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1. Introduction

Factor copula models have been successfully introduced as a means to cope with data of high cross-sectional
dimensionality; see, e.g., Krupskii and Joe (2013), Creal and Tsay (2015), and Oh and Patton (2017). The use of a latent
factor structure offers an economically intuitive yet flexible way to multivariate modeling that parsimoniously handles
commonly encountered characteristics of financial time series like, for example, the tail asymmetry and tail dependence
described by Hansen (1994). Recently, some research effort has been devoted to incorporate time variation and exogenous
information to factor copula models; see, e.g., Creal and Tsay (2015), Oh and Patton (2018), Opschoor et al. (2020),
and Krupskii and Joe (2020). For example, Oh and Patton (2018) and Opschoor et al. (2020), by utilizing the generalized
autoregressive score (GAS) framework of Creal et al. (2013), consider specifications with latent factors and time-varying
loadings that may depend on exogenous information. We contribute to this literature by introducing a class of factor
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copula models with exogenous, (partly) observable factors, an idea reminiscent of Bernanke et al. (2005), Boivin et al.
(2009), and Stock and Watson (2005). Contrary to the above cited factor copula models, we take a step back and treat
the, possibly group-specific, loadings as time-invariant constants and the SMM estimator employed here is build on the
unconditional copula—a concession in the name of tractability that frees us from the necessity of specifying parametric
marginals (e.g., Oh and Patton (2018)) or a closed form likelihood of the copula (e.g., Opschoor et al. (2020)) and thereby
allows for a large variety of ‘covariate-augmented’ factor copulas, nesting the model (Oh and Patton, 2017) as a special
case.

Since the copula likelihood is rarely available in closed form for the model class considered here, an SMM framework
for estimation and inference is proposed which uses the general principles outlined by Oh and Patton (2013). Our main
contribution is a novel distinction between simulable factors and factors that are estimable from exogenous information.
Following the seminal SMM literature of McFadden (1989), Pakes and Pollard (1989), and Lee (1992), we exploit the
benefits from non-overlapping simulation draws. The incorporation of exogenous covariates considerably complicates
the development of an asymptotic theory as many arguments made by Oh and Patton (2013) do not apply. Nevertheless,
we show that all technical hurdles can be overcome by combining recent developments from copula empirical process
theory (see, e.g., Biicher and Volgushev (2013), Berghaus et al. (2017), and Neumeyer et al. (2019)) with a seminal
result for extremum estimation with nonsmooth objective function due to Newey and McFadden (1994). In consequence,
consistency, limiting normality, and validity of bootstrap standard errors are established. In doing so, we derive the
stochastic equicontinuity of the objective function from primitive conditions on the distributional characteristics of the
factor structure using the functional central limit theorem (FCLT) of Andrews and Pollard (1994) for e-mixing triangular
arrays. The theory developed here verifies earlier equicontinuity results from the literature that made use of high-
level conditions; see, e.g., Oh and Patton (2013), and Manner et al. (2019, 2021). Since stochastic equicontinuity is an
essential ingredient of the asymptotic theory that links pointwise and uniform properties, more primitive conditions
are of utmost interest. An application to dependence modeling of a cross-section of stock returns of eleven financial
companies illustrates the theoretical results and highlights how the incorporation of estimable factors can help to achieve
improvements in model performance.

The remainder of this paper is organized as follows. Section 2 introduces the model. The main results for SMM
estimation and inference are contained in Section 3. A small Monte Carlo exercise is conducted in Section 4 and an
empirical application can be found in Section 5. Section 6 briefly summarizes and concludes the paper.

2. Model

Our aim is to capture the dependence structure among the cross-sectional entities of the n x 1 vector of financial assets
Y = (Y1, ..., Yn,) in time-period t € {1, ..., T}, conditional on the available information 7, := cr({Yj*, Yi_1:j Zt)),
where Y:* represents a vector of exogenous regressors. The number of financial assets n might be large but is assumed
finite. If the marginal conditional distributions Y;; | F; ~ H;, are continuous, we can follow Patton (2006) and uniquely
decompose the joint conditional distribution Y; | 7 ~ H; into its n margins and a copula function C; : [0, 1]" — [0, 1],
where C(-) completely describes the dependence conditionally on F;; i.e., Hi(x1,...,X%n) = Ce{H1e(x1), ..., Hne(xn)}
xi € R, i€ {1,...,n}. Following, among others, Chen and Fan (2006), Oh and Patton (2013), and Fan and Patton (2014,
Section 2.1), we assume for the n assets parametric location-scale specifications of the form

Yie = p1i(Fe, ho) + p2.i(Fe, Aodies (2.1)
where, for eachi € {1,...,n}, {ni; : t > 1} are i.i.d. innovations independent of 7, while 11 ; and u,; are F;-measurable
parametric specifications of the conditional mean w4 i(*:,A) = E[Y;: | F:] and the conditional standard deviation

W2.i(Fe, M) = /varlYi, | 7] that are known up to the true r x 1 parameter vector A = X9 € Ao C R'. In particular,
we assume that

M]J(J:IV )") = Mj,i(Rf()‘)v )“)’ J € {1’ 2}7 i€ {15 R n}’ (22)

where, for any A € A, the pr x 1 random vector R.(A) is F;-measurable with components that may parametrically depend
on the entire history F; through A. For example, this model class includes nonlinear autoregressions (AR) with nonlinear
autoregressive conditional heteroskedasticity (ARCH), in which case the dependence of R;(1) on X is superfluous, as well
as nonlinear generalized autoregressive conditional heteroskedasticity (GARCH) as illustrated below for the GJR model
of Glosten et al. (1993).

Example. Consider the AR(1) model Yi; = yYir—1 + WM2irnie, With conditional heteroskedasticity M%,,-,[ = w +
(Bi + mil{ei—1() < OVef,_; (i) + cipe3;,_; for &;1(yi) = Yi¢e — ¥iYie—1. In accordance with our notation, let A =
(P1s ooy Vs @1y ooy Ay @15« o, @y B1y ooy Brs W15 - .., Mn) be the r x 1 parameter vector collecting all unknowns for
r = 5n. Following the discussion in Yang (2006), by suitably restricting Ag C R, this specification can be cast in
form of (2.1) and (2.2) if we set w1 i(F;, A) = yiYie—1, Re(A) = (Y/_;, Re(L)), where Ri(1) = (Ry,¢(X), ..., Ro (X)), with
Ric) =272 of @il — viYieo1, mid 8(x. @) = X + al{x < 012, and pi(Re(A). A) = BiRi.(2) + wi/(1 — o).
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Since we assume that individually n;  are independent of 7; and, by Eq. (2.1), i = {Yir — p1.i(Fr, 2o)}/ 2.i(Ft, Xo), we
can—assuming continuous margins Fi(n;: < x;) = P(n;¢ < x;), i € {1, ..., n}—rephrase the conditional joint distribution
of Y; in terms of the innovation ranks V;; := Fi(n; ) as

He(X1, ..., %0) = Ce{F1(x1), ..., Fa(xn)},

(2.3)

Ce(ur, ... up) =P(Vis <uq, ..., Vo <up | 7)),
u; € [0,1],i€{1,...,n}. While the effect of 7; on the margins has been completely removed by the use of the location-
scale model (2.1), the joint cross-sectional distribution of n; := (91, ..., nn) is allowed to depend on F; through some
‘exogenous’ vector Z;. That is, we assume that

Cr(ur, oo sup) =PV <ug, oo, Vir <up | Ft) =P(Vir <uq, ..., Vor <un | Zp). (2.4)
We do not model the conditional copula directly but we assume that the unconditional copula

Clur, ..., up) =P(Vie <up, ..., Vo < ), (255)
can be generated from an auxiliary factor model via

G(X1, ..., %) = C{G1(X1), ..., Gua(Xn)}, X; € R, (2.6)
where Gi(x;) := P(X;; < x;) represents the ith margin of

Xie = agFe + by Ze + €1 (2.7)
and G(x) :== P(Xyr < X1,..., Xnt < Xn), X := (X1,...,X;) € R", is the corresponding joint distribution. As defined below,
F; and ¢;; denote latent factors and the idiosyncratic component, respectively. It is crucial to stress that the margins G;,
i € {1,...,n}, can differ from the univariate distributions of the observed data and are not of interest here. Rather, Eq. (2.7)

serves as a means to generate the copula C that determines the joint distribution. Since any effect of 7; on the margins
has been filtered out while the conditional distribution is only affected by F; through the regressor, the unconditional
copula obtains directly by taking the expectation with respect to Z;, i.e. C(-) = E[C¢(-)].

Oh and Patton (2018) or Opschoor et al. (2020) consider a related specification. Contrary to our approach, however,
they model the conditional copula directly, i.e. they consider a conditional copula C; = C(6y ;) indexed by a time-varying
copula parameter 6 := 6y(Z;) that is driven by GAS-dynamics so that Z; = (»], ..., n;_;)'. We, on the other hand, assume
that all components of the factor model including Z; are i.i.d.. To make these notions precise, Assumption A formalizes
the characteristics of the factor model. It constitutes a naturally extension of Oh and Patton (2017).

Assumption A.

(A1) {Z; : t = 1}, {F; : t > 1} and {g; : t > 1} are mutually independent i.i.d. sequences with &;; 1 ¢, 1,j € {1,...,n}
and Fr; L Feji,je{l,...,pa};
(A2) {X;, n; : t > 1} is an ii.d. sequence.

The peculiar feature of Eq. (2.7), and the main contribution of this paper, is the distinction between simulable and
observable factors: while F; := (F:1,...,Fp,) is a p, x 1 vector of latent random variables with known parametric
distribution, the pg x 1 vector Z; == (Z; 1, ..., Zt pg )Y can be recovered from observed data based on econometric tools.
Therefore, Z; is also referred to as the estimable factor. More specifically, both F; and ¢;, are iid. with parametric
distributions

D:(x; o) == P(eir <X), Drj(x; vo4) :==P(Fj <x),j€{1,...,pa},

which are partially known up to the ps x 1 vector & := (0,1 - .., do,p;) and the pep, x 1 vector yo := (Vg 1+, ¥op,)"
with yo; == (Y01, ---, Yojp,), respectively. On the other hand, the distribution of the vector Z; is unknown but we
assume that its components Z; ; can be represented as i.i.d. innovations of an observable F;-measurable processes W; ;
given by

Ztj=Wij—0oi(We,v0), je{l,...,pgh (2.8)

where the measurable functions oj(-, v) are known up to the m x 1 vector v = vy € Vo C R"; the i.i.d. innovations Z; ; are
independent of the history W; C F;_;. Similar to the specification of Eq. (2.2), we assume that o;(W;, v) = oj(M(v), v),
where the py x 1 vector M;(v) comprises short-range dependent covariates, possibly including lagged dependent variables,
whose components may be parametrically generated from the complete history W;. We cannot allow for both time-
varying conditional means and variances to ensure that the limiting distribution of the SMM estimator is unaffected by
the first step estimation of vy. Note, however, that several models with time-varying conditional variance that obey W, =
o (M(v), v)Z;, supy ,G(x,y) > 0, can be cast in form of (2.8) by setting W; := log|W;|, o¢(M(v), v) := log 6;(M(v), v), and
Z: = log|Z|.!

1 The argument is inspired by Genest et al. (2007), who propose this transformation in their Example 1 to ensure a nuisance-free distribution of
the BDS-type test studied there; see also Caporale et al. (2005) for a study of the BDS test based on the logarithm of absolute GARCH(1,1)-residuals.
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As in Oh and Patton (2017, Section 4.2) and Opschoor et al. (2020, Section 2.1.1), it is assumed that the factor
loadings ag i :== (g i1, .., 0,ip,) and bg; == (boi1, - - -, b(),,;lﬁ,}9 )Y can be grouped into a small number of Q group-specific
coefficients oo g := (0,91 - - - » ®0,q,p,) aNd Bo.q == (Bo.g.1,-- - Bo.q.0s Y,q € {1,...,Q}. Put differently, there exists a finite
collection of disjoint sets {G1, ..., Go} partitioning the cross-sectional index set {1, ..., n} such that ap; = ag; = ag q and
boi = boj = Bog foranyi,j € Gq, q € {1,...,Q}. Importantly, this ‘block-equidependent’ factor structure implies that
the number of latent marginals needed to be specified reduces from n to Q distinct distributions Gy, ..., Gg, say, so that
Gi(x) = Gj(x) =: Gq(x) for any i,j € Gq, q € {1, ..., Q}. Throughout, the group assignment is assumed to be known.

3. SMM-based estimation

The object of interest is the p x 1 vector 6 = (e 1, By 15 - - - » %).q> Bo.g» Yor 8) € @ S RP, which, in view of the latent
factor structure (2.6), collects all p := Q(py + pg) + PoP, + Ps unknown copula parameters. A different parameter vector
0 = (ay, By aé, ﬂé, y’,8')Y € O gives rise to an alternative factor structure

Xi¢(d;) := a;Ft(V) + b;Zt + &i¢(8), (3.1)
say, where the notational conventions X;(d;), F:(y) = (F1(y1), ... Frpo(¥p,)), and &;.(8) are used to make the
dependence of the various quantities on the (p, +pg +pap, +Ps) x 1 vector d; := (a;, b, y’, §') explicit; e.g., & :(8) ~ D,(8)

[ R

and F; j(y;) ~ Drj(¥).j € {1, ..., ps}. The block-equidependent design ensures that
di=dj=04 Vijegs, qefl,...,Q}, (3.2)
where the (py +pp + PaPy + Ps) X 1 vector 0 := (ag, By, 8, ') contains the parameters specific to the gth group. Thus,
with a slight abuse of notation, § = UqQ=19q. For each 6 € ®, Eq. (3.1) generates a differently parametrized copula
Clug, ..., up; 0) = P{Ul,t(d]) <Ug,en., Un,t(dn) < up},
Uie(di) := Gi(Xie(dy); di), (33)
Gi(xi; di) ==P{Xi((di) < x;}, u; € [0, 1], x; € R.

Importantly, due to the block-equidependent design and Eq. (3.2), we have for any two cross-sectional indices belonging
to the same group

Gi(x; di) = Gj(x; dj) = Gg(x; 05), 1,jE€Gq, qefl,...,Q},

say, so that Gi(X;((d;); di) = Ui(d;) = Ui +(89) = Gg(Xi.c(04); Og)-
The simulation-based estimation uses Assumption B below to estimate the true value of 6 € ® given by 6, = UqQ: 100,
90,1) = (a(,)’qﬂ ﬂéqu V(;’ 8(’]),

Assumption B.

(B1) C(uyq, ..., uy) = C(uy, ..., uy; ) uniformly in (uq, ..., u,) € [0, 1]" if and only if & = 6y, where 8y € ® C RP. The
parameter space ® is compact.

(B2) (i) The joint distribution F(x1,...,x,) = P(n1: < X1,..., 00t < Xp) is continuous with continuous marginal
distributions Fi(x;), x; e R,i € {1,...,n}.
(ii) The joint distribution G(x1, ..., xp; 0) = P(X1(d1) < X1, ..., Xn(dn) < X,) is continuous with continuous
marginal distributions Gi(x;; d;), x; € R, i € {1, ..., n}, uniformly in 6 € ©.
Assumption B formalizes the introductory notion of a factor copula; i.e., the unknown copula C(uq, ..., u,) can be

generated by the latent factor structure for a suitable choice of 8 = 6, € ©.
3.1. Independent simulations

Akin to the ‘independent simulation’ scheme known from classical SMM estimation (see, e.g. McFadden (1989),
Pakes and Pollard (1989), and Lee (1992)), we generate for a given candidate value # € ® C RP a random sample
{(Fes(yY,eies(8)) :i=1,...,n, t=1,...,T, s=1,...,5} to obtain a version of the auxiliary factor model

Xits(di) = a;Ft,s()’) + b;Zt + &it.5(8), (3.4)

where F; (y) .= (Frs,1(¥1), - - -, Fr 5.0, (¥p,))- Hence, we sample for each time period t a new batch of S random variables
from D, and Dfj, j € {1,...,ps}. More specifically, let D;! and D;} denote the inverse distribution functions of &,
and Fj, j € {1,...,ps}, respectively. We may then write &;;s(8) = D;l(ei’ft’s; 8) and F;4(y) = D;l(F:S; y), with

D '(F'i v) = (D5 y(Fs i va) - D;;U(F:s,pa; ¥re))» Where F' = (F |, ..., F; Y and ¢, ; denote independent draws

t,s,1° 2 t,S, Do it,s
of iid. standard uniform random variates which are drawn once. Note that for our estimation procedure we hold the

underlying random draws F;'fs and 8?}’5 fixed while 6 is allowed to vary over the compact set ®. This is important to
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ensure uniform convergence of simulated moments and to facilitate convergence of the numerical optimization routine
used to find 6p; see Gouriéroux and Monfort (1997, p. 29) and Pakes and Pollard (1989, p. 1048) for further remarks.
Since Z; might be unobservable, we will replace the unknown innovation with Zi(dr) = (Z¢1(r), . .., Z¢ p, (D)), where
Z,j(v) = W;j — oj(Mi(v),v),j € {1,...,pg}, represents the generalized residual. The estimator Jr is assumed to be
+/T-consistent for the m x 1 vector vq satisfying certain mild regularity conditions outlined below; for example, in the
empirical application maximum likelihood estimation is used. Therefore, a feasible counterpart of Eq. (3.4) is obtained
from

Xi e s(di, 1) i= aiFe s(y) + biZe(Dr) + i.c.5(8)- (3.5)
3.2. The estimator

Throughout, the cross-sectional dimension n might be large but is considered fixed, while asymptotics are carried out
as T — oo; the number of simulation draws S can either be fixed or a function of T such that S := S(T) > oo as T — o0.
For the sake of brevity we report only results for the latter case.

Similar to Oh and Patton (2013), estimation aims at minimizing the difference between empirical and simulated rank
dependence measures that only depend on the unknown bivariate marginal copulae. Importantly, Assumption B implies
also the equivalence at & = 6, between each of the n(n — 1)/2 bivariate marginals copulae of the joint copula from
Eq. (2.5), given by C;;(u;, uj) := P(Vi < u;, V; < u;), and the bivariate marginals of the joint factor copula from Eq. (3.3),
given by C; ;(u;, uj; d;, d;) = P(U(d;) < u;, Uj(dj) < u5), 1 <i < j < n. By block-equidependence,

Cij(ui, uj; di, dj) = Cyluj, uj; 0), i,j€Gq, qe{1,...,Q}.

Put differently, the number of distinct marginal copulae reduces from n(n—1)/2 to Q block-specific copulae C1(6;), ..., Cq
(6q) for which C; j(u;, uj) = Cqlu;, uj; 64) if i,j € Gg, q € {1,...,Q}, and 6; = 6y ¢. To illustrate the main idea behind the
following SMM estimator, suppose i,j € Gq for some q € {1,...,Q} and introduce, for some estimator /T-consistent

estimator A7 of Aq satisfying some regularity conditions outlined below, the following two £ x 1 vectors
UrijGo) = Wrija(hr), o Yrijeir))
&T,Sﬁi,j(eqa Ur) = (&T,S,i,j,l(eqs br), ..., @T,s,i,j,z(eq, br)),

which collect bivariate dependence measures like, for example, Spearman’s p, Blomqvist's 8, Gini’s y, or the measures of
quantile dependence used by Oh and Patton (2013, p. 691). Formally, these statistics can be expressed with the help of a
suitable collection of bivariate functions {¢y : [0, 1]> — R, 1 < k < ¢} as follows

(3.6)

WT ij, k(A Z (/Jk it ()A\T))
= (3.7)
1)0T.§tjk(9qv‘)T Tszzlfpk Ui,t,s( quvT) U]ts(gq,VT))
=1s=

where V; (A1) and Ui, s(6q, ir) represent the rank of Nie(Ar) = {Yir — m1i(Fe, A1)}/ m2,i(Fe, Ar) among {#i¢(Ar) : t =
1,..., T} and the rank of X;; (6, Ur) among {X;; (0, Vr): t =1,...,T;s =1, ..., S}, respectively.

The ¢ different bivariate dependence measures are then aggregated according to the group-specific factor structure.
To provide some intuition, note that yrr;;«(Ar) and ¥ s k(6q, Vr), k € {1, ..., £}, can be viewed as sample estimates of
the population statistics E[@i(Vi¢, Vj.+)] and E[@r(Ui ¢ 5(64), Uj ¢,s(64))]. These statistics depend only on the bivariate copulae
Cq(uj, u;) and Cy(u;, uj; 6;), which, due to the block-equidependence, exhibit within-group homogeneity; i.e., each of the
¢ statistics depends on the cross-sectional index set {1, 2, ..., n} only via the group-identifier g € {1,...,Q}:

Vax(8) = ElUscs(60). Upes(6))] = /[ o w0
0,1

(3.8)
Vak =El@i(Vi, Vi)l =/ ) @i, u)dCq(us, 1), ke {l, ..., L} Vi,j€Gq.
[0,1]
Therefore, the following aggregation scheme of bivariate dependence measures is justified
I/fT5q(6' ir) |g ZZ‘//TSUquvT

q <1< j<n
"%

(3.9)

1<i<j<n
ijegq

VrqChr .<|g|>ZZwT,,mqe{1 Q).
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We thus obtain the ¢ x 1, £ := QZ, vector of empirical dependence measures
Ur(hr) = (hra(hr)s oo Pra(hr)Y

and the £ x 1 vector of simulated dependence measures
Yrs(0, 1) = (Yr.s5.1(61, D1), ..., Yrs.0Bg. Pr)),

respectively. Following the literature on extremum estimators (see, e.g., Newey and McFadden (1994, Section 7)), we
define, for some stochastically bounded and positive-definite weight matrix Ir s, an SMM estimator Or s as an estimator
that minimizes the objective function

AT,S(G, Ar, br) = I (6, Ar, ﬁr),ir,s‘i’r,s(9, A, Dr),
with @7 5(6, Ar, Dr) := ¥r(Ar) — Yr.s(6, Or), in the sense that
Ars(brs. dr. 0r) < inf Ars(8. Ar. r) + 0,(1/T). (3.10)

3.3. Limiting normality

As pointed out by Oh and Patton (2013), the objective function is non-differentiable and, in general, does not possess
a population counterpart in known closed form. Thus, some care is required in deriving the asymptotic distribution of
Or.s. Due to the mutual dependence on the covariate, ¥r(Ar) and Y s(6, Dr) are not independent, which considerably
complicates the analysis and precludes a direct application of the arguments developed by the aforementioned authors.
To shed some light, let us recall from Newey and McFadden (1994) that two crucial high-level conditions for asymptotic
normality of /T (éT,s — 6) are (1) limiting normality of the normalized sample ‘moments’ +/T lflm(e, )ALT, vr) evaluated at
6 = 6 and (2) the stochastic equicontinuity of the map 6 ﬁtf/m(e, ):T, vr). Both conditions are shown to be closely
tied to the limiting behavior of the triangular-array empirical process

Br s, (Ui, uj; Oq, Ar, Or)

1 ~ o N
wd Z [ Whie(Rr) < By (u A, fjeGir) < Br (g Ap))

(3.11)

N

S
Z Xits 9q7 vr) é;s_,‘(uﬁ 9q, ‘A)T)a Xj,t,s(‘ga f)T) G (u], Qq, VT)} ]

V)\.—x

where H™(p) := inf{x € R : H(x) > p, p € (0, 1]} denotes the left-continuous generalized inverse function of a distribution
function H, and

1 T

Fra(x An) = o 3 Winelia) <X} Grsu(x: 6, o) ZZ 1{Xice.s(6g. r) < x},
t=1 t_ls_l

forx e R, k € {i,j}, withi,j € G4, q € {1, ..., Q}. More specifically, taking Fermanian et al. (2004, Theorem 6) and Biicher

and Segers (2013, Lemma 7.2) into account, we can express the kth entry of lf/T,s,,;j(Qq, )ALT, vr) = 1/A/Ty,-,j()§r) - &T,S.,-,j(eq, vr)

as a Lebesgue-Stieltjes integral

VT 5,5k(0q, A, Or) = / , Br s.ij(ui, tj; Oq, Ar, Or) der(ui, 1) + 0p(1) (3.12)
[0.1]
fork € {1, ..., £}. Hence, the limiting distribution of «/T@T,S(GO, XT, vr) can be deduced from the weak convergence of the

process {I@T,s,,’,j(u,-, uj; Oo.q, )ALT, Ur) @ u;, y; € [0, 1]}, which is readily recognized as the difference between two empirical
copula processes. Since filtered data is used, an invariance result with respect to the corresponding statistics based on the
unknown counterparts is desirable. If empirical and simulated rank statistics are independent, then it suffices to show that
the empirical copula processes based on V(A7) and Uj s(0o 4, V1) share the same weak limit; a proof strategy employed
by Oh and Patton (2013) who argue along the lines of Rémillard (2017). Here, we require the somewhat stronger notion
of uniform asymptotic negligibility; i.e., we show, under sufficient regularity of the data, that

sup  sup |Brsij(ui, W 6g, At, Or) — Brs,ij(ui, U 6g, Ao, vo)l = 0p(1), (3.13)
Ui, uj € [0,1] 6 €@
foreachi,j € G4, q € {1, ..., Q}. There exist already similar results in the literature for S-mixing processes (see Neumeyer
et al. (2019) and Chen et al. (2020) who rely on Dette et al. (2009) and Akritas and Van Keilegom (2001, Lemma 1)); the
underlying stochastic equicontinuity result of Doukhan et al. (1995) is, however, not directly applicable to the triangular-
array case considered here. In order to overcome this difficulty, we resort to the FCLT of Andrews and Pollard (1994,
Theorem 2.2). The following regularity conditions are assumed to hold:
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Assumption C. For eachi € {1,...,n}, the ith first-order partial derivative 9;C(uq, ..., u,; 0) exists and is continuous
on the set {(uy,...,u,) € [0,1]" : 0 < u; < 1} uniformly in & € ©®. The same holds for each bivariate copula
{Cq(ui, uj; eq) iqgefl,...,Q}L

Assumption D.

(D1) (i) For each i € {1,...,n}, F; has density function f; satisfying sup,cpfi(x) < 00, supycprlxfi(x)] < o0,
fi{F7 ()1 +F'(x)) = o(1)asx — O orx — 1
(if) For each 1 < i < j < n, the bivariate distribution functions F;;(x;, x;) == P(ni; < x;,nj: < x;) satisfy
Maxy, | (i,j} SUPy; x; e & | 010kFi,j(Xi, X)(1 + X )(1 + X1)| < oo.
(D2) Foreachq € {1, ..., Q}, Gq density function g, satisfying SUPg, c ©SUPxc r|9q(X; 69)| < oo and supy, e@gq{Gq*](x; 0q);
04} =o0(1)asx - Oorx — 1.
(D3) Dg(x; 8) and Dgj(x; ), j € {1,...,Dps}, are continuous and strictly increasing distribution functions, which are
known up to finite dimensional parameter § and y := (yy, ..., ¥, ), respectively.

(i) supse @supxerd:(X; 8) < 0o, where d. denotes the marginal density of D,.
(ii) There exists an integrable function Qr : [0,1] +~ R, bounding supng@|D;}(u, ¥j)l and Supyco
||V;,jDF’}(u, y;)ll from above for any j € {1,...,p,} and u € [0, 1].

Assumption E.

(E1) (i) «/T||):T — Xoll = 0p(1) and the true parameter 1 is element of the compact set A9 C R".
(i) VT|or — voll = Op(1) and the true parameter v is element of the compact set V; C R™.

(E2) (i) Let U(Aro) C Ag be a neighborhood around X, and set R; := R;(Ag). There exists a measurable function t(R;)
with E[&(R;)*] < oo such that a.s.

sup  max{|| Vs i(Fe, )/ pa,i(Re, do)ll, V2 i( Fe, 2)/ m2,i(Res Ao} < fu(Re)

r€U(Mg)
foreachi e {1,...,n},t € {1,...,T}, and any j € {1, 2}. Moreover, there exists some constant b € (0, co)
such that infy ¢ )inf1 <t <T12,i(Fe, A) > 1/b a.s. for eachi € {1, ..., n}.

(ii) Let U(vg) C vg be a neighborhood around vy and set M; := M;(vp). There exists a measurable function ¢ (M;)

with E[¢(M;)?] < oo such that a.s.
sup max{[V, o5\, )II, IV 05(We, v} < 6(Mp),
vel(v)
foreachje{1,...,pgh te{l,..., T}
(E3) (i) The process {R; : t > 1} is strictly stationary and «-mixing with mixing number ar(j) = O(G~¢), j € N, where

¢ > (cg — 1)c1 +c3)/ca for cq :=min{i e N:i > 4(1+r1)(2 + )} and some ¢, > 0.

(if) The process {M; : t > 1} is strictly stationary and «-mixing with mixing number ay(j) = 0( %), j € N, where
k > (ki — 1)(kq + k2)/ky for kq == minf{i € N :i > 2(2 4 po(1 + p, ) + ps(1 + m) + ps)(2 + k)} and some

kz > 0.
Assumption F. Define Ci(uy, ..., up) :=P(Vi; <uy,...,Vor <up|Z)and C(uq, ..., up) :=PUsrs <uq,...,Upes <
Up | Z). Then, for wy = (U1 k, ..., Unk) € [0, 11" k € {1,..., m}, such that C¢(w1), ..., C/(wn) are all distinct a.s. and
Ce(wq), ..., Ce(wy) are all distinct a.s. with values in (0, 1) a.s. the matrix

(BLC e A w) = Celwrca i)

1<k,l<m

is positive definite and the matrices

(Etecwi n w) = citwacwnl) - (EICwi) = C(w)XCelwn) — Cown)])

1<k<m 1<kil<m’

are positive semi-definite for any m € N,..

Assumption G. {¢; : 1 < k < ¢} are of bounded Hardy-Krause variation; see, e.g., Owen (2005, Definition 2).

The smoothness condition C—due to Segers (2012)—is needed to apply the functional delta method; see also Biicher
and Volgushev (2013). Assumptions (D1) and (D2) are similar to regularity conditions imposed by Neumeyer et al. (2019,
p. 141); as discussed in Coté et al. (2019) and Omelka et al. (2020), this assumption can be relaxed at the expense of
additional technicalities. Assumption (D3) summarizes conditions which, in conjunction with the remaining assumptions,
ensure the asymptotic equicontinuity of 6; — ]ﬁsr,s.,;j(eq). When compared to similar conditions used by Manner et al.
(2021, Assumption 5), Assumption (D3) is relatively primitive. The assumption is, for example, satisfied if factors and
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idiosyncratic errors are Gaussian. To give a less trivial example, suppose a scalar factor F; follows a (standardized) Student’s
t distribution with degrees of freedom parameter 2 <y <y =y < oo Then, (D3) (ii) is satisfied by setting

/vy vV 1/(y —2) D~ Y(u, v)l, where D Y(u, y) is the inverse of the non-standardized Student’s t-distribution so
that B

% -1
Y Jioa

see the online supplement for details. Assumption E concerns the marginal time-series models: part (E1) is high-level
and can be verified for many estimators of AR-GARCH type-models (see Francq and Zakoian (2004) for a more primitive
underpinning); part (E2) is similar to Chen and Fan (2006, Assumption N) and means that the gradient vectors of the
location and scale functions are locally dominated. The «-mixing sizes in part (E3) are chosen as to match the conditions
of the FCLT in Andrews and Pollard (1994, Theorem 2.2). Assumption E would, for instance, be satisfied by many stationary
AR-GARCH processes with geometric mixing rate; see, e.g., Carrasco and Chen (2002), Fryzlewicz and Rao (2011), or Liu and
Yang (2016). Assumption F is a regularity condition needed to establish the weak convergence of the ‘finite-dimensional
distributions’ of (3.11) based on an argument borrowed from Boistard et al. (2017). The assumption does not seem overly
restrictive as similar results exist for univariate unconditional distributions; see, e.g., Boistard et al. (2017, Lemma 9.5).
Bounded variation in the sense of Hardy-Krause, imposed by Assumption G on the functions ¢ : [0, 1]> — R, ensures
an integration by parts formula for bivariate integrals; see Fermanian et al. (2004) and Radulovi¢ et al. (2017). Since
the identity map or indicators of axis-parallel boxes are of bounded Hardy-Krause variation (see, e.g., Owen (2005)),
dependence measures used here and in Oh and Patton (2013) like Spearman’s p and quantile dependence can be expressed
in terms of Eq. (3.7) using functions that satisfy this assumption. Assumption G implies Riemann-integrability and thus
boundedness (see Owen and Rudolf (2020, Lemma 1)), a strong assumption, admittedly, but one which completely suffices
here and that could in principle be relaxed as pointed out by Berghaus et al. (2017, Section 3.1).
Proposition 1 distills the main ingredients needed to derive the asymptotic properties of the SMM estimator.

Proposition 1. Suppose Assumptions A, B, C, D, E, F, and G hold true.

(a) For each 6 € O, ¥r5(0, Az, dr) —> W(0) :== ¥ — ¥(6), where ¥ = (W], ..., vh) and ¥(0) = (Y1(61). . ... Vo
(6q)) are £x 1 vectors; typical elements of the £ x 1 vectors Y¥q := (Vq.1, ..., Yq.e) and Yq(0) == (Yq.1(0), . ... ¥q.e(0))
are given in Eq. (3.8).

(b) ﬁtf/m(eo, A, vr) LN N(0;, Xo), where X is a positive-definite variance—covariance matrix.

(c) For any €, n > O, there exists some 6 > 0 such that

lim P[ sup  NTlYrs(@, br) — ¥(0) — Yr s, br) + (0 > n] <e

T=00 |yico:0-d)<s

Remark 1. It is instructive to take a look at the limiting distribution of part (b). As shown in Appendix A.1, Xy =
(Zo(g, q))1<g,q<o is a block-symmetric matrix whose (g, q)th block is given by the £ x £ matrix Xy(g, q) := (00(g,q |
k, 1))1<k.1<¢ With typical element

cog.al k= [ [ e v v, v )
[0,112 J0,1?

with

Cq(u, v) == By(u, v) — 34Cq(u, vV)By(u, 1) — 9,Cq(ut, vV)By(1, v),
where B, is a mean-zero Gaussian process concentrated on Dy := {o € C[0, 1Pt (1,1) = a(u,0) = 2(0,u) =0, u €
(0, 1)} such that

COV[Bq(ulv v1), Bq(uL )] = E[Cq,t(ul AUy, v1 A vg) — Cq,t(ub Ul)cq,t(uL v2)]

+ E[(Cq,e(u1, v1) — Cqe(us, v1))(Cq,e(U2, v2) — Cqe(Uz, v2))],

where Cq(u,v) = P(Viy < u,Vj; < v | Z)and Cq¢(u,v) = P(Uirs < u,Ujrs < v | Z), i,j € Gy, are the bivariate

counterparts of C; and C; defined in Assumption F. Thus, the limiting distribution of f@rﬂs(eo, XT, vr) is unaffected by
the first-step estimation error, a finding which, in view of Eq. (3.13), was to be expected. A closer inspection of the limiting
variance-covariance matrix reveals that the limiting distribution depends on the covariate Z; and the partial derivatives
of the copula through the covariance kernel of the Gaussian processes Cq4, q € {1,...,Q}.

The stochastic equicontinuity result of Proposition 1 provides the link between the pointwise properties of 6 +—
lI/T s(6, AT, vr) and the asymptotic behavior of QT s. To make the argument precise, an additional set of regularity conditions
is imposed.
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Assumption H.

H1) LT s = Lo + 0p(1), Lo is a deterministic £ x ¢ positive definite matrix;

H2) ¥ (6) # 0; for 6 # 6;

3) 6o is an interior point of the compact set ® C RP, with p < f < oo

4) ¢(0) is differentiable at 6y with ¢ x p dimensional Jacobian matrix Vy(6) such that 1%[401.#0 is nonsingular for
% = Vo (6o)

(H5) Ar s(frs, Ar, br) < infyc oAr 5(6, Ar, Dr) + 0p(1/T).

Assumption H is common for extremum estimators with non-smooth objective function; see, e.g., Newey and

McFadden (1994, Section 7). Analogously to Oh and Patton (2013, Proposition 2), we make use of Newey and McFadden
(1994, Theorem 7.2) to derive the asymptotic normality of the SMM estimator.

(
(
(H
(H

Proposition 2. Suppose Assumptions A, B, C, D, E, F, G, and H hold. Then,

~ d . 1. . ., .
VT(brs — 60) — N0z, 20), 20 = (Ygloto) ' Vglo ZoLovro(Pgloo) ",
where X is the variance-covariance matrix given in Proposition 1.

3.4. Standard errors and inference

We follow Oh and Patton (2013) by resorting to numerical derivatives and the bootstrap to estimate 1/ and the limiting
variance-covariance matrix Xy, respectively. The former estimator is almost completely analogous to the one used by Oh
and Patton (2013, p. 692); i.e., for a step size 7y — 0T define 1/'/T,s, whose kth column is given by

Ur.s(0r.s + exrr, ¥r) — Yr.s(Ors — ey, r)
1/fTSk— . ke{l,....p},
27'['[
where e, denotes the p-dimensional vector of zeros with one at kth position.

Contrary to the aforementioned authors, however, the estimator of X, needs to account for the dependence structure
induced by the exogenous regressor. Therefore, we propose standard errors based on bootstrap replications of both
empirical and simulated statistics. More specifically, draw for each i,j € Gq, q € {1, ..., Q}, with replacement B bootstrap

B A & . s e AT
samples {Zg,t)’,-’j(er,qu, A VT)}t b e{l,... B}, from {Zs.(6r5q. Ar. Or)},_,, where

Zs,r.i,j(ér,s,q, Aty Or) = (ie(Ar), i, e(Ar), Xiea(Ors, ¢ ) X ][ 1(915 ¢ V1), -
o XiesOr.s.0, 1), Xi 05075, vr))

with éT_syq representing the (p, + pg + paPy + Ps) X 1 sub-vector of 915 that contains the SMM estimates pertaining to
group Gq. Next, denote the corresponding ranks by V;Ei)(kr), U,Ef’r)’s(er’s, vr), k € {i,j}. In view of Eq. (3.7), introduce the
bootstrap rank-based dependence measures

e Z oV (). VG,
TS (3.14)
Iﬁr S.i, k(9T $.q0 V1) Z Z fﬂk(U, ts 9T,s,q, Ur), []jsl;?s(ér,s,q, Ur)).

s_lt_l

AKkin to the discussion surrounding (3.9), let lf/T(bs)(éT S, ):T, 1) denote the ¢x 1 vector of group-averages of li/Tbs U(ér S Ay A,

Ur) = w;h,)j( T) — wT S ,](91 . )q) Following the arguments made by Fermanian et al. (2004, Theorem 5), we can then
show that the conditional distribution of f lIIT( 5) (Ors, AT, vr) — lI/T,s(QT,S, AT, vr)) consistently estimates the limiting
distribution of ~/T¥ TYr 5(60, A, Ur). Importantly, since the first-step estimation of the location-scale parameters does not
contaminate the limiting distribution of +/T lf/T_g(QO, XT, vr), there is no need to adjust for this source of uncertainty as
is, for example, done in Gongalves et al. (forthcoming). Hence, the limiting variance covariance Yo.s is consistently

estimable by the bootstrap second moment? cov [flll(b (QT S, AT, vr)], provided f T s OT s, AT, vr)— lf/T s(éT S, )ALT, vr))
is uniformly square 1ntegrable see, e.g., Brown and Wegkamp (2002, Theorem 7) or Cheng (2015, Lemma 1). Since an

estimator of cov*[+/TW. T,S(QT’S, Ar, Dr)] is given by

B

o T S),s & oA S N 5 S P A T A
1S = B Z(WT(,S)(QT,S, Ar, 1) — W s(Ors, Ar, VT))(‘I’T(,S)(QT,S, Ar, V1) — ¥rs(Ors, Ar, Ur)),
b=1

2 Throughout, “«" indicates that the given probability/moment has been computed under the bootstrap distribution conditional on the original
sample.
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Table 4.1
Factor structure.
design 1 design 2
Loadings Estimable factors Loadings Estimable factors
i€g o = B=1/2 a=2 pr=1/2 Z =2 AR(1)
W[ =0.65W;_; +Z
Vi, Zi, =2, AR(1) ~ N(0,1)
icg oy =3/2 g=1/2 W, = 0.65W,_; + Z =2 Bo=1 z,;t = Iong;l GARCH(1,1)
~ N(0,1) W) = oz,
02 =0.1+0.16%, +0.5W,",
z* ~ N0, 1)
icgs a3 =2 =12 a=2 Bs =32 Zi=2 WN
Z ~ N(0,1)
we can introduce the following consistent estimator of £2¢ s
~ . 22 18, & PO 20 1
Qrsp = Yrslrs¥rs) W'}.SLT,SET,S,BLT,SwT,S(w;stT,SwT,S) . (3.15)

Corollary 1. Suppose that E* ||f 07 s AT, O1) — Y 5(Ors, Ar, D1))12T] < 00 a.s. for some 8 > 0 and +/Tny — oo.
Then, QT,S,B —) Qo, as B,T — oc.
Corollary 1 allows to conduct inference about 8, and to obtain the two-step SMM estimator with optimal weight matrix

iT s = ET s.g- More primitive conditions under which the uniform square integrability holds are not readily available.

However, as discussed by Hahn and Liao (2021), if this assumption fails, bootstrap standard errors based on Er,s,B are
likely to yield conservative tests. Provided ¢ > p, the preceding result can also be used to ascertain overidentifying
restrictions based on the Sargan-Hansen type J-statistic

A A I A~ d AT
Jrs =TArs(0r s, Ar, V1) —> U AgAgu, u~ N(0Og, I;,7), (3.16)

172 - 1/2

where A := L, Ro, with Ry :=1I;,; —20_1/2 1/'/0(1}6L0 fpo)‘l {péLo 2(}/2. Critical values for J1 s need to be simulated (using

estimators of Xy and 12/0) unless the optimal weight matrix is used, in which case the common result Jr s LN x2(¢ —p)
obtains; see also Oh and Patton (2013, Proposition 4).

4. Monte Carlo experiment

The Monte Carlo experiment uses a data generating process similar to that in Oh and Patton (2013, p. 695); that is,
we consider an AR(1)-GARCH(1,1) process to describe the evolution of each of n assets over time:

Yie = 0.01+0.05Y; 1 + 0i.7ic, 07 =0.05+0.8507_; + 0.107_1n?,_;. (4.1)
where n; = (N1¢y -5 Mat) ~ C(Pq, ..., Pp), with &, i € {1,...,n}, denoting the marginal (Gaussian) distribution
function of n;;. The copula C is generated by the following ‘block-equidependent’ factor model

Xie = o jF; + BojZic + €, 1€Gg, qe{l,2,3} (4.2)
We consider three groups Gy, G», and Gs, of equal size partitioning the cross-sectional index set; ie., {1,2,...,n} =

G1U Gy U Gs, with |Gy| =n/3,q € {1, 2, 3} for n € {15, 30}. The factor F; and the idiosyncratic component &; are latent

but simulable. It is assumed that F; ~ t(&o, &o), with &o = 1/4, & = —1/2, where (o, &) denotes Hansen’s standardized
skewed t-distribution with tail thickness parameter 2 < 1/¢{ < oo and skewness parameter —1 < £ < 1. For the

idiosyncratic component, we either consider &; ; ~ t(Zo, 0) (called the skew-t/t specification) or &;; > N(0, 1) (called the
skew-t/normal specification). Turning to the loadings and the estimable factors, we consider two ‘block-equidependent’
specifications similar to the multilevel model of Bai and Wang (2015, Proposition 3); see the summary of Table 4.1 .

Under design 1, loadings on F; are group specific while the loading on the single estimable factor is common; the
latter factor has to be estimated from an AR(1) model. Under design 2, the loading on F, is common while three
estimable factors have group-specific loadings; the estimable factors have to be estimated from an AR(1) model, from a
GARCH(1,1) model, or follow observable white noise. Hence, design 1 and design 2 imply 6 unknown copula parameters
6o = (a0,1, @02, 0.3, Bo, Co, Eo) and 6y = (o, Bo.1, Bo.2, Bo.3, Lo, &), respectively. Estimation of 6 is in both cases based
on Spearman’s rank correlation

S

T

A 12 oo s A 12 N o .

Prija = tZ; VieAr)Vie(Ar) =3, @rsijan = ¢ tz:] Z:] Uit.s(0g, v1)Uj¢.s(0g, vr) — 3
= =1s=
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Table 4.2
Simulation results (design 1: skew-t/normal).
n T Feasible Unfeasible
%o & Bo ao,1 ap2 @03 %o o Bo 0,1 0,2 @03
0.25 —05 0.5 1.0 15 2.0 0.25 —05 05 1.0 15 2.0
15 500 mean 0275 —0535 0574 0994 1547  2.083 0276 —0531 0572 0996 1548  2.087
median 0287 —0515 0586 0971 1507  2.020 0282 —0520 0582 0975 1510 2.021
var 0.008  0.017 0.028 0035 0073 0.133 0.008 0.016 0.030 0036 0066 0.133
rmse 0.092 0.136 0.184 0.187 0275 0.374 0.092  0.129 0.189 0.190 0261 0.375
t 7.60 1.20 1480 420 600  7.40 7.60 1.80 16.00 580  7.00  8.00
J 4.20 4.60
1000  mean 0264 —0524 0536 1.006 1533  2.059 0262 —0524 0536 1006 1529 2.053
median 0257 —0517 0550 0993 1512 2010 0254 —0518 0544 0995 1504  2.007
var 0.005  0.007 0.017 0016 0033 0.069 0.005  0.007 0.015 0015 0031 0.064
rmse 0.071  0.087 0.135 0.125 0.186 0.269 0.069  0.087 0129 0123 0180 0258
t 6.20 120 1200 260 460  6.00 4.80 1.40 1020 360 560  6.00
] 3.60 420
2000 mean 0254 —0510 0514 1000 1511  2.020 0253 —0509 0510 1002 1514 2023
median 0247 —0508 0523 0992 1498 1997 0245 —0507 0521 0994 1499 1993
var 0.002  0.003 0.009 0006 0011 0.023 0.002  0.003 0.009 0006 0014 0.034
rmse 0.048  0.056 0.097 0076 0.108 0.153 0.047  0.054 0.096 0079 0.120 0.185
t 620 240 820 320 480  3.60 580 3.0 680 320 480 440
J 480 2.60
30 500 mean 0240 —0510 0505 0998 1498 1999 0240 —0509 0503 1.002 1506  2.009
median 0240 —0497 0512 0982 1467 1956 0240 —0495 0518 0985 1470 1959
var 0.005 0011 0.017 0019 0037 0.073 0.005 0011 0.018 0024 0054 0.109
rmse 0.068  0.106 0131 0.136 0.192 0269 0.069  0.103 0133 0154 0232 0330
t 420 1.40 380 340  7.80  9.00 420 1.20 420 440 840 940
] 2.00 2.00
1000  mean 0243 —0508 0488 1006 1505 2.001 0243 —0508 0488 1.006 1506  2.001
median 0240 —0499 0498 0995 1494 1982 0241 —0498 0499 0994 1493 1980
var 0.002  0.005 0.010 0.008 0016 0.028 0.002  0.005 0.009 0008 0016 0.028
rmse 0.050  0.069 0.100 0092 0.126 0.167 0.050  0.068 0.097 0091 0125 0.168
t 260 340 300 440 580  6.60 240 320 380 360 600 680
J 2.40 1.80
2000  mean 0248 —0506 0497 1.003 1506 2.007 0248 —0504 0496 1.003 1506 2.006
median 0247 —0501 0501 1.000 1497 1984 0245 —0501 0501 0998 1498 1983
var 0.002  0.003 0.006 0005 0010 0.019 0.001  0.002 0.005 0004 0008 0015
rmse 0.039  0.051 0.077 0.067 0099 0.137 0.039  0.046 0.074 0.065 0091 0.124
t 420 460 440 340 480 540 420 460 460 280 500  5.00
J 3.40 2.80
and quantile dependence
10
7= 2 Widhn) < 7. Vi) < 1) if T € (0,1/2],
A(T) L T t=1
7.2 T
a2 Gn > w4 > o) ifre(1/2.1)
-1
=1
! (4.3)
1S
o7 2 2 WOies(y. 1) < 7. Uy (. br) < 7) if 7 € (0, 1/2],
~ (1) — t=1s=1
Prsijz = 1 T S
> Y UUirs(6g, Or) > 7, Uj5(6g, Or) > 7} if 7 € (1/2,1).
TS(1 — 1) —=
=1s=

Throughout, we set T € {500, 1000, 2000}, S = 25, and use the identity weight matrix Lt s = I;. We make use of
quantile dependence for t € {0.05, 0.10, 0.90, 0.95} alongside Spearman’s rank correlation, which yields £ =3 x5 = 15
rank-based dependence measures for estimation. Numerical optimization employs a derivative-free simplex search based
on MATLAB’s fminsearchbnd routine; see D’Errico (2021). The starting values are obtained from a first-step surrogate
minimization using MATLAB’s surrogateopt optimization for time-consuming objective functions and the individual
time-series models are estimated using maximum likelihood.

Tables 4.2, 4.3, 4.4, and 4.5 contain Monte Carlo estimates of mean, median, and variance of the SMM estimator using
500 Monte Carlo iterations.> Moreover, we report rejection frequencies of two-sided t-tests under the null & = 6, and
rejection frequencies of the test of overidentifying restrictions (3.16). Both hypothesis tests are investigated at a nominal
significance level of five percent and the test statistics are equipped with the bootstrap standard error (3.15). We use
B = 500 bootstrap replications and set the tuning parameter for the numerical derivative to 7y = 0.05; moreover, we
use 1000 random draws to obtain critical values for the test of overidentifying restrictions (3.16). We report results for the

3 The computations were implemented in Matlab, parallelized and performed using CHEOPS, the DFG funded (Funding number: INST
216/512/1FUGG) High Performance Computing (HPC) system of the Regional Computing Center at the University of Cologne (RRZK).
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Table 4.3
Simulation results (design 1: skew-t/t).
n T Feasible Unfeasible
%o o Bo Qo1 @02 03 %o o Bo Qo1 @02 03
0.25 —-0.5 0.5 1.0 15 2.0 0.25 -0.5 0.5 1.0 15 2.0
15 500 mean 0264 —0514 0488 0969 1471 1.971 0267 —0512 0486 0966 147 1.967
median 0268 —0500 0492 0974 1466 1971 0273 —0497 0497 0963 1469 1.963
var 0.009 0.015 0.023 0.021 0.024 0.038 0.009 0.015 0.022 0.021 0.025 0.039
rmse 0.098 0.124 0.151 0.147 0.158  0.197 0.098 0.123 0.149 0.150 0.161 0.199
t 6.80 2.40 4.80 5.00 6.60 7.00 5.80 1.80 3.20 5.20 6.60 7.40
] 1.20 1.00
1000  mean 0.27 —0.515 0486 0979 1487 1994 0269 —0513 0485 0980 1487 1.993
median 0268 —0505 0496 0982 1484  1.990 0266 —0504 0493 0989 1481 1.990
var 0.008  0.008 0.013 0010 0.012 0.021 0.008  0.006 0.013 0.010 0.012 0.020
rmse 0.090 0.089 0.116  0.101 0.108 0.144 0.089  0.080 0.113  0.102 0.108 0.142
t 6.80 2.40 3.60 6.40 5.00 5.60 6.80 3.20 3.40 5.40 5.20 5.20
J 3.20 2.60
2000 mean 0272 —-0504 0485 0983 1493 1.998 0267 —0505 0486 0986 1495 1.998
median 0262 —0500 0496 0984 1491 1.994 0260 —0502 0492 0993 1495 1994
var 0.006  0.003 0.009 0.006 0.007 0.011 0.005  0.003 0.008 0.005 0.006 0.010
rmse 0.079  0.053 0.094 0.078 0.082 0.105 0.075  0.051 0.092 0.075 0.08 0.102
t 7.40 2.00 5.40 8.20 6.60 5.20 6.20 2.60 4.40 6.40 5.80 5.00
J 5.80 3.60
30 500 mean 0235 —0507 0487 0993 1484 1971 0.235 —0508 0485 0993 1484 1971
median 0.242 —0.491 0.502 0.997 1.480 1.958 0.240 —0.494 0.492 0.991 1.481 1.956
var 0.008 0.010 0.015 0.012 0.017 0.029 0.008 0.011 0.015 0.012 0.017 0.029
rmse 0.088  0.102 0.122 0.109 0.131 0.174 0.088  0.105 0.123 0.110 0.132  0.173
t 4.20 2.00 3.00 4,60 5.40 10.40 4.40 2.20 2.80 4.40 5.20 10.00
J 1.40 1.40
1000 mean 0.241 —0.507 0.481 1.004 1.499 1.991 0.241 —0.508 0.480 1.004 1.500 1.991
median 0240 —0499 0490 1.005 1496 1.979 0241 —0500 0485 1.004 1497 1978
var 0.005  0.004 0.008 0.005 0.008 0.014 0.005  0.005 0.008 0.006 0.008 0.015
rmse 0.069  0.066 0.090 0.074 0.090 0.119 0.070  0.068 0.094 0076 0.091 0.121
t 420 3.80 2.40 4.40 4.40 4.60 4.40 3.20 1.80 5.00 5.20 5.00
] 2.00 2.00
2000 mean 0.247 —0504 0490 1.001 1501 1.999 0.247 —0505 0.490 1.001 1501 1.999
median 0246 —0500 0492 1.003 1500 1.991 0.243  —0500 0.491 1.003 1498  1.990
var 0.003  0.002 0.004 0.003 0.004 0.008 0.003  0.003 0.004 0.003 0.004 0.008
rmse 0.055  0.046 0.064 0.052 0.064 0.087 0.055  0.051 0.066 0.052 0.064 0.087
t 4.60 3.80 2.603 %0 2.80 5.20 4.60 3.80 4.40 3.20 3 603.40 6.40 4.60
J . X

feasible and the unfeasible SMM estimator that differ with respect to whether the parameters governing the estimable
factors reported in Table 4.1 are estimated (feasible) or treated as known constants (unfeasible). The simulation evidence
reveals that, in accordance with the theory, the estimation accuracy increases with T. Although some size distortions can
be observed for T = 500, rejection frequencies are close to the nominal significance level when T > 1000. Moreover, the
feasible estimator performs almost equally well as its unfeasible counterpart.

5. Empirical application

We apply the above to study the cross-sectional dependence between n = 43 companies matching the first four largest
groups of the S&P 100 found by Oh and Patton (2021, Table 4). Specifically, we consider daily close prices, adjusted for
stock splits and dividends from January 2014 to January 2020 resulting in T = 1461 trading days.

Since gold often acts as an hedge and/or a safe haven for stock markets, its price may convey information about the
inter-dependencies between stock returns; see, e.g., Baur and McDermott (2010). Hence, we examine the extent to which
information on gold prices can help us to describe the cross-sectional dependence structure among the 43 companies.
The conditional mean of the (percentage) logarithmic return of the ith stock price Yi¢, i € {1, ..., 43}, is modeled as an
AR(1) process augmented with the first lag of the (percentage) logarithmic change of the three p.m. gold fixing price in
London bullion market W;

Yie = A+ A2iYie—1 + A3 iWeq + €ies €0r 1= Wit Mies (5.1)

while, similar to Oh and Patton (2013, 2017, 2021), the conditional variance uft is assumed to follow a GJR-GARCH(1,1)
model

Wie = hai + Asilt oy + hei€_y + A€l Hei—1 < O} (5.2)

As we clearly fail to reject the null hypothesis* of a zero conditional mean based on an AR(1) specification with
unrestricted constant, a GJR-GARCH(1,1) model is considered for the gold price

W = 0tZe, of = vi+v07 , + vsW2 1{W,_; < 0}. (5.3)

4 The p-value of a Wald test with Newey-West standard errors is about 0.77.
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Table 4.4
Simulation results (design 2: skew-t/normal).
n T Feasible Unfeasible
%o & Bo. Bo.2 Bo.3 oo o o Bo.1 Bo.2 Bo.3 oo
0.25 -0.5 0.5 1.0 15 2.0 0.25 —-0.5 0.5 1.0 15 2.0
15 500 mean 0.258 —0.544  0.665 1.162  1.567 1.978 0255 —0.541 0656 1.156 1564  1.966
median 0263 —0515 0696 1.159 1570 1.906 0267 —0.514 0682 1.150 1555 1.905
var 0.008 0.019 0.067 0.063 0.048 0.170 0.008 0.018 0.072 0.061 0.047 0.155
rmse 0.090 0.144 0306 0.298 0230 0413 0.089 0.141 0311 0292 0225 039
t 8.40 1.80 14.60  9.40 4.80 13.00 8.60 1.60 1280 7.80 3.80 11.00
] 1.60 1.40
1000  mean 0.257 —0.520 0598 1.102 1541 1.984 0258 —0.520 0602 1.107 1545 1977
median 0256 —0.509 0632 1.106 1547 1.946 0258 —0.510 0638 1.113 1547 1955
var 0.005  0.006 0.052 0.038 0.029 0.066 0.005  0.007 0.054 0.037 0.029 0.048
rmse 0.072  0.083 0248 0219 0.174 0.257 0.071  0.085 0253 0221 0.176  0.221
t 7.40 0.80 1080 8.60 4.60 7.00 6.60 0.80 13.20 8.00 5.40 6.00
J 2.20 2.80
2000 mean 0256  —0.506  0.547 1.057 1521 1.996 0256 —0.508 0548 1.059 1522 1997
median 0250 —0.504 0567 1.047 1526  1.975 0249 —-0.,503 0563 1.058 1527 1972
var 0.003 0.003 0.042 0.026 0.016 0.029 0.003 0.003 0.043 0.025 0.016 0.035
rmse 0.054  0.053 0209 0.172 0.127 0.171 0.054  0.057 0212 0.169 0.128 0.186
t 6.00 2.00 13.60 1020 5.00 6.00 6.40 3.00 1240 9.80 4.00 6.00
] 3.20 3.80
30 500 mean 0.243 —0.523 0587 1.083 1530 1.970 0241 —0.527 0589 1.085 1531 1.971
median 0.240 —0.507 0.622 1.079 1.530 1.906 0.238 —0.508 0.611 1.083 1.534 1.905
var 0.008 0.014 0060 0.049 0.036 0.103 0.008 0.014 0.058 0.047 0.036 0.106
rmse 0.088 0.119 0260 0.235 0.193 0.322 0.088 0.121 0258 0232 0.192 0.326
t 9.20 1.80 1060 6.80 3.80 9.80 9.20 1.80 1020 6.20 4.20 9.20
] 1.40 1.00
1000 mean 0.249 —0.510 0.543 1.048 1.521 1.996 0.248 —0.509 0.532 1.038 1519 1.997
median 0.241 —0.501 0566 1.048 1519  1.952 0.241 —0.498 0543  1.041 1514  1.964
var 0.005  0.005 0046 0.032 0.020 0.055 0.004  0.005 0.049 0.035 0.020 0.057
rmse 0.068  0.073 0218 0.186 0.142 0.235 0.067  0.071 0223 0.190 0.144 0.239
t 6.80 3.00 9.20 7.00 5.00 6.20 8.80 2.40 1040  8.00 5.40 5.80
] 2.00 2.60
2000 mean 0.247 —-0502 0512 1.019 1505 1.990 0247 —-0.501 0509 1.018 1504  1.990
median 0243 —0499 0520 1.020 1503 1.981 0243 —0499 0516 1.017 1499 1981
var 0.002  0.002 0.028 0.018 0.010 0.017 0.002  0.002 0.028 0.018 0.010 0.016
rmse 0.045  0.049 0.167 0.137 0.102 0.130 0.044  0.046 0.168 0.135 0.102  0.126
t 5.60 3.20 7.204 20 6.80 3.80 5.80 4.60 3.60 7.40 4 206.60 3.60 6.00
] .

Thus, the use of Iog|2t,1| as an estimable factor is justified because, as mentioned earlier, the logarithmic transformation
fits into the location specification (2.8). Table 5.2 summarizes descriptive statistics alongside the results from quasi
maximum-likelihood estimation with skewed Student’s t-distributed innovations. The stock returns are left-skewed
and leptokurtic with conditional mean and variance dynamics that are similar to findings from the literature; see,
e.g., Bollerslev et al. (1994). Note that the distribution of W; (gold), while also leptokurtic, is right-skewed.

Turning to the specification of the cross-sectional distribution of the 43 companies, we use various skewed-t factor
models, inspired by Oh and Patton (2013, 2017), as our benchmark specifications for the copula. Based on Table 5.1 we
consider the following block-equidependent design

Xie = o jFr +apjFjc + 6, 1€G,je(1,2,3,4), (5.4)

where G; = {1,...,13}, G, = {14,...,24}, G3 = {25,...,35}, and G4 = {36, ..., 43}. We assume that F; e t(¢, &),

Fi¢ ° t(¢), and &;¢ o t(¢), while factors and idiosyncratic errors are mutually independent. We use the following four
versions of Eq. (5.4), labeled A1, A2, A3, and A4, imposing certain restrictions on the loadings: specification A1 is a one-
factor equidependent model so that «;; = « and o, j = 0; specification A2 is a one-factor block-equidependent model
with o j = 0; specification A3 has a common factor with common loading o1 j = o and group-specific factors with group-
specific loadings; specification A4 does not impose any restrictions and allows for a common factor and group-specific
factors, both with group-specific loadings. The following competitor for the copula is generated from a factor model with
estimable gold factor:

Xie = ojF ¢ + BiloglZi 1| +&ir, 1€ G, je{l,2,3,4}, (5.5)

where ¢; ; o t(¢). Similar to Eq. (5.4), four versions of Eq. (5.5), labeled B1, B2, B3, and B4, are considered: specification B1
allows for group-specific loadings on a common simulable factor F;; = F; e t(¢, &) and imposes fB; = B; specification B2
imposes B; = B but allows for group-specific simulable factors F; e t(¢, &) with group-specific loadings; specifications
B3 and B4 allow for group-specific loadings assuming a common simulable factor F; = F; ° t(¢, &), &€ = 0(B3) and

group-specific simulable factors F; 1[3 t(¢, &), & = 0 (B4), respectively.
Table 5.3 summarizes the SMM estimation results for the benchmark specification (5.4) as well as for the counterpart
with estimable gold factor (5.5) based on the same rank-based dependence measures used in the Monte Carlo study.
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Table 4.5
Simulation results (design 2: skew-t/t).
n T Feasible Unfeasible
%o o Bo.1 Bo.2 Bo.3 2 %o o Bo.1 Bo.2 Bo.3 Qo
0.25 -0.5 0.5 1.0 1.5 2.0 0.25 -0.5 0.5 1.0 15 2.0
15 500 mean 0237 —0534 0613 1106 1519 1.888 0238 —0533 0613 1106 1521 1.883
median 0245 —0517 0614 1.099 1521 1.887 0255 —0516 0.609 1.100 1525 1.896
var 0.008 0.016 0.059 0.053 0.054 0.037 0.008 0.016 0.062 0.056 0.054 0.045
rmse 0.089  0.130 0.267 0253 0234 0224 0.089  0.130 0273 0259 0234 0.242
t 5.40 1.00 6.60 3.40 2.60 9.00 5.60 0.80 7.40 3.00 2.00 9.40
] 1.20 1.00
1000  mean 0241 —-0515 0563 1.064 1513  1.937 0242 —-0516 0567 1.065 1515 1.935
median 0247 —-0.503 0586 1.075 1516  1.939 0247 —-0.506 0588 1.074 1527 1934
var 0.005  0.006 0.040 0.035 0.032 0.020 0.005  0.007 0.039 0.035 0.031 0.021
rmse 0.072  0.082 0211 0.197 0.178  0.155 0.071  0.085 0209 0.199 0.177  0.159
t 5.80 1.40 8.00 3.40 2.80 5.60 6.00 1.60 8.00 4.40 2.60 6.00
J 1.60 1.60
2000  mean 0248 —-0.506 0532 1.034 1500 1.968 0249 —-0.507 0536 1.035 1500 1.967
median 0248 —0506 0.547 1.029 1502 1.966 0249 —0505 0556  1.033 1505 1.967
var 0.003  0.003 0.028 0.020 0.015 0.011 0.003  0.003 0.027 0019 0.015 0.011
rmse 0.058  0.052 0.170 0.144 0.122  0.108 0.057  0.053 0.170 0.144 0.124 0.109
t 4.60 3.60 8.00 3.80 2.80 5.60 4.40 3.20 7.60 4.40 2.80 5.40
J 1.20 1.20
30 500 mean 0224 —0523 0567 1.053 1501 1.914 0225 —0523 0564 1.048 1501 1.914
median 0.229 —0.510 0.585 1.060 1.503 1.915 0.230 —0.509 0.577 1.052 1.496 1.912
var 0.008  0.011 0.046 0.039 0.044 0.029 0.008  0.012 0.045 0.039 0.043 0.030
rmse 0.094  0.109 0.224 0204 0210 0.191 0.094 0.111 0.222 0203 0207 0.194
t 7.80 0.80 5.00 2.20 3.00 8.40 7.20 1.00 4.40 2.00 2.00 8.00
J 1.40 1.60
1000 mean 0.236 —0.511 0.534 1.025 1.500 1.955 0.234 —0.510 0.530 1.023 1.503 1.956
median 0230 —0504 0534 1.034 1503 1.953 0232 —-0504 0526 1.026 1509 1.957
var 0.005  0.005 0.031 0.027 0.022 0.017 0.005  0.005 0.033 0.025 0.022 0.016
rmse 0.074  0.069 0.179 0.166 0.150 0.136 0.071  0.069 0.183 0.160 0.147 0.135
t 7.40 1.80 5.60 2.40 2.00 5.80 6.80 2.60 6.20 2.20 2.80 5.00
] 1.60 1.60
2000 mean 0244 —-0504 0518 1.018 1494 1977 0244 —-0504 0514 1.014 1493 1978
median 0237 —0501 0538 1.016 1500 1.973 0239 —0502 0532 1.013 1497 1976
var 0.003  0.002 0.021 0.014 0.011  0.009 0.003  0.002 0.022 0.015 0.012 0.009
rmse 0.053  0.047 0.147 0.121 0.107  0.097 0.054  0.047 0.150 0.125 0.108  0.097
t 5.40 3.60 6.20 4.40 3.00 5.20 6.40 3.20 7.20 4.40 3.20 5.20
] 3.00 3.00
Table 5.1
Companies.
i Group 1 (‘Pharma’) i Group 2 (‘Finance’) i Group 3 (‘0il & Gas’) i Group 4 (‘Transport’)
1 Abbott Lab. ABT 14  Bank Of Am BAC 25  Apache APA 36  Caterpillar CAT
2 AbbVie ABBV 15  Bank Of NY BK 26 Baker Hughes BHI 37  Emerson Ele EMR
3 Amgen AMGN 16  Citigroup Inc C 27  Conocophillips ~ COP 38  Fedex FDX
4 Baxter BAX 17 Capital One COF 28  Chevron CvX 39  Honeywell Int  HON
5 Biogen BIIB 18  Goldman Sachs GS 29  Devon DVN 40 3M MMM
6 Bristol-Myers ~ BMY 19  Jpmorgan JPM 30  Halliburton HAL 41  Norfolk South NSC
7 Gilead GILD 20  Metlife MET 31  Nat. Oilwell NOV 42 Union Pacific UNP
8 Johnson & | INJ 21 Morgan Stanley ~ MS 32 Occidental OXY 43 United Parcel UPS
9 Lilly Eli LLY 22 Regions Fin RF 33 Schlumberger SLB
10  Medtronic MDT 23 US Bancorp USB 34  Williams Co WMB
11 Merck MRK 24 Wells Fargo WEC 35  Exxon Mobil XOM
12 Pfizer PFE
13 Unitedhealth UNH
Table 5.2
Summary statistics.
Mean 10% 25% Median 75% 90% Gold
Mean —0.0399 —0.0012 0.0277 0.0520 0.0132
Standard Dev 1.1518 1.2614 1.4962 1.6701 2.2298 0.8119
Skewness —1.1644 —0.8172 —0.3015 —0.0717 0.0902 0.2363
Kurtosis 5.2379 5.7804 6.4064 10.2722 16.7054 5.1414
Constant —0.0387 —0.0005 0.0243 0.0503 0.0617
AR(1) —0.0172 0.0003 0.0189 0.0370 0.0453
Gold —0.0138 0.0057 0.0315 0.0427 0.0645
Constant 0.0217 0.0349 0.0916 0.1656 0.2758 0.0043
ARCH 0.0000 0.0033 0.0171 0.0414 0.0546 0.0265
Leverage 0.0555 0.0699 0.1141 0.1465 0.2021 —0.0021
GARCH 0.7383 0.8050 0.8766 0.9335 0.9575 0.9680
£ 3.9098 4.2967 4.8267 5.8873 6.5596 5.6674
1/¢ —0.1088 —0.0825 —0.0634 —0.0358 —0.0187 0.0433
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Table 5.3
Copula parameter estimates.
Panel A: w/o gold factor A1 A2 A3 A4
Identity Optimal Identity Optimal Identity Optimal Identity Optimal
Restrictions a=a . aj =
Qi = 0 Qi = 0 -
& —0.2207 —-0.2172 —0.1782 —0.1563 —0.3652 —0.2687 —0.2780 —0.2730
0.0320 0.0334 0.0300 0.0283 0.1726 0.1168 0.0976 0.0926
¢ 0.1740 0.1596 0.0749 0.0689 0.1200 0.1205 0.1119 0.1133
0.0368 0.0384 0.0263 0.0250 0.0372 0.0340 0.0418 0.0393
a1 0.9655 0.9217 0.9121 0.8632
0.0246 0.0206 0.1308 0.1155
12 1.8174 1.7402 1.3347 1.3255
0.8497 0.8282 0.0581 0.0395 0.8751 0.8449 0.2905 0.2409
13 0.0216 0.0200 1.2697 1.2995 0.1258 0.1335 0.9557 0.9657
0.0339 0.0279 0.2003 0.1860
a4 1.2467 1.1851 1.0764 1.0130
0.0366 0.0287 0.2046 0.1559
a1 0.4007 0.3744 0.2747 0.3414
0.2775 0.2956 04178 0.2795
) 1.5668 1.5200 1.2292 1.1235
0.0994 0.0891 0.3208 0.2813
a3 0.9156 0.9470 0.8182 0.8397
0.1302 0.1210 0.2173 0.2027
a4 0.8729 0.8151 0.6090 0.6121
0.1355 0.1421 0.3404 0.2515
0.4961 15.7855 9.8333 34.4458 6.2357 25.6570 4.6589 25.7659
p-value 0.0030 0.0030 0.0340 0.0025 0.1940 0.0189 0.0100 0.0041
Panel B: w/ gold factor B1 B2 B3 B4
Identity Optimal Identity Optimal Identity Optimal Identity Optimal
" Bi=8 Bi=p -
Restrictions Fie=F - Fe=F
_ — £E=0 0
& —0.0976 —0.1175 —0.0788 —0.0560
0.0517 0.0460 0.0467 0.0428
Y 0.1155 0.0949 0.1378 0.1212 0.1561 0.1548 0.1556 0.1498
0.0515 0.0428 0.0512 0.0424 0.0694 0.0643 0.0662 0.0597
aq 0.6043 0.6081 0.6028 0.5824 0.5570 0.5389 0.5613 0.5298
0.0724 0.0695 0.0680 0.0632 0.0638 0.0612 0.0634 0.0608
[ 1.6260 15912 1.6364 1.6022 1.4083 1.3771 1.4243 1.3509
0.0581 0.0497 0.0588 0.0478 0.1208 0.1065 0.1350 0.1226
o3 1.0245 1.0750 1.0197 1.0591 0.9353 0.9544 0.9404 0.9792
0.0594 0.0501 0.0572 0.0468 0.0813 0.0725 0.0796 0.0783
ay 0.9903 0.9550 0.9901 0.9387 0.8504 0.8275 0.8521 0.8324
0.0611 0.0548 0.0571 0.0495 0.0852 0.0846 0.0857 0.0797
B 0.6666 0.6512 0.6619 0.6613
0.0487 0.0441 0.0486 0.0457
B 0.9378 0.9432 0.9598 0.9839
0.6538 0.6227 0.6419 0.6253 0.1384 0.1169 0.1516 0.1259
Bs 0.0557 0.0556 0.0510 0.0489 0.7151 0.7442 0.7084 0.7246
0.0814 0.0699 0.0851 0.0822
Ba 0.7675 0.7412 0.7779 0.7345
0.0769 0.0710 0.0746 0.0732
4.3537 22.2472 4.7058 23.5429 3.9102 21.8012 41245 221737
p-value 0.3350 0.0516 0.2680 0.0356 0.0925 0.0260 0.0805 0.0225

Note: SMM point estimates with standard errors below in italics using S = 25. Standard errors and the p-values for the overidentifying restrictions
test are based on B = 2000 and sy = 0.05. The value of the latter test statistic is labeled J := Jr s = TArs; see Eq. Eq. (3.16).

We set S = 25, B = 2000, and 7 = 0.05 and report estimation results using identity weighting Ly s = I; and ‘optimal’
weighting Ly s = ﬁr_. ; The point estimates for the benchmark specifications in the upper panel are in line with the values
reported in Oh and Patton (2017, Table 3) and suggest significant (negative) asymmetric dependence and significant tail
dependence. As can be deduced from the results of the overidentifying restrictions test (3.16), all specifications but A3
are clearly rejected by the data. Moving to the lower panel, we find results for our competitors with estimable factor. The
specifications improve the performance of the benchmark models and cannot (at least for the identity weight matrix)
be rejected by the data. Interestingly, conditionally on the estimable gold factor, the asymmetry parameter is smaller in
size and no longer statistically significant different from zero. This can be explained by the fact that the estimable gold
factor already accounts for (some) asymmetry. To illustrate, Fig. 5.1 depicts the distribution of the logarithmic absolute
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Fig. 5.1. Histogram and time-series plot of Iongl.

residuals, which is seen to be left-skewed; for comparison, the density of log |Z;‘|, Z;k ~ N(0, 1), is depicted as the solid
line in panel A

6. Conclusion

We derive the asymptotic properties of an SMM estimator of the unknown parameter vector governing a factor
copula model with estimable factors and show how to estimate its limiting variance-covariance matrix consistently. The
asymptotic theory is derived from primitive conditions, thereby complementing also the earlier work of Oh and Patton
(2013), whose model is nested in our framework. One avenue for future research that can be pursued is to consider quasi-
Bayesian estimation to alleviate the difficulties of having to deal with a non-smooth objective function. For example, the
sample criterion function considered may be shown to fulfill the regularity conditions needed for Laplace-type estimation
in Chernozhukov and Hong (2003, section 4.1); see also Hong et al. (2021) for a recent application of this idea to an SMM
objective function with overlapping simulation draws.

Appendix. Technical appendix

Preliminaries: To begin with, suppose i,j € G, for 1 <i < j < n and some q € {1, ..., Q}. Next, define the empirical
copulae

Cr.s,ij(ui, uj; 6, v)

T S
1 N . N . (A1)
=g D 0 WRies(Bg, v) < G g (uts 6, v), KB, v) < G (1 6, v)
t=1s=1
and
T
~ 1 R A . N
Crjlui, ujp 1) = = ) 2 iie(h) < B (s A), (1) < B s 1)), (A2)
t=1

where 6, = (a[l, ; y', 8" € ©,u;,u; € [0, 1], while v € U(vp) and A € U(Ao), with ¢(-) denoting neighborhoods around a
given parameter as defined by Assumption E. Below, we make frequently use of the identities [see, e.g., Tsukahara (2005)
and Segers (2012)]:

Crs.ij(ui, uj; g, v) = Cr.s.ij{Crs i(Uis 0, v), Cr g j(Uj; 6, v); by, v} (A3)
Crij(ui, uj; ) =Crij{Cr (uis A), Cp (i A); AJ, .

5075 ~ N(0, 1), then Z := Iog|Z*\ has absolutely continuous density f

fz) = |2 exp{2z ; exp{2z}} zeR

with mean E[Z] = (—y — log2)/2 and variance var[Z] = 72/8, where y ~ 0.5772 is the Euler-Mascheroni constant. The density given by the
preceding display is depicted as the solid line in Fig. 5.1.
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where

T S
- 1 A ~
Cr.s.ij(ti, 5 B, v) = e > > - 1URies(By. v) < Gz B). KB, v) < Gy (53 6g))

tT:ls:l (A.4)
& ) = L ST 1R RIS .
Crijlus, s 1) == D~ Uiied) < F (). (1) < (),

t=1

and Cr s x(us; g, v) = Crs.ij(tk; 0g, v), Cralugs A) = Cr.ij(li; A), with B = (u;, 1), & = (1, u;). Moreover, define the
non-centered processes

Cr.s.i (Ui, Uj; 0, v) == ~T(Crs.:;(ui, uj; 6, v) — Co(ui, uj; 65))

. . (A5)
Cr.ij(u, uss 1) = NT(C 1 (us, uj; 2) — Coluy, 1)),
and the centered processes
Cr.s,ij(Ui, w3 65, v) = VT(Cr.s.1 (Wi, uj; g, v) — E[Crs(ui, j; g, 1)1) (A6)

Cr.ij(ui, uj; 1) = VT (Cri j(wi, ujs A) — E[Cri(ui, w; A))).
A.1. Proof of Proposition 1
Proof of Proposition 1(a). Recall the definition of the population rank statistics from Eq. (3.8) and note that
o= [ ot )Gyl Vo) = [ a1yt 0

(0,112

foranyi,j e Gq, q € {1,...,Q}. Hence, one gets, in view of Lemma S.3 and Lemma S.4 supplementary material (SM), the
following representation

T aur) = Yor) = / Er.s(us, 1), 1) + 0p(1), (A7)

[0,112

with Crj(u;, 1) == V/T(C1.i(wi, 1) — Cq(wi, 1)), and, uniformly in 6 € O,

VT(Wrr5,11(8q, 1) — Yau(0)) = / , Cr.s.i.1(ui» uj; 0g)dei(ui, 1)) + 0p(1), (A.8)
[0,1]

with Crsij(u, uj; 6g) == ~T(Crsij(ui w3 00) — Colus, 53 6g)), Crijlui ) = Crijlus, uj; o), Crsij(ui, uj; 6g) =

Crs,ij(ui, uj; 6, vp); see Egs. (A.1) and (A.2). Thus, the claim is due to the weak convergence of Cr;; and Crs;;. To see

this, note that the functional delta method (cf. van der Vaart and Wellner (1996, Theorem 3.9.4)) in conjunction with

Assumption C and Biicher and Volgushev (2013, Theorem 2.4.) yields

Cr.ijlui, u) = Crij(ui, uj) — Z Cqlus, u)Cr 1 (k) + R(ws, up), (A.9)
ke {i.j}
and
Crs.ij(ui, uj; 0q) = Cr 5.1 1(ui, 1j; 6)
- Z Cqlus, uj; 0)Cr s.1,(tk; 6g) + Rus, uj; 6y), (A.10)
kelij}
where SUpui,uj€[0,1J|§(uiauj)| = 0p(1), supg, c 0SUPy, y; [0, 111R1(Ui, Uj: Og)l = 0p(1), and Crij(ui, ) = Crj(ui, uj; Ao),

@T,S,jqj(u,‘, Uuj; 0q) = Cr s j(u, uj; 04, vo); see Eq. (A.6). The claim follows from Lemma S.1 and Lemma S.2 of the SM.
Proof of Proposition 1 (b). Taking Eq. (3.12), Lemma S.3, and Lemma S.4 into account, one gets
VT 5.151(0q, Ar, Dr) = / ) Brs,i(ui, w) doe(ui, u;) + 0p(1), (A11)
[0,1]

where ]ﬁ%TYS,,‘_j(u,-, uj) == Iﬁ%rysq,-,j(u,', uj; 00,5 Ao, Vo). We show next that Iﬁ%rys,,-,j converges weakly to the tight Gaussian process
Bs concentrated on Dy := {a € C[0,1]" : «(1,...,1) = 0, «(x) = 0 if some of the components of x are equal to
zero} by establishing (1) asymptotic tightness and (2) finite dimensional (‘fidi’, henceforth) convergence. (1) Stochastic
equicontinuity: The functional delta method yields

Br s ijui, u) = Brs (i, u)) — Y 0Colui, u)Br s.i(iik) + 0p(1), (A12)
ke{i,j}
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where

T
]BTSUuuu] E

with Vie = Fe(nk,e ) Ukes = q(ths(QO q) o q) for k e {i,j}. Let ‘i:z]tS = (Vlt, ‘/]t! U,s;,‘,j’[)/v with Usijt =
(Uit1, Ujea, .-, Uies, Upes). We can view IB%T s.ij as an empirical process indexed by f € F:

s
Z(l{vi,[ <uj, Vir U} — WUies < uy, Ujrs < U3)), (A13)

s=1

U‘)\.—A

Fi={&sije > Flsije) - Z(f Vie: Vi) = fWUies, Upes)) : f € F), (A.14)

571

to establish asymptotic equicontinuity. Specifically, the bracketing number Nj(e, F, p(-)), with o(f) = sup; r ||f($,-,j,t,5)||2,
shall be determined; see the discussion surrounding Theorem S1 for details. It is well-known (see, e.g, van der Vaart
(1994, Example 19.6)) that Njy(e, Fi, || - [I2) = O(e72), with F := {x — 1{xx < w}, ux € [0, 1]}. Since F C F; - F, one
gets NVjj(e, F, || - l2) = O(e™*); see, e.g., Kosorok (2008, Lemma 9.25). Suppose [, ugl, k= 1,...,m := Ny(e, F, | - lI2),
represent the brackets needed to cover F. We can then cover F with [li, iig], k = 1, ..., m, where

where F = {(x1,x2) — 1{x1 < uq,xy < uy}, ug,up € [0, 1]}. Clearly, F has envelope 1. We use Theorem S1 of the SM

S
- 1
lk(ES:i,j.t) = g Z(lk(vi,[a V]t) — (Ui s, U]ts))
s=1 (A.15)
uy(&s: i,j, t) Z(uk Vie, VJ t (Ui, ths))
s_l

Note, that p(ily — ) < 2e. Thus, Afj(€, F, p(-)) = O(e ~*). Now, since {&;;s : t > 1} is i.i.d. and F is uniformly bounded,
the conditions of Theorem S1 are satisfied. (2) ‘Fidi’-convergence: By the Cramér-Wold device (see, e.g., White (2001,

Proposition 5.1)), it suffices to fix some ¢ = (cq, ..., cn) € R™, with |[c|| = 1, ({u1, v1} ..., {Um, vm}) € [0, 1]?", and to
consider

Zrs(m): ZCIBTSU uy, vy) ZB[S (A.16)

=1 t—]
where By s(m) == Y| | cide.s(uy, vy), with
s
1
Cos(u, vr) = Vi <, Vie < ok = < ) Ui < g Ujes < uik (A.17)
s=1

The sequence {B;s(m) : t > 1} is i.i.d, bounded, and, by Assumption B, centered. It thus follows from White (2001,

Theorem 5.11) that Zy s(m) LN N(0, 0¢(m)), with 6¢(m) := limr_, o o (m), provided infr s> 107 ((m) > 0 for o7 ((m) :=
var[Zr s(m)]. Now,

of s(m Z aciprstk, D, Prsk, 1) : Z cov[Ze s(wi), Les(wi)l, (A.18)

k=1 t h=1
where w; =: (u;, v;) € [0, 112,j € {1, ..., m}. Since, {¢ s(wy) : t > 1} is i.i.d., one gets P s(k, [) = cov[¢1.s(wg), &1.s(wi)].
Next, for any i,j € G4, g € {1, ..., Q}, one gets

cov[Z1,s(wi), ¢1,s(wr) | Z1] = Cq1(uk A Uy, v A vy) — Cq 1(u, vi)Cq 1 (U, vy)

(A.19)
+ [Cq,1(ur A ug, v A vp) — Cq1(Ug, vi)Cq,1(ur, v1)1/S,

where the penultimate equality uses that {Vi¢, Vi¢} L {Uirs, Uies) | Zr and {Uier, Uit r} L {Uirs, Ujrs) | Ze, 1 # s. Since
E[¢1,s(wk) | Z1] = Cq,1(wk) — Cq,1(wyi), we get, by the law of total covariance,

cov[&1,s(wk), ¢1,s(wi)] =E[Cqc(wi A wy) — Cq e (wy)Cq,c(wi)]
+ E[(Cq.t(wk) - Cq,t(wk))(cq,t(wl) - Cq,t(wl))]
+ E[Cq,t(wk Awp) — Cq,t(wk)cq,t(wl)]/s

=y Ok, D)+ v Pk, D + vk, /s,
say. We are left with showing
of (m) = og(m) = ¢'(y{"(k, D)1z1zm€ + (VP K, Di<kizmc /S + (v Pk, D1k izme > 0.
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Clearly, if Cq¢(w1), ..., Cqr(wm) are all distinct a.s. and Cq(w1), ..., Cq(wn) are all distinct a.s. with values in (0, 1)
a.s., then the claim follows by Assumption F. For the cases where not all are distinct or take values in {0, 1} the claim
follows from the argument used in the proof of Boistard et al. (2017, Lemma 9.6). Therefore, combining (1) and (2) yields
Brs.i j(u, v) ~ Cqs(u, v), so that

. ~ .. d
VT340, Ar, 1) — N(0, 00,5(q, q | k, k),

with
o0s(q,q | k, k) := / / E[Cq,s(uq, v1)Cq,s(uz, v2)1d@r(uq, v1)der(uz, v2);
[0,1]2 J[0,1]2

see also Berghaus et al. (2017, Theorem 3. 3) To conclude from here, use that {I@BTS ijlui, u;) : 1 <i < j < n} are jointly
normal as T — oo. To see this, note that By S, ”(ul, uj) = Br S(u,,) where #;; denotes the n-dimensional vector of ones
with u; (u;) at ith (jth) position and Br s(ur, .o up) = Br s(uq, ..., up; 6o, Ao, Vo), with

]BT,S(UL o U 6,0, )

1
7 Z [ Hi1e(A1) < Fip(ues Aa)s o Ane(hn) < Fpp(Uns An))

S

1 A n _ 5 _
o D Rl ) = G s ) ol ) < G s ) ]
s=1
Weak convergence of By s(u, . . ., u,) follows by the same arguments used to establish weak convergence of ]E%T,sy,',j(u,-, uj).

Since n is finite, the claim follows.

Proof of Proposition 1 (c). Note that we can restrict the event inside the probability to the case where ¥y lies in a +/T
neighborhood of vo. To see this, recall from Assumption E that VT|or — vl = 0,(1); i.e., there exists some constant
K = K(e) < oo, independent of T, such that limr_, oP(Vr ¢ Vk.1) < € for any € > 0, where

Vir ={v e Vy:|lv—wl <K/VT}. (A20)

Clearly, for sufficiently large T, Vi r € U(Xo), where the neighborhood has been defined in Assumption E. Hence,
fim P[ sup  VTlrs(6, br) — ¥(6) — Yrs(8, Or) + ¥ (B)]| > n]
T | gdco:0-0]<s

< lim P(r ¢ Vk.1)
T—o0

+ fim P[{ sup  VTIrs(0, vr) = $(0) = Ve, vr) + @l = n N {or € vm}]

T=oo | Ly 0, co:10-6) <5
<e+ Tim p[ sup VT 50, v) = ¥(0) = Pr.s(6, v) + ¥(@)] > n].
T=o Lyevr, 0,0 e0:10-d]<s

Since, by Lemma S.3 and Lemma S.4, one has

lim P[ sup sup/T|¥r.s(6, v) — Pr.s(6. vo)ll > n] <e
T—o0 VEVK THEBD
it suffices to show that

nmP[ sup ﬁnv?r,s(e,vo)—w(e)—&r,s(é,vmwé)n>n]<e. (A21)

T=00 |pdecoo-d]<s

To begin with, recall that 6, = (O‘z/r [1 y’,8'Y,q=1,...,Q. Thus, by a slight abuse of notation, 8 = (&}, 87, ..., a{l, ﬁ[z,
y', 8 = UqQ:16‘q. Therefore, by the triangle inequality
1 5(6, vo) — (6 )—x?fm(é vo) + ¥ (0)l|

> Z V75,1404 Vo) — VauBa) — Vr.s.iaBg. vo) + VqlBg)l.
5 ) b =t

506,
RAE
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Hence,

P[ sup Jﬂ&mwww—wwy—%x@»w+¢@m>n]

0,0 €©:]|0-0]| <8

<ZZZZ[~SW~%MMMPWW

4=1 1zicizn k=1 L 6g.fgeo:l0-0]<s
ijegq

Q¢

Now, suppose i, j € G, for some q € {1, ..., Q}. Moreover, let us recall from Eq. (A.8) that uniformly in 6; € ®

VT 5.0j.5(0g, v0)—Var(6g)]

/ dey(ui, u;)
[0,1]2

for1<i<j<nandke/{l,...,£}, where supyplR(6)| = 0,(1). Since n and ¢ are fixed, we are left with showing that
for any €, n > 0, there exists some § > 0 such that

— Ur5.ij.(0g, vo) + Vg r(Bg)l > — ]

- (A22)

sup | Cijr.s(ui, uj; 6g) + [R(6,)l

uj,uj € [0,1]

lim P[ sup sup  |Crs.ij(ui, uj; 0g) — Cros.ijlui, uj; 6g)| > ﬂi| <e. (A.23)

T=>00 | 94,84 € ©:110q—fql < sti-1j €[0.1]
In view of Egs. (A.3) and (A.4), we see that
Cr.s.ij(i, uj; 0g) = VT(Crs ij{é;s i(ui; 6g), ér_sj(uﬁ 0q); 04} — Ci.j{é;’sqf(ui; 0q), 6;5,1-(%; 04); 64})
+ VT(Cif{Cr s (uiz 0). Cr s /(152 6q): Og) — Colu, ).

with Cr s, ,J(ul, uj; 0q) == CT s.ij(ui, Uj; 6, vo) and CT s (U 0g) = 6;s,k(”’<§ 64, vo) for k € {i, j}. Therefore, using an argument
similar that in Tsukahala (2005, Appendix B), one obtams

P |: sup sup |Crs,ij(ui, uj; 0g) — Crs,ij(ui, uj; 0g)l > 1 :|
0.0 € ©:110g—0q]| < 8ui-Uj €[0,1]
~ ~ = n
< P[ sup sup  |Crsij(ui, uj; 6g) — Crs,i,j(ui, uj; 0g)| > 2} (A24)
09,0q € ©:(16g—0q | < sUi-Uj €[0.1]
~ - =~ o = n
+ Z F’[ sup sup |Crs,ij(tk; 0q) — Crs,ij(Uk; Og) > 4]-
ketij) L0q.0q € O:ll6g—0gll <8tk €10.1]

The claim thus follows from part (c) of Lemma S.2.

A.2. Proof of Corollary 1

Proof of Corollary 1. As argued in Cheng (2015, Lemma 1), it suffices to show that the conditional distribution of
ﬁ( v, 5(9T s, AT, vr) — lI/T 5(97 s, AT, vr)) converges in probablhty to the 11m1t1ng distribution of flI/T s(6o, AT, vr) given
in Proposition 1. Spec1ﬁcally, define forany 1 <i <j<n,withi,je G, qe{1,...,Q}:

ﬁ(‘l’r(bs) ,J(QT 5.05 ATy D7) = W7 5.0 /(01595 AT, 1))
= &% 1 (00, A1, Dr)
N b A
+ ‘i:T 5)* ,j(gT S.q» )\T, ir) — él(yj,)r,s(eaq’ Ar, V),

where

57 s ,J(QT S0 AT, D1) = ﬁ(‘l’r(bs ,j(gr 5.0 A1 1) = Wi 1.5(0r5.90 At D1)) (A25)
represents the bootstrap analogue of

Er5.ijOr.5.q, Ars 01) = VT(Wr5.i /(015,95 15 D7) — W50 (0r.5.0))- (A.26)

We proceed in two steps: (1) the conditional distribution of .§T5,J(90q,kr, vr) converges in probability to that of

éT,S,i,j(GO,qv A, Dr) = VT s, i.j(B0,q A, Dr); (2) fr s, ,](Ors @ A, Dr) — 51 5.j(6o.q, Ar, br) = 0,(1). Step (1): Mimicking the
derivation of Eq. (3.12), note that the kth element of ‘;‘T S ,](90 0 AT, vr) can be written as:

/ (@(Tb,)s,i,j — Br.s.ij)(ui, u; 0., 1o, vo) dgr(ui, u) + 0,(1),
[

1519



A. Mayer and D. Wied Journal of Econometrics 235 (2023) 1500-1521

where ]E(Tb’)sqiqj is the bootstrap analogue of ]ﬁ%r,s,u defined in Eq. (3.11). We are thus left with showing that the conditional
distribution of I@Erb,)s,i,j — I@ST,SM- converges weakly in probability to the same limiting process that governs the weak limit

of By . But, by the functional delta method, this is due the weak convergence of By s ;;; see the proof of Proposition 1
in conjunction with Fermanian et al. (2004, Theorem 5). Step (2): We can deduce the bootstrap stochastic equicontinuity
of (A.25) from that of (A.26) established in Proposition 1 (c); see also Giné and Zinn (1990), Brown and Wegkamp (2002),
or Chen et al. (2003) for a similar argument. The claim then follows because, by Proposition 2, «/ﬂl@r,s — ol = 0,(1).

Appendix B. Supplementary data
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jeconom.2023.01.003.
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