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of a random hypergraph where the vertexes are the individual risks. In the empirical analysis, we study the
volatility transmission in a multi-country setting and the role of individual and compounding risks.

1. Introduction

Over the last decades, the relationship between energy markets
and geopolitical events has increased, with shocks to energy prices
potentially reshaping long-term energy policies. Examples of this phe-
nomenon in the oil market include the 1973 embargo imposed by
OAPEC against nations that supported Israel during the Yom Kippur
War and the 1980-81 Iran-Iraq war (Hamilton, 1983).

Europe’s dependence on Russian gas, a key energy source, has
highlighted its vulnerability to geopolitical tensions. This weakness in
energy provision was evident during the gas disputes between Ukraine
and Russia in 2006 and 2009, which caused notable supply inter-
ruptions. Costola and Lorusso (2022) find that Russian geopolitical
uncertainty affected energy commodity volatility, with the oil and gas
industry experiencing spillover effects during Ukraine-related disputes
in Crimea and subsequent trade restrictions. The escalation reached its
height in 2022 when Russia invaded Ukraine, leading to unprecedented
international sanctions against Russia (Egorov, 2023), which provoked
spikes in energy prices and increased market volatility. Natural gas
prices hit an all-time high in August 2022 at the Title Transfer Facility
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in Amsterdam, a central European trading hub. Consequently, European
countries searched for alternative energy providers, diversified their
sources, and lessened their dependence on a single supplier. Geopo-
litical risks can have indirect consequences, propagating volatility in
energy markets and affecting stock markets. Smales (2021) finds that
such risks impact both oil and stock market volatility, with a more
pronounced impact on oil prices and spillover effects from oil to stock
returns.

To assess geopolitical risk (GPR), Caldara and lacoviello (2022)
proposed an index that uses newspaper articles for measuring geopo-
litical tensions at the country or global level, similar to how (Baker
et al., 2016) gauge economic policy uncertainty. The authors, along
with several subsequent studies (Liu et al., 2019; Wang et al., 2019;
Baur and Smales, 2020; Gong and Xu, 2022), have shown that the
GPR index provides informative signals at both the macro and micro
levels across various markets. In this respect, scholars and practitioners
presented different types of uncertainty and risk indicators to track
particular categories of events that might affect economic growth and
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financial stability (see, for instance, policyuncertainty.com, the central
hub collector originated after the work of Baker et al., 2016).

All these indices represent distinct and separate sources of un-
certainties and risks.! In the context of financial markets, Engle and
Campos-Martins (2023) have recently proposed a GARCH multivariate
model that uses a multiplicative decomposition of the cross-section
of innovations to capture common variations in volatility (COVOL).
Findings on COVOL revealed the presence of global effects during
periods of geopolitical tensions and international crises such as the
COVID-19 pandemic.

The presence of concurrent hazard situations, each with unique
underlying features, can create compounding vulnerabilities that result
in a non-linear increase in total exposure, exceeding the sum of the indi-
vidual components (Billio and Varotto, 2020; Kruczkiewicz et al., 2021;
Dunz et al., 2023). This motivates us to consider alternative sources of
risk and uncertainty that might lead to common volatility changes, with
different groups of assets having varying levels of exposure to these
factors. Building on the work of Engle and Campos-Martins (2023),
we extend the canonical COVOL model to incorporate multiple latent
factors that account for alternative individual and joint sources of
uncertainty and risk arising from energy stock markets, geopolitical
risk, and energy uncertainty.

Specifying a full variance-covariance structure to identify com-
pound risks is a complex task involving many parameters. We exploit
the COVOL framework to capture the dependence between the risks
across countries and extend it to account for model parsimony, com-
pounding risks, and COVOL persistence. Our econometric contribution
is manifold.

First, we assume the covolatility factor (COVOL) follows a latent
gamma autoregressive process, thus contributing to the gamma model
literature (e.g., see Engle and Russell, 1998; Engle, 2002; Engle and
Gallo, 2006; Gouriéroux and Jasiak, 2006; Creal et al., 2013; Alitab
et al., 2019; Bormetti et al., 2020). The dynamic specification of the
stochastic COVOL captures persistence and comovement clustering ef-
fects. It allows us to derive some important theoretical properties of the
model. We show persistence provides essential information on shock
propagation and lagged spill-over effects. Second, a random hypergraph
is assumed to drive the potential risk interactions in a multi-factor
extension of the canonical COVOL model (Engle and Campos-Martins,
2023). The hypergraph allows for a simple representation of the model
and for identifying the different compounding degrees of the risks.
The use of the COVOL specification in our new factor model provides
a contribution to the literature on factor models (e.g., see Yamauchi
and Omori, 2023; Gregor Kastner and Lopes, 2017; Bai and Ng, 2006;
Han, 2006; Aguilar and West, 2000), and the use of restrictions en-
coded by a random hypergraph contributes to the graphical model
literature (e.g., see Ahelegbey et al., 2016a, 2024, 2016b; Agudze
et al., 2022). Finally, a Bayesian inference framework with hierarchical
priors and clustering effects allows for a parsimonious model for cross-
sectional heterogeneity in risk exposures. We assume the panel units
are partitioned into distinct, non-overlapping groups. Both observable
and latent partitions drive the clustering effects. The new clustered CO-
VOL model provides a contribution to the literature on cross-sectional
clustering in panel data models (e.g., see Hirano, 2002; Bauwens and
Rombouts, 2007; Billio et al., 2019; Fisher and Jensen, 2022; Casarin
et al., 2024).

We apply our clustered stochastic COVOL model to analyze the
relationship between the energy stock market, energy uncertainty, and
geopolitical risk. We investigate the co-movements in the fluctuations

1 It is important to note that, in principle, risk refers to situations with
known probabilities of outcomes, allowing for quantification and management,
while uncertainty involves situations where these probabilities are unknown,
making outcomes unpredictable and more challenging to manage (Knight,
1921; Epstein and Wang, 2004).
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of a multi-country panel of uncertainty measures and geopolitical risk
measures that may impact the global energy sector. Fig. 1 shows the
pairwise correlations between variables of a panel of countries. The
series squares have been used as a proxy of the second moment of
the variables, and a stochastic-block model algorithm has been applied
to identify groups of countries and blocks in the correlation matrix
(dashed lines).? The preliminary analysis evidenced the presence of
clustering effects in the dependence between the energy sector fluctua-
tions (top-left plot). Similar effects appear in the dependence between
energy uncertainty (top-right plot) and geopolitical risk fluctuations
(bottom plot). For all pairs of countries, the significant correlations
are positive. Another important stylized fact is the co-movement persis-
tence, reported in previous studies (Engle and Campos-Martins, 2023;
Campos-Martins and Hendry, 2024). This paper provides a new, flexible
model with multiple stochastic COVOL factors to capture clustering
effects and persistence.

The paper is organized as follows. Section 2 presents the clus-
tered stochastic multi-factor COVOL model and its properties, together
with some possible extensions or alternative specifications. Section 3
presents a Bayesian likelihood-based inference, the posterior approx-
imation method and discusses its efficiency based on simulation ex-
periments. Section 4 presents the main empirical findings on the rela-
tionship between uncertainty and risk volatility and the energy sector
volatility. Section 5 concludes.

2. A stochastic comovement model

We present the model with a common stochastic volatility factor,
COVOL, and cross-section clustering effects. Some relevant properties
of the model are discussed, and the proofs of the results of this section
are given in Appendix B. Then, this model is extended to account for
compounding risks by proposing a multi-factor setting using a random
hypergraph, where the hypernodes represent the type of risks, the
hyperedges their interactions, and the hyper-weights the exposure to
individual and compounding risks.

2.1. Co-movements persistence

The returns of N financial assets satisfy the following equation

riy =\ &(X)Ey, £y~ N(, 1), (€8}
t=1,...,T,i =1,...,N, where x, is a common volatility risk factor

(COVOL), ¢;, are i.i.d. Gaussian innovation terms and g;(-) is skedastic
function mapping from the common factor space R, to the ith asset
volatility space R,.

To capture the persistence in the COVOL, we assume the COVOL
follows an Autoregressive Gamma process (Gouriéroux and Jasiak,
2006) of the first order (ARG)

x(x,_1 ~ G*(a,(6), B,(0)x,_1, 7,(0)) (2)

t=1,2,..., where G*(a, b, ¢) denotes the non-central gamma distribution
with shape, non-centrality, and scale parameters a > 0, »> 0 and ¢ > 0,
respectively. For the constant parameter case, «,(6) = a, §,(6) = b and
7,(0) = ¢, from the stationarity condition c¢b < 1, it follows that the
unconditional mean and variance of this process are given by E(x,) =
ca/(1 —cb) and V(x,) = ac?/(1 — ch)?.

2 Stochastics block models (SBM) cluster the set of assets with similar
correlation structures as nodes in a weighted and undirected network with
similar connectivity parameters. The estimation of the SBM uses a Variational-
EM algorithm, and the number of clusters is selected using the Integrated
Complete likelihood (ICL) (Mariadassou et al., 2010; Biernacki et al., 2000).
The R package by Leger (2016) is used for the computations presented in the
preliminary analysis in Fig. 1.
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(b) Energy uncertainty
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Fig. 1. In each plot, the pairwise correlations between the squared values of the time series from different countries (rows and columns) are displayed. Red (M) and blue ( )
shades represent the spectrum from high positive to weak negative correlation values, while white ([J) cells indicate null correlations. Dashed lines identify the correlation blocks

extracted with a stochastic block algorithm.

Consistently with Campos-Martins and Hendry (2024), this paper
further assumes the parameters of the common volatility process are
driven by a random scale process v, > 0, t = 1,...,T, that is 8 = (@, p)’
with «,(0) = 1/v,, ,(0) = p/(av,) and ,() = (1—-p)v,. The parameter a €
(0, 1) is the scaled degrees of freedom, and p € (0, 1) is the persistence
parameter such that stationary and unit mean conditions are satisfied,
i.e. @ + p = 1. The sequence v,, r = 1,...,T is an independent Gamma
process

v ~Gd,1/d), 3

where G(d/,b') denotes a Gamma distribution with shape and rate
parameters, a’ > 0 and b’ > 0. Note that G(a’, b’) can be obtained from
G*(a,b,c)as b—>0,a=d and c =1/

Our model for the common factor allows for persistence and, under
the stationarity and unit mean conditions, presents properties consis-
tent with the ones of the model in Engle and Campos-Martins (2023).
Compared to the standard ARG model in Gouriéroux and Jasiak (2006),
our common factor exhibits a stochastic scale. Some properties of this
process are presented below.

Proposition 1 (Common Factor Properties). Let F = 6(vy, ..., v,) be the
o-field generated by the past values of the random volatility process v,. The
common factor x, >0, t =1, ..., T satisfies

1 E(x,)=E(xIF)=1;

2. V(x|F?)=(1-p% Z:(l) PHu,_; V(x,) =d%
3. CovCx,, x,_p|F?) = p"(1 = pP) X4zt~ p¥v,_; Cov(x,, x,_p) = pd>.

If the common factor is not persistent, p = 0, then one recovers from
Proposition 1 the model given in Engle and Campos-Martins (2023). In
the case of non-explosive persistence, 0 < p < 1, the COVOL follows
a covariance-stationary process, i.e. constant mean and variance and
decaying autocorrelation depending only on the horizon 4.

The choice of the skedastic function is crucial to recover the desired
model properties. An essential requirement is to keep a unit variance
for r;, to separate the unit-specific dynamic of the variances and the
dependence in the second moment between assets. In this sense, we
assume the asset volatility depends linearly on the common factor
x, as in Campos-Martins and Hendry (2024) and Engle and Campos-
Martins (2023). However, the number of factor loadings increases with
the number of assets. To deal with overparametrization, we follow a
Bayesian inference approach and use a hierarchical prior distribution
for the factor loadings to achieve parameter parsimony. Our prior com-
bines parameter clustering and shrinking effects. At the first stage of the
hierarchical prior, we introduce the following clustering mechanism in
the skedastic function:

K
8i(x) = 80x,.2) = s(z)x, + 1 = s(z)), s(z) = Y U(z; € {k}Ay
k=1

4

with 4, € [0, 1] a common factor loading coefficient. The membership
variable z; assigns the ith asset to a specific group with probability
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P(z; = k) = m;. The clustering effect is a desirable feature for the model
since groups of assets can have similar volatility features and exposure
to the common volatility factor, following the evidence in previous
studies (Fisher and Jensen, 2022; Casarin et al., 2024). For K = n and
z; = i one gets the scale factor as in Engle and Campos-Martins (2023),
that is g;(x,) = 4;x, + 1 — 4;.

Regarding the second stage of the hierarchical prior, the following
hyper-priors can be assumed further (z,,...,7g) ~ D(1/K,...,1/K),
which corresponds to a Dirichlet distribution with [1/K,...,1/K] as
concentration hyper-parameters and standard uniform for the exposure
A, Alternative specification of the hierarchical prior can be used. At the
first stage, one can assume a prior which guarantees that the loadings
belong to the unit interval and have a unit norm for identification
purposes, such as a Dirichlet prior (4, ..., Ay) |€ ~ D&, ..., Ey). In the
second stage, a mixture prior allowing for cross-sectional clustering and
shrinking towards a common mean can be used, such as the multinoulli
distribution &; ~ 211;1 7, my. The specification of the Bayesian model is
completed with the assumption of a normal prior for the logit trans-
formation of p to guarantee the covariance-stationarity of the Gamma
autoregressive process (0 < p < 1), and of a gamma prior on d.

Under the specification in Egs. (1)-(4) and the weak stationarity
assumption, the model has the following properties, which are helpful
for model interpretation and posterior predictive checking. While there
is no correlation between the levels of returns, the covariance between
squared returns presents a block structure clustered by membership
interactions, and a similar effect applies to the variances. As stated in
the following, the parameter of the stochastic scale v, and the loadings
A, determine the behavior of the fourth-order moments of r;.

Proposition 2 (Conditional Model Properties given the Membership). Let
F/ = o(ry,...,r,) be the o-field generated by the return vector process r,
t=12,..,and F,_, = F]_, VF/ the augmented o-field. The return process

ry i=1,...,N satisfies

1. EB(ry|F_ V{zi=k})=0and V(rylz; = k) = 1;
2. Cov(ry,ry|FI Vizj=k,z; =€} =0 fori#j;
3. V(ri|z; =k)=32d> +2;

4. Cov(ry,ryy |z = kz; = ) = d* Ay dp for i # ).

ir’

This extends the result of Engle and Campos-Martins (2023), al-
lowing for cross-sectional clustering effects. For a given number of K
groups of assets, the exposure level to the stochastic COVOL varies and
is constant within each group.

Also, our ARG model assumption captures possible persistence in
the comovements. Given the past values of v,, the persistence in the
ARG leads to time-varying covariances and autocovariances, as stated
in the following two propositions.

Proposition 3 (Other Conditional Model Properties). The return process
r,t=12,..,i=1,...,N satisfies

1. E(ry|F) =0and V(ry|F)) = 1;

2. Cou(ry,rj|F) =0 for i # j;

3. VE2IFY) = 3((1 = p) T2y 50 )Xy S s A de) + 2

4. Cov(r?, P2 IFY) = [(1 = p2) T2y 70, Tiey ey AxAemimy for

i#j.

The persistence parameter determines the dynamic feature of the
factor, as illustrated in Fig. 2. The top left plot shows that larger values
of the persistence parameter p (solid and dashed lines) are associated
with slower convergence to the equilibrium of the conditional variance
of the squared variable ’%ﬂ compared to the low persistence case (dotted
lines and dashed-dotted lines). Large persistence also implies a higher
autocorrelation level of the process (right plot, solid line).

The bottom plot illustrates the effects of the autoregressive coef-
ficient p and the factor loadings 4, on the cross-autocovariance. If
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two series are in two groups with high and low exposures to a highly
persistent factor (solid line), then the level of cross-autocovariance will
be larger than in the case of the two series belonging to groups with
low exposures to a common highly persistent factor (dashed line) or
a common low persistent factor (dotted and dashed-dotted lines). The
analytical value of the cross-autocovariance is given below.

Proposition 4 (Dynamic Properties). The return processes r, t = 1,2, ...,
i=1,..., N satisfy

1. Cov(r,r,_,IF?) = p"(1 = PUTZL™ P20, )Ty T mimp o) ¥

ihjef{l,...,N};

2. Cov(r2.r:_ )= (Cou(r?t,r?[_h) =p"d> Y, Y, mimp A Ay for i # s

3. Cov(r[.zx,rizt_hlz‘- =k) = phdzﬂi and Cov(r[.z,,rlz,t_h|z,- =kz;=20)=

phd? A Ay for i # j.

Finally, the unconditional moments of the squared processes incor-
porate the uncertainty in the membership and scaling while keeping
the same properties for the returns in levels. For further details, see
Appendix B.

Proposition 5 (Unconditional Model Properties). The return processes r,
t=1,2,..,i=1,...,N satisfy

1. E(r,)) =0 and V(r;,) = 1;

2. Cov(ry,r;) =0 fori# j;

3.V =3dX Ty mmp M Ag) + 2

4. Cov(r?,r2) = d> T Tp_) Mdemy for i # j.

Following the same proof strategies, similar model properties can
be derived for the alternative prior specifications discussed above (see
Appendix A).

2.2. Asset partition

Regarding the cross-sectional grouping, there are many alternative
specifications. In this paper, we combine two strategies. In the first
strategy, the partition with elements D), ..., Dg such that D, nD, =@
for k # ¢, is not observed and can be determined on a statistical basis.

A second strategy exploits the exogenous partition of the N assets
into groups based on available information such as economic sectors,
type of assets, and type of variables. In this specification the cross-
section {l,..., N} is partitioned into Dy, ..., D, such that D,nD,, =
@ for ¢ # w, where M is the number of groups. In the COVOL
specification of the previous section, M = 1.

A third, more general specification composes the first and second
partition strategies. This is achieved by assuming that each exogenously
given group D, comprises K unobserved groups D, with k = 1,...,K
and g = 1,..., M, resulting in a total of KM clusters.

2.3. Multiple COVOL factors

For each unit i in the panel, we assume J variables are available

rijis J =1,...,J, which satisfies the following set of equations
i = A & (XDE G Ejy ™ N(0,1), 5)
t=1,....T,i=1,..,N, j = 1,...,J, where x, € R% is a vector of

COVOL factors, ¢;;, are i.i.d. Gaussian innovation terms and g;;(-) is a
skedastic function mapping from the common factor space R’ to the
ith unit volatility space R, in the variable j, where p is the number of
factors.

Let M = {l,...,M} be the set of all risks considered in the
compounding, with M < J. The potential number of COVOL factors
is p = 2M — 1. As proposed in the previous section, to deal with
overparametrization in a large-factor model, we introduce the observed

clustering indicator ¢; € M and the unobserved clustering indicator
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Fig. 2. Conditional model properties for different parameter settings (different lines).

24 € {1,....K} for ¢ € M. We further assume the risk composition
is given by a set of restrictions on the factor loadings, which can be
represented by an undirected hypergraph ¢ = (V, £), where the ordered
pair includes the set of nodes V, given by the different type of risks V =
M and the hyperedge set & = Ul.]il U;=1 &; with &; = {e;;, ... ceijm,; )
and e;;, C M where H;; indicates the number of relevant relationships
between the risks.

In our model, self-loops are allowed in the hyperedges to represent
the absence of risk compounding (zero-degree compounding). The
higher the cardinality of a hyperedge e;;,, the higher the number of
risks involved in the compounding, i.e. the degree of compounding is
le;jz| = 1. The structure of risk compounding effects is the same for all
units, that is, £;; = £;, but their strength may differ as explained in the
following.

The skedastic function with multiple COVOL factors allows for
different degrees of risk compounding effects

8ij(x) = g(x,¢5,2.) = Z Ie; € U)sjar (2, )Xy + 5;(2¢,1) (6)
veE

with §;(z,0) = =Y eelc; € Vs jan(z,) € 0, 1) and x;, = {xy }rree-
The exposures s ) (Ze,) indicate the relevance of a specific compound-
ing risk for each unit ; and variable j. They can be interpreted as the
hyperweights W = {w;; };;, w;;(V") = Sj('lf)(zcji)’ U € € which measure
the strength of the hyperedges in the hypergraph ¢ = (V, €, W)

The unobserved clustering induced by z,; reduces further the num-
ber of loadings to estimate from NJp to KJ|&;| through the prior
assumption

K
Sj(U)(ZC/,') = Z H(chi = k)/‘lj(U')k’

k=1
with #(z,; = k) = z,, where the edge U" belongs to the hyperedge
set &; and represents the set of risks being compounded. The common
volatility factors follow the ARG process described in (2)

X Xar—1 ~ G /v pan /(1 = par)var)Xwy-1- (L= par)vary)-

)

Some examples of this general model specification are presented in
the following for M = J =3 and in Fig. 3.

Example 2.1 (Absence of Compounding). In zero-degree compounding,
only individual risks are considered. The exogenous clustering corre-
sponds to the variable type, ¢; = j, U" = {¢} and j(q) = j, and there is
no interaction between the different types of risks

M
8 0x) = ) Te; = )8 j0g)(Ze,)Xiq + 55 (5e,) = (2% + (1= 5;(2;0)-

g=1
The last expression coincides with the one in Eq. (4) when only
one variable per unit is considered (i.e. J = 1). In our application,
where three variables are used, J = 3, M = {1,2,3} corresponds to
{EMI,EUI,GPR} and the hyperedge set becomes € = {{1}, {2}, {3}}.
Since two unobserved groups are assumed, K = 2, the constraint
Lot > Aj@e for ¢ = 1,2,3 implies that the units are clustered into
high and low exposure to each risk source, and a total of MK = 6
clusters are considered. A graphical illustration is given in panel a) of
Fig. 3.

Example 2.2 (Global Compounding). If individual risk COVOLs are
not included and only a (second-degree) global compounding risk is
considered, then the edge set is & = {{1,2,3}} and the skedastic
function becomes

81 (%) = 8;0123)(Z¢, )% 123y + 5;(2¢;0)-
As in the previous example, six clusters can be used to divide units
between high and low exposure to the second-degree compounding

risk, 4;q231 > 41232 A graphical illustration is given in panel b) of
Fig. 3

Example 2.3 (Conditional Global Compounding). When both individual
risk COVOLs (zero-degree compounding) and a compounding risk CO-
VOL (second-degree compounding) are assumed, the skedastic function
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a) Example 2.1 (Absence of compounding)
for j=q=1, & = {em}, en = {1}

®

€i11

@ ®

c¢) Example 2.3 (Conditional global compounding)

for j =1, &1 = {ein, ez}, e = {1},
€i12 — {1, 2,3}7 wil(ez‘ll) > wﬂ(@uz)
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b) Example 2.2 (Global compounding)
for j =1, & = {ei}, e = {1,2,3}

d) Full compounding for j = 1
Ein = {61‘11, 6i12a€z‘1376i14}76i11 = {1}
€i12 — {1, 273}, €;13 = {1;3}761'14 = {1,2}
wit(ea1) > wir(€i12) > wi (€i13) > wir(es14)

Fig. 3. Hypergraph representation of compounding risks for G,

ij>
represent the hyperedges and the line width the hyperweights equivalent to the exposures for unit i. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

becomes
M

8ij(x) = 2 Le; = @)3jq)(Ze,)X g + S123)(Z; )X 23y + 35 (Zc,i)-
q=1

Similarly, the number of clusters per variable is K = 2, which corre-
sponds to high and low exposure to second-degree compounding risk,
i.e. 4;0231 > 4ja23p- The total number of clusters is MK = 6. A
graphical illustration is given in panel c) of Fig. 3.

Example 2.4 (Full Compounding). In the full compounding all degrees of
risk composition appear in the skedastic function, which can be written
by grouping hyperedges U following their cardinality from 1 (zero-
degree) to M (M — 1 degree)

8 (%) = 8(x;,¢5,2.) =

M M
2 1ej € (a8 ¥+ 2y D 1e; € (01800 e, )X g

gq=1 q=1r>q
.

0 degree

M
+ Z Z ZH(CJ- € {q, r,u})sj(qm)(zc/i)x(qm), + -

q=1r>q u>r

1st degree

2nd degree

8t G )X vy + 55(2¢;0) ®
o

~
(M-1)th degree

with §i(z,) = l—sj(q)(zcji)—2r>q sj(q,)(zcj,-)—---—sj(l;“M)(zcl,i) € (0,1)and
X, = X1y Xy XQ2y -+ XM-1My -+ X..my) - Zero-degree means
the absence of compounding effects, whereas M — 1 degree means all

risks are compounded in a single global risk factor.

the node 1 refers to the EM risk, node 2 to the EUI risk and node 3 to the GPR risk. The colored shapes

3. Inference and posterior approximation

For simplicity and without loss of generality, we discuss the infer-
ence for the case of one variable per unit and one common factor.
Let us define the collections of observable and latent variables, r,.; =
Xy, ... rp), X0 = (Xg,...,Xp) and v;.p = (vq, ..., vy) and the collection
of factor loadings A = (4,,...,Ag). The complete-data likelihood fac-
torizes as follows L(r,.p.X;.7, V.7 2lp, A, @) = f(r|.7.2|X).7,V|.7, A, )
A(X;.7,V;.7|p,d), where

N K T
Sy zlXp vy, A, m) = <HH”£(Zi_k) Hf(ritlxt’z'i’ '1)> 9
t=1

i=1 k=1

T
hxy.7,vi:7lo, d) = <Hf(x,|x,_1,p, Ut)f(vr|d)>~ (10)
=1
Under the standard quadratic loss function assumption, the estima-
tors of the latent variables and the parameters are their posterior
means. The joint posterior distribution is not tractable, nevertheless
it can be easily approximated by a Gibbs sampler procedure (Robert
et al., 2007; Robert and Casella, 2010), which draws iteratively ran-
dom samples from the following conditional distributions: (i) sam-
ple z from p(z|r,.;.X,.p, A, @), (ii) sample z from p(x|z), (iii) sample
A from p(Alry.7,z,%;.7), (iv) sample x;.; from p(X;.r|V;.7,T(.7,%, p),
(v) sample v,.; from p(v,.7|x,.7,p,d) and (vi) sample p and d from
p(p.d|vy.7.X,.7). The derivation of the full conditional distributions is
in Appendix B.

Random draws in steps (i) and (ii) can be obtained exactly, whereas
steps from (iii) to (vi) need an approximated sampling method. We
applied an adaptive Metropolis—Hastings for both steps. In particular,
the scale of the proposal is adapted at each iteration to keep a target ac-
ceptance probability of 0.44 (e.g., Latuszynski et al., 2013). In the case
of x,.r and v,.; a random block strategy is followed. The total number
of blocks remains constant, with the size and composition of each block
being randomly selected in every iteration (see for example Chib and
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COVOL parameter estimates for the absence of compounding specification. Top panels: parameter estimates, 90% credible intervals (in brackets),
and Deviance Information Criterion (DIC) and relationships for the two-cluster model (left) and the one-cluster model (right). Middle panel:
VAR coefficients between the COVOL factors. Bottom panels: correlations between the COVOL factors.

(a) 6-cluster analysis

(b) 3-cluster analysis

EMI EUI GPR EMI EUI GPR

P 0.18 0.11 0.09 P 02 0.08 0.09
[0.1,0.27] [0.04,0.22] [0.03,0.17] [0.12,0.28] [0.04,0.17] [0.04,0.18]

v 0,68 1.56 2.15 v 0.71 1.05 1.72
10.45,0.94] [1.07.2.17] [1.71.2.68] [0.47,1.02] [0.65.1.5] [1.32.221]

A 0.62 0.52 0.73 2 0.67 0.71 0.84
[0.16,0.75] [0.43,0.61] [0.39,0.77] [0.58,0.79] [0.63,0.82] [0.81,0.88]

Ay 0.74 0.88 0.95
10.62,0.92] 10.8,0.94] [0.85.0.97]

DIC 54823.55 12312.40 10470.46 DIC 54998.31 12480.70 10726.59
EMI EUI GPR EMI EUI GPR

EMI EMI

EUI —0.01 EUI —0.01
[~0.09,0.07] [~0.08,0.08]

GPR 0.05 0 GPR 0.06 0.01
[-0.01,0.13] [~0.07.0.08] [~0.01,0.13] [~0.06,0.09]

Ramamurthy, 2010). Members within a block must be adjacent in the with y,, = yfrE UD the first difference logarithm of the Energy-Related

time dimension, and single-member blocks are permissible.

The efficiency of the sampler has been studied through some simu-
lation experiments in different settings, which are consistent with the
real-data settings of our paper: (i) high persistence in the latent COVOL
process; (ii) low persistence in the COVOL process (see Fig. C.9). We
reported in Table C.2 of the Appendix the convergence diagnostics of
the MCMC for the COVOL and exposure parameters, which includes
the Mean Square Error (MSE), the Adjusted Rand Index (ARI), and the
Autocorrelation Function (ACF). The results show that the inference
procedure and the posterior approximation effectively recover the true
value of the latent variable and the parameters (see the ARI and the
MSE in the first and third row of Table C.2). The autocorrelation
values indicate some dependence in the MCMC draws (see the second
row, ACF), which is stronger in the high-persistence setting. Thus, in
addition to the burning sample removal, we apply thinning with a rate
of 120 for the high- and low-persistence settings.

4. Energy markets and political risk

A preliminary analysis of the data is presented, which includes some
stylized facts such as cross-country comovements in the volatility-proxy
of the series. Then, the results of the clustered stochastic COVOL model
are presented.

4.1. Data description

Following a multi-country perspective, we considered a dataset with
26 countries and excluding those countries with more than 50% of
missing observations, which returns a dataset with fifteen countries:
Australia, Belgium, Brazil, Canada, China, Germany, France, India,
Italy, Japan, Netherlands, South Korea, Spain, United Kingdom and the
United States.

For the country i, we define with y;, = yf,E MI) as the performances
of the energy sector, measured by the log-returns of the MSCI Investable
Market Index (EMI) for the energy industry. The data were obtained
from Refinitiv and Bloomberg to ensure comprehensive coverage, as
data for certain countries were available in one provider but missing
in the other. The yff MD was constructed by predicting the missing
values through a simple regression analysis, which includes log-returns
as the dependent variable from Definitive and the log-returns from
Bloomberg. After combining the two sources, only 0.58% of the panel
data was missing, which was imputed using the country median This
proxy of the energy market naturally exhibits volatility clustering ef-
fects since it is a stock market variable. We expect country volatilities
to be driven by common volatility movements, the EMI-COVOL, and
the common volatility to correlate with global uncertainty and risk. In
this paper we focus on uncertainty and geopolitical risks and denote

Uncertainty Index (Dang et al.,, 2023), and with y;, = yEIGP R the

first difference logarithm of the Geopolitical Risk Index (Caldara and
Iacoviello, 2022). The GPR index is derived using a text-search analysis
applied to a predefined set of newspapers, identifying adverse events
such as acts and threats at the country level, including war, peace,
nuclear activities, military actions, and terrorism. Similarly, the EUIL
is constructed using a textual approach applied to the reports of the
Economist Intelligence Unit, focusing on energy-related keywords and
demonstrating a prompt response to oil shocks.® For yEIEUI ) and yf,GP B
there are no missing observations. The analysis spans from January
2010 to September 2022, corresponding to the common availability
of the data at a monthly frequency.’ It is important to emphasize
the high kurtosis and significant asymmetry observed in nearly all
variables and countries (see Table D.3), which coexist with a pairwise
correlation between their squared values (see Fig. 1). These character-
istics suggest potential co-movements that could significantly affect the
normality of the variables by influencing the tails and symmetry of their
distributions.

We standardized the variables as follows: rl(.:’) = (ygf) - zi”)/ ﬂq)/al.(f)
with ¢ € {EMI, EUI, GPR}, where the volatility ”qu) follows a
GARCH(1,1) and zi‘” is a set of factors common to the variables in the
gth block. Following Campos-Martins and Hendry (2024), the common
factors are extracted by using PCA. We assume the element of the cross-
sectional partitions are Dy, C {1,...,15} with three variable types,
iie.qe {EMI,EUI,GPR}, and two groups within each variable type,
that is k = 1,2. The choice of two groups seems reasonable following
the preliminary analysis results (see Section 1). Based on our multiple
factor COVOL in Section 2.3, three specifications are applied to the
energy market and political risk framework: absence of compounding,
global compounding, and conditional global compounding. For the
global compounding and conditional global compounding specifica-
tions, two robustness checks are presented: the inclusion of Russia (for
the sample from 2009-06 to 2022-03) and the inclusion of a fourth
variable capturing the aggregate stock market returns measured by the
log-returns of the MSCI Investable Market Index of all economic sectors
(for the sample from 2010-01 to 2022-09).

5

4.2. Individual risk results

The estimated individual risk COVOLs are in Figs. 4-5. The esti-
mation uncertainty is quantified through the 90% posterior credible

3 The GPR data were obtained from Matteo Iacoviello’s website, while the
EUI data were downloaded from policyuncertainty.com.

4 The individual EMI-COVOL in Section 4.2 is estimated at a weekly fre-
quency, as the three risk variables are independently estimated and therefore
analyzed at the lowest frequency available to the authors.
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Fig. 4. Estimated Energy Sector common volatility, EMI-COVOL (black line) and its 90% credible interval (shaded area). Labels report the dates of some global financial, economic,

and geopolitical events.
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Fig. 5. Estimated Energy Uncertainty (top, EUI-COVOL) and Geopolitical Risk (bottom, GPR-COVOL) common volatility. In each plot: COVOL estimate (black line) and its 90%
credible interval (shaded area). Labels report the dates of some global financial, economic, and geopolitical events.

intervals, represented by the shaded areas in the figures. We found evi-
dence of temporal and cross-sectional clustering effects in the stochastic
COVOL model without compounding risks.

The three COVOLs peak at the occurrence of major global events
(date labels in the figures) and the latent dynamic factor can be used to
assess the impact and persistence of a shock during a given period in the
following periods. The most pronounced peak in EMI-COVOL occurred
in March 2020, coinciding with the COVID-19 outbreak, followed by

the second highest peak in November 2020, when a rebound reached
its highest level since March 2020.

The EUI-COVOL exhibited two peaks during the first and second
quarters of 2011 following the Fukushima nuclear accident, which
caused additional global demand for liquefied natural gas (LNG)
(Hayashi and Hughes, 2013). The largest subsequent peaks occurred in
May 2019, coinciding with both the intensification of the trade barrier
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(b) Expected exposure
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Fig. 6. Countries and variables exposure to the COVOLs in the specification without compounding. Left: probability of high exposure. Right: expected exposure.

between the US and China and with China importing zero US LNG.®
The GPR-COVOL reached its highest peak in January 2019, coinciding
with US sanctions on Venezuelan oil firms, which led to an increase in
oil prices.®

The three COVOLs began to rise to different degrees with the
outbreak of the Russian-Ukrainian conflict. The most pronounced peaks
occurred in March 2022 for the EMI-COVOL and subsequently to the
Russian invasion of Ukraine. In this respect, the natural gas price in Am-
sterdam increased to approximately 126 EUR/MWh and soared to an
all-time high in August 2022, reaching approximately 240 EUR/MWh.

Our modeling framework can be used to measure the persistence
of COVOL. We find evidence of a similar degree of persistence in
COVOLs (see the top panel in Table 1). In the 6-cluster analysis (left
panel), the energy market co-movements are slightly more persistent
(p = 0.18) compared to the uncertainty (p = 0.11) and geopolitical co-
movements (p = 0.09), implying a greater predictability of the impact
of EMI. Persistence was similar in the 3-cluster analysis (right panel).
The results confirm the similar findings obtained by Balli et al. (2022)
in a forecasting error variance decomposition framework (Diebold
and Yilmaz, 2012). The authors provided evidence of substantial GPR
transmission across countries.

Parameter V represents the scale of the COVOL, and large values of
V correspond to larger fourth-order moment values of the returns, that
is, to fatter return tails (see the results in Propositions 2 and 3). GPR and
EUI have larger scales, V' = 2.15 and V' = 1.56, respectively, implying
that larger GPR or EUI shocks have a higher probability than financial
shocks (Engle and Campos-Martins, 2023). This result is robust to the
choice of the number of clusters for the GPR (compare panels (a) and
(b) in Table 1).

Regarding the exposure and the cross-sectional clustering, we found
evidence of different exposure levels to COVOLs across asset clusters
and variable types (see A; and Ay estimates in Table 1). Since the
credible intervals for the EUI and GPR loadings do not overlap, there
is evidence of different exposure levels for the two groups of countries.
Regarding the EUI the most exposed countries are Spain, South Korea,
and Australia (see panel (a) in Fig. 6). A possible explanation for

5 See, for example, https://www.cfr.org/timeline/us-china-relations and
https://www.energypolicy.columbia.edu/what-chinas-retaliatory-tariff-means-
for-us-china-Ing-trade/.

6 Additional information can be retrieved at https://br.usembassy.gov/
29299/ and https://www.cnbc.com/2019/01/29/0il-markets-us-sanctions-on-
venezuela-in-focus.html.

the differing trends in energy consumption. For instance, Spain and
South Korea are importers of natural gas, while Australia exports 74%
of its natural gas production.” The United States, France, and Brazil
are the most exposed to the GPR-COVOL, which could reflect their
interdependence on the global markets. The United States and France
are the world’s first and third-largest exporters, respectively, while
Brazil’s raw materials constitute a significant share of its exports.®

Finally, to compare the model with six clusters (K = 2, M = 3)
against a model with no clusters within variable types (K = 1, M =
3), we calculate the Deviance Information Criterion (DIC) for each
alternative as shown in Table 1. The full model DICs for the models
with 6 and 3 clusters are 77 606.40 and 78 205.60, respectively. The
results suggest that assuming two clusters per variable type is preferred
over assuming a pooled exposure. Indeed, decomposing the full model
DIC by variable type indicates that the conclusion holds for EM I, EUI,
and G PR, consistently with the preliminary analysis in Fig. 1.

The extraction of common factors for each risk source allowed us to
conduct a preliminary compounding risk analysis. Examining the third
panel of Table 1, we observe the absence of correlation between the
stochastic COVOLs, which suggests the three COVOLs capture distinct
sources of risk and uncertainty.

4.3. Compounding risk results

The estimated COVOLs for the two compounding risk specifica-
tions, global compounding and conditional global compounding, are
presented in Fig. 7. These estimates are provided for three different
samples: (i) the standard sample, used in Section 4.2, with fifteen
countries and three variables—EMI, EUI, and GPR (black solid line);
(ii) an extended sample that adds Russia, shifting the coverage period
from 2009-06 to 2022-03 while maintaining the three variables EMI,
EUL and GPR (blue dashed line)’; and (iii) a sample of 15 countries
(excluding Russia), including EMI, EUI, GPR, and stock market returns
as a fourth variable (green dotted line). Considering their similarity, we

7 Source: Australian Government - Geoscience Australia, available at https:
//www.ga.gov.au/digital-publication/aecr2022/gas.

8 Source:  WorldBank, available at  https://wits.worldbank.org/
CountryProfile/en/Country/WLD/Year/2019/TradeFlow/EXPIMP/Partner/all
and https://wits.worldbank.org/CountrySnapshot/en/BRA/textview.

9 Although its inclusion does not significantly alter the COVOL estimates
over the entire period under investigation, an interesting case emerges with an
extraordinary peak in 2022, corresponding to the Russian invasion of Ukraine.
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first focused our analysis on the results of the standard sample (black
solid line).

The top and bottom plots show the results for the Global Compound-
ing and the Conditional Global Compounding, respectively. The two
COVOLs exhibit persistence. In the first specification, the estimated
autoregressive parameter is p = 0.09 (see Table D.4) and the most
exposed variables are EMI and GPR for all countries (top plots of Fig. 8),
which indicates they are the main drivers of the volatility comovements
at the global level. Nevertheless, the low expected exposure of EUI calls
for using multiple-factor COVOL models. In this analysis, we apply the
Conditional Global COVOL specification, which accounts for missing
factors by compounding the individual risks.

A feature of the Conditional Global COVOL model is its ability to
capture two sources of risks additional to the individual risk models:
the global compounding risk x;,3,, and the residual exposure 5;, which
is the complement of the relative importance of all COVOLs. Other
proposed models do not address the ability to capture the compounding
effect arising from the interactions between the risk factors. In this
specification, the estimated global COVOL has a similar persistence
(p = 0.19, see Table D.5 in Appendix), and the risks compounded
are mainly EMI of all countries, EUI of Belgium, the UK and the US
and more importantly the GPR of Belgium and India (panel (d) in
Fig. 8). The policy implications in such a case are noteworthy. Some
countries’ significant exposure to the global COVOL underlines the
need for compounding risks since individual risk COVOLs alone are not
enough to explain comovements. The exposures to the individual risk
COVOLs (panel (c) of Fig. 8) are comparable with the exposures in the
specification without compounding (panel (b) of Fig. 6). The relative
importance of individual risk and global compounding risk COVOLs
are reported in panel (b) of Fig. D.11 in Appendix. Regarding the
average residual exposure across countries is 13.01% for EMI, 15.84%
for EUI and 8.93% for GPR, which shows that the four COVOLs explain
most of the country’s GPR volatility comovements (panel (b) of Fig.
D.11 and Table D.6 in Appendix). For further comparison between the
specifications, see Fig. D.10 and Table D.7 in Appendix.
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Regarding the results across the three samples: the standard sample,
the extended sample with Russia, and the inclusion of the stock market
returns, there is a high correlation between the COVOL from the
standard sample and the COVOLs from the two extended samples. For
the (conditional) global compounding specification the correlation is
0.75 (0.67) when Russia is included and 0.95 (0.95) in the case of
the stock market is incorporated. More importantly, the red-shaded
areas represent the credible intervals for the standard sample, and
they cover most data points of the other two cases—including Russia
and the stock market returns. This suggests that COVOL estimates
remain stable across different cases (see Fig. D.10 for further compar-
ison). The robustness of the result may be explained by the nature
of large fluctuations, which produce enough co-movements in other
countries/variables allowing for similar COVOL in sub-samples of the
data.

Our modeling framework can enhance the efficiency of investment
strategies in the global energy market. In addition to the insights pro-
vided by a GARCH modeling framework for hedging strategies (e.g., see
Billio et al., 2018), our COVOL model can be used to manage volatility
co-movements across multiple assets. For instance, the COVOL adjust-
ment can improve the estimation of the variance-covariance matrix of
the assets. Table D.8 provides a comparison of the log-likelihood with
two benchmark models: a stochastic volatility model with dependent
log-volatility errors (Eisenstat et al., 2016) and a constant correlation
GARCH (Bollerslev, 1990). The constant correlation GARCH is directly
related to the multi-factor COVOL because they are equivalent in the
absence of co-movements. The stochastic volatility model represents an
alternative approach to measuring risk dependence through a second-
order moment. The results suggest that global COVOL performs better
than the constant correlation GARCH and is similar to the dependent
stochastic volatility model. Still, the conditional global specification
performs better than the dependent stochastic volatility and the other
benchmark models. To measure the economic value of the fitting im-
provement, we investigate the models’ ability to generate extra returns.
A buy-and-hold strategy is implemented based on a repeated Markowitz
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(d) Expected exposures to global compounding
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Fig. 8. Compounding risks: Countries (rows) and variable (columns) exposure to the COVOLSs. Top: Global Compounding. Bottom: Residual Global Compounding. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

portfolio allocation with no short-selling constraints. Fig. D.12 displays
the results for various variance-covariance models, including the con-
ditional global COVOL, GARCH, and Global COVOL approaches. Panel
(a) shows that the Sharpe ratio-return curve of the conditional global
COVOL dominates the other model for expected returns higher than
0.7%. This result aligns with the cumulative Sharpe ratio in panel
(b), where expected returns of 1% (4%) yield a Sharpe ratio of 0.855
(1.667) by the end of the period.'®

Additionally, the conditional global COVOL can be used to imple-
ment more refined portfolio strategies, as in Engle and Campos-Martins
(2023), where an investor can set a constraint on the maximum expo-
sure to the COVOL factor. In asset allocation, an exposure constraint
can be activated at the global or individual levels since the multi-factor
COVOL model allows for identifying dependence between alternative
sources of risk and uncertainty and their compounding effects.

The heterogeneity in the country’s exposure to individual and global
COVOLs is valuable information for policymakers aiming at the stability
of the energy and financial markets and for the risk management
of companies operating in the global markets. The findings suggest
that uniform policy responses or risk management decisions based on
individual energy risks may not be optimal, implying that decision-
makers can benefit from considering the interplay of alternative sources
of risks.

10 We are indebted to an anonymous reviewer for the suggestion on both
applications.
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5. Conclusion

We study the relationship between the energy sector, energy uncer-
tainty, and geopolitical risk through the lens of a new stochastic multi-
ple common volatility (COVOL) model. We build on COVOL literature
and propose a new multivariate model with stochastic COVOL latent
factors to investigate the dynamic features of volatility co-movements
in a panel of series. Clustered effects in the cross sections are assumed
to achieve model parsimony and to capture similarities in the exposure
to common factors. We provide evidence of different persistence levels
in the COVOL factors across types of variables and exposure levels to
the common volatility factors. Thus, our model offers the possibility
of forecasting co-movements and supporting macro-prudential policy
to stabilize the economic and financial systems. Moreover, we found
evidence of risk compounding, characterized by lagged spill-over cross-
effects between energy uncertainty, geopolitical risk, and energy sector
volatility. A comparison with alternative standard models, such as
multivariate GARCH and SV, shows that multi-factor COVOL not only
exhibits better fitting but can also be used to improve the performance
of financial investment strategies.
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Appendix A. Further theoretical results

Proposition 6 (Conditional Model Properties Given the Membership). Let
Asoees AN |E ~ Dy, ..., EN) and &; ~ Zle xmy. The return process r;
i=1,..., N satisfies
- E(rylF_ vizi=k}D=0 and V(r,|z; = k) =1;
Frovizi=kz; =) =0;
3d2my (14my)
2k Nemp (142 Nimy)

_ dzmkm/
’lZ) T Xk Nem U+ Nemy)

. Cou(ry;, rj,|

1

2.

3. V(2= +2 where z; = k;
4.

Couv(r2 where z; =k and z; = £.

it?
Proposition 7 (Conditional Model Properties with Membership Uncer-

tainty). Let (A1, ..., Ax) 1€ ~ D&, ... .Ey) and & ~ ¥ x| z,m,. The return
process r, i =1,..., N satisfies

1. E(ry|Fi-)) =0 and V(r, |F)) = 1;

2. Cou(r; F_p=0;

il
it /t

v &i(+g _ .
3. VORI =38 (L28) (- ) B2 o) + 2

i L
4. Cov(r2,r tlf’t")= ’)((1 p )ZY 0 PP ) for i # .
Proposition 8 (Model Properties). Let (A, ..., Ay)'|& ~ D(&, ..., Ey) and
&~ ZkKZI 7 my. The return process r;, i = 1,..., N satisfies

1. E(riy)) =0and V(r,) = 1;
2. Cov(ry,rj) =0;

2\ _ 242 &i+&) .

3. Viry) = 3d°E (fu<1+fu>> +2
&g
4. (Cov(r”,r )= d*E <£—[2)’
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Appendix B. Proof of the results in the paper

Proof of Proposition 1.

1. The conditional mean of the latent COVOL process is E (x,|F’) =
E(E(x/Ix_. F)IF) = A =p)A+p+ - +p )+ pE(x5) = 1
and the unconditional mean is E (x,) =E (E (x,|F?)) = 1

2. The conditional variance is

V (x|F’) =V (E (x)1x,_, F)) + E(V (x;1x,_ . FY) |F7)
=V (1 =p)+px,_(|F') +E ((1 = p)v,((1 = p) + 2px,_)|FY)

-1

= p*V (x,_, [FY) +(1— o, =1 = p?) ZpZiU,_i.
i=0

The unconditional variance is
-1
V(x,) = V(E(x,|F))+E(V (x,|F)) =E <(1 a)> pZiU,,) =d’
i=0
3. The conditional and unconditional autocovariances of the latent
COVOL process at the hth lag are

Cov(x;, x,_p|F}) = E(x,x,p|[F) = 1 = ]E(x,_hE(x,U:'tx_] SFOIF)) — 1
= (1= p) + pECr,px, [F) = 1= (L= p) (L4 p+ -+ 9"

+o"E(E,|FY) — 1
t—h—1
==/ =A=p"+o" A=) Y o
i=0
t—h-1
=" -p) Y PPu
i=0

Cov(x;, x,_p) = ]E((Cov(x,,x,_hIFt”)) = Phdz
Proof of Proposition 2.

1. The conditional mean and variance of the observable process
given the membership allocation variable are

Blry|Fi_y vz = k) = E(WV&iGe)IFL, v {z; = kDE(g;,) = 0
Virylz = k) = B0 V (2 = k) = (sGzDE(x) + 1 = s(z)E(ep) = 1

2. The conditional covariance of the observable process given the
group membership is
Cov(ry,ryy|F_ Viz; =k,z; =C})
=E(ryrj|F V{2 = k.2, = £))

= E(y/ gi(xt)\/gj(xz)lr,r_l viz; = k,z; = f})E(Eixij) =0

3. The conditional variance of the square of the observable process
given the group membership is
V(rlz; = k) = E(rl|z; = k) — 1 = E(e})
XE([s(z;)x, +1 - s(zl-)] |z; =k)—1
=3(LGEG) - A7 +1) - 1 =347d* +2
4. The conditional covariance of the square of the observable pro-

cess given the group membership is

(Cou(r.2 rz. lz;=k,z; =¢)= E(r”rﬂ
= ]E(e )]E(e DE(s(z)x, + 1 = s5(z)]
X[s(zj)x, +1- s(zj)]lz,- =kz; = 7)—1

= A ABOD) + 1= A dp — 1 = d? A Ay

lzi=k,z; =¢)— 1

Proof of Proposition 3.
1. The conditional mean and variance of the observable process are

E(rirlf'l—l) = E( V g[(x[)lrx—])E(En) =0
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Fig. C.9. Latent COVOL dynamics in a high-persistence (p = 0.9, top plot) and low-persistence (p = 0.1, bottom plot) setting.
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Fig. D.10. Conditional Global compounding specification: Estimated common volatility for the Energy Sector,EMI-COVOL (top panel), Energy uncertainty, EUI-COVOL (middle
panel), and the Global political index, GPR-COVOL (bottom panel), and the 70%, 90% and 95% credible interval (shaded areas) for the sample without Russia and the stock market
(black line). The blue dashed (green dotted) line indicates the results for the sample with Russia (the stock market). Labels report the dates of some global financial, economic,
and geopolitical events.
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Table C.2

Energy Economics 149 (2025) 108700

Simulation results: Accuracy (measured by Mean Square Error and Adjusted Rand Index) and efficiency (assessed by first-lag
autocorrelation) of the MCMC sampler for different persistence levels (p), before and after thinning.

Performance Parameter Before thinning After thinning
p=09 p=0.1 p=09 p=0.1

ARI z 1.0000(0.0000) 1.0000(0.0000)
T —9e—-04(0.0031) 4e—04(0.0033) —8e—-04(0.0146) —0.0052(0.0143)
p 0.9572(0.0047) 0.6874(0.0198) 0.4739(0.0422) 0.0193(0.0188)

ACF 14 0.8755(0.0157) 0.7711(0.0199) 0.5122(0.0486) 0.4043(0.0538)
A 0.9351(0.0107) 0.9194(0.0084) 0.4847(0.0488) 0.3927(0.0266)
x 0.8723(0.0069) 0.8949(0.0037) 0.1948(0.0288) 0.2629(0.0190)
T 0.0147(0.0000) 0.0049(0.0000) 7e—04(0.0000) 2e—04(0.0000)
p 0.0018(0.0010) 0.0026(0.0021) le—-04(1e—04) le-04(1e—04)

MSE 14 0.0900(0.0642) 0.0433(0.0358) 0.0045(0.0032) 0.0022(0.0018)
A 2e—-04(1e—04) 2e—04(1e-04) 0.0000(0.0000) 0.0000(0.0000)
x 0.2758(0.1074) 0.4167(0.0503) 0.0138(0.0054) 0.0208(0.0025)

Note: Mean Square Error (MSE), the Adjusted Rand Index (ARI), and the Autocorrelation at the first lag (ACF(1)).

(a) Probability of high exposure

United States
United Kingdom A
Spain 1

South Korea 1
Netherlands A
Japan

Italy 4

India 4
Germany 1
France q
China 1
Canada {
Brazil 1
Belgium 4
Australia

(b) Expected exposures

United States
United Kingdom
Spain
South Korea
Netherlands
Japan

Italy

Germany
France
China

Canada

EMI

EUI GPR

Brazil

Belgium

Australia

EMI

m
<

GPR

0.00 025 050 075 1.00000 025 050 075 1.000.00 025 0.50 075 1.00

0.00 0.25 0.50 0.75

Vry|Fy) = ]E(rizt|rtu) = E[s(z)E(x,|F vV {z = k})
+1 = s(z)|FIE(E2) = 1
. The conditional covariance of the observable process is
Cou(ry,, rj,lf’,_l) = ]E(ri,rjtlf’,_l)
= [( V gi(xt)\/ gj(xt)lrt_l)E(gnejf) =0
. The conditional variance of the square of the observable process
is
V2P = B¢ P — 1= E(e)E(s(z)x, + 1 = s(z)PIFY) - 1
= 3(E(s(z)HE|F) + E(s(z)») + 1) — 1

t—1
=301 = p%) Y 00, 1Y, Y memp A Ag] +2
5=0 k ¢

. The conditional covariance of the square of the observable pro-
cess is

2 2 Uy 2 .2 v
(Cov(rit,rjrlf‘t ) = E(r;, rjt|7-"t )—1

= [E(gfr)]E(ejz,t)E([s(zi)x, +1 = 5z)1s(z))x, + 1= szpI|FY) — 1
= E(s(zi)s(zj))]E(x?) + 1= E(s(z;)s(z;)) — 1
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Fig. D.11. Countries exposure to the COVOLs for the conditional Global compounding specification. Left: probability of high exposure to global compounding. Right: Expected
exposure to individual risk (NC), global factor (GR), and the unexplained component (R).

Proof of Proposition 4.

The conditional serial autocorrelation of the square of the ob-
servable process is

Couv(r2, r?,_h|F,U) -1
= E(e2)E(_)E(s(z)x, + 1 - s(z)ls(z)x,_p + 1 = sIFY) = 1

= ]E(s(z,-)s(zj))]E(x,x,_h|7-’t”) +1- ]E(s(z,-)s(zj)) -1
—h—1

=" =Y, o )Y, Y mmedide)
s=0 k ¢

o nlFD) = Er,

it>

. The unconditional serial autocorrelation of the square of the

observable process is

Cov(ry, 73,_y) = B(Cou(ry, %, _, |F))) = p"d” Z Z Ty Ay
k ¢

. The conditional serial autocorrelation of the square of the ob-

servable process given the memberships is

(Cov(r?t,rft_hlzi =kz;=0)= ]E(r,-zt,r?,_hlzi =kz;=0)-1
= E(g,?,)JE(gIZ.,_h)E([s(z,.)x, +1 - s(z)]
X[s(zj)x,_p +1=s5zp)llz; =k,z; =) -1

= L AECx, ) + 1 = Ay =1 = phd? a4,
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Table D.3
Empirical moments and the p-value of the Jarque-Bera test for EMI, EUI, and GPR in
percentage scale.

Country Mean Variance Kurtosis Skewness JB
EMI

Australia —-0.03 12.36 9.46 -0.75 0
Belgium 0.16 21.93 4.95 0.12 0
Brazil —-0.01 37.26 6.99 0.08 0
Canada 0.02 9.22 12.58 -1.16 0
China 0.01 12.36 4.06 -0.07 0
France 0.07 13.24 15.88 -0.13 0
Germany 0.44 32.52 8.35 —-0.44 0
India 0.18 10.05 5.14 -0.11 0
Italy —0.02 13.86 12.54 —-0.92 0
Japan 0.01 8.58 6.42 —-0.47 0
Netherlands —-0.04 13.65 6.1 -0.35 0
South Korea 0.15 20.47 10.54 1 0
Spain 0.09 19.48 6.64 0.06 0
United Kingdom 0.05 13.41 13.33 —-0.34 0
United States 0.1 13.12 8.66 -0.59 0
EUI

Australia 15.39 4739.72 13.27 2.6 0
Belgium 16.26 5019.47 12.09 2.46 0
Brazil 10.91 2779.69 5.86 1.44 0
Canada 9.93 2432.92 5.97 1.46 0
China 15.83 4644.55 11 2.12 0
France 11.79 3306.31 10.95 2.23 0
Germany 11.38 3116.3 8.26 1.94 0
India 14.54 4078.85 5.94 1.57 0
Italy 12.89 3411.34 9.36 1.96 0
Japan 13.24 3562.66 8.02 1.76 0
Netherlands 13.34 3942.72 11.04 2.16 0
South Korea 10.95 3340.36 9.51 2.14 0
Spain 16.63 5098.51 9.06 2.18 0
United Kingdom 6.11 1386.11 8.51 1.72 0
United States 15.93 4636.34 9.71 1.98 0
GPR

Australia 25.66 9893.83 13.88 2.82 0
Belgium 19.94 5578.85 5.92 1.53 0
Brazil 40.59 22994.4 26.67 4.07 0
Canada 13.06 4027.34 10.81 2.31 0
China 8.51 1984.89 6.53 1.48 0
France 13.19 5995.5 33.75 4.88 0
Germany 10.46 2551.4 7.12 1.56 0
India 12.62 3492.32 6.99 1.69 0
Italy 17.6 5294.13 7.9 1.91 0
Japan 17.32 4997.48 5.11 1.48 0
Netherlands 20.81 7209.63 11.31 2.31 0
South Korea 12.66 3812.03 14.09 2.62 0
Spain 22.35 8559.23 12.68 2.7 0
United Kingdom 4.7 1039.51 6.84 1.38 0
United States 2.95 614.02 5.51 1.07 0

Table D.4
COVOL persistence and scale parameter estimates and the clusters’ exposures for the
global compounding specification. Parameter estimates, 90% credible intervals (in
brackets).

Common EMI EUI GPR
’ [().9%93&
14 1.83
[1.44,2:34]
A 0.2 0.01 0.47
[0.09,0.31] [0.0.05] [033,0.74]
Ay 0.51 0.12 0.88
[038,0.62] [0.02,0.27] [0.84,0.95]
Table D.5

COVOL persistence and scale parameter estimates for the conditional global compound-
ing specification. Parameter estimates, 90% credible intervals (in brackets).

EMI EUI GPR Global
P 0.22 0.09 0.08 0.18

[0.1,0.38] [0.04,0.19] [0.03,0.17) [0.07,037)
vV 0.56 0.62 1.19 0.22

[0.42.0.74] [0.48,0.82] [0.98,1:44] [0.11,039]
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Table D.6

Clusters’

exposures estimates for the conditional global compounding specification.

Parameter estimates, 90% credible intervals (in brackets). NC: Individual risk COVOL,
GC: Global compounding risk COVOL and R: Unexplained component.

Group NC GC R

EMI

Ar 0.82 0.06 0.12
[0.74,0.89] [0.02,0.12] [0.07,0.18]

Ay 0.3 0.29 0.33
[0.03.0.65] [0.08,0.62] [0.15,0.79]

EUL

AL 0.84 0.04 0.11
[0.78,0.9] [0.02,0.08] [0.07,0.17]

Ay 0.04 0.08 0.89
0.01,036] 0.03.0.66] [0.15,0.95]

GPR

AL 0.92 0.02 0.06
[0.89,0.94] [0.01,0.05] [0.04,0.08]

Ay 0.42 0.28 0.28
[0.22,0.57] [0.1,0.49] [0.15,0.5]

Proof of Proposition 5.

1.

The unconditional mean and variance of the observable process
are

E(ry) = BE@ |F,_, v{z; =k}) =0
V() =ENV(r;lz; =k) =1

. The unconditional covariance of the observable process is

Couv(ry,r) = E(Cov(ry, rjy|F_  Viz; = k,z; =¢})) =0

. The unconditional variance of the square of the observable

process is

V) = BVl z, = k) = 3d* (Y, Y mms dyhe) +2
k ¢

. The unconditional covariance of the square of the observable

process is

K K

) =ECov(r}, iz =k z; =) =d* Y Y AAemm,s
k=17¢=1

(Cov(r[.z,,

Proof of Proposition 6.

1.

The conditional mean and variance of the observable process
given the membership are

B |F_ Viz = k}) = E(Vg;(x)IF_ v {z; = kDE(g;) = 0
Vrylz = k) = B3|V {z, = k}) = (GEGx,) + 1 — A)EE2) = 1

. The conditional covariance of the observable process is

Cov(ry,rjf|Fl_ Vizi =k,z; =¢})
= E(ryry|F, V{2 = koz; = €))

=E(y/ gi(xr)\/gj(xy)lrtr_l viz; =k, z; = f})E(EnEjy) =0

. The conditional variance of the square of the observable process

1S

V(212) =E¢}12) - 1 = EEHE(4x, + 1 - 41%2) - 1
=3B IDER) - EG]12) + 1) - 1

= 3d’EB(V(41Z, &) + E(4|Z,6)%|2) +2

B 3d%my (1 +my)

- Do Nmy (1 + X Nymy)

. The conditional covariance of the square of the observable pro-

cess is

Cou(ry,, r3,12) = B, 151 2) = 1
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Table D.7
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Correlations between COVOLs under the different model specifications: Conditional Global compounding, Absence of
compounding and Global compounding. EMI, EUI, GPR and GC correspond to the individual COVOLs for financial returns in
the energy sector, energy uncertainty and geopolitical risk and the second degree compounding risk, respectively.

RGC AC GC
EMI EUI GPR GC EMI EUI GPR GC
EMI
EUI —0.09
[-0.17,-0.01]
GPR 0.04 0
[~0.03.0.12) [~0.08,0.09]
GC 0 —-0.01 0.02
[~0.13.0.15] [~0.13,0.12] [~0.1,0.17]
EMI 0.59 —0.02 0.05 0.05
[0.49,0.68] [~0.09,0.06] [-0.01,0.13] [-0.08,0.21]
EUI —0.09 0.73 0 0.01 —0.01
[-0.16,—0.01] [0.66,0.8] [-0.07,0.08] [-0.11,0.16] [-0.09,0.07]
GPR 0.03 0 0.88 0.04 0.05 0
[-0.04,0.11] [-0.07,0.09] [0.81,0.92] [-0.08,0.19] [-0.01,0.13] [-0.07,0.08]
GC 0.36 —0.02 0.76 0.05 0.39 —0.01 0.76
[0.25,0.48] [~0.09,0.07] [0.67,0.83] [-0.08.0.21] [0.28,0.51] [~0.08,0.08] 10.66,0.84]
(a) Sharpe ratio by expected return (b) Cumulative Sharpe ratio
1.5
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Fig. D.12. Portfolio results for conditional global COVOL (black), GARCH (blue), global COVOL (green), and stochastic volatility (red). The left panel shows the Sharpe ratio
(y-axis) for a range of expected returns from 0.1% to 4% (x-axis). The right panel displays the cumulative Sharpe ratio (y-axis) for expected returns of 1% (dashed) and 4% (solid)
for the period 2010-2022 (x-axis). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table D.8

Log-likelihood comparison for multivariate variance models.
Model Log-likelihood
Constant correlation GARCH (Bollerslev, 1990) —-22321.30
Dependent Stochastic volatility (Eisenstat et al., 2016) —21538.85
Global specification of stochastic COVOL -21664.11
Conditional global specification of stochastic COVOL —21235.05

= E(e%)]E(ejz.t)E([s(z[)x, +1=s(z)1ls(z))x, + 1 = s(z)1|12) - 1
&&;

= 2 — A — = 2 —, J

=EL A1 DEX) + 1 -E(4,4;12) — 1 =d°E T

_ d*mym,

B (i Nem)(X+ X, Nemy)

Proof of Proposition 7.

1. The conditional mean and variance of the observable process are
E(rif|Fi_1) = BE(V g (x)IF_)E(;) =0
V(ry|F)) = ]E(rl.zrlf’t”) =E[LEX, |F Vv {z=k})+ 1= 4|F/]
XE(e2) = 1

2. The conditional covariance of the observable process is
Cou(ry,, rj,lf’,,l) = E(ryrj | F2y)

= E(vgi(x)4/8;(x)IF_EE;€;,) =0

3. The conditional variance of the square of the observable process
is

V2 IF)) = EGHFD) — 1= EeDE(4x, + 1 - 4P [F) - 1

16

= 3(EQDHEG?FY) + EGA2) + 1) - 1

E(1+&) =
=3E( ————— 1- 2
<§O(1+§0)> ( ’”;0” Vi | +

4. The conditional covariance of the square of the observable pro-

cess is

Couvlry, 13| FY) = By, 13| F) = 1

= B )E(5 E(U4%, + 1 = A1[4;x, + 1= 41IF) - 1
= E(LAPEGS) + 1 = E(4;4) — 1

Zj1'51‘ 2 = 25
=E( = ) -p) Y 0" vy
50 s=0

Proof of Proposition 8.

1. The unconditional mean and variance of the observable process

are

E(ry) = BE@y |F,_, v{z; =k}) =0
V() =ENV(rylz; =k) =1

. The unconditional covariance of the observable process is

Couv(ry,rj) = E(Cov(ry, rjy|F/_  Viz; =k,z; =¢})) =0

. The unconditional variance of the square of the observable

process is

)= B = b s (£020)
V() = E(V(2|z; = k) = 3d°E <§0(1 = +2
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4. The unconditional covariance of the square of the observable
process is

(Cov(rlt, )—IE((Cov(r”,r |z;

&ig;
2

0

=k,z; =) =d°E

Derivation of the full conditional distributions
(i) Full conditional distribution of the group membership variable z

K T
plrypxpp, Ao o« [T T 2 [T £l ko )

i=1 k=1 t=1

I(z;=k)
(B.1)

& HM(Z|Pi1> s Dig)s

i=1

where M(:|p;, ..., pig) is a multinoulli distribution with probabilities
K

Pik = Yix/ 2=y i and

(B.2)

T
vie = 7 [] £ Culxi ko ).
=1

(i) Full conditional distribution of the membership probabilities

N K K
I(z;=k) 1/K-1
pirlz) o [T =" =/

i=1 k=1 k=1

K
Ny+1/K-1
x I Izrk" / x D(py, ..., Px)s
k=1

(B.3)

(B.4)

where the concentration parameters corresponds to p, = N, +1/K and
Ny =L(z; = k) + - +1(zy = k).
(iii) Full conditional distribution of COVOL loading coefficients i

N T

P2, X, p) H]I(O < <O TTITrulxe 2 (B.5)
i=1 t=1
» 2
< |]10< 4, <1 Ax,+1=2) 2 exp ————EL——
H k Hgk ke k 2 A%+ 1= 4y)
(B.6)
is not tractable, thus we apply MH, where J, = {i : z; = k}.
(iv) Full conditional distribution of the latent COVOL process X, .t
T /N
pr Vi sz o) o« [T [T £Culxe 200 ) £oxlxiy0 0,0
=1 \i=1
33 (riflx;, 2, A) ) ex < )
H Hf 1% p (l—p)v,
S xfl/l),+kfl
=\ (- PRI (1 /v, + k)
% exp(=(p/((1 - /J)U,))x,;)((p/((l - Pv)x,_ B.7)
where x, = 1. Since the full conditional posterior is not tractable,

we apply adaptive MH in a random block scheme. The number of
blocks is fixed, and the size of each block and its members are chosen
uniformly at random at each iteration (see for example Chib and
Ramamurthy, 2010). The members of a block must be neighbors in the
time dimension, and blocks with only one member are allowed.

(v) Full conditional distribution of random scaling factor v,.

T
pVrlxgg o) o [ F@ild) fxi1xioys 0,0

=1
T
3 Hf(u,ld)exp

()
=1 (=p,

o 1/v,+k 1

N\ (- )u]l/”r+kF(l/v + k)
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% exp(=(p/((1 = Pv))x,_ )/ (1 = pv)lx, )"

o R (B.8)

the posterior of the scale parameters is approximated through an
adaptive MH step.
(vi) Full conditional distribution of the persistence parameter p

Letn = logit(p) =log(p/(1—p)) and assume a Normal prior on n with
prior variance o‘ ., then the full conditional posterior distribution is

pOrlvyrsXpr) o ki) [ | G lx,y Togit™ (), vy)

t=1

T
exp(—n* /o) [ | £l logit™ @), v, (B.9)

- =1

which is approximated using an adaptive MH step.
Appendix C. Simulation results

We provide some results of a simulation study of the posterior ap-
proximation efficiency. We considered two frequent settings occurring
in real-data applications: (i) high persistence in the COVOL and (ii) low
persistence in the COVOL.

Fig. C.9 illustrates the actual trajectories (black lines), the esti-
mated trajectories (red lines), and their 99% posterior credible intervals
(shade areas) in the two settings. Red dots indicate the actual values
that do not belong to the 99% credible interval.

Appendix D. Further empirical results

See Figs. D.10-D.12 and Tables D.3-D.8.
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