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1. Introduction

The data envelopment analysis (DEA) is an optimization based technique
that has been proposed by CHARNES, COOPER AND RHODES (1978) to measure
the relative efficiency of public sector activities and no profit organizations, such
as for example educational institutions and health services.

The DEA efficiency measure is computed by solving a fractional linear
programming model that can be converted into an equivalent linear programming
problem which can be casily solved.

Afterwards, the same methodology has been applied to many profit oriented
companies, too. For a review of various applications, see for example SEIFORD
(1996).

The main purpose of this contribution is to use the DEA methodology in
order to compute a mutual fund performance index that can take into account
many conflicting objectives together with the costs required by the investment. In
particular, the traditional performance indexes proposed in the literature do not
allow to consider investment costs such as the subscription and redemption costs,
while the DEA approach can naturally include many costs among the inputs of
the model.

It will be seen that the DEA performance index for mutual funds can be
considered as a generalization of many traditional ratios such as Sharpe, Treynor,
and reward to half-variance ratios.

Moreover, the results of the DEA technique can be used in order to identify,
for each inefficient decision making unit, a corresponding efficient set (called peer
group) which represents a “virtual” composite portfolio. This composite portfolio
can be seen as a personalized benchmark and characterizes the portfolio style.
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The structure of the paper is as follows. In Section 2 we briefly describe the
data envelopment analysis approach and focus in particular on the input-oriented
CCR model. In Section 3 we recall some traditional numerical indexes that have
been proposed in the literature to evaluate the performance of mutual funds. The
DEA performance index of mutual fund investments is proposed in Section 4.
In Section 5 the DEA index is tested by measuring the relative efficiency of a
set of mutual funds on the Italian financial market. Section 6 describes how to
build composite portfolios (peer groups) to be used as benchmarks. Finally, some
concluding remarks are presented in Section 7.

2. The data envelopment analysis approach

The data envelopment analysis (DEA) is an optimization based technique
that allows to measure the relative performance of decision making units which
are characterized by a multiple objectives and/or multiple inputs structure.

Operational units of this kind, for example, tipically include no profit and
governmental units such as schools, hospitals, universitics. In these units, the
presence of a multiple output—multiple input situation makes difficult to identify
an evident efficiency indicator such as profit and complicates the search for a
satisfactory measure of efficiency.

CHARNES, COOPER AND RHODES (1978) proposes a measure of efficiency
which is essentially defined as a ratio of weighted outputs to weighted inputs. In
a sense, the weighted sums allow to reduce the multiple input—multiple output
situation to a single “virtual” input—“virtual” output case; the efficiency measure
is then taken as the ratio of the virtual output to the virtual input. Of course, the
higher the efficiency ratio is, the more efficient the unit is.

Such a weighted ratio requires a set of weights to be defined and this can be
not easy. Charnes, Cooper and Rhodes’s idea is to define the efficiency measure by
assigning to each unit the most favourable weights. On the one hand, this means
that the weights will generally not be the same for the different units. On the
other hand, if a unit turns out to be inefficient, compared to the other ones, when
the most favourable weights are chosen, we cannot say that this depends on the
choice of the weights!

The most favourable weights are chosen as the ones which maximize the
efficiency ratio of the unit considered, subject to the constraints that the efficiency
ratios of the other units, computed with the same weights, have an upper bound
of 1. Therefore, an efficiency measure equal to 1 characterizes the efficient units:
at least with the most favourable weights, these units cannot be dominated by the
other ones in the set. As a result we obtain a Pareto efficiency measure in which
the efficient units lie on the efficient frontier (see CHARNES, COOPER, LEWIN AND
SEIFORD (1994)).

Let us define:

7=1,2,...,n decision making units
r=1,2,...,t outputs

1=1,2,...,m inputs

Yrj amount of output r for unit j
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Tij amount of input ¢ for unit j

Uy weight given to output r
v; weight given to input i
DEA efficiency measure for the decision making unit jg (jo =1,2,...,n)is
computed by solving the following fractional lincar programming model
t
fl .
max  hg = M (2.1)
{viur} 2 i=1 Viijo
subject to
t
—%;1 D < i=1,....n
i—1 Vidij
= (2.2)
Uy > € r=1,...,t
v; > € 1=1,...,m

where € is a convenient small positive number that prevents the weights be zero.

The above ratio form has an infinite number of optimal solutions: in fact, if
(U1, ...y U, UL, ..., uz) 1S optimal, then B(vy,...,Vm,u1,...,u) is also optimal
for all B > 0. One can define an equivalence relation that partitions the set of
feasible solutions of problem (2.1)-(2.2) into equivalence classes. CHARNES AND
COOPER (1962) proposes to select a representative solution from each equivalence
class. The representative solution that is usually chosen in DEA modelling
is that for which Zgl v;Tij, = 1 in the input-oriented forms and that with
S umyij, = 1 in the output-oriented models.

In this way the fractional problem (2.1)-(2.2) can be converted into an
equivalent linear programming problem which can be easily solved. Using the
input-oriented form we thus obtain the so called input-oriented CCR (Charnes,
Cooper and Rhodes) linear model; its dual problem is also useful, both for
computational convenience (as it has usually less constraints than the primal
problem) and for its significance:

Input-oriented CCR
primal model

t
max ZT‘:l UrYrijo

subject to
m
Zi:l Vilij, = 1

t m
Zr:] UrYry — 21:1 Vilij <0

j=1,....n
—U < —€ r=1,...,t
—v; < —€ t=1,...,m

Input-oriented CCR
dual model

. t + m —
min 2o —€) ;ST —€> ;s
subject to

— n
TijoZ0 — 8 — D1 TijAj =0

_87_!_+Z;l:1 yrj)\j =Yrjo T = L.t

1=1,...,m

)\jZO jzl,...,n
s; >0 1=1,...,m
st >0 r=1,...,t

zg  unconstrained.

The CRR primal problem has ¢+ m variables (the weights w, and v; which
have to be chosen so as to maximize the efficiency of the targeted unit jp) and

n+t+m-+ 1 constraints.



It can be seen (see for example CHARNES, COOPER, LEWIN AND SEIFORD
(1994)) that CCR model gives a piecewise linear production surface which, in
economic terms, represents a production frontier: in fact, it gives the maximum
output empirically obtainable from a decision making unit given its level of inputs;
from another point of view, it gives the minimum amount of input required to
achieve the given output levels. The input-oriented models focus on the maximal
movement toward the frontier through a reduction of inputs, whereas the output-
oriented ones consider the maximal movement via an augmentation of outputs.

DEA model (2.1)-(2.2) is the first, simplest and still most used DEA technique.
Nevertheless, in the meantime a number of extensions and variants have been
proposed in the literature to better cope with special purposes; for a review see
for example CHARNES, COOPER, LEWIN AND SEIFORD (1994). Though born to
evaluate the efficiency of no profit institutions, soon afterwards the DEA technique
has been applied to measure the efficiency of any organizational unit; for example
it has largely been used to compare the performance of different bank branches.

3. Numerical indexes for measuring mutual
funds performance

In order to completely rank a set of investment funds, some numerical indexes
have been proposed in the literature that evaluate the fund performance by taking
into account both expected return and risk and synthesize them in a unique
numerical value. On the other hand, we have to point out that these indicators do
allow to compare any couple of portfolios, by suggesting to choose the one with the
higher index value, but are based on strong assumptions on the market behaviour
and investors’ preferences.

Let us consider one of the alternative portfolios whose performance has to be
evaluated and let R be the random portfolio return. Let us denote by E(R) the
expected return and by or = /Var(R) the standard deviation of the return.
Morcover, let us define by E(R) —r the expected excess return as the difference
between the portfolio expected return and the riskless rate of return.

One of the most used performance indicator is the reward to variability ratio
proposed by SHARPE (1966), which is defined as the ratio between the expected
excess return and the standard deviation

E(R)—r

(3.1)
OR

ISharpe -

Sharpe index measures the portfolio performance by means of the expected
differential return E(R) — r per unit of risk. We observe that the standard
deviation of the returns may be a proper risk measure when the investor holds
only one risky asset and the returns probability distribution is symmetric.

To relax, at least partly, the strongest assumptions of Sharpe ratio some
variants of the reward to variability ratio index have been proposed.

ANG AND CHUA (1979) suggests to use two performance indexes having the
same meaning of Sharpe ratio but using two different risk indicators which take
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into account only the (undesirable) negative deviations from the mean or from a
threshold value. The reward to half-variance index

E(R)—r

i (3.2)

Ihalf—var =

measures the risk using the half-variance risk indicator that represents the average
of the squared negative deviations from the mean

HVy = E (min[R — E(R),0])*. (3.3)

Let us notice that when the return random variable is symmetric HV = 202 .
The reward to semivariance index, instead,

E(R)—r

Isemivar = 3.4
SVr (34)

measures the risk with semivariance which is the average of the squared negative
deviations from a fixed threshold value h; this value represents the minimum
target for the returns to be considered desirable by the investor

SVr = E (min[R — h,0])>. (3.5)

Another performance measure with a structure that is analogous to Sharpe
ratio is the reward to volatility ratio proposed by TREYNOR (1965)

ITreynor = % (36)

where the portfolio risk is measured by the S of the portfolio, i.e. the ratio of the
covariance between the portfolio return R and the market portfolio return R,,
to the variance Var(R,,) of the market portfolio return

_ Cov(R,Ry,)

b= Var(iy) (3.7)

We may observe that using [ coefficient as risk indicator entails the assumption
that the investor has diversified his investments so that they are equivalent to a
quota of the market portfolio. Moreover, we have to point out that Treynor index
assumes [ > 0 and is meaningless otherwise.

JENSEN (1968) introduces an index that finds inspiration in the volatility
estimation of a risky portfolio obtained in the C.A.P.M. framework through the
following linear regression

E(R)—r=J+B(E(Ry) —T). (3.8)
Jensen index measures the portfolio performance by means of the intercept J
of equation (3.8). In particular, a significantly positive value for the intercept

J means that the mutual fund management has obtained positive results that
overcome those obtained by the market portfolio.
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4. A DEA measure of mutual funds perfor-
mance

Other techniques that have been introduced to evaluate the performance of
mutual funds refer to multi-criteria decision making methods; these approaches
recognize the existence of a trade-off between conflicting objectives such as
the portfolio expected return and its risk. Among these methods, we
cite a PROMETHEE (preference ranking organization methods for enrichment
evaluation) approach proposed by CARDIN, DECIMA AND Pranca (1992) and
applied to the Italian market.

On the other hand, we have seen in Section 2 that DEA takes into account
a multiple input-multiple output situation by computing a performance measure
that is based on the virtual output/input ratio. Let us partition the conflicting



™/ 1T

(4.2)



funds.






Az2

Az3

Az4

10



11



12



1]

j=1
n
i=1

13



Az2

Az3

Az4

14



1-15.

ADQ_AAA

15



16



