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ABSTRACT
This paper challenges the trade off between computational efficiency and statistical accuracy within the framework of Gaussian
space-time processes. Under such a framework, the space-time dependence is completely specified through the space-time covari-
ance function. We compare different classes of space-time covariance functions depending on their supports: when the support is
full, information is complete but estimation and prediction are costly. When the support is compact, we only have partial informa-
tion, but computations are way more efficient. We take a special approach to preserving smoothness at the origin of the covariance
when inducing parsimony. This is particularly important because, for Gaussian processes, smoothness is directly linked to the
geometric properties of the Gaussian fields, in concert with optimal prediction under certain asymptotic regimes. The instrument
used for such comparisons is compatibility, which is in turn a function of equivalence of Gaussian measures under fixed domain
asymptotics. We find the parametric restrictions on some classes of covariance functions with compact support to be compatible
with those having full support. Such a result has precise consequences in terms of estimation and prediction of Gaussian processes.

1 | Introduction

1.1 | Context: Space Time Challenges in the Era
of Big Data

Data science in the era of Big Data is notoriously affected by the
trade off between statistical accuracy and computational scalabil-
ity [1]. High statistical accuracy is associated with very demand-
ing (if not unfeasible) computations. Vice versa, computational
scalability is often attained through methods that are proven to be
statistically inaccurate [2]. This eternal dilemma has motivated
the scientific community to provide methods and tools to deal
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with this trade off. The motto is achieve computational scalability
while minimizing the impact on statistical accuracy.

For a review of methods within this context, the reader is
referred to [3]. This paper deals with the mentioned trade-off
within the framework of space-time data. We consider random
fields (stochastic processes) that are continuously defined over
space and time. We focus on Gaussian processes, for which
the finite-dimensional distributions are completely determined
through the mean and the covariance function. To formalize,
we let 𝐷 be a subset of a 𝑑-dimensional Euclidean space, ℝ𝑑 .
Here, time is considered in a continuous fashion and corresponds
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to the real line, ℝ. We denote  a compact interval of the real
line. Let (Ω,𝔹(Ω),ℙ) be a probability space, with 𝔹(Ω) denoting
the Borel sigma algebra over a non-empty set, Ω. A 𝔹(𝐷 ×  )⊗
𝔹(Ω)-measurable mapping 𝑍 ∶ (𝐷 ×  ) × Ω → ℝ is called a ran-
dom field, with⊗ denoting the tensor product between two sigma
algebra. For fixed (𝒔, 𝑡) ∈ 𝐷 ×  , the profile 𝑍(𝒔, 𝑡) ≡ 𝑍(𝒔, 𝑡; ⋅) is
a random variable. For a fixed 𝜔 ∈ Ω, the deterministic mapping
𝑍(⋅, ⋅;𝜔) is called a path.

The random field is called Gaussian when, for any arbitrary col-
lection {(𝒔

𝑖
, 𝑡
𝑙
)}

𝑖,𝑙
, for 𝑖 = 1, … , 𝑁 and 𝑙 = 1, … ,𝑀 for any finite

numbers 𝑁,𝑀 , the random vector (𝑍(𝒔1, 𝑡1), … , 𝑍(𝒔
𝑁
, 𝑡
𝑀
))⊤ is

multivariate Gaussian. Here, ⊤ denotes the transpose of a vector.
For Gaussian random fields, the finite dimensional distributions
are completely characterized by the covariance function, being a
measure of dependence between any pair 𝑍(𝒔, 𝑡), 𝑍(𝒔′, 𝑡′) at two
different space-time locations (𝒔, 𝑡) and (𝒔′, 𝑡′).

1.2 | The Scientific Question

We deal with the problem of estimation and prediction (or inter-
polation) accuracy for the space-time processes described above.
Prediction at unsampled locations is typically performed through
kriging [4], a linear predictor that is best in the sense that it
minimizes a quadratic measure of loss called mean square error.
Details are provided in subsequent sections. Normally, a paramet-
ric family of covariance functions is selected to represent the data,
and the parameters are estimated through, for example, maxi-
mum likelihoods or their approximations [5]. Hence, choosing
the right family has a nonnegligible impact on prediction.

Suppose now the following situation: we perform prediction with
the wrong covariance function, and we know (for simplicity)
what the true family of covariance function s is, although we
do not know the specific value of the parameters indexing this
family.

What is the impact of using a misspecified covariance function
for (a) estimation and (b) prediction? A natural way to address
this question is by considering a fixed domain asymptotic setting:
𝐷 ×  is compact, and increasingly many points are sampled so
that the distance between the points tends to zero.

The Big Data problem and dilemma comes into play by consid-
ering that we shall challenge this problem by considering differ-
ent classes of space-time covariance functions that retain all or
only part of the information. Those retaining all the information
imply a high computational burden, while those retaining only
part of the information are computationally cheaper. Translated
into the previous context, the scientific question becomes: let us
perform kriging with a computationally cheaper covariance func-
tion. What is the impact on asymptotic estimation and predic-
tion? A well-known similar computational issue is encountered
for the cubic scaling of Gaussian process regression with respect
to the sample size.

1.3 | The State of the Art

There is an established literature for spatial processes, defined
over 𝐷 - and not evolving over time,  . Unfortunately, the litera-

ture on related space-time asymptotics is very scarce. We provide
a description below.

Fixed domain asymptotics for spatial processes has been chal-
lenged in a collection of tour de forces by Michael L. Stein [6–8].
Combining fixed domain asymptotics with loss of information
provided by covariance functions that are computationally par-
simonious was originally provided by [2], and recently com-
pleted by [9]. The crux of the argument being based on the fact
that covariance-based-computational-parsimony can be achieved
through covariance functions with compact support. Spatial com-
pact support essentially means that, for a given threshold, pairs
of observations having distance bigger than the threshold are pre-
scribed 0 dependence. This implies some loss of information with
the advantage of computational parsimony that is achieved when
inverting sparse covariance matrices [2]. As space-time is a prod-
uct space of the type 𝐷 ×  , the spatial and the temporal dis-
tance play a separate role in defining supports of a space-time
covariance function. This is carefully explained in the subsequent
sections of this paper. A concise statement is that space-time
allows to combine compact support for space, for time, for both,
or for each of them as a function of the other. The very unique
attempt to evaluate parsimony with respect to supports has been
recently made by [10]. Their contribution is all but conclusive
regarding comparisons about supports. In fact, the methods pro-
vided therein are essentially limited to random fields with con-
tinuous but not differentiable sample paths. This is a serious
limitation: established literature in spatial statistics [6, 7] and in
machine learning [11–14] witnesses the importance of parame-
terizing smoothness of the sample paths to have accurate estima-
tions and predictions. Hence, there is an important gap to be filled
by inspecting both

(a) Evaluating the impact of loss of space-time information on
estimation and prediction;

(b) Parameterize the sample paths of space-time Gaussian
random fields even with computationally parsimonious
covariance functions.

1.4 | Challenges and Contribution

Smoothness of the sample paths (or in the mean square sense)
over space-time while achieving parsimony is largely the main
motivation of this paper. As such, we provide the following con-
tributions.

1. We start by temporal tapering nonseparable space-time
covariance functions (details in Section 3) is such a way to
preserve space-time smoothness of the sample paths.

2. We provide a detailed comparison of covariance misspec-
ification when using parsimonious covariance functions
under infill asymptotics. The ratio of the comparison being
equivalence of Gaussian measures (see subsequent sections
for details).

3. We provide parametric conditions for the compatibility of
non parsimonious and parsimonious covariance functions.
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4. We elucidate the impact of these results in terms of accuracy
of estimation and kriging predictions.

5. We obtain technical results of independent interest related
to the spectrum (Fourier transforms) of the classes of covari-
ance functions proposed in this paper.

This paper provides the following contributions. We engage in the
analytic closed form associated with the tapered spectral density.
We then provide the asymptotic properties of the tapered spec-
trum. This opens the study of the parametric conditions ensuring
compatibility of the involved classes of covariance functions.

The plan of the paper is the following. Section 2 contains a suc-
cinct and simplified mathematical background. Section 3 pro-
vides the proposal of this paper. Section 4 provides technical
results related to convoluted spectral densities. Section 5 inspects
conditions for space-time covariance compatibility. The Sup-
plementary Material (SM throughout) is rich and contains an
extended background, technical lemmas, technical results, and
proofs.

2 | Background

2.1 | Stationary Space-Time Covariance
Functions

We shall use the abuse of notation 𝑍(𝒔, 𝑡) for 𝑍(𝒔, 𝑡; ⋅) for a
Gaussian random field 𝑍 as being defined through the intro-
duction to this paper. The paper works under the assumption of
Gaussianity and zero mean (with no loss of generality for this
last) of 𝑍. Hence, what really matters to completely specify the
finite dimensional distributions is the covariance function, 𝐾 ∶
(𝐷 ×  )(𝐷 ×  )× → ℝ, defined as

𝐾
(
(𝒔, 𝑡), (𝒔′, 𝑡′)

)
= 𝔼

(
𝑍(𝒔, 𝑡)𝑍(𝒔′, 𝑡′)

)
, (𝒔, 𝑡), (𝒔′, 𝑡′) ∈ 𝐷 ×  ,

with 𝔼 denoting stochastic expectation operator. Under station-
arity, we have that

𝐾
(
(𝒔, 𝑡), (𝒔′, 𝑡′)

)
= 𝐶

(
𝒔 − 𝒔′, 𝑡 − 𝑡

′)
,

for a mapping 𝐶 ∶ ℝ𝑑 ×ℝ→ ℝ. We suppose stationarity
throughout the paper.

Covariance functions are positive definite: for every arbitrary col-
lection {(𝒔

𝑖
, 𝑡
𝑙
)}, 𝑖 = 1, … , 𝑁, 𝑙 = 1, … ,𝑀 and for every arbi-

trary finite system {𝑐
𝑖𝑙
} of real constants, we have

𝑁∑

𝑖,𝑗=1

𝑀∑

𝑙,𝑚=1
𝑐
𝑖𝑙
𝐶
(
𝒔
𝑖
− 𝒔

𝑗
, 𝑡
𝑙
− 𝑡

𝑚

)
𝑐
𝑗𝑚
≥ 0.

Continuous and stationary covariance functions, 𝐶 , are the
Fourier transforms of uniquely determined bounded measures.
For non product spaces this assertion is due to [15], and the
extension to product spaces was originally proposed by [16]. To
introduce parsimony in our paper, what will really matter is (a)
the spatial distance, and (b) the temporal separation, between any

pair of space-time points for which the covariance is computed.
Hence, we consider covariance functions for which

𝐶(𝒉, 𝑢) = 𝜑(||𝒉||, |𝑢|), 𝒉 ∈ ℝ𝑑
, 𝑢 ∈ ℝ,

for some suitable continuous function, 𝜑 ∶ [0,∞)2 → ℝ. Covari-
ance functions of this kind are called spatially isotropic (or
radially symmetric) and temporally symmetric. Fourier trans-
forms will inherit such a property, and we shall call spatially
isotropic-and-temporally symmetric spectral densities, 𝐾̂ , the
Fourier transforms associated with 𝐾 . For spatially isotropic and
temporally symmetric covariance functions, the spectral density
𝜑̂ associated with 𝜑 simplifies to analogues of Hankel transforms
[17]. Throughout the paper, we shall equivalently use 𝐾̂ or 𝜑̂ to
indicate the spatially isotropic and temporally symmetric spectral
densities, whenever no confusion arises.

The fact that such Fourier inversion is possible is guaranteed at
the expense of assuming the function 𝐾 as absolutely integrable
on its domain. The mathematical expression of such Fourier
transform is reported in Appendix A. A space-time covariance
function is called separable if

𝜑(ℎ, 𝑢) = 𝜑(ℎ, 0)𝜑(0, 𝑢)
𝜑(0, 0)

.

Clearly, 𝜑S(⋅) ∶= 𝜑(⋅, 0) and 𝜑T(⋅) ∶= 𝜑(0, ⋅) are, respectively,
(isotropic) spatial and (symmetric) temporal covariance func-
tions. In all the other cases, 𝜑 is called nonseparable. Under
separability, the space-time covariance function factors into the
product of a spatial with a temporal covariance. This allows for
computational gains because the related space-time covariance
matrix attained at a finite collection of locations factors into the
Kronecker product of two matrices of lower dimension. Hence,
inversion of the related matrix to perform estimation and kriging
prediction is achieved more easily. At the same time, separability
is deemed as overly simplistic to describe the wealth of potential
interactions between space and time [18].

The support of 𝐾 , denoted 𝕊 throughout is the set of space-time
distances for which the covariance is not zero. Formally,

𝕊 = {(ℎ, 𝑢) ∈ [0,∞)2 s.t. 𝐾(ℎ, 𝑢) ≠ 0}. (2.1)

A space-time covariance 𝐾 is fully supported when 𝕊 is
unbounded. Clearly, this covariance retains all possible informa-
tion related to dependence between pairs of observations. Yet, it
is computationally demanding because the cost of inversion of
a covariance matrix of 𝑁 sampled points is of the order of 𝑁3,
which is computationally unfeasible when 𝑁 is large.

𝐾 is compactly supported over space and time when 𝕊 is
bounded. Hence, there exists a space-time threshold (ℎ

𝑜
, 𝑡
𝑜
) such

that 𝐾(ℎ, 𝑢) is identically equal to zero as soon as ℎ ≥ ℎ
𝑜

and
𝑢 ≥ 𝑢

𝑜
.

These two situations describe two extremes that call for qualita-
tive inspection to evaluate the situation in between. For instance,
the set𝕊might be equal to [0, ℎ

𝑜
] × [0, 𝑡

𝑜
(ℎ)], with 𝑡

𝑜
(⋅) an increas-

ing function on the positive real line. We term this situation
as dynamical support, by meaning that there exists a function
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𝜓 ∶ [0,∞)→ ℝ+ such that for every fixed temporal lag 𝑡
𝑜

the
spatial margin 𝐾(⋅, 𝑡

𝑜
) is compactly supported with radius 𝜓(𝑡

𝑜
).

The substantial differences between the three cases are mastered
by [10] and we resume them here:

1. For a 𝑁 ×𝑀-dimensional collection of space-time points,
 ∶= {(𝒔

𝑖
, 𝑡
𝑙
), 𝑖 = 1, … , 𝑁, 𝑙 = 1, … ,𝑀}, we let 𝚺 be

the square 𝑁𝑀 ×𝑁𝑀 dimensional matrix with elements
Σ
𝑖𝑙,𝑗𝑚

= cov
(
𝑍(𝒔

𝑖
, 𝑡
𝑙
), 𝑍(𝒔

𝑗
, 𝑡
𝑚
)
)
. Call 𝕊 the restriction of 𝕊

as in (2.1) to the collection of space-time distances induced
by. Hence, 𝕊 has cardinality card(𝕊) identically equal
to 𝑁𝑀(𝑁𝑀 + 1)∕2 if and only if 𝐾 has full support, and
the covariance matrix 𝚺 will be full. In all the other cases,
card(𝕊) will be strictly smaller and 𝚺 will called sparse
when card(𝕊) is small, which happens if and only if 𝚺 has
many zeros.

2. If 𝐾 is dynamically supported, then 𝚺 is blockwise sparse,
in the sense that the diagonal blocks in 𝚺will have as many
zeros as soon as the distance between any pair of spatial
points is greater than 𝜓(𝑡

𝑜
).

3. If 𝐾 is compactly supported, then 𝚺 will be sparse. And 𝕊
achieves the smaller cardinality.

3 | Dynamical Covariance Functions With a
Focus on Their Supports

The paper works with increasing level of sparsity in the associ-
ated covariance matrix 𝚺 as illustrated in the previous section.
The description will be succinct and for more details the reader
is referred to Appendix A. Some notation is necessary: for the
remainder of the paper, the acronym  stands for dynamical,
which in turns refers to temporally evolving object. We deal with
the following situations:

1. Full space-time support. We follow [10] to define FTT as the
partial Fourier transform, taken with respect to the tempo-
ral frequency, of a given function. Mathematical details are
contained in Appendix A. Let 𝑔(⋅, ⋅;𝜽) ∶ [0,∞)2 → ℝ be
the function defined at (A.3) in Section A. The parameter
vector contains the parameters described in the first row
of Table 1. Hence, 𝜽 = (𝜈, 𝜉, 𝜐, 𝜖)⊤. According to the calcu-
lations in Appendix A, the resulting space-time covariance
function obtained through application of the operator FTT
can be written as

(𝑟, 𝑡;𝜽) = FTT
[
𝑔(⋅, 𝜏;𝜽)

]
(𝑟, 𝑡), (𝑟, 𝑡) ∈ [0,∞).

(3.1)
The acronym  above is justified by the fact that, for
this space-time covariance function, the spatial margin
(⋅, 0;𝜽) as well as the temporal margin (0, ⋅;𝜽)
belong to the Matérn family [1], defined as

(𝑟; 𝛼, 𝜈) = 21−𝜈

Γ(𝜈)

(
𝑟

𝛼

)𝜈


𝜈

(
𝑟

𝛼

)
, 𝑟 ≥ 0, (3.2)

with 𝛼 > 0 a scaling parameter, and 𝜈 measuring smooth-
ness. Here, 

𝜈
is the MacDonald function [19]. The impor-

tance for this family for spatial modeling is witnessed by the
massive literature at hand, and the reader is referred to [1]
for a comprehensive account.

2. Dynamical space-time support. Using the same notation as
much as in [20], we introduce the class of space-time
covariance functions, defined as

(𝑟, 𝑡;𝝌) = 𝜎
2
(𝑡; 𝜉, 𝛿, 𝛾)

(
𝑟

(𝑡; 𝜉, 𝛿, 1)
; 𝛽, 𝜇, 𝜅

)
,

𝑟, 𝑡 ≥ 0,
(3.3)

where (⋅; 𝛽, 𝜇, 𝜅) ∶ [0,∞) → ℝ stands for the General-
ized Wendland class, defined as [21]

(𝑟; 𝛽, 𝜇, 𝜅)

∶=
⎧
⎪
⎨
⎪
⎩

1
𝐵(2𝜅, 𝜇 + 1) ∫

1

𝑟∕𝛽
𝑢(𝑢2 − (𝑟∕𝛽)2)𝜅−1(1 − 𝑢)𝜇 d𝑢, 0 ≤ 𝑟 < 𝛽,

0, 𝑟 ≥ 𝛽,

(3.4)

where 𝜅 ≥ 0, 𝜇 ≥ (𝑑 + 1)∕2 + 𝜅 [such a condition is
required to ensure positive definiteness in ℝd, see 21] and
where 𝛽 > 0 is the compact support parameter, and 𝐵

denotes the Beta function. The  model is compactly
supported on a ball embedded in ℝ𝑑 with radius 𝛽. The
parameter 𝜅 determines the smoothness at the origin,
similar to the Matérn model. The parameter 𝜇 is a shape
parameter and has no impact on positive definiteness.
Finally, the function  is defined as

(𝑡; 𝜉, 𝛿, 𝛾) =

{

1 +
(
𝑡

𝜉

)𝛿
}−𝛾

, 𝑡 ≥ 0 (3.5)

where 𝜉 is a the temporal scale, and where 𝛾 > 0 decides on
the long memory of the process. The parameter 𝛿 ∈ (0, 2]

TABLE 1 | The three space-time models used in this paper.

Family 𝝋S 𝝋T 𝚺 Scale𝕊 ScaleT Smooth𝕊 SmoothT Nonsep

 (3.1)  (3.2)  (3.2) Full 𝜁 > 0 𝜐 > 0 𝜈 > 0 𝜈 > 0 𝜖 ∈ [0, 1]
 (3.3)  (3.4)  (3.5) Bloc 𝛽 > 0 𝜉 > 0 𝜅 ≥ 0 𝛿 ∈ (0, 2) None

Diag Sparse
Tap (3.6)  (3.4)  ×  Sparse 𝛽 > 0 𝜉 > 0 𝜅 ≥ 0 0 None

Note:For all of them, the parameter 𝜎2
> 0 denotes the variance of the associated process. The fourth column describes the sparsity of the associated covariance matrix 𝚺.

Here, Scale𝕊 (resp. ScaleT) stand for spatial or temporal scales (or compact supports), respectively. Also, Smooth𝕊 (SmoothT) stand for the smoothness of the spatial
(temporal) margin, respectively. Finally, Nonsep describes a nonseparability parameter. We note that the second and third rows have two additional parameters: we call the
parameter 𝜇 a convergence parameter. The range of 𝜇 is defined in Condition 3. The parameter 𝛾 > 0 induces long or short memory (Hurst effect), and its role is not major in
this paper. The parameter 𝛾 is normally fixed and not estimated. Adapted from [10].
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decides on the local properties of the temporal trajectories
in terms of fractal dimension.
The meaning of each parameter is explained in the second
row of Table 1. Hence, the resulting parameter 𝝌 amounts
to 𝝌 = (𝜎2

, 𝛽, 𝜇, 𝜅, 𝜉, 𝛿, 𝛾)⊤.
We note that the parametric conditions ensuring the validity
of the model are the ones in Table 1.

3. Compact space-time support. A class that allows for com-
pactness of the space-time support can be achieved through
tapering. This technique has been used for spatial covari-
ance functions [2] and is based on multiplying a given
covariance function with global support with a taper, that
is a positive definite function having compact support. By
Schur’s product theorem, the resulting product is still posi-
tive semidefinite, and obviously the support of the product
is compact.

Two important aspects of this construction:

a. The support is not estimated, but chosen in such a way to
ensure a desired level of sparsity in the resulting covari-
ance matrix. Inversion routines coupled with sparse matri-
ces become efficient when sparsity is higher than 90% [2];

b. Smoothness of the sample paths is determined by the
smoothness of the covariance function at the origin. Hence,
the taper needs to be at least as smooth as the covari-
ance function to be tapered in order to preserve the desired
smoothness of the sample paths.

Our strategy in this paper is to do temporal tapering of the
model as described through Equation (3.3). An excellent candi-
date as a taper is the  function as reported in Equation (3.4).
The reasons:

a. The model is compactly supported, with the radius of sup-
port being determined through the parameter 𝛽 > 0;

b. The model allows to control differentiability at the origin
through the parameter 𝜅. Hence, it allows to parameterise
differentiability of the sample paths.

The resulting model is

Tap(𝑟, 𝑡;𝝌T) = (𝑟, 𝑡;𝝌) × (𝑡; 𝜉, 𝜇′, 𝜅′), 𝑟, 𝑡 ≥ 0
(3.6)

where the suffix Tap stays for tapered, and 𝝌T = (𝝌⊤
, 𝜇

′
, 𝜅

′)⊤.

Some comments are in order:

a. Evidently, the construction (3.6) is positive definite as it is
the product of two positive definite functions. The result-
ing covariance matrix, 𝚺Tap, is the Kronecker product of the
matrix 𝚺, associated with  , with the temporal matrix
𝚺Tap, associated with (⋅; 𝜉, 𝜇′, 𝜅′).

b. The spectral density associated with Tap has a
very complicated expression, being the convolution (over
time) of the space-time spectral density associated with
 with temporal spectral density associated with

(⋅; 𝜉, 𝜇′, 𝜅′). This point is solved in the subsequent
technical section.

c. This construction has a space-time compact support (𝛽, 𝜉),
where 𝛽 is the spatial and 𝜉 the temporal support. The
spatial smoothness is decided by 𝜅. As for the temporal
smoothness, this is decided by 𝜅

′ if 𝛿 = 2, by min(𝜅′, 𝛿) if
𝛿 = 1, and by 𝛿 is 𝛿 < 1. It is apparent that the most inter-
esting case is when 𝛿 = 2 is fixed because 𝜅

′ can decide
the temporal smoothness in this case. As an example,
Figure 1 depicts the spatial and temporal marginal cor-
relations computed in 0 ≤ 𝑟 ≤ 1 and 0 ≤ 𝑡 ≤ 1 for the
(𝑟, 𝑡;𝝌)model in Equation (3.3) (first row) where 𝝌 =
(𝜎2 = 1, 𝛽 = 0.4, 𝜇 = 6, 𝜅 = 1, 𝜉 = 0.6, 𝛿 = 2, 𝛾 = 1)⊤ and for
the the Tap(𝑟, 𝑡;𝝌T) model in Equation (3.6) where
𝝌T = (𝝌⊤

, 𝜇
′ = 6, 𝜅′)⊤ and 𝜅

′ = 0 (second row) and 𝜅
′ =

1 (third row). It can be appreciated the change of the
behaviour of the temporal correlation at the origin when
changing the 𝜅′ parameter.

d. Another relevant comment is the following: let

̃(𝑟, 𝑡;𝝌) = 𝜎
2
(𝑡; 𝜉, 𝛿, 𝛾)̃

(
𝑟

(𝑡; 𝜉, 𝛿, 𝛾)
; 𝛽, 𝜇, 𝜅

)
,

𝑟, 𝑡 ≥ 0.

Then, convergence arguments as much as in [22] and [23]
prove that

lim
𝜇→∞
̃(𝑟, 𝑡;𝝌)

= 𝜎
2
(𝑡; 𝜉, 𝛿, 𝛾)

(
𝑟

(𝑡; 𝜉, 𝛿, 𝛾)
; 𝛽, 𝜅 + 1∕2

)
, 𝑟, 𝑡 ≥ 0,

uniformly for all 𝑟, 𝑡. The right-hand side of the above
equation responds to the Gneiting class of covariance
functions [24], justifying calling 𝜇 a convergence parameter
(Table 1).

Some additional technical conditions are specified below while
following [10].

Let 𝜂 = (𝑑 + 1)∕2 + 𝜅. For the remainder of the paper, we
always work under the parametric condition

𝜇
′
> 𝜅

′ + 1, 𝛾 > max(𝜂 + 𝜇 − 𝑑, 2𝜅 + 3), and 𝜇 ≥ (𝑑 + 3)∕2 + 𝜅 + 𝛼. (3.7)

The strictly positive constant 𝛼 plays no role in this paper, and
we omit its specification while referring to Table 2 and Section
3.4 in [20] for details.

We note that the parametric ranges ensuring positive definiteness
of andTap are reported in Section A.

4 | Technical Results: Convoluted Space-Time
Spectral Densities

These results are technical and of independent mathematical
interest. They put the bases to prove the main results of this paper,
that are contained in Section 5. We start with detailing a closed
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FIGURE 1 | First row: Spatial and temporal marginal correlation (from left to right) of the (𝑟, 𝑡;𝝌) model in Equation (3.3) (first row) where
𝝌 = (𝜎2 = 1, 𝛽 = 0.4, 𝜇 = 6, 𝜅 = 1, 𝜉 = 0.6, 𝛿 = 2, 𝛾 = 1)⊤. Second and third row: the proposed Tap(𝑟, 𝑡;𝝌T) model in Equation (3.6) where 𝝌T =
(𝝌⊤

, 𝜇
′ = 6, 𝜅′)⊤ and 𝜅

′ = 0 (second row) and 𝜅
′ = 1 (third row). The dashed line denotes the compact support of the marginal spatial or temporal

correlation functions.

form expression for spectral densities associated with tapered
space-time covariance functions.

Theorem 4.1. Let 𝝇 ∶= (𝜇, 𝜅, 𝑑)′. Let

Υ
𝑛
=

(𝜂)
𝑛

(𝜂 + 𝜇∕2)
𝑛
(𝜂 + (𝜇 + 1)∕2)

𝑛

with 𝜂 = (𝑑+1)∕2+𝜅. For 𝜅′ > 0, 𝜇′ > 𝜅
′ + 1, 𝛾 >max(𝜂 + 𝜇 −𝑑,

2𝜅 +3), and 𝜇 ≥ (𝑑 + 3)∕2 + 𝜅 + 𝛼. The isotropic spectral density,
̂Tap, associated withTap as being defined at (3.6), admits
expression

̂Tap(𝑧, 𝜏;𝝌T) = 𝐾𝜏
− 1

2

∞∑

𝑛=0

∞∑

𝑘=0

(−1)𝑛+𝑘(𝑧𝛽∕2)𝑛

𝑛!𝑘!𝐾−1
𝑘,𝑛

2𝐹3

(

𝜂
𝑘
− 𝜅

′
, 𝜂

𝑘
+ 1

2
; 1

2
,

1 + 𝜇
′

2
+ 𝜂

𝑘
,

2 + 𝜇
′

2
+ 𝜂

𝑘
; −
(
𝜉𝜏

2

)2
)

where

𝐾 = 𝜎
2
𝜉𝛽

𝑑
𝐿
𝝇Γ(𝜅′)Γ(1 + 𝜇

′)

(2𝜋)
3
2 𝐵(2𝜅′, 𝜇′ + 1)

,

𝐾
𝑘,𝑛
=

Γ(𝑘 + 𝛾 + 𝑑 + 2𝑛)Υ
𝑛
Γ
(

1+𝑘𝛿
2

)
Γ(1 + 𝑘𝛿 + 2𝜅′)

Γ(1 + 𝑑 + 2𝑛)Γ
(
𝜅′ + 1+𝑘𝛿

2

)
Γ(2 + 𝜇′ + 2𝜅′ + 𝑘𝛿)

,

Mathematical Methods in the Applied Sciences, 202513252
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with 𝜂
𝑘
= 𝑘𝛿+1

2
+ 𝜅

′
, 𝐿

𝝇 = 𝐾
𝝇Γ(𝜅)

21−𝜅
𝐵(2𝜅,𝜇+1)

and

𝐾
𝝇 = 2−𝜅−𝑑+1

𝜋
− 𝑑

2 Γ(𝜇 + 1)Γ(2𝜅 + 𝑑)

Γ
(
𝜅 + 𝑑

2

)
Γ(𝜇 + 2𝜂)

.

To provide a neater exposition of the subsequent result, we
clarify that the variables 𝑧 and 𝜏 in the expression of ̂Tap
as per Theorem 4.1 are denoted spatial and temporal frequency,
respectively.

Lemma 4.1. For large temporal frequency 𝜏 , the generalized
hypergeometric function can be written as

2𝐹3

(
𝑎1, 𝑎2; 𝑏1, 𝑏2, 𝑏3; −

(
𝜏

2

)2
)

∼
Γ(𝑏1)Γ(𝑏2)Γ(𝑏3)
Γ(𝑎1)Γ(𝑎2)

[
𝜏
𝜓

2𝜓
√
𝜋

[
cos

(
𝜋

2
(𝜓) + 𝜏

)
+ 𝑂(𝜏−1)

]

+
Γ(𝑎1)Γ(𝑎2 − 𝑎1)22𝑎1𝜏

−2𝑎1

Γ(𝑏1 − 𝑎1)Γ(𝑏2 − 𝑎1)Γ(𝑏3 − 𝑎1)
+ 𝑂(𝜏−2−2𝑎1 )

+
Γ(𝑎2)Γ(𝑎1 − 𝑎2)22𝑎2𝜏

−2𝑎2

Γ(𝑏1 − 𝑎2)Γ(𝑏2 − 𝑎2)Γ(𝑏3 − 𝑎2)
+ 𝑂(𝜏−2−2𝑎2 )

]

,

(4.1)

where 𝜓 = 1
2
+ 𝑎1 + 𝑎2 − 𝑏1 − 𝑏2 − 𝑏3.

This opens to asymptotic properties of ̂Tap as detailed sub-
sequently. For two given functions 𝑔1(𝑥) and 𝑔2(𝑥), with 𝑔1(𝑥) ≍
𝑔2(𝑥) we mean that there exist two constants 𝑐 and 𝐶 such that
0 < 𝑐 < 𝐶 < ∞ and 𝑐|𝑔2(𝑥)| ≤ |𝑔1(𝑥)| ≤ 𝐶|𝑔2(𝑥)| for each 𝑥.

Theorem 4.2. Let 𝛾 > max(𝜂+𝜇−𝑑,2𝜅+3) and 𝜇 ≥ (𝑑 + 3)∕
2 + 𝜅 + 𝛼. Let ̂Tap as being attained at Theorem 4.1. Then, for
𝑧, 𝜏 → ∞, the following is true: For

𝑐1,1 =
⎡
⎢
⎢
⎢
⎣

2
(

1
2−𝜅

′
)

Γ(1 + 2𝜅′ + 𝜇
′)

Γ
(
𝜅′ + 1

2

) −
𝑎1Γ(𝜇′ + 2𝜅′ + 1)Γ(𝜅′)

𝜋

1
2 2−𝜅

′+ 1
2 Γ(2𝜅′)

⎤
⎥
⎥
⎥
⎦

𝜉
− 1

2−𝜅
′−𝜇′

,

𝑐2 = 𝜉
− 3

2−2𝜅′
𝑐2,1,

𝑐
𝝇

3 =
Γ(𝜇+2𝜆)
Γ(𝜇)

with

𝑐2,1 =
2

1
2 Γ(1 + 2𝜅′ + 𝜇

′)Γ(1 + 𝜅
′)

Γ
(
𝜅′ + 1

2

)
Γ(𝜇′)Γ(−1∕2 − 𝜅′)

,

𝑐3,1 = 𝜉
− 1

2
−𝛿
𝑐4,1,

𝑐4,1 =
𝑎1Γ(1∕2 + 𝛿∕2)

2
1
2 Γ(−𝛿∕2)

,

and 𝑎1 as given in Equation (A8). Then,

1. It is true that

̂Tap(𝑧, 𝜏;𝝌T)

= 𝜎
2
𝛽
𝑑
𝐿
𝜍

2𝜋

[
𝑐
𝜍

3 (𝑧𝛽)
−2𝜂(𝜏)−

1
2
(
𝑐1,1(𝜏)−1−𝜅′−𝜇′{1 + 𝑂(𝜏−1)

}

+ 𝑂(𝜏−3) + 𝑐2(𝜏)−2−2𝜅′ − 𝑐3,1(𝜏)−1−𝛿)

+
(
𝑂(𝑧−2−2𝜂) + 𝑂(𝑧−(𝜇+𝜂))

)(
𝑂

(
𝜏
− 5

2
−2𝜅′

)
+ 𝑂

(
𝜏
− 3

2
−𝛿
))]

.

(4.2)

2. If 𝛿 ≤ 1 or (𝛿 > 1 and 𝜅
′ ≥

𝛿−1
2

), then, ̂Tap(𝑧, 𝜏;𝝌T) ≍
𝑧
−2𝜂

𝜏
− 3

2
−𝛿 .

3. If 𝛿 > 1 and 𝜅
′ ≤

𝛿−1
2

, then, ̂Tap(𝑧, 𝜏;𝝌T) ≍
𝑧
−2𝜂

𝜏
− 5

2
−2𝜅′ .

5 | Compatibility Under Parsimony

5.1 | Heuristics

Before entering into technical aspects and subsequent theoretical
results, an interludium is in order. Section 3 has provided three
possible classes of nonseparable covariance functions having dif-
ferent space-time supports (full, dynamical, compact). Clearly, a
full support allows to consider all the available information, while
a compact support provides an approximation of truth because
the dependence between observations that are far apart is set to
zero. This is done exclusively for the sake of dealing with the
computational burden induced by a high number of space-time
observations. Accuracy is evaluated in terms of space-time linear
prediction, that is called kriging in the classical statistical litera-
ture, and the reader is referred to [25, 26] and more recently to
[6] for a thorough account. Suppose a Gaussian random field is
observed at a finite set of spatial locations {𝒔

𝑖
}𝑁
𝑖=1 and temporal

instants {𝑡
𝑗
}𝑀
𝑗=1, for 𝑁,𝑀 two positive natural numbers. Suppose

we want to predict the process at some unknown space-time loca-
tion (𝒔0, 𝑡0). As previously noted, we supposed the mean to be
known throughout the paper. Hence, the so-called simple krig-
ing predictor at (𝒔0, 𝑡0), denoted 𝑍̂

𝑁𝑀
(𝝉), is simply the best linear

unbiased predictor in Gaussian regression.

How to retain accuracy while inducing approximation is eval-
uated here through the following criterion: suppose that, for a
Gaussian random field on a compact domain 𝐷 ×  , let  as
defined at (3.1) be the true family of covariance function s. Sup-
pose that we perform kriging interpolation through T or
Tap having compact space-time support. We evaluate the dis-
crepancy between the two kriging predictors in terms of their effi-
ciency, under fixed domain asymptotics. That is, we suppose that
the sampling set becomes increasingly dense, so that the interdis-
tance between the sampling points tends to zero (both over space
and time). The basic message is stated formally here.

Let
𝑍̂

𝑁𝑀
(𝝉) = 𝒄

𝑁𝑀
(𝝉)⊤𝑅

𝑁𝑀
(𝝉)−1

𝒁
𝑁𝑀

(5.1)

be the best linear unbiased predictor at an unknown location
(𝒔0, 𝑡0) ∈  ×  , under the misspecified model T or
Tap, where 𝒄

𝑁𝑀
(𝝉) = [Tap(𝒔0 − 𝒔𝑖, 𝑡0 − 𝑡

𝑙
; 𝝉)]

𝑖,𝑙
and
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𝑅
𝑁𝑀

(𝝉) = [Tap(𝒔𝑖 − 𝒔𝑗 , 𝑡𝑙 − 𝑡
𝑘
; 𝝉)]

𝑖,𝑗,𝑙,𝑘
, for 𝑖, 𝑗 = 1, … , 𝑁

and 𝑙, 𝑘 = 1, … ,𝑀 . is the correlation matrix with 𝝉 = (𝜎, 𝜉, 𝛽)⊤.

Here, we fix 𝛿, 𝜇, 𝜅 and 𝛾 .

Under this setting, the variance of the kriging predictor under
any of the two models has a closed form that can be written out
explicitly [27].

Definition A

Under fixed domain asymptotics, two space-time covariance
functions are called compatible if they induce kriging predic-
tions having variance of the same order when𝑁,𝑀 are large.

5.2 | The Tool for Compatibility: Equivalence
of Gaussian Measures

Equivalence and orthogonality of probability measures are useful
tools when assessing the asymptotic properties of both predic-
tion and estimation for stochastic processes. Denote with 𝑃

𝑖
, 𝑖 =

0, 1, two probability measures defined on the same measurable
space {Ω,}. 𝑃0 and 𝑃1 are called equivalent (denoted 𝑃0 ≡ 𝑃1)
if 𝑃1(𝐴) = 1 for any 𝐴 ∈  implies 𝑃0(𝐴) = 1 and vice versa. On
the other hand,𝑃0 and𝑃1 are orthogonal (denoted𝑃0⊥𝑃1) if there
exists an event𝐴 such that𝑃1(𝐴) = 1 but𝑃0(𝐴) = 0. For a stochas-
tic process 𝑍 = {𝑍(𝒔, 𝑡), (𝒔, 𝑡) ∈ ℝ𝑑 ×ℝ}, to define the previous
concepts, we restrict the event 𝐴 to the 𝜎-algebra generated by
{𝑍(𝒔, 𝑡), (𝒔, 𝑡) ∈ 𝐷 ×  } where 𝐷 ×  ⊂ ℝ𝑑 ×ℝ. We emphasize
this restriction by saying that the two measures are equivalent on
the paths of 𝑍.

Gaussian measures are completely characterized by their mean
and covariance function. We write 𝑃 (𝐶) for a Gaussian measure
with zero mean and covariance function 𝐶 . It is well known that
two Gaussian measures are either equivalent or orthogonal on the
paths of𝑍 [28]. Conditions for equivalence of Gaussian measures
are explained in the following paragraph.

Let 𝑑 be a positive integer. Let 𝑃 (𝐶
𝑖
), 𝑖 = 0, 1 be two zero mean

Gaussian measures associated with a RF 𝑍 defined over a
bounded set  ×  of ℝ𝑑 ×ℝ, with covariance function 𝐶

𝑖
such

that 𝐶
𝑖
(⋅, ⋅) = 𝜑

𝑖
(|| ⋅ ||, | ⋅ |), for 𝜑

𝑖
being its isotropic part, and

associated spectral density 𝐶̂
𝑖
(𝒛, 𝜏) = 𝜑̂

𝑖
(‖𝒛‖, |𝜏|). Using results

in [28, 29] and [30, 31] have shown that, if for some 𝑎 > 0,
𝐶̂0(𝒛, 𝜏)‖(𝒛, 𝜏)‖

𝑎 is bounded away from 0 and∞ as (‖𝒛, 𝜏‖)→ ∞,
where (‖𝒛, 𝜏‖) =

∑𝑑

𝑖=1 𝑧
2
𝑖
+ 𝜏

2 and for some finite and positive 𝑐,

∫


𝑧
𝑑−1

{
𝜑̂1(𝑧, 𝜏) − 𝜑̂0(𝑧, 𝜏)

𝜑̂0(𝑧, 𝜏)

}2

d𝑧d𝜏 < ∞ (5.2)

where  = 1 ∪2 ∪3 ∪4 ∪5 with 1 = {𝑧 > 𝑐, 𝜏 > 𝑐};
2 = {𝑧 > 𝑐, 0 ≤ 𝜏 < 𝑐};3 = {0 ≤ 𝑧 < 𝑐, 𝜏 > 𝑐};4 = {𝑧 > 𝑐1,

0 ≤ 𝜏 < 𝑐};5 = {0 ≤ 𝑧 < 𝑐, 𝜏 > 𝑐2}, and 𝑐1, 𝑐2 are two con-
stants satisfying 0 < 𝑐1, 𝑐2 < 𝑐 such that 𝑐

2
1 + 𝑐

2
2 < 𝑐

2 [27, 31].
Then, for any bounded subset 𝐷 ×  ⊂ ℝ𝑑 ×ℝ, 𝑃 (𝐶0) ≡ 𝑃 (𝐶1)
on the paths of 𝑍(𝒔, 𝑡), (𝒔, 𝑡) ∈ 𝐷 ×  .

The information above allows to provide the following formal
statement:

Definition B

Equivalence of Gaussian measures on the paths of
𝑍(𝒔, 𝑡), (𝒔, 𝑡) ∈ 𝐷 ×  is a sufficient condition for com-
patibility as in Definition A. Graphically, this can be depicted
as follows:

𝑃 (𝐶0) ≡ 𝑃 (𝐶1)⇔ 𝑃 (𝜑0) ≡ 𝑃 (𝜑1)

⇒

𝐶0, 𝐶1 are compatible ⇔ 𝜑0, 𝜑1 are compatible.

5.3 | The Compatibility Theorems

Some notation is now necessary. We define 𝝌T,𝑖 = (𝝌⊤

𝑖
, 𝜇

′
, 𝜅

′)⊤
with 𝝌

𝑖
= (𝜎2

𝑖
, 𝛽

𝑖
, 𝜇, 𝜅, 𝜉

𝑖
, 𝛿

𝑖
, 𝛾

𝑖
)⊤, 𝑖 = 0, 1.

Theorem 5.1. Consider the covariance models: Tap
(⋅, ⋅;𝝌T,0) and Tap(⋅, ⋅;𝝌T,1). For a given 𝜅, 𝜅

′ ≥ 0 and
𝛿 ∈ (0, 2). For any bounded infinite set 𝐷 ⊂ ℝ𝑑

, 𝑑 = 1, 2, 3,
and for any bounded infinite set  ∈ ℝ, the following com-
patibility assertion is true: for 𝛿 ≤ 1 or (𝛿 > 1 and 𝜅 >

𝛿−1
2

),
Tap(⋅, ⋅;𝝌T,0) and Tap(⋅, ⋅;𝝌T,1) are compatible if and
only if 𝑑 < min(4 − 2𝛿, 2𝜅′ + 2𝜇′ − 2𝛿 − 1) and

𝜎
2
1

𝜉

1
2
+𝛿

1 𝛽
2𝜅+1
1

=
𝜎

2
0

𝜉

1
2
+𝛿

0 𝛽
2𝜅+1
0

(5.3)

Theorem 5.2. For given 𝜈 >
𝑑+1

2
, 𝜇 >

max
(
𝜂 + 1 + 𝛼, 𝜂 + 𝑑+1

2

)
and 𝜖 ∈ (0, 1] consider the models

(⋅, ⋅;𝜽) andTap(⋅, ⋅;𝝌T)). Let 𝓁(𝜽) be as defined in (A14).
The following compatibility assertions are true:

1. If
−𝜎2

𝑎1𝑐
𝜍

3𝐿
𝜍Γ
(

1+𝛿
2

)

2
3
2 𝜋𝛽1+2𝜅𝜉

1
2
+𝛿Γ

(
− 𝛿

2

) = 𝓁(𝜽)𝜖−2𝜈
,

with 2𝜈 = 2𝜂 = 3
2
+ 𝛿, 𝛿 < 1, 𝑑 < 3 − 2𝛿 and 𝜅 >

𝑑−1
2

then,
for any bounded infinite set 𝐷 ×  ⊂ ℝ𝑑 ×ℝ, 𝑑 = 1, the two
models are compatible.

2. If
−𝜎2

𝑐
𝜍

3𝐿
𝜍
𝑐2,1

2𝜋𝜉
3
2
+2𝜅′

= 𝓁(𝜽)𝜖−2𝜈
,

with 2𝜈 = 2𝜂 = 5
2
+ 2𝜅′, 𝜅′ < 𝛿−1

2
, 𝑑 < 2𝛿 − 2 + 2𝜅′ and

𝜅 >
𝑑−1

2
then, for any bounded infinite set 𝐷 ×  ⊂

ℝ𝑑 ×ℝ, 𝑑 = 1, the two models are compatible.

Some guidelines to the main results follow. Theorem 5.1 and
5.2 provide parametric conditions for compatibility. In particular,
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condition (5.3) makes two tapered models compatible. It is very
interesting to note that the tapered spatial or temporal supports
do not need to be the same. What needs to be equal is the ratio
as per Equation (5.3). For both theorems, it is important to note
that a condition sine qua non is that the smoothness at the ori-
gin of the covariance kernels inspected for compatibility must be
the same.

6 | Consequences of Compatibility Theorems

There are consequences in both terms of ML estimation and krig-
ing prediction under fixed domain asymptotics. Following the
arguments in [32], an immediate consequence of Theorem 5.1 is
that for fixed 𝛿, 𝜇, 𝜅 and 𝛾 the parameters 𝜎2

, 𝛽 and 𝜉 cannot be
estimated consistently. Instead, the microergodic parameter

𝜎(𝝉)2

𝜉
1
2
+𝛿
𝛽2𝜅+1

is consistently estimable.

The second implication is in terms of kriging prediction. When
working under fixed domain asymptotics, the kriging variance
under the misspecified model will tend to be equal to the kriging
variance under the correct model. Proofs are obtained by mim-
icking [9] and hence excluded from this paper.

7 | Conclusions

This paper provides a formal account on space-time compatibil-
ity of Gaussian processes through their space-time covariance
functions. We have proved that, despite the substantial loss of
information induced by parsimony, the level of accuracy is not
compromised under an asymptotic scheme.

We should note that the type of asymptotics considered in this
paper is not unique. There are other asymptotics schemes avail-
able, for which compactness of the space-time domain is lost.
Hence, under alternative schemes, the compatibility machinery
can no longer be implemented.

Future works should focus on how to relax certain hypothesis on
the covariance function. For instance, on how to induce nonsta-
tionarity along the spatial or temporal component, and how to
adapt the compatibility context to this framework.
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Appendix

A.1 | Lemmas and Proofs

Proof of Theorem 4.1. A proof of the constructive type is provided. We
denote 𝑧 ∶= ||𝒛|| for 𝒛 ∈ ℝ𝑑 , and 𝑟 ∶= ||𝒓|| for 𝒓 ∈ ℝ𝑑 , with || ⋅ || denoting
the Euclidean norm. We start by writing the Fourier transform of the class
Tap through the expression

̂Tap(𝑧, 𝜏;𝝌T)

= 𝜎
2
∫ℝ ∫ℝ𝑑

𝑒
−𝑖(⟨𝑢,𝜏⟩)−𝑖(⟨𝒓,𝒛⟩) 𝜉,𝜇′ ,𝜅′ (|𝑢|)

(
1 +

(
|𝑢|
𝜉

)𝛿)𝛾


𝛽ℎ𝜉,𝛿 (|𝑢|),𝜇,𝜅 (||𝒓||)d𝒓d𝑢

= 𝜎
2
∫ℝ

𝑒
−𝑖⟨𝑢,𝜏⟩ 𝜉,𝜇′ ,𝜅′ (|𝑢|)

(
1 +

(
|𝑢|
𝜉

)𝛿)𝛾

(

∫ℝ𝑑
𝑒
−𝑖<𝒓,𝒛>


𝛽,𝜇,𝜅

(𝑟(ℎ
𝜉,𝛿
(|𝑢|))−1)d𝒓

)
d𝑢.

(A1)

We now define the function ℎ
𝜉,𝛾 ′ ,𝛿,𝛾 through the identity

ℎ
𝜉,𝛿,𝛾

(𝑡) = 1
(

1 +
(

𝑡

𝜉

)𝛿)𝛾
, 𝑡 ≥ 0 (A2)

Then, we invoke Theorem 1 in Zastavnyi [33] in concert with basic
Fourier calculus to rewrite the inner integral, and consequently,
̂Tap, as

̂Tap(𝑧, 𝜏;𝝌T)

= 𝜎
2
𝛽
𝑑
𝐿
𝜍

∫ℝ
𝑒
−𝑖(⟨𝑢,𝜏⟩) 𝜉,𝜇′ ,𝜅′ (|𝑢|)

ℎ
−1
𝜉,𝛿,𝛾+𝑑 (|𝑢|)

1𝐹2

(

𝜂; 𝜂 + 𝜇∕2, 𝜂 + (𝜇 + 1)∕2; −
(
𝑧𝛽ℎ

𝜉,𝛿,1(|𝑢|)
2

)2)

d𝑢

= 𝜎
2
𝛽
𝑑
𝐿
𝜍

2𝜋

∞∑

𝑛=0

(−1)𝑛(𝜂)
𝑛
(𝑧𝛽∕2)𝑛

𝑛!(𝜂 + 𝜇∕2)
𝑛
(𝜂 + (𝜇 + 1)∕2)

𝑛

∫ℝ+
𝑡
1∕2(1 + (𝑡∕𝜉)𝛿

)−2𝑛−𝑑−𝛾


𝜉,𝜇′ ,𝜅′ (𝑡)−1∕2(𝑡𝜏)d𝑡.

(A3)

We now define the Mellin–Barnes transformation [34], given by the con-
tour integral

1
(1 + 𝑥)𝛼

= 1
2𝜋𝑖

1
Γ(𝛼) ∮𝐶

𝑥
𝑢Γ(−𝑢)Γ(𝛼 + 𝑢)d𝑢,

where the contour 𝐶 contains the vertical line which passes between left
and right poles in the complex plane 𝑢 from negative to positive imaginary
infinity, and should be closed to the left in case 𝑡 > 1, and to the right
complex infinity if 0 < 𝑡 < 1. In our case, the contour 𝐶 is given by 𝐶 =
] − 𝑖∞− 𝜖, 𝑖∞− 𝜖[, with 𝜖 > 0, and should be closed to the right complex
infinity. We can now invoke (A1) to rewrite the last line in (A3) as

𝜎
2
𝛽
𝑑
𝐿
𝝇

2𝜋

∞∑

𝑛=0

(−1)𝑛Υ
𝑛
(𝑧𝛽∕2)𝑛

𝑛! ∫ℝ+
𝑡
1∕2


𝜉,𝜇′ ,𝜅′ (𝑡)

∮
𝐶

d𝑢Γ(−𝑢)Γ(𝑢 + (𝛾 + 𝑑 + 2𝑛))
2𝜋𝑖𝑡−𝑢𝛿𝜉𝑢𝛿Γ(1 + 𝑑 + 2𝑛)

−1∕2(𝑡𝜏)d𝑡

= 𝜎
2
𝛽
𝑑
𝐿
𝝇

2𝜋

∞∑

𝑛=0

(−1)𝑛Υ
𝑛
(𝑧𝛽∕2)𝑛

𝑛! ∮
𝐶

d𝑢Γ(−𝑢)Γ(𝑢 + (𝛾 + 𝑑 + 2𝑛))
2𝜋𝑖𝜉𝑢𝛿Γ(1 + 𝑑 + 2𝑛)

∫ℝ+
𝑡
1∕2+𝑢𝛿


𝜉,𝜇′ ,𝜅′ (𝑡)−1∕2(𝑡𝜏)d𝑡.

(A4)

From formula 6.569 in [19] and, for 𝛾 ′ > −1 and 𝑢𝛿 > −1, we have

∫ℝ+
𝑡
1∕2+𝑢𝛿

−1∕2(𝑡𝜏)𝜉,𝜇′ ,𝜅′ (𝑡)d𝑡

= 1
𝐵(2𝜅′, 𝜇′ + 1) ∫

𝜉

0
𝑡
1∕2+𝑢𝛿

−1∕2(𝑡𝜏)

∫

1

𝑡∕𝜉
𝑟
(
𝑟

2 − (𝑡∕𝜉)2
)𝜅′−1(1 − 𝑟)𝜇′d𝑟d𝑡

= 𝜉
3
2
+𝑢𝛿

𝐵(2𝜅′, 𝜇′ + 1) ∫

1

0
𝑡
1∕2+𝑢𝛿

−1∕2(𝑡𝜉𝜏)

∫

1

𝑡

𝑟
(
𝑟

2 − 𝑡
2)𝜅′−1(1 − 𝑟)𝜇′d𝑟d𝑡
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= 𝜉
3
2
+𝑢𝛿

𝐵(2𝜅′, 𝜇′ + 1) ∫

1

0
𝑥

1∕2+𝑢𝛿+2𝜅′ (1 − 𝑥)𝜇′

∫

1

0
𝑠

1∕2+𝑢𝛿(1 − 𝑠
2)𝜅′−1

−1∕2(𝑥𝑠𝜉𝜏)d𝑠d𝑥

=
𝜉

1+𝑢𝛿Γ
(

1+𝑢𝛿
2

)
Γ(𝜅′)Γ(1 + 𝑢𝛿 + 2𝜅′)Γ(1 + 𝜇

′)

𝐵(2𝜅′, 𝜇′ + 1)Γ
(
𝜅′ + 1+𝑢𝛿

2

)
Γ(2 + 𝜇′ + 2𝜅′ + 𝑢𝛿)

√
2𝜋𝜏

× 2𝐹3

(
𝑢𝛿 + 1

2
,
𝑢𝛿

2
+ 𝜅

′ + 1; 1
2
,

2 + 𝑢𝛿 + 2𝜅′ + 𝜇
′

2
,

3 + 𝑢𝛿 + 2𝜅′ + 𝜇
′

2
; −
(
𝜉𝜏

2

)2
)

,

(A5)

where 2𝐹3 is a generalized hypergeometric function. Then, the spectral
density ofTap has the following closed-form expression:

̂Tap(𝑧, 𝜏;𝝌T)

=𝜎
2
𝜉𝛽

𝑑
𝐿
𝝇Γ(𝜅′)Γ(1 + 𝜇

′)

(2𝜋)
3
2 𝐵(2𝜅′, 𝜇′ + 1)𝜏

1
2

∞∑

𝑛=0

(−1)𝑛Υ
𝑛
(𝑧𝛽∕2)𝑛

𝑛!

∮
𝐶

d𝑢
Γ(−𝑢)Γ(𝑢 + (𝛾 + 𝑑 + 2𝑛))Γ

(
1+𝑢𝛿

2

)
Γ(1 + 𝑢𝛿 + 2𝜅′)

2𝜋𝑖Γ(1 + 𝑑 + 2𝑛)Γ
(
𝜅′ + 1+𝑢𝛿

2

)
Γ(2 + 𝜇′ + 2𝜅′ + 𝑢𝛿)

× 2𝐹3

(
𝑢𝛿 + 1

2
,
𝑢𝛿

2
+ 𝜅

′ + 1; 1
2
,

2 + 𝑢𝛿 + 2𝜅′ + 𝜇
′

2
,

3 + 𝑢𝛿 + 2𝜅′ + 𝜇
′

2
; −
(
𝜉𝜏

2

)2
)

= 𝜎
2
𝜉𝛽

𝑑
𝐿
𝝇Γ(𝜅′)Γ(1 + 𝜇

′)

(2𝜋)
3
2 𝐵(2𝜅′, 𝜇′ + 1)𝜏

1
2

∞∑

𝑛=0

∞∑

𝑘=0

(−1)𝑛+𝑘Υ
𝑛
(𝑧𝛽∕2)𝑛

𝑛!𝑘!

Γ(𝑘 + (𝛾 + 𝑑 + 2𝑛))Γ
(

1+𝑘𝛿
2

)
Γ(1 + 𝑘𝛿 + 2𝜅′)

Γ(1 + 𝑑 + 2𝑛)Γ
(
𝜅′ + 1+𝑘𝛿

2

)
Γ(2 + 𝜇′ + 2𝜅′ + 𝑘𝛿)

× 2𝐹3

(
𝑘𝛿 + 1

2
,
𝑘𝛿

2
+ 𝜅

′ + 1; 1
2
,

2 + 𝑘𝛿 + 2𝜅′ + 𝜇
′

2
,

3 + 𝑘𝛿 + 2𝜅′ + 𝜇
′

2
; −
(
𝜉𝜏

2

)2
)

= 𝐾𝜏
− 1

2

∞∑

𝑛=0

∞∑

𝑘=0

(−1)𝑛+𝑘(𝑧𝛽∕2)𝑛

𝑛!𝑘!𝐾−1
𝑘,𝑛

2𝐹3

(

𝜂
𝑘
− 𝜅

′
, 𝜂

𝑘
+ 1

2
; 1

2
,

1 + 𝜇
′

2
+ 𝜂

𝑘
,

2 + 𝜇
′

2
+ 𝜂

𝑘
; −
(
𝜉𝜏

2

)2
)

(A6)

where 𝐾 = 𝜎
2
𝜉𝛽

𝑑
𝐿
𝝇Γ(𝜅′ )Γ(1+𝜇′ )

(2𝜋)
3
2 𝐵(2𝜅′ ,𝜇′+1)

, 𝐾
𝑘,𝑛
=

Γ(𝑘+𝛾+𝑑+2𝑛)Γ
(

1+𝑘𝛿
2

)
Γ(1+𝑘𝛿+2𝜅′ )Υ

𝑛

Γ(1+𝑑+2𝑛)Γ
(
𝜅′+ 1+𝑘𝛿

2

)
Γ(2+𝜇′+2𝜅′+𝑘𝛿)

and

𝜂
𝑘
= 𝑘𝛿+1

2
+ 𝜅

′.

This completes the proof. ◽

Proof of Theorem 4.2. For𝑧 large, we have

̂Tap(𝑧, 𝜏;𝝌T)

= 𝜎
2
𝛽
𝑑
𝐿
𝜍

∫ℝ
𝑒
−𝑖(⟨𝑢,𝜏⟩) 𝜉,𝜇′ ,𝜅′ (|𝑢|)

ℎ
−1
𝜉,𝛿,𝛾+𝑑 (|𝑢|)

1𝐹2

(

𝜂; 𝜂 + 𝜇∕2, 𝜂 + (𝜇 + 1)∕2; −
(
𝑧𝛽ℎ

𝜉,𝛿,1(|𝑢|)
2

)2)

d𝑢

=𝜎
2
𝛽
𝑑
𝐿
𝜍

2𝜋 ∫ℝ+
𝑡
1∕2(1 + (𝑡∕𝜉)𝛿

)−𝑑−𝛾


𝜉,𝜇′ ,𝜅′ (𝑡)

1𝐹2

(

𝜂; 𝜂 + 𝜇∕2, 𝜂 + (𝜇 + 1)∕2; −
(
𝑧𝛽ℎ

𝜉,𝛿,1(𝑡)
2

)2)

−1∕2(𝑡𝜏)d𝑡.

∼ 𝜎
2
𝛽
𝑑
𝐿
𝜍

2𝜋 ∫ℝ+
𝑡
1∕2(1 + (𝑡∕𝜉)𝛿

)−𝑑−𝛾


𝜉,𝜇′ ,𝜅′ (𝑡)
[

𝑐
𝜍

3

(
𝑧𝛽

(1 + (𝑡∕𝜉)𝛿)

)−2𝜂{
1 + (1 + (𝑡∕𝜉)𝛿)2𝑂(𝑧−2)

}

+ (1 + (𝑡∕𝜉)𝛿)𝜇+𝜂𝑂(𝑧−(𝜇+𝜂))

]

−1∕2(𝑡𝜏)d𝑡.

∼ 𝜎
2
𝛽
𝑑
𝐿
𝜍

2𝜋

[

𝑐
𝜍

3 (𝑧𝛽)
−2𝜂
∫ℝ+

𝑡
1∕2(1 + (𝑡∕𝜉)𝛿

)−𝑑−𝛾+2𝜂


𝜉,𝜇′ ,𝜅′ (𝑡)−1∕2(𝑡𝜏)d𝑡

+ 𝑂(𝑧−2−2𝜂)
∫ℝ+

𝑡
1∕2(1 + (𝑡∕𝜉)𝛿

)−𝑑−𝛾+2+2𝜂


𝜉,𝜇′ ,𝜅′ (𝑡)−1∕2(𝑡𝜏)d𝑡

+ 𝑂(𝑧−(𝜇+𝜂))
∫ℝ+

𝑡
1∕2(1 + (𝑡∕𝜉)𝛿

)−𝑑−𝛾+𝜇+𝜂


𝜉,𝜇′ ,𝜅′ (𝑡)−1∕2(𝑡𝜏)d𝑡

]

.

(A7)

Let us now find the closed form of the following functions:

Ψ
𝑖
(𝜏) =

∫ℝ+
𝑡
1∕2(1 + (𝑡∕𝜉)𝛿

)𝑎
𝑖


𝜉,𝜇′ ,𝜅′ (𝑡)−1∕2(𝑡𝜏)d𝑡,

𝑖 = 1, 2, 3,
(A8)

where 𝑎1 = 𝑑 + 𝛾 − 2𝜂, 𝑎2 = 𝑑 + 𝛾 − 2 − 2𝜂 and 𝑎3 = 𝑑 + 𝛾 − 𝜇 − 𝜂.

After direct inspection, using Lemma 4.1 and Equation (A5), we obtain

Ψ
𝑖
(𝜏) =

∫ℝ+
𝑡
1∕2(1 + (𝑡∕𝜉)𝛿

)−𝑎
𝑖


𝜉,𝜇′ ,𝜅′ (𝑡)−1∕2(𝑡𝜏)d𝑡

= Γ(𝜇′ + 1)Γ(𝜅′)𝜉
1
2 𝜏
− 1

2

(2𝜋)
1
2 𝐵(2𝜅′, 𝜇′ + 1)Γ(𝑎

𝑖
)

∞∑

𝑘=0

(−1)𝑘Γ(𝑘 + 𝑎
𝑖
)Γ(1 + 𝜅

′ + 𝑘𝛿∕2 + 𝜇
′∕2)Γ(3∕2 + 𝜅

′ + 𝑘𝛿∕2 + 𝜇
′∕2)

𝑘!Γ−1(1 + 2𝜅′ + 𝑘𝛿)Γ
(
𝜅′ + 1+𝑘𝛿

2

)
Γ(2 + 𝜇′ + 2𝜅′ + 𝑘𝛿)Γ(1 + 𝜅′ + 𝑘𝛿∕2)

×

[

(𝜉𝜏∕2)−1−𝜅′−𝜇′{cos(𝑐5 + 𝜉𝜏) + 𝑂(𝜏−1)
}
+

𝜋
1
2 Γ(1∕2 + 𝑘𝛿∕2)Γ(1∕2 + 𝜅

′)(𝜉𝜏∕2)−1−𝑘𝛿

Γ(1∕2 + 𝜅′ + 𝜇′∕2)Γ(1 + 𝜅′ + 𝜇′∕2)Γ(−𝑘𝛿∕2)

+ 𝑂(𝜏−3−𝑘𝛿) +
𝜋

1
2 Γ(1 + 𝜅

′ + 𝑘𝛿∕2)(𝜉𝜏∕2)−2−2𝜅′−𝑘𝛿

Γ(𝜇′∕2)Γ(1∕2 + 𝜇′∕2)Γ(−1∕2 − 𝜅′ − 𝑘𝛿∕2)
+ 𝑂(𝜏−3−2𝜅′−𝑘𝛿)

]

,

(A9)
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where 𝑐5 =
𝜋

2
(1 + 𝜇

′ + 𝜅
′).

The function Ψ
𝑖
(𝜏) can be written as

Ψ
𝑖
(𝜏) = 2−

(
1
2
+2𝜅′+𝜇′

)

Γ(1 + 2𝜅′ + 𝜇
′)𝜉

1
2

Γ
(
𝜅′ + 1

2

)
𝜏

1
2

×

[

(𝜉𝜏∕2)−1−𝜅′−𝜇′{cos(𝑐5 + 𝜉𝜏) + 𝑂(𝜏−1)
}

+𝑂(𝜏−3) +
2𝜇′−1Γ(1 + 𝜅

′)(𝜉𝜏∕2)−2−2𝜅′

Γ(𝜇′)Γ(−1∕2 − 𝜅′)
+ 𝑂(𝜏−3−2𝜅′ )

]

−
𝑎
𝑖
Γ(𝜇′ + 2𝜅′ + 1)Γ(𝜅′)𝜉

1
2

𝜋
1
2 2𝜇′+

3
2 Γ(2𝜅′)𝜏

1
2

×

[

(𝜉𝜏∕2)−1−𝜅′−𝜇′{cos(𝑐5 + 𝜉𝜏) + 𝑂(𝜏−1)
}

+
Γ(1∕2 + 𝛿∕2)Γ(1∕2 + 𝜅

′)(𝜉𝜏∕2)−1−𝛿

2−(2𝜅′+𝜇′ )Γ(1 + 2𝜅′ + 𝜇′)Γ(−𝛿∕2)
+ 𝑂(𝜏−3−𝛿)

+
2𝜇′−1Γ(1 + 𝜅

′ + 𝛿∕2)(𝜉𝜏∕2)−2−2𝜅′−𝛿

Γ(𝜇′)Γ(−1∕2 − 𝜅′ − 𝛿∕2)
+ 𝑂(𝜏−3−2𝜅′−𝛿)

]

.

To simplify the calculus, we consider cos(𝑐5 + 𝑧) ∼ 1. this supposition
does not affect the result. Then,

Ψ
𝑖
(𝜏) = 𝑐1,𝑖

(
𝜏
− 3

2
−𝜅′−𝜇′ {1 + 𝑂(𝜏−1)

}
+ 𝑂

(
𝜏
− 7

2

)

+ 𝑐2𝜏
− 5

2
−2𝜅′ − 𝑐3,𝑖𝜏

− 3
2
−𝛿
,

(A10)

where 𝑐1,𝑖 =

[
2( 1

2 −𝜅′)Γ(1+2𝜅′+𝜇′)
Γ
(
𝜅′+ 1

2

) − 𝑎
𝑖
Γ(𝜇′+2𝜅′+1)Γ(𝜅′)

𝜋

1
2 2−𝜅′+

1
2 Γ(2𝜅′)

]

𝜉
− 1

2
−𝜅′−𝜇′, 𝑐2 = 𝜉

− 3
2
−2𝜅′

𝑐2,1

with 𝑐2,1 =
2

1
2 Γ(1+2𝜅′+𝜇′ )Γ(1+𝜅′ )

Γ
(
𝜅′+ 1

2

)
Γ(𝜇′ )Γ(−1∕2−𝜅′ )

and 𝑐3,𝑖 = 𝜉
− 1

2
−𝛿
𝑐4,𝑖 with 𝑐4,𝑖 =

𝑎
𝑖
Γ(1∕2+𝛿∕2)

2
1
2 Γ(−𝛿∕2)

.

Finally,

̂Tap(𝑧, 𝜏;𝝌T)

= 𝜎
2
𝛽
𝑑
𝐿
𝜍

2𝜋

[
𝑐
𝜍

3 (𝑧𝛽)
−2𝜂

𝜏
− 1

2
(
𝑐1,1𝜏

−1−𝜅′−𝜇′{1 + 𝑂(𝜏−1)
}

+𝑂(𝜏−3) + 𝑐2𝜏
−2−2𝜅′ − 𝑐3,1𝜏

−1−𝛿)

+ 𝑂(𝑧−2−2𝜂)𝑂
(
𝜏
− 1

2

)(
𝑂(𝜏−1−𝜅′−𝜇′ ) + 𝑂(𝜏−3)

+𝑂(𝜏−2−2𝜅′ ) + 𝑂(𝜏−1−𝛿)
)

+ 𝑂(𝑧−(𝜇+𝜂))𝑂
(
𝜏
− 1

2

)(
𝑂(𝜏−1−𝜅′−𝜇′ ) + 𝑂(𝜏−3)

+𝑂(𝜏−2−2𝜅′ ) + 𝑂(𝜏−1−𝛿)
)]
.

(A11)

◽

Proof of Theorem 5.1. We need to find conditions such that for some pos-
itive and finite 𝑐,

∫


𝑧
𝑑−1

(
̂Tap(𝑧, 𝜏;𝝌T,0) − ̂Tap(𝑧, 𝜏;𝝌T,0)

̂Tap(𝑧, 𝜏;𝝌T,0)

)2

d𝑧d𝜏 < ∞ (A12)

for  depending on 𝑐 as specified through (5.2). We easily show that
̂Tap(𝑧, 𝜏;𝝌T)𝑧2𝜂

𝜏
𝑎 is bounded away from 0 and ∞ as 𝑧, 𝜏 →∞, with

𝑧∕𝜏 converging to a constant 𝑘 and 𝑎 =
(

3
2
+ 𝛿

)(
1
𝛿≤1 + 1

𝛿>1,𝜅′> 𝛿−1
2

)
+

(
5
2
+ 2𝜅′

)
1
𝛿≥1,𝜅′≤ 𝛿−1

2
. Using Theorem 4.2 (Points 3 and 5) when 𝛿 ∈

{1, 2}, we have, as 𝑧, 𝜏 →∞,

||||||

̂Tap(𝑧, 𝜏;𝝌T,1) − ̂Tap(𝑧, 𝜏;𝝌T,0)

̂Tap(𝑧, 𝜏;𝝌T,0)

||||||

= 𝜏
𝑎
𝑧

2𝜂
|||||

𝜎
2
1𝛽

𝑑

1 𝐿
𝜍

2𝜋

[
𝑐
𝜍

3
(
𝑧𝛽1

)−2𝜂(𝜏)−
1
2

(
𝑐

1
1,1(𝜏)

−1−𝜅′−𝜇′{1 + 𝑂(𝜏−1)
}

+ 𝑂(𝜏−3) + 𝑐
1
2 (𝜏)

−2−2𝜅′ −𝑐1
3,1(𝜏)

−1−𝛿
)

+
(
𝑂(𝑧−2−2𝜂) + 𝑂(𝑧−(𝜇+𝜂))

)(
𝑂

(
𝜏
− 5

2
−2𝜅′

)
+ 𝑂

(
𝜏
− 3

2
−𝛿
))]

−
𝜎

2
0𝛽

𝑑

0 𝐿
𝜍

2𝜋

[
𝑐
𝜍

3
(
𝑧𝛽0

)−2𝜂
𝜏
− 1

2 ×
(
𝑐

0
1,1𝜏

−1−𝜅′−𝜇′{1 + 𝑂(𝜏−1)
}
+ 𝑂(𝜏−3) + 𝑐

0
2 (𝜏)

−2−2𝜅′ − 𝑐
0
3,1(𝜏)

−1−𝛿
)

+
(
𝑂(𝑧−2−2𝜂) + 𝑂(𝑧−(𝜇+𝜂))

)
×

(
𝑂

(
𝜏
− 5

2
−2𝜅′

)
+ 𝑂

(
𝜏
− 3

2
−𝛿
))]||||

.

Then, following the same steps given in Faouzi et al. [27], we have

for 0 < 𝛿 ≤ 1 or (2𝜅′ > 𝛿 − 1 and 𝛿 > 1), Tap(⋅, ⋅;𝝌T,1) and
Tap(⋅, ⋅;𝝌T,0) are compatible if and only if 𝜎

2
1

𝜉

1
2 +𝛿

1 𝛽
2𝜅+1
1

= 𝜎
2
0

𝜉

1
2 +𝛿

0 𝛽
2𝜅+1
0

,
𝑑+1

2
<

𝜅
′ + 𝜇

′ − 𝛿 and 𝑑

2
< 2 − 𝛿. ◽

Proof of Theorem 5.2. For 𝜏 = (𝜎, 𝜈)𝑇 , we need to find conditions such
that for some positive and finite 𝑐,

∫


𝑧
𝑑−1

(
̂Tap(𝑧, 𝜏;𝝌T,1) − ̂(𝑧, 𝜏;𝜽)

(𝑧, 𝜏;𝜽)

)2

d𝑧d𝜏 < ∞ (A13)

for  depends on 𝑐 as specified through (5.2). It is known that
(𝑧, 𝜏;𝜽)𝑧2𝜈 is bounded away from 0 and∞ as 𝑧, 𝜏 →∞, with 𝑧∕𝜏 con-
verging to a constant 𝑘 [31].

As a reminder, the function 𝓁(𝜽) has the following expression:

𝓁(𝜽) = 1

𝜐1−2𝜈Γ
(
𝜈 − 1

2

)√
𝜋

(

∫ℝ𝑑

(𝜁2 + ‖𝒓‖2)
1
2
−𝜈(

𝜁
2 + 𝜖‖𝒓‖2)− 1

2 d𝒓
)−1

,

(A14)

the explicit expression can be found in (2.5) in Faouzi et al. [27]. Using
Theorem 1 (Point 2) and Theorem 2 (Point 2), given by Faouzi et al. [27],
when 𝜖 ∈ (0, 1], 0 < 𝛿 ≤ 1 or (2𝜅′ > 𝛿 − 1 and 𝛿 > 1), we have, as 𝑧, 𝜏 →
∞,

||||||

̂Tap(𝑧, 𝜏;𝝌T,1) − ̂(𝑧, 𝜏;𝜽)

̂(𝑧, 𝜏;𝜽)

||||||
=
||||||

̂Tap(𝑧, 𝜏;𝝌T,1)

̂(𝑧, 𝜏;𝜽)
− 1

||||||

=
|||||
𝓁(𝜽)−1(𝜖𝑟𝜏)2𝜈

𝜎
2
1𝛽

𝑑

1 𝐿
𝜍

2𝜎2𝜋
[
𝑐
𝜍

3
(
𝑧𝛽1

)−2𝜂(𝜏)−
1
2

(
𝑐

1
1,1(𝜏)

−1−𝜅′−𝜇′{1 + 𝑂(𝜏−1)
}

+𝑂(𝜏−3) + 𝑐
1
2 (𝜏)

−2−2𝜅′ − 𝑐
1
3,1(𝜏)

−1−𝛿
)

+
(
𝑂(𝑧−2−2𝜂) + 𝑂(𝑧−(𝜇+𝜂))

)(
𝑂

(
𝜏
− 5

2
−2𝜅′

)
+ 𝑂

(
𝜏
− 3

2
−𝛿
))]

×
(

1 + 𝜈𝜁
2
𝜐

2

𝜖2𝑟2𝜏2 +
𝜈𝜐

2

𝜖2𝜏2 +
𝜈𝜁

2

𝜖2𝑟2 + (𝜏
−4
𝑟
−4)

)
− 1

|||||
,

1. If
−𝜎2

1𝑎1𝑐
𝜍

3𝐿
𝜍Γ
(

1+𝛿
2

)

2
3
2 𝜋𝛽

1+2𝜅
1 𝜉

1
2
+𝛿

1 Γ
(
− 𝛿

2

) = 𝜎
2𝓁(𝜽)𝜖−2𝜈

,
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with 2𝜈 = 2𝜂 = 3
2
+ 𝛿, 𝛿 < 1, 𝑑 < 3 − 2𝛿 and 𝜅 >

𝑑−1
2

then, for any
bounded infinite set 𝐷 ×  ⊂ ℝ𝑑 ×ℝ, 𝑑 = 1, the two models are
compatible.

2. If
−𝜎2

1𝑐
𝜍

3𝐿
𝜍
𝑐2,1

2𝜋𝜉
3
2
+2𝜅′

1

= 𝜎
2𝓁(𝜽)𝜖−2𝜈

,

with 2𝜈 = 2𝜂 = 5
2
+ 2𝜅′, 𝜅′ < 𝛿−1

2
, 𝑑 < 2𝛿 − 2 + 2𝜅′ and 𝜅 >

𝑑−1
2

then, for any bounded infinite set 𝐷 ×  ⊂ ℝ𝑑 ×ℝ, 𝑑 = 1, the two
models are compatible. ◽
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