 DR 7x1n)7 sy f(mnl,an, o 7xnn>) = f(x117 e 7xnn)a

D3: f is an algebra homomorphism from A" to A:

f(g(xllaxIQ) cee am1k>a s ag('rnlaxn27 e 7xnk)) = g(f(x117 cee )xn1)7 (RS f(xlka s 7xnk))7
for every g € 7 of arity k.

There is a bijective correspondence between n-tuples of complementary factor congruences
and n-ary decomposition operators, and thus, between n-ary decomposition operators and
factorisations of an algebra in n factors.

Theorem 2.1. Any n-ary decomposition operator f : A™ — A on an algebra A induces a
n-tuple of complementary factor congruences ¢1,...,¢n, where each ¢; C A X A is defined by:

a¢; b iff fla,...,a,ba,...,a)=a (b at position 7).
Conversely, any n-tuple ¢1, ..., ¢n of complementary factor congruences induces a decomposition
operator f on A: f(ay,...,an) =u iff a; ¢; u for all i.
We say that two functions f: A™ — A and g : A™ — A commute (see |20, Definition 4.34]) if

flg(x11y. s x1n)y e s 9(@may - ooy Tmn)) = 9(f (@11, -« o, 1)y oo o5 [ (@1ny -« o s Tnn))-

In this case, f is a homomorphism from (A4, g)™ into (A,g) and g is a homomorphism from

(4, /)" into (A, f).
The following proposition is [20, Exercise 4.38(15)].

Proposition 2.2. Let f and g be an m-ary and an n-ary decomposition operator of an algebra
A. Then f(g(x11,---,2Z1n)y -, 9(Tmi, -« s Tmn)) i a decomposition operator of A if and only
if f and g commute.
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The variables occurring in f(g(z11,.-.,%1n);s -+, 9(Tm1, .-, Tmn)) may be not all distinct, as
explained in the following proposition.

Proposition 2.3. If f is a n-ary decomposition operator and dy,...,dx (k> 2) is a partition
of n ={1,...,n}, then the map h, defined by

h(yi, ..., ye) = f(z1,...,2n), where for all1 <i<mn, z; =vy; iff i €d;,
is a k-ary decomposition operator.

2.3. Factor Elements. The notion of decomposition operator and of factorisation can some-
times be internalised: some elements of the algebra, the so called factor elements, can embody
all the information codified by a decompostion operator.

Let A be a T-algebra, where we distinguish a (n 4 1)-ary term operation gq.

Definition 2.3. We say that an element e of A is a factor element with respect to q if the n-ary
operation f. : A™ — A, defined by

fe(ar, ... an) = q™(e,ay,...,ay), for all a; € A,
is a n-ary decomposition operator (that is, f. satisfies identities (D1)-(D3) of Definition .

An element e of A is a factor element if and only if the tuple of relations (41, . .., ¢ ), defined
by a ¢; biff ¢(e,a,...,a,b,a,...,a) = a (b at position 7), constitute a n-tuple of complementary
factor congruences of A.

By [7, Proposition 3.4] the set of factor elements is closed under the operation ¢: if
a,by,...,b, € A are factor elements, then g(a,bq,...,b,) is also a factor element.

We notice that

e different factor elements may define the same tuple of complementary factor congruences.
e there may exist n-tuples of complementary factor congruences that do not correspond
to any factor element.

In Section [3] we describe a class of algebras, called Church algebras of dimension n, where the
(n + 1)-ary operator ¢ induces a bijective correspondence between a suitable subset of factor
elements, the so-called n-central elements, and the set of all n-ary decomposition operators.

2.4. Skew Boolean Algebras. We review here some basic definitions and results on skew
lattices [16] and skew Boolean algebras [15].

Definition 2.4. A skew lattice is an algebra A = (A, V, A) of type (2,2), where both V and A
are associative, idempotent binary operations, connected by the absorption law: x V (x Ay) =
r=xA(zVy);and (WAx)Vez=x=(yVaz)Acz.

The absorption condition is equivalent to the following pair of biconditionals: z vV y = y iff
zANy=z;andzVy=cif z Ay =y.

In any skew lattice we define the following relations:

1) z<yiffzAy=z=yAuz.

(2) x2pyiff e AyAz =u.

) x2cyiff e Ny ==

4) z=2gyifynz==zx.
The relation < is a partial ordering, while the relations <p, <., < are preorders. The
equivalences D, £ and R, respectively induced by <p, <, and =<, are congruences.

A skew lattice is left-handed (right-handed) if L = D (R = D). The following conditions
are equivalent for a skew lattice A: (a) A is right-handed (left-handed); (b) for all a,b € A,
aNbANa=bAa(aNbANa=aAb).

Observe that
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(i) The quotient A /D is the maximal lattice image of A. This is the skew-lattice theoretic
analogue [16, Theorem 1.7] of the well-known Clifford-McLean theorem for bands.

(ii) The algebras A/L and A/R are the maximal right-handed and left-handed images of
A respectively.

(iii) The skew lattice A is the fibered product of its maximal right-handed image A/L
with its maximal left-handed A /R over its maximal lattice image. This result is the
skew-lattice theoretic analogue [16, Theorem 1.15] of the Kimura factorisation theorem
for idempotent semigroups.

In a skew lattice elements commuting under V need not commute under A and vice-versa.
A skew lattice, satisfying x Ay = y Az if and only if x Vy = y V z for all x and y, is called
symmetric. Symmetric skew lattices form a variety characterised by the following identities (See
[24, Theorem SSL-6]):

xVyV(zAy)=yAz)VyVa; cAyA(xzVy)=(yVz)AyAx.

The two most significant classes of examples, skew lattices of idempotents in rings (see, e.g.,
[16]) and skew Boolean algebras (see [I5] and Definition below), consist of symmetric skew
lattices.

If we expand skew lattices by a subtraction operation and a constant 0, we get the following
non-commutative variant of Boolean algebras (see [15]).

Definition 2.5. A skew Boolean algebra (SBA, for short) is an algebra A = (A, V, A, \,0) of
type (2,2,2,0) such that:
(S1) its reduct (A4, V, A) is a skew lattice satisfying
— Normality: cAyAzAx=xANzAyAx;
— Symmetry: ctAy=yAzxif zVy=yVzx;
— Distributivity: z A(yV2)Az = (xAyAz)V(zAzAz)and 2V (yAz) Ve =
(xVyVz)A(zVzVa);
(S2) 0 is left and right absorbing w.r.t. skew lattice meet;
(S3) the operation \ satisfies the identities
—@AyAx)V(@z\y)=z=(z\y)V(zAyAz);
—xzAyAzA(z\y)=0=(z\y) Az AyAwx.

Every SBA is strongly distributive, i.e., it satisfies the identities x A (y V z) = (x Ay) V (z A 2)
and (yVz)Ax=(yAzx)V(zAzx).

It can be seen that, for every a € A, the natural partial order of the subalgebra aA AAa = {aA
bAa:be A} ={b:b<a} of Aisa Boolean lattice. Indeed, the algebra (a A AAa,V,A,0,a,-),
where —b = a \ b for every b < a, is a Boolean algebra with minimum 0 and maximum a.

Notice that

e The normal axiom implies the commutativity of A and V in the interval a A A A a.

o Axiom (S2) expresses that 0 is the minimum of the natural partial order on A.

e Axiom (S3) implies that, for every b € a A A A a, the element a \ b is the complement
of b in the Boolean lattice a A A A a. We point out here that a \ b is in fact a kind of
relative complement that acts ‘locally’ on subalgebras of the form a A A A a.

An element m of a SBA A is mazimal if a <p m for every a € A (i.e., aAm A a = a, for
every a € A). When they exist, maximal elements form an equivalence class (module D) called
the mazimal class. If A is a SBA, then A/D, where D is the Clifford-McLean congruence on A,
is a Boolean algebra iff A has a maximal class. Skew Boolean algebras with a maximal class
thus constitute a very specialised class of skew Boolean algebras. It is known that every skew
Boolean algebra embeds into a skew Boolean algebra with a maximal class.
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A nonempty subset I of a SBA A closed under V is an ideal of A (see [18, Section 4]) if it
satisfies one of the following equivalent conditions:
eac A bel and a 2 bimply a € I;
eagcAandbelimplyaAbbAac€l;
eagcAandbelimplyarnbAhacl.
Given a congruence ¢ on a SBA, the equivalence class 0/¢ is an ideal. However, congruences on
a SBA are not in general in 1-1 correspondence with ideals.

2.5. Skew Boolean algebras with intersection. Skew Boolean algebras such that every
finite set of their universe has an infimum w.r.t. the underlying natural partial ordering of the
algebra stand out for their significance. We denote the infimum of a and b w.r.t. the natural
partial order by a N and refer to the operation N as intersection in order to distinguish it from
the skew lattice meet A. It turns out that SBAs with the additional operation N can be given
an equational characterisation provided we include the operation N into the signature.

Definition 2.6. A skew Boolean N-algebra (SBIA, for short) is an algebra A = (A4;V,A,N,\,0)
of type (2,2,2,2,0) such that:

(i) The reduct (4;V,A,\,0) is a SBA and the reduct (A;N) is a meet semilattice;

(ii) A satisfies the identities cN(x AyAz) =2z AyAzand zA(zNy)=zNy=(zNy) Az

The next theorem by Bignall and Leech [3], which we present in its simplest form, provides a
powerful bridge between the theories of SBAs and pointed discriminator varieties.

Theorem 2.4. The variety of type (3,0) generated by the class of all one-pointed discriminator
algebras (A;t,0), where t is the discriminator function on A and 0 is a constant, is term
equivalent to the variety of right handed SBIAs.

2.6. A term equivalence result for skew Boolean algebras. In [7] Cvetko-Vah and the
second author have introduced the variety of semicentral right Church algebras (SRCA) and
have shown that the variety of right-handed SBAs is term equivalent to the variety of SRCAs.
It is worth noticing that, in SRCAs, a single ternary operator ¢ replaces all the binary operators
of SBAs.

An algebra A = (4, ¢,0) of type (3,0) is called a right Church algebra (RCA, for short) if it
satisfies the identity ¢(0,z,y) = y.

Definition 2.7. Let A = (4,¢,0) be a RCA. An element a € A is called semicentral if it is a
factor element (w.r.t. ¢q) satisfying ¢(a,a,0) = a.

Lemma 2.5. [7, Proposition 3.9] Let A = (A,q,0) be an RCA. FEvery semicentral element
e € A determines a pair of complementary factor congruences:

be = {(a,b) : qle,a,b) = a} and ¢. = {(a,b) : q(e,a,b) = b}
such that ¢. = 0(e,0), the least congruence of A equating e and 0.

Definition 2.8. An algebra A = (A4,¢,0) of type (3,0) is called a semicentral RCA (SRCA,
for short) if every element of A is semicentral.

To help the reader in understanding the term equivalence of SRCAs and right-handed SBAs,
it is perhaps useful to provide an explicit axiomatisation of SRCAs. Such an axiomatisation is
not long;:

(1) q(O’xa y) =Y
(2) q(w,w,0) = w;
(3) alw,y,y) =y;
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(4) Q(w7Q(wvx’y)7z) = Q(wvxvz);

(5) Q(w7z7q(way;z)) = Q(wvxv'z);

(6) q(w7 Q(yh Y2, y3)7 Q(zla 22, 23)) = q(q(w7 Y1, Zl)7 q(wv Y2, 22)7 q(wv Ys, 23))
The last five identities equationally formalise that the element w is semicentral.

Theorem 2.6. [7] The variety of right-handed SBAs is term equivalent to the variety of SRCAs.

The proof is based on the following correspondence between the algebraic similarity types of
SBAs and of SRCAs:

q(z,y,2) ~ (zAy)V(z\z)
TVy ~ gz, T,y)
TNy ~  q(z,y,0)
y\w ~ q(x,0,y).

The natural partial order and preorders of a SRCA are the partial order < and the preorders
=p, X, 2r of its corresponding SBA.

Example 1. (see [8, [7]) Let F(X,Y") be the set of all partial functions from X into Y. The
algebra F = (F(X,Y),q,0) is a SRCA, where

e 0 = () is the empty function;

e For all functions f: F =Y, 9g:G—=Y and h: H Y (F,G,H C X),

q(f,9,h) = glenr U bl yq7-

By Theorem F is term equivalent to the right-handed SBA of universe F(X,Y’), whose
operations are defined as follows:

fAg=glanr; fVg=fUgler g\ f=9lenr

3. BOOLEAN-LIKE ALGEBRAS OF FINITE DIMENSION

Some important properties of Boolean algebras are shared by m-pointed algebras whose
elements satisfy all the equational conditions of n-central elements through an operator ¢ of
arity n + 1 satisfying the fundamental properties of a generalised if-then-else connective. These
algebras, and the varieties they form, were termed Boolean-like algebras of dimension n in [5].

3.1. Church algebras of finite dimension. In this section we recall from [5] the notion of
a Church algebra of dimension n. These algebras have n nullary operations ey, ...,e, (n > 2)
and an operation ¢ of arity n 4+ 1 (a sort of “generalised if-then-else”) satisfying the identities
q(e;, z1,...,2,) = x;. The operator ¢ induces, through the so-called n-central elements, a
decomposition of the algebra into n factors.

Definition 3.1. Algebras of type 7, equipped with at least n nullary operations ey, ..., e,

(n > 2) and a term operation ¢ of arity n + 1 satisfying q(e;, x1,...,2,) = x;, are called Church
algebras of dimension n (nCA, for short); nCAs admitting only the (n + 1)-ary ¢ operator and
the n constants ey, ..., e, are called pure nCAs.

If A is an nCA, then Ag = (4,q,e1,...,e,) is the pure reduct of A.

Church algebras of dimension 2 were introduced as Church algebras in [19] and studied
n [2I]. Examples of Church algebras of dimension 2 are Boolean algebras (with ¢(x,y, z) =
(x Ay) V (—z A 2)) or rings with unit (with ¢(z,y,2) = 2y + z — xz). Next, we present some
examples of Church algebra having dimension greater than 2.
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Example 2. (Semimodules) Let R be a semiring and V' be an R-semimodule generated by
a finite set £ = {e1,...,e,}. Then we define an operation ¢ of arity n + 1 as follows (for all

v=737 vejand w' =31 wie)):
n
giv,wh, .. w") = Zviwl.
i=1

Under this definition, V' becomes a nCA. As a concrete example, if B is a Boolean algebra, B™ is a
semimodule (over the Boolean ring B) with the following operations: (a1,...,a,)+(b1,...,b,) =
(ay Vbi,...,a, Vby,) and b(ay,...,a,) = (bAay,...,bAa,). B™is also called a Boolean vector
space (see [10] [I1]).

Example 3. (n-Sets) Let I be a set. A n-subset of I is a sequence (Y7,...,Y,) of subsets
Y; of I. We denote by Set,,(I) the family of all n-subsets of I. Set,,(I) becomes a pure nCA
if we define an (n + 1)-ary operator ¢ and n constants e, ...,e, as follows, for all n-subsets
yi=(Y{,...,Y):

n n
q(yoﬂyl""’yn) = (U }/%Omyll""’ UKOQY;)7 el = <I7®""7®)3"'7en = (®7""®7I)'
i=1 i=1
In [25], Vaggione introduced the notion of central element to study algebras whose comple-
mentary factor congruences can be replaced by certain elements of their universes. Central
elements coincide with central idempotents in rings with unit and with members of the centre
in ortholattices.

Theorem 3.1. [5] If A is a nCA of type 7 and ¢ € A, then the following conditions are
equivalent:
(1) ¢ is a factor element (w.r.t. q) satisfying the identity q(c,e1,...,e,) = ¢;
(2) the sequence of congruences (0(c,e1),...,0(c,e,)) is a n-tuple of complementary factor
congruences of A;
(3) forallay,...,an € A, q(c,a1,...,ay) is the unique element such that

a; 0(c,e;) qlc,ar, ..., an),
foralll1 <i<mn;

(4) The function f., defined by fc(a1,...,an) =q(c,a1,...,ay) for allay,...,a, € A, is a
n-ary decomposition operator on A such that f.(e1,...,e,) =c.

Definition 3.2. If A is a nCA, then ¢ € A is called n-central if it satisfies one of the equivalent
conditions of Theorem A n-central element c is nontrivial if ¢ ¢ {e1,...,e,}.

Every n-central element ¢ € A induces a decomposition of A as a direct product of the
algebras A /6(c,e;), for i < n.

The set of all n-central elements of a nCA A is a subalgebra of the pure reduct of A. We
denote by Cey,(A) the algebra (Ce,(A),q,eq,...,e,) of all n-central elements of an nCA A.

Factorisations of arbitrary algebras in n factors may be studied in terms of n-central elements
of suitable nCAs of functions, as explained in the following example.

Example 4. Let A be an arbitrary algebra of type 7 and F be a set of functions from A™ into
A, which includes the projections ef and all constant functions f;, (b € A):

(1) eF(ay,...,an) = a;, for every as,...,a, € A;

(2) folai,...,a,) =0, for every ay,...,a, € A4;
and it is closed under the following operations (for all f, h;,g; € F and all a4, ...,a, € A):
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(3) qF(f7gl"'7gn)(a17"'a ) (gl(a17--~7an)-~-,gn(a17~-~,an))-
(4) o%(h1,...,he)(ay,...,an) = c®(hi(ay,...,an),. .., hi(as,. .., ay)), for every o € 7 of
arity k.
The algebra F = (F,o¥,q¥, e, ... eF), ¢, is a nCA. Tt is possible to prove that a function

f € F is a n-central element of F if and only if f is a n-ary decomposition operator on the
algebra A commuting (see Section [2.2]) with every function g € F'. The reader may consult [22]
for the case n = 2.

3.2. Boolean-like algebras. Boolean algebras are Church algebras of dimension 2 all of whose
elements are 2-central. It turns out that, among the n-dimensional Church algebras, those
algebras all of whose elements are n-central inherit many of the remarkable properties that
distinguish Boolean algebras. We now recall from [5] the notion of Boolean-like algebras of
dimension n, the main subject of study of this paper.

In [5] nBAs are studied in the general case of an arbitrary similarity type. Here, we restrict
ourselves to consider the pure case, where ¢ is the unique operator of the algebra.

Definition 3.3. A pure nCA A = (A, q,e1,...,e,) is called a Boolean-like algebra of dimension
n (nBA, for short) if every element of A is n-central.

The class of all nBAs is a variety axiomatised by the following identities:

(BO) (ez,xh.. o) =x; (1=1,...,n).

(B1) q(y, z) ==z

(B2) q(y, q(y,xn, 1253 T1n)s - s Q(Ys Trls Tnoy - o Tan)) = QY X115+ -+ s Tnn)-

(B3) q(y, q(xlo, cesT1n)y e @ Tnoy - Tan)) = (@Y, 105 -+ -3 T00)s - QY Tany oy Ton))-
(B4) q(y,e1,....en) = v.

In the following lemma we show that every nontrivial nBA has at least n elements.

Lemma 3.2. The constants e; (1 < i< n) are pairwise residually distinct in every nontrivial
nBA.

Proof. Let A be a non trivial nBA such that e, = e; for some k # j. If ay,...,a, € A with
ax # a;, then ap = g(ex, a1,...,a,) =q(ej,a1,...,a,) = a;, providing a contradiction. |

Boolean-like algebras of dimension 2 were introduced in [2I] with the name “Boolean-like
algebras”. Inter alia, it was shown in that paper that the variety of Boolean-like algebras of
dimension 2 is term-equivalent to the variety of Boolean algebras.

Example 5. The algebra Ce, (A) of all n-central elements of a nCA A of type 7 is a canonical
example of nBA (see the remark after Definition [3.2)).

Example 6. The algebra n = ({e1,...,e,},¢" €},...,el), where ¢"(e;,21,...,2T,) = z; for
every i < n, is a nBA.

Example 7. (n-Partitions) Let I be a set. An n-partition of I is a n-subset (Y*,...,Y™) of I
such that (J;_, Y* =T and Y?NY7 = 0 for all i # j. The set of n-partitions of I is closed under
the g-operator defined in Example [ and constitutes the algebra of all n-central elements of the
pure nCA Set,, (I) of all n-subsets of I. Notice that the algebra of n-partitions of I, denoted
by Par,(I), can be proved isomorphic to the nBA n’ (the Cartesian product of I copies of the
algebra n).

The variety BA of Boolean algebras is semisimple as every A € BA is subdirectly embeddable
into a power of the 2-element Boolean algebra, which is the only subdirectly irreducible member
of BA. This property finds an analogue in the structure theory of nBAs.
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Theorem 3.3. [5] The algebra n is the unique subdirectly irreducible nBA and it generates the
variety of nBAs.

The next corollary shows that, for any n > 2, the nBA n plays a role analogous to the
Boolean algebra 2 of truth values.

Corollary 3.4. Every nBA A is isomorphic to a subdirect power of n', for some set I.

A subalgebra of the nBA Par, (I) of the n-partitions on a set I, defined in Example [7] is
called a field of n-partitions on I. The Stone representation theorem for nBAs follows.

Corollary 3.5. Any nBA is isomorphic to a field of n-partitions on a suitable set I.

One of the most remarkable properties of the 2-element Boolean algebra, called primality in
universal algebra [6, Sec. 7 in Chap. IV], is the definability of all finite Boolean functions in
terms of the connectives AND, OR, NOT. This property is inherited by nBAs. An algebra of
cardinality n is primal if and only if it admits the nBA n as subreduct.

Definition 3.4. Let A be a nontrivial algebra. A is primal if it is of finite cardinality and,
for every function f: A¥ — A (k > 0), there is a k-ary term ¢ such that for all ai,...,a; € A,
flay,...,ap) =t*(ai,...,ax).
A variety V is primal if V = V(A) for a primal algebra A.

Theorem 3.6. [5]

(i) The variety nBA = V(n) is primal;

(ii) Let A be a finite algebra of cardinality n. Then A is primal if and only if it admits the

algebra n as subreduct.

We would like to point out here that when an algebra A is primal, the choice of fundamental
operations is a matter of taste and convenience (since any set of functionally complete operations
would serve), and hence is typically driven by applications.

4. SKEW BOOLEAN ALGEBRAS AND nBAsS

In this section we prove that any nBA A contains a symmetric N-skew cluster of right-
handed SBIAs S{'(A),...,S(A). The algebra S{'(A), called the N-skew i-reduct of A, has
e; as a bottom element, and the other constants ej,...,e;—1,€;41,...,€e, as maximal elements.
Rather interestingly, every permutation o of the symmetric group S,, determines a bunch of
isomorphisms

ST(A) =Sy (A) ... S(A)=S[(A)
which shows the inner symmetry of the nBAs. Every nBA has also a skew cluster S7(A), ..., S, (A)
of isomorphic right-handed SBAs, which are the skew Boolean algebra reducts of members of
the N-skew cluster of A. We conclude the section with a general representation theorem for
right-handed SBAs in terms of nBAs of n-partitions.

4.1. The skew reducts of a nBA. In [7] it is shown that the variety of SBAs is term equivalent
to the variety of SRCAs (see Section , whose type contains only a ternary operator and a
nullary operator. Here we use the n + l-ary operator ¢ of a nBA A to define ternary operators
t1,...,t, such that the reducts (A4,t;,e;) are isomorphic SRCAs. Their term equivalent SBAs
are all isomorphic reducts of A, too. We also show that these isomorphic SBAs are in their turn
reducts of isomorphic SBIAs.

For every i € fi, we denote by i the set 7\ {i}.

In the following definition we use the (n + 1)-ary operator ¢ of nBAs to introduce some term
operations needed to define the above described reducts of nBAs.
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Definition 4.1. Let A = (A,q,eq,...,e,) be a nBA. Given 1 < i < n, we define the following
term operations:

ti(x,y,z) = Q(may/i7z/i);

x Ay =ti(z,y,8);

TViy = ti(xvx’y);

v \iy = ti(y, e, x);

dz(xvy) = q(xvtl(yvx Vi yvei)atQ(ya x Vi Y, ei)7 s 7tn(y7x Vi yvei));

X mz Yy = q(fL',tj(y, eiax)ﬂtQ(yu ei7x)7 cee 7tn(y7 eiax))'

We now define three reducts of a nBA A, for each 1 <i <n.

Definition 4.2. Let A be a nBA. We define the following three reducts of A:
(i) The right Church i-reduct R;(A) = (A, t;,e;).
(ii) The skew i-reduct S;(A) = (A4, A4, Vi, \i, &)-
(iii) The N-skew i-reduct Si'(A) = (4, Ai, Vi, \is €, N5).

In the remaining part of this subsection we will prove that R;(A) is a SRCA, S{'(A) is a
e;-regular (w.r.t. d;) right-handed SBIA, and S;(A) is a right-handed SBA.

In the following lemmas we prove some properties of the term operations introduced in
Definition [£.11

Lemma 4.1. The term operations of Definition satisfy the following conditions when they
are interpreted in the generator n of the variety nBA:

ti(a,b,c) = ¢ Z.fa:ei; aNib= & Z.fa:ei; aV;b= b Z,fa:ei§
b ifae b ifaFe a ifa#e;

a\ib= b z.fa:ei; di(a,b) = c z‘fa:b; anib=14" z.fa:b'
e ifae; aV;b ifa#b e ifa#bd

Proof. The proof is trivial for ¢;, A;, Vi, \;. We now prove the relation for d;(a,b). We distinguish
three cases.

e (a="0): di(a,a) = q(a,t1(a,aVia,e;),... th(a,aVia,e;)) =2 qla,e;, ... &) =
e (a=¢e; and a #b): d;(ex,b) = qleg,t1(b,ex Vi b,e;),... ¢t (b ek\/ b,e;)) = tx ( ek\/
b,e;) =(bster) €k Vi b=aV;b.

By definition of N; it is trivial to prove a N; a = a. If a = e # b, then we have: aN; b =
Q(a’7 tl(b7 €, a/)a t?(ba €, a)7 e 7tn(b7 €, a)) ~(a=ex) tk?<ba €, a) = (ber) €;. (]

Lemma 4.2. The following identities hold in every nBA:

1) ti(es,z,y) =y and ti(ej,x,y) = x, for every j # i;
2) Q(»T?yh EER) yn) = tl(xat2(x’t3(xv s tn(mv 2 yn) s ay3)vy2)a yl)

= iz, ta(z, t3(2, .t 1 (2 Yy Y1) -5 Y3), Y2)5 Y1)
3) A; and V; are idempotents;
4) d;(z,z) =e; and x N; & = x;
5) ti(di(x,y),z,y) =2 and t; (mﬂ Y, Y, T) = x;
6) (A,N;,e;) is a meet semilattice with bottom e;;
N ax(xhiyNix)=xNyNixzandx N\ (xNzy) =z y=(xN;y) A\jx
8) di(z,y) = (2 Vi 9) \s (& N 9);
9) xn;

y=(rAiy)\idi(z,y).
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Proof. The identities are checked in the generator n of the variety nBA.
(2) First we have: tl(ei, tg(el', tg(ei, e tn(ei, C, bn) ey bg), bg), bl) =

tg(ei,tg(ei, .. .tn(ei, C, bn) ey bg),bg) == ti(ei, .. .tn(ei, C, bn) . ,bl) = bz = q(ei,bl, PN bn)
If i # n, a similar computation gives t(e;, ta(e;, t3(€;, .. - tn—1(€i,bn,bn—1) ..., b3),b2),b1) = b;.
Ifi= n, then tl(enatZ(eTL)t?)(ena s tn—l(en7bn7 bn—l) ) b3)7b2)3 bl) == tn—l(e’ru bna bn—l) =
by,

(3)-(4) Trivial by Lemma [4.1]
(5) If a = b, then the conclusion is trivial by (4). Let now a # b.
e ti(an; b,b,a) =pgmti(esb,a) =a.
o Ifa= €; then tl(dl(el, b),ei,b) =LZ7 tz(b, ei,b) = (b#e;) €; = a.
o If a # e;, then t;(d;(a,b),a,b) =rgmti(a, a,b) =(gze,) a-
(8) (aV;ib)\; (aN;b) = ti(an;b,e;,aV;b) = < Zgzg’eez;cgw Z) s i ‘ b Z ) = di(a,y).
(9) First we have: (a A; a) \; d;i(a,a) = t;(e;,e;,a) =a=aN;a.
Ifa 7é b, then (a/\i b) \1 di(a, b) = ti(di(a, b), €, alN; b) = ti(a\/i b, €;, alN; b) =e =aly b, because
by Lemma [I.1] a V; b # e; if a # b.
(6) and (7) can be similarly checked in the generator n of the variety nBA by using Lemma

([l
Lemma 4.3. Let A be a nBA, and a,b € A. Then we have:
(i) t;(a,—,—) is a 2-ary decomposition operator on A.
(i) di(a,b) =e; = a=0b.
Proof. (i) The binary operator ¢;(a, —, —) is a decomposition operator, because it is obtained by
the n-ary decomposition operator ¢(a, —, ..., —) equating some of its coordinates (see [20] and
Proposition .
(ll) Let di(a, b) = €. Then a :LS) ti(di(a, b), a, b) = ti(ei, a, b) =b. (|

We now characterise the reducts R;(A), S;(A) and S{'(A) of a nBA A (see Definition [1.2).

Proposition 4.4. Let A be a nBA. Then the following conditions hold:
(i) The right Church i-reduct R;(A) = (A, t;,e;) of A is a SRCA;
(ii) The skew i-reduct S;(A) = (A, Ni, Vi, \i, &) of A is a right-handed SBA.
Proof. By Lemma [4.2)3) and Lemmafd.3{i) every element of A is a factor element (w.r.t. t;)

that is A;-idempotent. Then every element of A is semicentral, so that R;(A) is a SRCA. By
Theorem [2.6| the skew i-reduct S;(A) is a right-handed SBA. O

Hereafter, we denote by 5%7 52‘» jéz and <! the natural preorders and order of the SBA
Si(A) (see Section . Since S;(A) is right-handed <%, and <% coincide.

Proposition 4.5. The elements eq,...,€;_1,€41,...,e, are mazimal elements of S;(A).

Proof. We show the maximality of the elements ej,...,e;—1,€;41,...,e, with respect to the
natural preorder <% of the SBA S;(A), defined by a <, biff aA;bA;a=a. Ifk #iand a € A,
then a A; ex A; @ = a A; a = a, because e, A\; a = t;(eg, a,e;) = a by Lemma ). O

By Proposition the skew i-reduct S;(A) has a maximal class M with ey, ..., e;_1,e;411,
... &, € M. Then the algebra S;(A)/D; is a Boolean algebra.

Proposition 4.6. The N-skew i-reduct S§'(A) = (A, Ay, Vi, \i, €,Ni) of A is a e;-reqular right-
handed SBIA.
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Proof. By Proposition the skew i-reduct S;(A) = (A4, A4, Vi, \i,€;) is a right-handed SBA.
By Lemma [4.2(6,7) and by Definition the N-skew i-reduct S{'(A) is a right-handed SBIA.
By Lemma [4.2|(8) we have that d;(z,y) = (x V; y) \; (z N; y) is a term operation in the type
of SBIAs. Then the e;-regularity w.r.t. d; follows from Lemma [4.2(4) and Lemma ii) (see
Section for the definition of regularity). O

Remark 1. Skew Boolean algebras, whose underlying natural partial ordering is a meet semilattice,
cannot be equationally axiomatised in the type of SBAs. Therefore, skew Boolean N-algebras of
Definition [2.6] are equationally axiomatised in the type of SBAs enriched with a binary operator
N of intersection. Rather interestingly, if A is a nBA the term operation N; is definable in terms
of A1, Vi,\1,€1, -5 An, Vi, \n, €n. This follows from Deﬁnition Lemma 2) and Theorem
Then the following question is natural. Let A = (A4, A, V,\,0) be a SBA, whose underlying
natural partial ordering is a meet semilattice (4,N,0) with bottom. Does it exist a bunch of
SBAs A; = (4,A1,V1,\1,01),..., Ak = (A, Ak, Vi, \k, 0 ) such that the meet operation N is
definable in terms of the skew Boolean operations of Aq,..., Ax? A further analysis of this
question will be given in Section

4.2. A bunch of isomorphisms. It turns out that all the N-skew reducts of a nBA A are
isomorphic. In order to prove this, we study the action of the symmetric group S,, on A. The
first part of this section is rather technical.

Let A be a nBA. For every permutation o of the symmetric group S,, and a,by,...,b, € A,
we define a sequence us (1 < s < n+ 1) parametrised by another permutation 7:

Up+1 = b'rn; Us = t‘rs(avus—i-laba‘rs) (1 <s< ’I’L)

In the following lemma we prove that w; is independent of the permutation 7.
Notice that w, = q(a, brn /T, born/mn) and us = q(a, us41 /7S, bors/TS).

Lemma 4.7. For every 1 < s <n we have:
s = q(a,brn {11, 72...,7(5 = 1)}, 0575 /T8, bor(s41)/T(5 + 1), .., bgrn/TN).
Then uy = q(a,byr1 /71, bor2/T2, ... bgrn/T0) = q(a,bs1,bs2, - . -y bon)-
Proof. Assume that
Usy1 = q(a, by [{T1,72. .. 78}, bor(s41)/T(s + 1), ... bgrn/TN).

Then we have:

Us = t‘rs (a7 Us+1, bars)
= q(aaus-ﬁ—l/ﬁ) bars/TS)
=2y q(a,brn/{11,72...,7(s = 1)}, bors /T8, bgr(s41)/T(S + 1), ..., born/TN).
O
We define

a’ = q(a,e51,€52,- -+, €on)-
The transposition (ij) exchanges ¢ and j: (i5)(i¢) = j and (i5)(j) = i.

Lemma 4.8. The following conditions hold in every nBA, for all permutations o, 7 and indices
e
(1) The 2-ary decomposition operators t;(x,—,—) and t;(x,—,—) commute:
ti(.’I}, t] (l’, Y, Z)? t](l’, u, U))) = t] (.T}, ti(‘r7 Y, U), ti(.’I}, Z, ’UJ)) = q(xa y/{la .7}’ Z/], ’LL/Z),

(2) ti(xatj(xvyaz)vu) = tj(xati<xayau)7z) = q(x,y/{i,j},z/j, u/2)7
(3) Q(xa Yoli,--- vyan) = t'rl(xat7'2(x7t7'3(xa v t'rn(xa Yrn, ya‘rn) s 79073))7%72), ya‘rl);
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(4) % = t'rl(x7 tTQ(Ia t7'3(x7 s tTTL(x7 €rn, eo"rn) s 7e07'3))7 eJTQ)a eO’Tl);
(5) q(xgayla"wyn):q(xayala"'ayan);

(6) z() = i(xatj(x7xaei)vej) = tj(xvti(x7x)ej)’ei);

(7) 270 — (xcr)r7

(8) q(xaylw'-ayn)a - Q(xﬂ(yl)a7 --v(yn)a)

Proof. Let A be a nBA and a,b,c,d, e, by,...,b, be elements of A.
(1)
ti(a,tj(a,b,c),tj(a,d,e)) = q(a,tj(a,b,c)/i,tj(a,d, e)/i)
a(a,q(a,b/j,c/j)/i,a(a,d/j,e/5)/7)
—(B2) Q(aab/{iaj}7c/ja d/Z)

By symmetry we also get t;(a,t;(a,b,d),ti(a,c, e)) = q(a, b/{i,j},¢/j,d)i).

(2) ti(a,tj(a,b,c),d) = ti(a,t;(a,b,¢c),tj(a,d,d)) =@y q(a,b/{i,j}, c/j,d/i), and similarly
ti(a,ti(a,b,d),c) =t;(a,ti(a,b,d), ti(a,c,c)) = qla,b/{i,5},¢/7,d/1).

(3) By Lemma u1 = q(a,bs1, ... ,bsrn). Then the conclusion follows from the unfolding of
the definition of u:

Uy = t‘rl(a7u27ba‘rl) = t‘rl(aa t72<a7u3ab0'7'2)’b07'1) =

(4) follows from (3) by putting y; = e;.
(5) q(ao" b17 sy bn) = q(Q(a7 €r1y- - 7e0'n>7 b17 e 7bn) =(B3) q(aa bo’la ey bo’n)
6

ti(a,tj(a,a7ei)7ej) = tj(a,ti(a,mej),ei) by (].)
= q(a,a/{i,j},ei/j e /i) by (1)
= q(q_7Q(a/ae17"~7en)/{iaj}7ei/jaej/i) by (B4)
= al¥) by (B2)
(8)
q(aablw"abn)a = q(Q(aablv~'~7bn)7ealvec727"~aean)
=(B3) Q<a’ q(b17 €51,€525 - 7e0'71)7 ceey q(bn; €51,€52,- - 7ean)>

Q(a’ (bl)ﬂv ce (bn)a)

O

Theorem 4.9. For every transposition (rk) € S,,, the map = — ") defines an isomorphism
from SI)(A) onto Si(A).

Proof. Let o = (rk) in this proof. The map z — z7 is bijective, because (a”)” = gg(r) a”°7 =
a'd = q(a,eq,...,e,) =(B4) @, for every a € A. We now prove that z — 27 is a homomorphism
of SBIAs. We recall from Definition that the operations A, V,,\, are defined in terms of ¢,.
Then to get the conclusion it is sufficient to prove the following equalities, for all a,b,c € A:
tr(a,b,¢)” =tp(a,b7,¢%), (aN,: b)? = a” N b7 and e = ey:

o t.(a,b, c)i =rEgs) tr(a, b7, ¢7) = t,((a?)?,07,¢7) = q((a”)?,0 /7, ¢ /1) =L @s)
q(aa, bg/kv Ca/k) - tk(aga baa CG)'
o (er)o = €5p = €g.



16 A. BUCCIARELLI AND A. SALIBRA

(an. 0)? = gqla,ti(b,er,a),...,ty(b,e.,a))’
= Q(aatl(baerva)a7“ atn(baeraa)a)
= q(a,t1(b,e7,a%),...,t,(b,e7,a%))
= q(a,t1(b,er,a%),...,t,(b,ex,a%))
= q((a”)7,t1((07)7, ex,a%), ..., tn((b7)7, ex,a”))
= q((a®)%, ..., t-((b°)7, ek, a%), ..., tp((b7)7, ex,a%),...)
= qa%, ..., tx((b7)%, e, a%), ..., t.((b°)?, er,a%),...)
= q(a%, ...t (b% ek, a%),..., tx (b7, er,a%),...)
= a’ N b°.

O

4.3. A general representation theorem for right-handed SBAs. In this section we show
that, for every n > 3, there is a representation of an arbitrary right-handed SBA within the
skew i-reduct of a suitable nBA of n-partitions (described in Example [7)). The theorem also
provides a new proof that every SBA can be embedded into a SBA with a maximal class (see

Proposition .

Theorem 4.10. Let n > 3. Then every right-handed SBA can be embedded into the skew
i-reduct S;(A) of a suitable nBA A of n-partitions.

Proof. (a) By [15, Corollary 1.14] every right-handed SBA can be embedded into an algebra
of partial functions with codomain the set {1,2} (see Example , where 0 = () is the empty
function, fAg=glanr, V9= fUglgnr and g\ f = g|oq7 (with F,G and H the domains of
the functions f, g, h, respectively).

(b) By Corollary every nBA is isomorphic to a nBA of n-partitions of a suitable set I
(see Examples[3|and [7). If P = (P1,...,,P,) and Q = (Q1,...,Q,) are n-partitions of I, then
The other operations can be similarly defined.

(c) We define an injective function * between the set of partial functions from a set I into {1, 2}
and the set of n-partitions of I. If f: I — {1,2} is a partial function, then f* = (Py,...,P,) is
the following n-partition of I: P, = f~1(1), P, = f~%(2), P, = I \ dom(f) and Py = () for any
k#£1,2,4.

(d) The map * preserves the meet. Let f: F — {1,2} and g : G — {1,2} (F,G C I) be
functions. Then we derive (f A g)* = f* A; g* as follows:

=0, N2),0,..,0,F,0,..,0); gt = (97" (1),97"(2),0,...,0,G,0,....0)
(fAg) = (glenr)”

= (Fng '(1),Fng1(2),0,...,0,GUF,D,...,0)
= (Fng '(1),Fng Y2),0...,FU(FNG),0,...,0)
= ["Ahig"
Similarly for the other operations. O

5. SKEW STAR ALGEBRAS

The skew reducts of a nBA are so deeply related that they allow to recover the full structure
of the nBA. Tt is worthy to introduce a new variety of algebras, called skew star algebras,
equationally axiomatising n isomorphic SBAs and their relationships. In the main result of this
section we prove that the variety of skew star algebras is term equivalent to the variety of nBAs.
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By Lemma [4.2|2) we have that the identity

Q(‘T7 Y1, - 7yn) = tl(l',tQ(l',tg(iE, .. 'tn—l(x7yn7yn—1) ey 93)7y2)7 yl)
holds in every nBA. It follows that

tn(mvyaz) = t1($7t2($7t3(x7 . 'tnfl(xvzvy) s 7y)ay),y)7

so that ¢, is term definable by the remaining ¢; (1 <4 <mn — 1). This is one of the reasons for
introducing n — 1 (and not n) ternary operators in the following definition. Another reason is
technical simplification.

Definition 5.1. An algebra B = (B,t1,...,tn-1,01,...,0,), where ¢; is ternary and 0; is
a nullary operator, is called a skew star algebra if the following conditions hold, for every
1<ik<n—land1<j<mn

) ti(ojayaz) =Y (Z 7&])

) tl(:v, tg(l‘, tg(ai, ( .. tnfl(l', On, Onfl) ce ), 03), 02), 01) =Xx.

3) tilx, ti(x,y, 2), tp(z,u, w)) = tg(z, t:(z,y, w), t;(x, z,w)) (i £ k).

) ti(x,tk(a:,y,z),u) = tk(mati(x7y’u)vz) (Z 7& k)

) ti(x,—,—) is a homomorphism of the algebra (B, tx,0x) X (B, tg,0x) into (B, tg, 0k):

ti(z, ti (Y1, Y2, ¥3), tr(21, 22, 23)) = te(ti(z, Y1, 21), ti(@, y2, 22), ti(z, Y3, 23))-

Skew star algebras constitute a variety of algebras.

The identities characterising skew star algebras deserve some explanation. Let B; = (B, t;,0;)
(t=1,...,n—1) be a family of SRCAs having the same universe B and such that 0q,...,0,_1
are distinct elements of B. Let 0,, be another element of B distinct from 01,...,0,_1. Let
B = (B,t1,...,tn-1,01,...,0,) be the algebra collecting the basic operations of the algebras
B, and the constant 0,,. Roughly speaking, the structure of an nBA on B with respect to the
term operation ¢;, defined by

®3) @ (@, Y1, yn) =t (@ (@ t3(2, b1 (2, Yns Y1) -+, Y3), 92), 91),
can be recovered from the cluster of SRCAs B; if (N1)-(N5) hold:

(i) (N1) implies that B is a nCA with respect to the operation g;.

(ii) Since B; is a SRCA, then, for every b € B, the function t;(b, —, —) satisfies conditions
(D1) and (D2) of Definition Then, axiom (N5) implies that, for every b € B, the
binary functions ¢;(b, —, —),...,tn—1(b, —, —) are 2-ary decomposition operators of the
nCA B.

(iii) (N3) means that the decomposition operators ¢1(b, —, —), ..., t,—1(b, —, —) are pairwise
commuting. Hence, by Proposition and by Proposition the n-ary operator
qt(b,—, ..., —) (see above) is a n-ary decomposition operator of the nCA B.

(iv) (N2) implies that the factor element b satisfies the identity ¢;(b,01,...,0,) =b. Then b
is a n-central element of the nCA B, for every b € B. We conclude that axioms (N1),
(N2), (N3) and (N5) collectively imply that B is a nBA (w.r.t. ).

(v) Axiom (N4) is used to recover the ternary operations ¢; (1 < i <n —1) from ¢, i.e.,

ti(b,y, z) = q(b, y/iv z[i).

We now are going to prove that the variety of skew star algebras and of nBAs are term
equivalent. Consider the following correspondence between the algebraic similarity types of
nBAs and of skew star algebras.
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e Beginning on the nBA side: t;(z,y,2) = q(x,y/i,2/i) (1 <i<n-—1) and 0; := ¢,
(1<j<n).
e Beginning on the skew star algebra side:

qt('T’ayh ) yn) = t1(x,t2(x,t3(3:, s tn—l(x7yna yn—l) o 7y3)ay2)7y1); €; = Oj

If B is a skew star algebra, then B®* = (B;q,e1,...,e,) denotes the corresponding algebra in
the similarity type of nBAs. Similarly, if A is a nBA, then A* = (A;¢1,...,tp—1,01,...,0,)
denotes the corresponding algebra in the similarity type of skew star algebras.

It is not difficult to prove the following theorem.

Theorem 5.1. The above correspondences define a term equivalence between the varieties of
nBAs and of skew star algebras. More precisely,

(i) If A is a nBA, then A* is a skew star algebra;
(11) If B is a skew star algebra, then B® is a nBA;
i) (A7)*=A;

iv) (B*)" =B.

Proof. (i) (NO) derives from Proposition while (N1) from Lemma 1). (N2) follows
from t1(x,ta(x,t3(x,.. . tn(2,0,-1,0,)...,03),02),01) =(p2) q(z,01,...,0,) = . (N3) is a
consequence of Lemma [£.8(1). For (N4) we apply Lemma (2) (N5) follows from (B3).

(ii) (BO) derives from (NO) and (N1). By (NO) and (N5), t;(z,—,—) (1 < i < n)isa
decomposition operator on B. Then, for every b € B, ¢:(b,—,...,—) is a n-ary decomposition
operator on B® (i.e., (B1)-(B3) hold), because commuting decomposition operators are closed
under composition (see [20], Proposition and Proposition [2.3). (B4) is a consequence of
(N2).

(iii) Let A be a nBA. Since t;(z,y, z) = q(x,y/i, 2/i), then by (B2) we have ¢ (z,y1,...,yn) =
q(z,ta(z, ... ) /Ly /1) = q(z,y1,ta(x, ... ), .. ta(x, .. ) = q(z, y1, Y2, t3(zy ... ), ooy ts(z, .00 )) =

= q($7y17 s ayn)

(iv) Let B=(B,t1,...,tn—1,01,...,0,) be a skew star algebra. The conclusion (B®)* = B
follows because by (N4) we obtain that ¢;(z,y, 2) = q:(x,y/i,2/i) for every 1 <i<n—1. O

6. MULTIDEALS

The notion of ideal plays an important role in order theory and universal algebra. Ideals,
filters and congruences are interdefinable in Boolean algebras. For every Boolean ideal I, we
have that a € I if and only if —a € —I if and only if af;0 if and only if —af;1. In the case
of nBAs, the couple (I,—1I) is replaced by a n-tuple (I,..., I,) satisfying some compatibility
conditions that extend in a conservative way those of the Boolean case.

Definition 6.1. Let A be a nBA. A multideal is a n-partition (Iy,...,1I,) of a subset I of A
such that

(ml) er € Iy;

(m2) a€l.,bel;and cy,...,c, € Aimply q(a,c1,...,¢r—1,0,Cri1,. .., Cn) € Ii;

(m3) a € Aand c¢y,...,¢, € I imply q(a,c1,...,c,) € Ii.
The set I is called the carrier of the multideal. A wultramultideal of A is a multideal whose
carrier is A.

The following Lemma, whose proof is straightforward, shows the appropriateness of the
notion of multideal. In Section [7] we show that there exists a bijective correspondence between
multideals and congruences.
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Lemma 6.1. If 0 is a proper congruence on a nBA A, then I1(0) = (e1/0,...,e,/0) is a
multideal of A.

Multideals extend to the n-ary case the fundamental notions of Boolean ideal and filter, as
shown in the following Proposition.

Recall from [2I] that a 2BA A = (4, q,e1,e2) is term equivalent to the Boolean algebra
A* = (AN, V,—,0,1), where 0 =eg, 1 = ey, x Ay = q(z,y,0), zVy = q(z,1,y), = = ¢(z,0,1).

Proposition 6.2. Let A be a 2BA, and I,Io C A. Then (I1,12) is a multideal of A if and
only if Iy is an ideal of A*, and I = —15 is the filter associated to Is in A*.

Proof. If (I, I5) is a multideal, then 0 = ey € Iy and 1 = e; € I;. Moreover, if a,b € I5 then
aVb=q(a,1,b) € I by (m2), and if a € Iy and b € A, then b A a = ¢q(b,a,0) € I by (m3). It
follows that I3 is a Boolean ideal. By (m2) and the definition of = we have I; D {—a | a € Iz}
and Iz D {—a | a € I;}. Then from ——a = «a it follows that I; = {-a | a € I2}.

Conversely, if I is a Boolean ideal of A* and I; = =I5, then the condition (m1l) is clearly
satisfied. Concerning (m2), it is worth noticing that ¢(a,c,b) = (a A ¢) V (ma A'b). Then if
a € In,b € I1,c € A (for instance, the other 3 cases being similar to this one), we have that
—a € I, so that =a Ab € I; and we conclude that (a Ac)V (-a Ab) = g(a,c,b) € I;. Concerning
(m3), if a,b € Iy and ¢ € A then ¢ Aa,—cAb € Iy, hence (cAa)V (—cAb) =q(c,a,b) € I. If
a,b € I and ¢ € A, then (cAa)V(—eAb) > (cA(andb))V(—eA(anb)) = (¢ Vae)A(anb) = and € Iy,
so that (cAa)V (meAb) = q(c,a,b) € 1. O

In the n-ary case, multideals of A may be characterised as n-tuples of ideals in the skew
i-reducts S;(A) of A, satisfying the conditions expressed in the following Proposition.

Proposition 6.3. Let A be a nBA and (I1,...,1I,) be a n-partition of a subset I of A. Then
(Ih,...,I,) is a multideal if and only if the following conditions are satisfied:

(1) e, € I;

(12) a €I, be I and c € A imply t.(a,c,b) € Ij.

(I13) a,b € I, and ¢ € A imply ty(c,a,b) € I,., for all k.

Proof. Showing that a multideal satisfies I1, 12 and I3 is straightforward. A m-partition satisfying
I1, 12 and I3, trivially verifies (m1). Concerning (m2), let us suppose that a € I,., b € I}, and
C1y...,¢p € A. In order to show that g(a,cq,...,¢21,0,¢rp1,...,¢n) € I, we apply Lemma

4): Q(%Cah ... 7Can) - t71($7t7—2(f£,t7—3($, ... t-,—n(l'7 C'rnvca"rn) ceey CG‘T3))7 6072)760'7'1) in the
case o0 = Id, 7 = (1r), and we get

qla,c1y. .y Ccr1,b,Cr41, .-y Cn) = tr(a,ta(a, ... c0),b) € Iy, by 12.
Concerning (m3), let a1,...,a, € I and b € A. By Lemma [1.2)2) we have
q(b,al, e ,an) = tl(b, t2(b, lfg(b7 .. .tn_l(b, an,an_l) ey a3),a2),a1).

By applying I3 n times, we conclude that ¢(b,as,...,a,) € I, since t,_1(b,an,an_1) € I,
hence t,—2(b, tn—1(b,an, an-1),an—2) € It, and so on. O

By using the characterisation of Proposition [6.3] it is easy to see that the components of a
multideals are ideals of the SBA corresponding to their index.
Recall from Section 2.4] the notion of an ideal of a SBA.

Corollary 6.4. If (I1,...,1,) is a multideal of a nBA A and 1 < i <n, then I; is an ideal of
the skew i-reduct S;(A) = (A, A, Vi, \i, €).
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Proof. Since S;(A) is right-handed, a non empty set K C A is an ideal of S;(A) if and only if,
foralla,b € Kandc€ A,aV;be K and aN;c € K (see Section. Given a,b € I; and ¢ € A,
we have a V; b = t;(a,a,b) € I; and a A\; ¢ = t;(a, c,e;) € I;, by using in both cases condition (12)
of Proposition (notice that e; € I;, by (I1)). O

Lemma 6.5. The carrier I of a multideal (I1,...,1,) of a nBA A is a subalgebra of A.

Proof. The constants ey, ..., e, belong to I by (ml).
If a € I, and b € T, then q(a,c1,...,¢r—1,b,Cr41,...,¢cn) € I, for all ¢q,...,¢c, € A, by (m2).
Hence [ is a subalgebra of A. O

Any component I; of a multideal (I1,...,I,) determines the multideal completely, as shown
in the following lemma.

Lemma 6.6. If (I1,...,1,) is a multideal of a nBA A, then I}, = Ik for all r, k.

Proof. Let a € I,. Then a™® = t,(a,tx(a,a,e,),e;) € Iy by Lemma 5) and Proposition
[6-3(12). Then we have

Mcrn;  1™cr,.

The conclusion follows because (a("))("%) = ¢, by Lemma 6) and (B4). O

Multideals are closed under arbitrary nonempty componentwise intersection. The minimum
multideal is the sequence ({ex})kesn. Given anBA A, and A4,..., A, C A, let us consider the set
A of multideals containing (Ay, ..., Ay). The ideal closure of (A1,...,A,) is the componentwise
intersection of the elements of A, if A # (). Otherwise, the ideal closure of (Ay,..., A,) is the
constant n-tuple I'T = (4,...,A), that we consider as a degenerate multideal, by a small abuse
of terminology.

As a matter of fact, I is the only degenerate multideal.

Lemma 6.7. Let A be a nBA and I = (I,...,1,) be a tuple of subsets of A satisfying the
closure properties of Definition[6.1l The following are equivalent:

(i) there exist a € A and r # k such that a € I N Ij,.
(i) there exist r # k such that e € I,..
(iii) I=1T.

Proof. (1)=(ii): since a € I, by Lemma we have that a("®) € I,. By Definition m2), we
conclude that q(a, ey /7, a™ /1) =(B2) q(a,ek,...,ex) = e € I,.

(ii)=>(iii): given b € A, we have b = ¢(ey,b/T,e,/r) € I, by Definition [6.1(m2). Hence I, = A
and the result follows from Lemma since A®) = A forall 1 < k < n.

(iil)=-(i): trivial. O

7. THE RELATIONSHIP BETWEEN MULTIDEALS AND CONGRUENCES

For any congruence 6 on a nBA, the equivalence classes e;/6 form a multideal (see Lemma
, exactly as in the Boolean case 0/6 is an ideal and 1/6 the corresponding filter. Conversely,
in the Boolean case, any ideal I (resp. filter F') defines the congruence z8;y < x @y € I (resp.
20py & x <> y € F). Rephrasing this latter correspondence in the n-ary case is a bit more
complicated.
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7.1. The Boolean algebra of coordinates. Let A be a nBA, a € A and i € n. We consider
the factor congruence ) = 0(a,e;) = {(x,y) : ti(a,z,y) = v} generated by a. By Lemma
the tuple
(e1/0,...,e,/0")
is a multideal of A.
We recall that <% and <’ denote the right preorder and the partial order of the SBA
Si(A) = (A, Ni, Vi, \i, i), respectively (see Section [2.4)).

Lemma 7.1. ¢;/0: = {be A:b=<% a}.

Proof. By definition of 6, we have b0:,ciff t;(a,b,c) = b. Thenb € e;/0% iff b = t;(a,b,e;) = aA;b
iff b <% a (by definition of <%). O

The following proposition is a consequence of [7, Proposition 4.15].

Proposition 7.2. (i) The set e;/0% is a subalgebra of the right Church i-reduct (A,t;,e;).
(ii) The algebra (e;/0%,t;,e;,a) is a 2CA.
(iii) The set L;a = {b:b <% a} is the Boolean algebra of 2-central elements of (e;/0%,t;,e;,a).

Proof. (i) Let b,c,d € e;/0.. Then bfie;, cfie; and dfle;. By applying the properties of the
congruences, we derive t;(b, c,d)0%t;(e;, e;,e;) = e;.

(ii) By t;i(a,b,c) = b and t;(e;, b, c) = c, for every b,c € e;/0".

(iii) By Lemma i) b is a factor element for every b € e;/0i. Then b is 2-central iff
ti(b,a,e;) =biff bA; a = biff b <'a, because a A; b= t;(a,b,e;) = b for all b € e;/0". O

Notice that a is maximal (w.r.t. <*) because, if a <* b € ¢;/0", then a = aA;b = t;(a,b,e;) = b.

We now specialise the above construction to the case a = e; for a given j # i.

Definition 7.1. Let A be a nBA and i # j. The Boolean centre of A, denoted by B;j;, is the
Boolean algebra of 2-central elements of the 2CA (A4,¢;,e;,¢€;).

By Proposition the carrier set of B;; is the set J;e; = {b € A : b <’ e;} and we call
Boolean any element of B;;.

Remark 2. The Boolean algebra B;; was defined in [5] in a different but equivalent way (see [5,
Section 6.1, Lemma 7(iii)]).

Lemma 7.3. Let A be a nBA, B;; be the Boolean centre of A, S;(A) = (A, N\i, Vi, \irei) be
the skew i-reduct of A, and i # j. Then, for all b,c € B;;, we have bV, ¢ = t;(b,e;,c).

PT’OOf. bV;c= ti(b, b, C) =(b<ie;) ti(b, ti(b, €j, ei), C) =(B2) ti(b, €4, C). O

By Lemma and by [21] the Boolean operations on B;j are N, Vi, 7y, where A, V; are the
corresponding operation of S;(A) restricted to B;j, and —;;(b) = t;(b, e;,¢;) for every b € B;;.

In [5] a representation theorem is proved, showing that any given nBA A can be embedded
into the nBA of the n-central elements of the Boolean vector space Bj; X ... x B;j; = B}
(see Example . The proof of this result makes an essential use of the notion of coordinates
of elements of A, that are n-tuples of elements of B}, codifying the elements of A as linear
combinations (see Lemma (5)) In this paper, the notion of coordinate is again a central
one, being used to define the congruence associated to a multideal. In order to highlight their
relationship with the skew reducts of A, here we define the coordinates in terms of the t
operations.

Definition 7.2. The coordinates of a € A are the elements ax = ti(a,e;,¢;), for 1 <k < n.
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Notice that ax € B;; for every 1 < k < n, because ax <’ e;:
ak Niej = ti(tr(a,ei,e5),e5,€;) =(B3) q(a, e;/k, e;/k) = tr(a, e, e;) = ax.
Lemma 7.4. Let a,b,by,...,b, € A. We have:
(i) ak N ar = €; for all k # 7.
a1 ViaxVi---Vian = ¢€j.
q(a,by, ..., 0p)k = q(a, (b1)ks - - -, (b)) = (a1 A (b1)k) Vi -+ Vi (an As (bn)k)-
(a N D)k = a A; by, for every k # i.
ax N\; a = ag N\; eg, for every k # 1.
ai \; a = e;.
If a € Byj, then
_|7]((1) Zf]{? =1
ak =14 a ifk=3j

e; otherwise

Proof. (i)-(vi) It is sufficient to check in the generator n of the variety nBA, where B;; = {e;, ¢;},
(er)r =e; and (e, )k =& if r # k.

(vil) (k = ): By definition of —;: aj = t;(a, e;, ;) = —;(a).

(k‘?él j) akztk(a,ei,ej) Ztk(a /\i ej,ei,ej) :tk(ti(a,ej,ei),ei,ej) (a el,ez)

(k=J): gy =tj(a,ei,e;) =tj(aniej e e;) =tj(ti(a e e) e,e5) =1 (avejvez):a' i

Proposition 7.5. The following conditions are equivalent for an element a € A:

(a) a is Boolean;
a N\; € =a;
a = by, for some b € A and index 1 < k <mn;

a = (ai)i.

Proof. (a) < (b): We have that a <’ e; iff a A\; &; = a and e; A; a = a. The conclusion is
obtained because the latter equality is trivially true.
(C) = (b) b N\ e = ti(tk(b, e, ej),ej, ei) =(B3) q(b, ei/k:,ej/k:) = tk(b, ei,ej) = by.
( ) ( ) Ifa/\-ej =a, thenaj:tj(a,ei,ej):tj(a/\iej,ei,ej):tj(ti(a,ej,ei),ei,ej) =(B3)
ti(a,ej,e) =ah; e = a.
(d) = (c): Trivial.
(a) = (e): By Lemma [7.4(vii).
(e) = (d): By Lemma ii) the join of all coordinates of a € A in B;; is the top element
ej. By hypothesis (e) we derive a;i V; aj = e;. Then, by applying the strong distributive
property of A; w.r.t. V; in the SBA S;(A), we obtain: a =e; A; a =LA (@i Vi aj) Nija =
(@i Ni @) Vi (g5 A; a) =L Avi) & Vi (aj Nia) =ajN;a =L[Aw) G Ni € =(g<ie;) G-
() & ) (ai)i = ti(ti(a,eie5),e,€5) =(B3) ti(a,ej,e;) = a A; e;. Then (ai)i = a iff
al;ej = a. O

By Lemma iv) and Lemma d) a ;b is a Boolean element, for every a € A and b € B;;.

7.2. The congruence defined by a multideal. Let A be a nBA and B;; be the Boolean
centre of A.

Lemma 7.6. Let I be a multideal on A. Then I, = B;; N 1; is a Boolean ideal and I* = B;; NI
is the Boolean filter complement of I,.
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Proof. Recall that, in B;;, e; is the bottom element, e; is the top element and b € B;; iff
b A;e; =b. We prove that I, is a Boolean ideal. First e; € I,.. If b,c € I, and d € B;;, then we
prove that bV, ¢ and b A; d belong to I,. By Proposition (12) bV, cand b A; d belong to I;.
Moreover, since b, ¢, d € B;; and A;, V; are respectively the meet and the join of B;;, then b V; ¢
and b A; d also belong to B;;. We now show that I* is the Boolean filter complement of I,.
(b el, = —\ijb S I*): Asb e IiﬂBij, then by Proposition 12) _‘ijb = ti<b, ei,ej) € Ij ﬂBi]‘.
(_‘ijb cel*=be I*) As t,(b, €, Ej) S Ij, then b = _‘ij_‘ijb = tl(tl(b, ei,ej), ei,ej) € Iz O

The following lemma characterises multideals in terms of coordinates.

Lemma 7.7. Let (I1,...,1I,) be a multideal on a nBA A and let b € A. Then we have:

(a) b€ I, if and only if the coordinate b, of b belongs to I;.
(b) If b € I;, then the coordinate by of b belongs to I;, for every k +# i.

Proof. (a) We start with r = 1.

(=) Let b € I;. By Proposition [6.3(12) we have b; = ¢;(b,e;,e;) € I;, because b € I; and e; € I;.
(<) By hypothesis b € I;. Then by Lemma b € I, Now b7 = q(bi, e(ijy1s - - - €ijym) =
q(ti(b,ei,e5), €)1, €6j)n) =(B3) ti(b,ej,e;) = b A; e; € I;. We conclude b € I; by applying
Proposition 12) to t;(b A ej,b,€;), because b A; e; € I; and b =LEg3) b Ni b =(b=e;nib)
b Ni €; Ni b= tl(b Ni €5, b, ei).

We analyse r # i. Let o be equal to the transposition (ir). By definition of b we derive
(ba)i = ti(q(b, €51y -+ ean),ei,ej) =(B3) q(b, ej/r, ei/F) = tr(b, €;, ej) =b,. Then, b, € I; & by =
(ba)i S Ij S b0 el <:>Lb = (ba)o el,.

(b) By Proposition 12), k # i and b € I; we get by = ti(b,e;,¢;) € I,. O

We consider the homomorphism fr : B;; — B /I. and we define on A the following
equivalence relation:

b9[C 54 ka[(bk) = f[(ck),
where by, ¢k are the k-coordinates of b and ¢, respectively (see Definition .

Proposition 7.8. 0; is a congruence on A.

Proof. Let a,b,cy,d1,...,cpn,d, be elements of A such that af;b and ci0;dy, for every k.
Then q(a,c1,...,¢)01q(b,dy, ..., dy) iff Vk.fr(q(a,c1,...,cn)k) = fr(q(b,di,...,dp)k). The
conclusion follows, because f; is a Boolean homomorphism and ¢(a,cy,...,cp)k = LT i)
q(a, (c1)ks - - - (en)k) =rFagiin (a1 A (€1)y) Vi Vi (an Ai (cn)y)- 0
We define a new term operation to be used in Theorem [7.10}
T+ y= q(iE, tl(yv €i, el)a s ati(ya €y ei—l)? Y, tl(yv €i, ei+1)7 B ati(y7 €5y en))v (y at pOSitiOH 7’)
Lemma 7.9. Let a,b € A and ay,ay,...,a, be the coordinates of a. Then
(1) at+iei=ei+;a=a;
( ) a+ib:b+ia;
(3) at+iex=ex+ia=a;i N ex (k#1).
(4) a—+;a=e;;
(5) The value of the expression E = (a1 A; e1) +; ((a2 As e2) +i (- 44 (an Ni€n))...)
s independent of the order of its parentheses. Without loss of generality, we write
(a1 N e1) +; (ap N e2) +; -+ +4 (an A €,) for the expression E. Then we have:
(al N; el) —+i (az Ni 62) —+i 00+ (an Ni en) =a.

(6) If a and b have the same coordinates, then a = b.
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Proof. (1) a +; & = q(a,ti(ei,ei,e1),... ti(ei, e, e-1), e ti(e e, e1),...,ti(ei,e,e,)) =
q(a,eq,...,e,) =(Ba) a.
(2)
a+;b = q(a,ti(b,ei,e1),...,ti(b,ei,ei1),b,ti(b,ei,€it1),...,ti(b,ei,e,))
=(B4) q(tl b,a, a),ti(b, €, el), N ,ti(b, ei7ei,1), q(b, €1,... ,en),ti(b, €, ei+1), RN ,ti(b, ei,en))
=(B3) CI(b, ti(aae’i7el)a e 7ti(a7 €, ei71)7q(a7e17 ey en)ati(aa ei7ei+1)7 cee 7ti(a7 ei7en))
= b+; a.

(3) a+ier = qla,ti(er, e er),... ti(ex, e 8i-1), e, ti(er, €, €i41), - -, Li(k, €is €n)) = (ki)
q(a, e ... € 85,64y ..,6) =t;(a,e,er) = e+;a. Moreover, a;Aer = t;(t;(a,e;, ej),ek,ei) =(B3)
ti(a,ei,ex).

(4) a+ia= Q(a7ti(aaei7e1); (R ati(b; €, ei—1)7a7t’i(a’a eivei+1)7 s 7ti(a7ei7en)) =(B2)

Q(a'a €iy---,€,a,&, ... 7ei) —B4) Q(a7ei7 s 7eiaQ(a7e1a s 7en)7e’ia s aei) = q(aaeia s 7ei) = €.

(5) Tt is easy to check the identity in the generator n of the variety nBA.

(6) is a consequence of (5). O

Theorem 7.10. Let ¢ be a congruence, 1(¢) = (e1/d, ..., e, /@) be the multideal of A determined
by ¢, H = (Hy,...,H,) be a multideal and O be the congruence on A determined by H. Then

Proof. We first prove I(0y ), = Hy, for all k. Recall that e; = (e;); is the i-coordinate of e; and
e; = (&; )k is the k-coordinate of e; for every k # i.

(1) First we provide the proof for k =i. Let a € I(0);. If afge; then fr(ai) = fu((e)i) =
fr(e;), that implies a; € H*. By Lemma a) we get the conclusion a € H;.

For the converse, let a € H;. By Lemma [7.7(a) we have a; € H* and by Lemma [7.7{(b)
ak € H* for all k& 75 4. This implies fH(a;) = fH(ej) = fH((ei);) and fH(ak) = fH(ez) = fH((el)k)
for all k # i, that implies afge;. Since I(0y); = e;/0x, we conclude.

(2) Let now k # i. By Lemma we have Hy, = Hi(ik). Let a € Hy. Then a = (%) for
some b € H;. As, by (1), bge;, then we have a = b0y (e;)**) = e,. Since I(0y )1 = ex /0,
we conclude. Now, assuming afer, we have: b = (a)™) 0y (ex)*) = e;. Then b € H; and
a = b(ik) € H;.

Let ¢ be a congruence.

(a) Let agb. Then Vh. angb,. Since ¢ restricted to B;; is also a Boolean congruence,
then we obtain (an @®;; bn)¢pe;, where @;; denotes the symmetric difference in the Boolean
centre B;;. We now prove that afl;4)b. We have aly)b iff Vh. fr4)(an) = freg)(bn) iff
Vh. an ®i; by € I(¢)« = Bi;Ne; /¢ iff Vh. an B;; bn € €;/¢ iff Vh. (anh Bsj bn)pe;. This last relation
is proved above and we conclude afly4)b.

(b) Let abl;(4)b. Then Vh. an ®y; by € e;/¢ that implies Vh. an¢b,, because ¢ restricted
to B;; is a Boolean congruence. Since by Lemma (5) there is a n-ary term w such that
a =u(ay,...,a,) and b = u(by,...,b,), then we conclude agb by using Vh. andby. O

7.3. Ultramultideals. In the Boolean case, there is a bijective correspondence between maximal
ideals and homomorphisms onto 2. In this section we show that every multideal can be extended
to an ultramultideal, and that there exists a bijective correspondence between ultramultideals
and homomorphisms onto n. We also show that prime multideals coincide with ultramultideals.

Let (I1,...,I,) be a multideal of a nBA A and U be a Boolean ultrafilter of B;; that extends
I* = B;; N I;, and so the maximal ideal U= B;; \ U extends I, = B;; N I,.

Lemma 7.11. For all a € A, there exists a unique k such that ayx € U.
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Proof. By Lemma ii) the meet of two distinct coordinates is the bottom element e;. Then
at most one coordinate may belong to U. On the other hand, if all coordinates belong to U,
then the top element e; belong to U. ]

Let (Gk)ren be the sequence such that G = {a € A : ax € U}, which, by Lemma is
well defined.

Lemma 7.12. (Gy)ren is a ultramultideal which extends (Iy)gen -

Proof. (ml) e, € Gy, because (ex)x =¢; € U.
(m2): let a € G, b€ G, and c!,...,c" € A. By Lemma (ii),

qla,cty. b M = [\/ (as Ni (e))] Vi (ar A; by).

S#T
Since a,, b, € U, then a, A; b € U, and so a, A; by [\/S;M(aS Ni ()] Vi (ar A b) € U, where
C is the Boolean order of the Boolean algebra B, ;. Hence, ¢(a, ety b et ) € G

(m3) can be proved similarly.
We now prove that (Gi)ren extends (Ii)gen. It is sufficient to show that, for every x € Iy, we

have that z € U. We get the conclusion by Lemma [7.7](a). O
Theorem 7.13. (i) Every multideal can be estended to an ultramultideal.

(ii) There is a bijective correspondence between ulramultideals and homomorphisms onto n.

Proof. (i) follows from Lemma Regarding (ii), we remark that the algebra n is the unique
simple nBA. 0

We conclude this section by characterising prime multideals.

Definition 7.3. We say that a multideal (I1,...,1I,) is prime if, for every i, a A; b € I; implies
a€l,orbel,.

Proposition 7.14. A multideal is prime iff it is an ultramultideal.

Proof. (=) Let (I4,...,I,) be a prime ideal. If a € B;;, then a A; =;j(a) = €; € I;. Then either
a or —;;(a) € I;. This implies that I, = B;; N I; is a maximal Boolean ideal and the complement
I = B;; N 1; is a Boolean ultrafilter.
Let now b € A such that b ¢ I = J;_, I. By Lemmaa) we have that b € I, iff b, € I*. Then
b, ¢ I* for all r. Since I* is a Boolean ultrafilter, then b, € I, for all r. Hence e; = \/:}:1 b, € I,
contradicting the fact that the top element does not belong to a maximal ideal. In conclusion,
beI=\J;_, I for an arbitrary b, so that I = A.

(<) Let I be an ultramultideal. Let a A; b € I; with a € I, and b € I, (with r # i and k # 1).
Tthen by property (m2) of multideals we get a A; b = t;(a,b,e;) = q(a,b,... b e;b,...,b) € If.
Contradiction. O

CONCLUSION

Boolean-like algebras have been introduced in [21] [5] as a generalisation of Boolean algebras to
any finite number of truth values. Boolean-like algebras provide a new characterisation of primal
varieties exhibiting a perfect symmetry of the values of the generator of the variety. In this
paper we have investigated the relationships between skew Boolean algebras and Boolean-like
algebras. We have shown that any n-dimensional Boolean-like algebra is a skew cluster of n
isomorphic right-handed skew Boolean algebras, and that the variety of skew star algebras is
term equivalent to the variety of Boolean-like algebras. Moreover, we have got a representation
theorem for right-handed skew Boolean algebras, and developed a general theory of multideals
for Boolean-like algebras. Several further works are worth mentioning;:
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How the duality theory of SBAs and BAs are related to a possible duality theory of
nBAs (a Stone-like topology on ultramultideals).

Find a more satisfactory axiomatisation of skew star algebras.

Each SBA living inside a nBA has a bottom element 0 and several maximal elements.
The construction could be made symmetric, by defining “skew-like” algebras having
several minimal and several maximal elements.

For each nBA A, the algebras Si(A),...,S,(A), constituting the skew cluster of A,
are isomorphic. This result is also of technical interest for the following open problem
in the theory of skew Boolean algebras:

Problem 1. Given a SBA A with a maximal class M D {mq,ma}, let A,,,, and A,,,
be the algebras obtained from A on distinguishing the elements m; and ms respectively.
Are the algebras A,,, and A,,, isomorphic?

This problem is part of the folklore and it does not appear in any published work to
date. It is implicit in Leech [I5], where both skew Boolean algebras (as they are now
understood) and skew Boolean algebras possessing a maximal class are introduced.

The difficulty in obtaining a solution to Problem [I| evidently lies in constructing
the required isomorphism. For skew Boolean N-algebras, a related problem has been
considered and resolved in the positive by Bignall [2]. The proof exploits sheaf (Boolean
product) representations to obtain the desired isomorphism; as skew Boolean algebras
admit only a weak Boolean product representation, the proof does not seem readily
adaptable.

Problem [1] is of purely technical interest in the theory of skew Boolean algebras.
However, it assumes greater prominence in logics arising from (structurally enriched)
skew Boolean algebras. Very roughly speaking, let S be an algebraisable logic arising
from a quasivariety K of 1-regular (necessarily structurally enriched) skew Boolean
algebras. Given n residually distinct constant terms of K, 1 < n < w (working with the
finite case for simplicity), S admits n — 1 negation connectives via implication into m,
for each m a constant term distinct from 1. A positive solution to Problem [I] would
imply that these n — 1 negations are not essentially different, and hence that it is enough
to fix a single such negation univocally when studying S; whereas a negative solution to
Problem [I| would imply that these n — 1 negations are all distinct, and hence that they
must all be accounted for in any study of S.
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