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Abstract: In this paper, we develop nonparametric modelling of zero-inflated Pois-
son (ZIP) data. We model the nonparametric components of the regressors using
penalized regression splines, so that inference can be accomplished by making use
of the EM algorithm. The algorithm is illustrated by using an example from the
literature.
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1 Introduction and motivation

Depending on the context, count data may be modeled in a variety of ways,
e.g. using Poisson, negative binomial, binomial, beta-binomial or hypergeometric
distributions. However, real data often show an excess of some values compared
their expected theoretical frequencies. In these cases, it is often said that the over-
represented values are “inflated”. A natural way to overcome this problem is to
put a point mass ω at the inflated value. That is, with probability ω, we sample a
degenerate distribution at the inflated value, and with probability (1−ω) we sample
from a standard count distribution.

In this work, we treat a special inflation, i.e., the case of an excess of zeros in
Poisson data. In particular, we develop nonparametric modelling of zero-inflated
Poisson (ZIP) data. This relates to the work of Barry and Welsh (2002), who non-
parametrically model ZIP data by following a two step process. First, they model
whether the counts are zero or not. Then, they model the observed counts, con-
ditionally on them being greater than 0. In both steps, they used a Generalized
Additive Model (GAM). In our approach, the two steps process is overtaken by
contemporary modelling the two components of the mixture via nonparametric or
semiparametric functions. Our proposal is to construct the nonparametric compo-
nents of the regressor using penalized regression splines, so that inference can be
accomplished by making use of the EM algorithm.
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2 The model

The ZIP distribution is defined as

p(y; ω, λ) =

{
ω + (1− ω) exp(−λ) y = 0
(1− ω) exp(−λ)λy/y! y = 1, 2, . . .

(1)

where 0 ≤ ω ≤ 1 and λ > 0.
In the ZIP regression models, ω = ωi = ω(xi) and λ = λi = λ(xi), where xi is a

vector of p + q covariates, i = 1, . . . , n. Lambert (1992) proposes the use the logit
and log-linear link to model ωi and λi, respectively, i.e.,

log

(
ωi

1− ωi

)
=

q∑
j=1

βjxij, log λi =

p+q∑
j=q+1

βjxij, i = 1, . . . , n (2)

where βj, j = 1, . . . , p + q, are unknown parameters to be estimated. In this
formulation, the first q covariates of xi are not necessarily different from the last p
covariates.

Recently, Barry and Welsh (2002) have proposed to use GAMs for zero-inflated
count data. Firstly, they model the presence of absence of counts via a GAM, i.e,
they model Y ∗

i = χy>0(Yi), where χA is the indicator function of the set A, with the
logistic link

log

(
ωi

1− ωi

)
=

q∑
j=1

hj(xij), i = 1, . . . , n.

Then, they model Yi, conditional on Yi > 0 by means of the truncated Poisson
distribution:

p(y|y > 0; λi) =
λy

i exp(−λi)

y!{1− exp(−λi)} ,

with log λi =
∑p+q

j=q+1 hj(xij). The functions hj(·), j = 1, . . . , p + q, are smooth
functions, estimated with linear smoothers by means of the backfitting algorithm
(Hastie and Tibshirani, 1990).

While in certain applications this model is appropriate, the conditional approach
introduces some bias if the model is not correctly specified, because the effects of
the covariates on the probability of presence or absence might be not linear on the
logistic scale. In our approach, we simultaneously model the two components of the
ZIP distribution by extending model (2):

log

(
ωi

1− ωi

)
=

q∑
j=1

hj(xij), log λi =

p+q∑
j=q+1

hj(xij), i = 1, . . . , n.

In order to estimate the nonparametric components of the regressors, we resort
on penalized regression splines. In this setup, it is possible to show (see Wood (2000)
and references therein) that the functions are estimated by maximizing, with respect
to the parameter vector θ, the following penalized log-likelihood:

pl(θ) = l(θ)− 1

2

p+q∑
i=1

αiθ
′Siθ,



where l(·) is the log-likelihood function, Si are non-negative definite coefficient ma-
trices defining the penalties and αi > 0 are the associated smoothing parameters,
subject to the linear constraints Cθ = 0. Inference can be accomplished by adapting
the EM algorithm. In fact, we can see (1) as a special case of the 2-component finite
mixture model:

p(y; ω, λ) = (1− ω)p0(y; λ) + ωp1(y),

where p0(y; λ) = exp(−λ)λy/y! and p1(y) = χ{0}(y). Now, let Zi i = 1, . . . , n, be n
unobserved Bernoulli variables, such that Pr(Zi = 1) = ωi, indicating which com-
ponent the unit sample (yi, xi, zi) comes from. The ‘complete-data’ log-likelihood is
given by

lC(θ) =
n∑

i=1

{
zi log

(
ωi

1− ωi

)
+ log(1− ωi) + (1− zi) log p0(yi; λi)

}
.

where, for the sake of simplicity, we have dropped the dependence of θ from ωi and
λi.

Our EM algorithm maximises the penalized log-likelihood by iterations of two
steps: E-step and M-step. At stage k, given a current estimate θk−1, the E-step
computes S(θ, θk−1), the expectation of lC(θ) with respect the conditional distribu-
tion p(z1, . . . , zn|y1, . . . , yn; θk). The E-step is simple because the random variable
Zi given yi is a Bernoulli random variable with probability of success

w(yi; θ) =
ωip1(yi)

(1− ωi)p0(yi; λi) + ωip1(yi)

and we have

S(θ, θk−1) =
n∑

i=1

{
w(yi; θk−1) log

(
ωi

1− ωi

)

+ log(1− ωi) + (1− w(yi; θk−1)) log p0(yi; λi)} . (3)

The M-step chooses θ = θk to maximise

S(θ, θk−1)− 1

2

p+q∑
i=1

αiθ
′Siθ,

subject to the linear constraints Cθ = 0. A simple application of the Jensen
inequality shows that the sequence pl(θk) is not decreasing. In the M-step, it is easy
to see that the first quantity in the right hand-side of (3) is equivalent to a weighted
log-likelihood of a binomial regression model. On the other side, the second term is
equivalent to a weighted log-likelihood of a Poisson regression model. This reduces
the computational effort required by the M-step of the algorithm quite substantially,
and allows us to use an Iteratively Reweighted Least Squares (IRLS) algorithm to
perform the M-step.

3 An example

For illustrative purposes, we re-analyse data from a prospective study of school
children from an urban area of Belo Horizonte (Brazil), the Belo Horizonte caries
prevention (BELCAP) study. These data, which are available at



Figure 1: Estimated nonparametric component for dmftb with approximated 95%
confidence band. The solid line represents the original transformation.
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have been previously analyzed by Böhning et al. (1999), by making use of a fully
parametric ZIP regression model. We refer to the authors for a detailed description
of the study and of the available data, In particular, one of the covariates (named
by the authors DMFT1 and, in the following, dmftb) was log transformed. Here, we
use the more flexible semiparametric model simply to validate the authors’ choice
on the type of transformation employed. We therefore fit to the data the semipara-
metric analogue of the ZIP model reported in Table 1 of the above mentioned paper.
Figure 1 shows the estimated nonparametric component. The solid line indicates
the transformation adopted by the authors, i.e. log(dmftb + 0.5). This seems to
quite agree with indications deriving from the nonparametric analysis.
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