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1 | INTRODUCTION

Asset pricing models aim to associate to marketed securities, prices that are consistent with the
absence of arbitrage opportunities. Typically, these models assume a reference probability over a
state space and frictionless pricing rules, as done, for instance, in the seminal paper of Harrison
and Kreps (1979). As a result, assets are valued by a linear pricing rule, or, equivalently, as the dis-
counted expectation with respect to the so-called risk-neutral probability. However, both of these
assumptions are questionable. Since at least Ellsberg (1961), the decision theory literature suggests
a shift to (nonprobabilistic) uncertainty. A general framework without an objective probability
was already studied in Kreps (1981) and was studied more recently by Biagini and Cont (2007),
Riedel (2015), Cassese (2008), Cassese (2017), Cassese (2021), and Burzoni et al. (2021). Moreover,
substantial evidence of frictions in financial markets (transaction costs, taxes, bid—ask spreads)
has prompted the study of nonlinear pricing rules that can account for frictions, as in Garman
and Ohlson (1981), Prisman (1986), Ross (1987), Bensaid et al. (1992), and Jouini and Kallal (1995).

This article drops both assumptions of the existence of an objective probability and of the lin-
earity of pricing rules. More precisely, following the ideas first developed in Chateauneuf et al.
(1996), we consider Choquet pricing rules, that is, Choquet integrals with respect to a nonadditive
risk-neutral probability (also called risk-neutral capacity). Choquet pricing rules are not merely a
mathematical generalization of linear pricing rule. In fact, as Cerreia-Vioglio et al. (2015) showed
in a recent paper, Choquet pricing rules arise if a version of the parity between call and put options
is maintained. This result is surprising as it connects the Choquet integral with a parity between
call and put options, two apparently unrelated notions.

Our paper makes two main contributions to this stream of literature. First, in Section 3, we
study what happens when different parities between call and put options are considered. When
prices are nonlinear, as for Choquet pricing rules, there are several ways to define the price parity
between call and put options. We show that different parities characterize different pricing rules
with respect to nonadditive probability. Second, in Section 4, we impose a general nonarbitrage
condition and we analyze its implications on the nonlinear pricing rules that we characterized
in the first part of our article. The remainder of the introduction provides further details about
our findings.

Section 3 characterizes pricing rules using parities between financial options. As already
remarked in the seminal paper of Stoll (1969), there are several ways to replicate call and put
options. When prices are nonlinear, different replications strategies lead to different parities
between call and put options. One parity, deemed Put-Call Parity (PCP) was considered by
Cerreia-Vioglio et al. (2015), while another one, the Call-Put Parity (CPP) was analyzed by
Chateauneuf et al. (1996).

Our first contribution in Section 3 provides the formal relationship between the two parities.
We show that CPP of Chateauneuf et al. (1996) is a stronger assumption: it corresponds to PCP
of Cerreia-Vioglio et al. (2015) plus the absence of bid-ask spreads. Second, we improve the main
result of Cerreia-Vioglio et al. (2015). They proved that a pricing rule satisfies PCP, monotonicity,
and translation invariance if and only if it is a Choquet pricing rule. We show in Theorem 3.2 that
PCP and monotonicity are enough for the characterization. Thus we demonstrate that the connec-
tion between PCP and the Choquet pricing rule runs even deeper than suggested by the result of
Cerreia-Vioglio et al. (2015). Third, we study what happens when CPP replaces PCP. Theorem 3.3
characterizes CPP by a stronger version of Choquet pricing rules, called Choquet-Sipo§ pricing
rules. These are pricing rules that are at the same time Choquet and Sipo$ integrals. The Sipo§
integral is an integral with respect to a nonadditive measure that, in general, can differ from the
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Choquet integral, see Sipoé (1979). However, when CPP holds, the two coincide. For sake of com-
pleteness, in Appendix A.1, we characterize Sipo$ pricing rules that are not also Choquet pricing
rules. To do so, we use discount certificates, which are well-known financial options that pay the
minimum between the value of an underlying asset and a fixed cap. Theorem A.1 shows that Sipo$
pricing rules are characterized by: (i) the parity between discount certificates and call options; and
(ii) the absence of bid—ask spreads. To the best of our knowledge, our paper is the first to provide
a justification for the use of Sipos pricing rules for asset pricing.

In Section 4, we assume that pricing rules are either Choquet or Sipos$ pricing rules, and we
analyze what happens when one imposes the absence of arbitrage opportunities. We say that the
market is arbitrage free (AF) if, whenever an agent can build a portfolio that pays a non-negative
amount of money at every state, then she has to pay a non-negative price. Parities between put
and call options are among the simplest and best understood no-arbitrage relations. However, in
general, neither Choquet nor Sipo$ pricing rules guarantee that markets are AF. We study which
additional conditions one has to impose in order to eliminate arbitrage opportunities. Within this
section, Theorem 4.3 contains two distinct results. The first one is that a Choquet pricing rule guar-
antees no-arbitrage if and only if there exists an additive risk-neutral measure which is smaller
than the risk-neutral capacity associated to the pricing rule. On the other hand, the second result
shows that a Sipo$ pricing rule is AF if and only if it is linear. Therefore, Sipo$ pricing rules cannot
take into account market frictions.

The implication of Theorem 4.3 is that, whenever markets do not allow arbitrage opportuni-
ties but bid-ask spread are observed, the strong parity CPP of Chateauneuf et al. (1996) must
be violated. This violation of CPP, in which the marketed price of put options is cheaper than
the theoretical one (i.e., the price of building a portfolio that replicates a put), was empirically
observed when puts were introduced in financial markets, see Klemkosky and Resnick (1979)
and Cremers and Weinbaum (2010). However, it is important to note that this violation of CPP
is consistent with the absence of arbitrage opportunities (and with PCP of Cerreia-Vioglio et al.
(2015)).

The rest of the paper is organized as follows. Section 2 introduces the framework and our nota-
tion. Section 3 studies PCP and CPP and characterizes Choquet and Choquet-Sipo$ pricing rules.
Section 4 investigates AF Choquet and Sipos pricing rules. While Section 3 justifies the investiga-
tions made in Section 4, we note that the two sections can be read independently. Readers with a
specific interest in arbitrage can proceed directly to the latter section. Finally, Section 5 concludes.
All proofs are gathered in the appendix.

2 | THE MODEL

This paper considers the simple framework of a stochastic two-date model: t = 0(today) is known,
t = 1 (tomorrow) is uncertain. Uncertainty is represented by a set Q (finite or infinite) of states of
nature, endowed with a o-algebra A. One, and only one, state of nature will be realized tomorrow
and will be known. Note that we do not assume that there is a reference probability defined on
(Q, A).

A payoff, or contingent claim, is a bounded, real-valued, .A-measurable random variable x :
Q - R (or, if Q is finite, a vector x := (x(@))yeq € R?) with x(w) representing the payoff
(money) at t = 1 if state w prevails. We denote B(£, .A) the set of all contingent claims. We adopt
the convention that if x(w) < 0, then |x(w)| is paid by the agent and if x(w) > 0 then |x(w)|
is received. For every A € A, we denote by 1, the payoff in B(Q,.A) defined by 1,(w) =1 if
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w € Aand1,(w) = 0 otherwise. We set 15 = 0. Note that B(Q, .4) comes equipped with the usual
pointwise partial order, >, where x > y if and only if x(w) > y(w) for all w € Q, and we define
xVyby(xVy)lw) := max{x(w), y(w)}forallw € Qand x Ay by (x A y)(w) := min{x(w), y(w)}
for all w € Q. Let x € B(Q, A), we denote x* := x Vv 0 its positive part and x~ :=(-x) V0
its negative part. Finally, we say that two contingent claims x,y € B(Q, .A) are comonotonic if
(x(w) — x(@")(y(w) — y(«')) > 0 for all w, 0’ € Q.

A pricing rule is a real-valued function f : B(Q, A) —» R that associates to every payoff
X € B(Q, A) the price/cost f(x) at t = 0, for the delivery of the random payoff x at t = 1, with
the convention that | f(x)| is paid if f(x) > 0 and received if f(x) < 0. Hence f(x) is the buying
(ask) price, the price one pays to buy x, and the (bid) selling price is then —f(—x), which is
the amount received if one sells x. This paper will take the pricing rule f : B(Q, A) - R as
a primitive concept. Throughout the paper, f will be assumed to satisfy monotonicity, that is,
f(x) > f(x") forall x,x" € B(Q, A) such that x > x'.

A capacity v on the measurable space (Q, A) isa set functionv : A — R such that v(@) = 0 and
which is monotone, that is, for all A,B € A, A C B implies v(A) < v(B). The capacity is said to
be normalized, also called nonadditive probability, if v(Q) = 1. A capacityv : A — R is concave,
also called submodular, if, for all A, B € A, v(A U B) + v(A N B) < v(A) + v(B). A probability u :
A — Risanormalized capacity which is (finitely) additive, thatis, A N B = J implies u(A U B) =
U(A) + u(B). The conjugate of the capacity v : A — R is the capacity v* : A — R defined by
v*(A) :=v(Q) —v(A°) for all A € A and we say that the capacity v is auto-conjugate if v = v*.
Note that the capacity v is auto-conjugate if and only if v(A) + v(A®) = v(Q) for all A € A.

Consider a capacity v on (Q, .A). The function f is said to be a Choquet pricing rule with respect
to v if

f) = /Q

where {x > t} = {w € Q|x(w) > t}. The notation / ¢ indicates that the integral is a Choquet inte-
gral (we drop the subscript Q from the integral when no confusion arises). We will use the notation
/ for the standard integral with respect to an additive capacity. Note that in this case, the pric-
ing rule f is linear. We note that the capacity v associated with the Choquet pricing rule f is
uniquely defined, it satisfies v(A) := f(14) forall A € A, and v is called the risk-neutral capacity
(associated with the Choquet pricing rule f).

We say that f is a Sipo$ pricing rule with respect to v if

C 0 +00
xdv = / (x> t}) —v(Q))dt + / v({x > t})dt for all x € B(Q, A),
o 0

c

s c
f(x)=/ xdv:=/ x+dv—/ x~dv forall x € B(Q, A).
Q

Note that Choquet and Sipos integrals coincide if x € B(Q, A) is non-negative. One fundamen-
tal difference between the two integrals is that the former satisfies translation invariance, that is,
fx+11g) = f(x) + f(t1lg) forall x € B(Q, A),allt € R, while the latter has no bid-ask spread,
that is, f(x) = —f(—x) for all x € B(Q, A).

Finally, we say that f is a Choquet-Sipos pricing rule when the Choquet and Sipo§ integrals
coincide with f for the same capacity v, that is

S c

f(x):/ xdv:/ xdv forall x € B(Q, A).
Q Q
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It turns out that f is a Choquet-Sipos pricing rule if and only if f is a Choquet pricing rule with
respect to an auto-conjugate capacity v, see Proposition A.10 in Appendix A.5.

We end this section with a remark. Suppose that f is a nonzero Choquet pricing rule with respect
to the capacity v, then one checks that v(Q) = f(1g) > 0. Thus, we can normalize the capacity v,

v(A4) for all A € A, and obtain a
v(Q)

riskless interest rate r > —1 uniquely defined by f (1) = ﬁ Then the nonzero Choquet pricing

by defining the nonadditive probability v : A — R by 0(A) :=
rule f can be written as

c
1 _
flx) = 1_+r/ x duv forall x € B(Q, A).

This (nonadditive) probabilistic formulation, taken from Cerreia-Vioglio et al. (2015), allows to
interpret the price/cost f(x) of every payoff x as the present value of its nonadditive expectation,
where the present value is calculated with the riskless interest rate. The same can be done for
Sipo$ and Choquet-Sipo3 pricing rules.

3 | CHARACTERIZATION OF PRICING RULES THROUGH
FINANCIAL PARITIES

3.1 | Call-Put Parity(ies)

This section characterizes the pricing rules that satisfy each of the two different parities between
prices of call and put options introduced by Chateauneuf et al. (1996) and Cerreia-Vioglio et al.
(2015).

A call option with strike k > 0 and expiration date T is a financial contract that gives the option
buyer the right, but not the obligation, to buy a stock, bond, or commodity at price k at time T. The
stock, bond, or commodity is called the underlying asset. A call buyer profits when the underlying
asset increases in price. A put option gives the right, but not the obligation, to sell the underlying
asset at price k at time T. In our two-period financial economy, given an underlying asset x €
B(Q, A), a call option with strike k > 0 and the related put option are defined, respectively, by

i = (x —k1o)*, prg = (klg —x)™.
Clearly, for all x € B(Q, A), the following equation holds
X = Cxk — Pk + klg, @
and it says that one can replicate every underlying x by buying a call, selling a put, both with the

same strike k, and buying k units of the bond. Given a pricing rule f, Cerreia-Vioglio et al. (2015)
used equality in Equation (1) to define the Put-Call Parity (PCP) by

fGe) = flexp) + f(=pxjd) + f(k1g), (PCP)

for all x € B(Q, A). Obviously, the mathematical equality in Equation (1) can be rewritten as

Pxjk =Cxk— X+ le~ (2)

35UBD17 SUOWIWOD aAea.D a|gedt|dde ay Aq peutonob ae saoie YO ‘9sh Jo Sajn 10} AkeiqiauljuQ A3]1IA) UO (SUOTIPUOI-pUe-SLLLIBYW0D A&B [IM" ARe.d 1)U UO//:SA1Y) SUOIIPUOD pUe SWB | aY) 39S " [7202/70/80] U0 ArelqiauliuQ A8|IAN ‘9oueIH auelyd0D Aq £8v2T 1Jew/TTTT OT/I0p/0d A3 1M Akeiqiul|uoy/sdny wolj papeojumod ‘0 ‘S966.91T



BASTIANELLO ET AL.

6—I—Wl LEY

for all x € B(Q,.A). Hence a put with strike k can be replicated buying a call with the same
strike, selling the underlying asset, and buying k units of the bond. Chateauneuf et al. (1996) used
Equation (2) to define a different parity that they named Call-Put Parity (CPP)

F(Pxi) = flexi) + f(=x) + f(k1g). (CPP)

forall x € B(Q, A).If f islinear, PCP and CPP are clearly equivalent. The following result provides
the formal relationship between the two parities. It shows that CPP of Chateauneuf et al. (1996)
is stronger than PCP of Cerreia-Vioglio et al. (2015) as CPP is equivalent to PCP and the absence
of bid-ask spreads.

Proposition 3.1. Let f : B(Q, A) — R be a pricing rule. Then (i) < (ii).

() f satisfies CPP;
(i) f satisfies PCP and no bid-ask spreads.

3.2 | Choquet representation of pricing rules

When frictions are taken into account, the linearity of f is no longer guaranteed. Choquet pric-
ing rules serve as examples of nonlinear pricing rules capable of explaining market frictions. They
have been considered first by Chateauneuf et al. (1996), see also Wang et al. (1997), Castagnoli et al.
(2002), and Chateauneuf and Cornet (2018), Chateauneuf and Cornet (2022). A full characteriza-
tion using a financial parity has been given by Cerreia-Vioglio et al. (2015). The main theorem of
Cerreia-Vioglio et al. (2015) proves that a pricing rule f satisfies PCP, monotonicity, and transla-
tion invariance, if and only if f is a Choquet pricing rule. Their idea is extremely interesting as it
connects two apparently unrelated concepts: the well-known financial concept of PCP with the
Choquet integral. We generalize their result showing that translation invariance is redundant.

Theorem 3.2. Let f : B(Q, A) - R be a monotone pricing rule. Then (i) < (ii).

(i) f satisfies PCP;
(ii) f is a Choquet pricing rule.

Note that only monotonicity and PCP are required to pin down Choquet pricing rules. These
are very weak and desirable assumptions. This highlights the central role played by Choquet
pricing rules. From a mathematical point of view, our proof differs from that of Cerreia-Vioglio
et al. (2015). Their characterization is based on a representation result by Greco (1982). On the
other hand, our proof of Theorem 3.2 consists in showing that the parity PCP is equivalent to
the comonotonic additivity of the pricing rule f, that is f(x + x") = f(x) + f(x') for all x,x" €
B(Q, .A) comonotonic, a familiar concept in decision theory. This in turns allows us to use the fun-
damental result of Schmeidler (1986) who characterized the Choquet integral by the comonotonic
additivity property.

A natural question arises however. What happens when one replaces PCP with CPP? A first
answer is given by Proposition 1 and Theorem 1, which imply that a monotone pricing rule f
satisfies CPP if and only if f is a Choquet pricing rule with no bid-ask spread. The following
Theorem 3.3 shows that CPP (together with monotonicity) characterizes Choquet-Sipo§ pricing
rules.!
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Theorem 3.3. Let f : B(Q, A) » R be a monotone pricing rule. Then (i) < (ii).

(i) f satisfies CPP;
(ii) f is a Choquet-Sipos pricing rule.

Note that, if assets are priced through Choquet-Sipo§ pricing rules, then there are no bid-ask
spreads. This was also noted in a recent paper of Lécuyer and Lefort (2021) who studied particu-
lar Choquet pricing rules given by (normalized) generalized neo-additive capacities (GNAC) (see
Chateauneufet al., 2007). They show that if f is a Choquet pricing rule, then there are no bid-ask
spreads if and only if v(A) + v(A®) = v(Q) for all A € A (i.e., f is Choquet-Sipos, see Proposi-
tion A.10 in Appendix A.5). Moreover, if f is a GNAC pricing rule, there are no bid-ask spreads if
and only if v(A) + v(A®) = v(Q) for at least one A € A. See also Castagnoli et al. (2004).

To summarize, Section 3.2 characterizes Choquet pricing rules through PCP and Choquet-
Sipos pricing rules through CPP. Finally, Theorem A.1in Appendix A.1 characterizes general Sipo§
pricing rules through the parity between discount certificates and call options.

While the parities between call and put options and discount certificate and call options are
some of the best known assumptions about the absence of arbitrage opportunities, the pricing
rules obtained in Theorems 3.2 and 3.3 (and Theorem A.1 in Appendix A.1), do not guarantee that
markets are AF. The following section defines arbitrage opportunities and shows how one can
eliminate them.

4 | ABSENCE OF ARBITRAGE OPPORTUNITIES

In the characterizations given in Section 3, no property is stated about the capacity v associated
with the pricing rule f. Without additional properties on v, Choquet and Sipo$ pricing rules may
leave room for arbitrage opportunities.

Intuitively, a payoff x € B(Q, A) is an arbitrage opportunity if “it allows to make money from
nothing.” We recall that a subadditive pricing rule f satisfies the property that f(x + x') < f(x) +
f(x") for all x,x" € B(Q, A) and it is said to be AF whenever f is non-negative, that is, x > 0
implies that f(x) > 0, or, in other words, whenever there is no payoff x > 0 (with no loss at each
state tomorrow) such that f(x) < 0 (with a gain today).

Without the subadditivity assumption on f, there is a need to eliminate other arbitrage oppor-
tunities. Consider for the moment buy & sell arbitrage opportunities, that is, payoffs x € B(Q, A)
for which f(x) + f(—x) < 0, thus leading to a zero stream of money tomorrow (x — x = 0) and
an aggregate gain today in buying x and selling x (i.e., buying —x). Note that the absence of buy
and sell arbitrage opportunities is equivalent to the property of f having non-negative bid-ask
spreads.” The following result provides several characterization properties of a Choquet pricing
rule for which there is no buy and sell arbitrage opportunity.

Theorem 4.1. Let f : B(Q, A) — R be a Choquet pricing rule with respect to a capacity v. Then
the following assertions are equivalent.

(i) f has no buy & sell arbitrage opportunities, or equivalently
f has non-negative bid-ask spreads, that is, f(x) + f(—x) > 0 forall x € B(Q, A);
(ii) v > v*, thatis, V(A) + V(A®) > v(Q) forall A € A;
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(ii)) —f(—x) < [ xdv < f(x) forall x € B(Q, A).

Note that the previous theorem, part of which was proved when Q is finite by Chateauneuf
and Cornet (2022), introduces the new property that the Sipo$ pricing rule is an homogeneous

selection of the bid-ask spread interval, that is, [/ 8 xdv € [—f(=x), f(x)] for all x € B(Q, A).
Pricing a new security x € B(Q, A) so that the enriched pricing rule remains buy and sell arbitrage
free amounts to choose the price of the new security in the interval [— f(—x), f(x)]. Thus, having
a canonical way to do it via the Sipos§ pricing rule is interesting for both theoretical and practical
reasons, as the calculation of the Sipos integral is standard.

The absence of buy and sell arbitrage opportunity for a pricing rule f can be strengthened in
the spirit of Chateauneuf and Cornet (2022) as follows.

Definition 4.2. f is arbitrage free (AF) if for all n € N and all x4, ..., x,, € B(Q, A)

Y xi20= Y flx)>o0. (AF)

We say equivalently that there are no arbitrage opportunities, that the market is AF, or that a
pricing rule f satisfies the AF condition. The interpretation of Definition 4.2 is as follows. Sup-
pose that an agent wants to construct an asset x > 0, splitting x by buying n securities xq, ..., x,
summing up to x. Then the pricing rule is AF if and only if the aggregate cost of buying separately
X1, ..., X, 1S non-negative. Thus, we can also interpret it as the absence of multiple buy and sell
arbitrage opportunities.

Note that Definition 4.2 is stronger than the standard definition (when f is subadditive) that
Xx > 0 implies f(x) > 0, and also stronger than assuming the absence of buy and sell arbitrage
opportunities. When f is subadditive (hence when f is linear too), then f is AF if and only if it
is non-negative (i.e., precisely when x > 0 implies f(x) > 0). The fundamental theorem of asset
pricing famously characterizes linear and AF pricing rules as discounted expectation with respect
to a (additive) probability, see Harrison and Kreps (1979).

When frictions are taken into account, the linearity of f is no longer guaranteed. In general,
nonlinear nonnegative pricing rules do not guarantee the absence of arbitrage opportunities. To
solve this issue, usually pricing rules are required to be sublinear, that is, to satisfy positive homo-
geneity and subadditivity, see Jouini and Kallal (1995), Castagnoli et al. (2002), Araujo et al. (2018),
Burzoni et al. (2021), and Chateauneuf and Cornet (2018). Choquet pricing rules satisfy positive
homogeneity, but are not subadditive in general. Subadditive Choquet pricing rules were consid-
ered by Chateauneuf et al. (1996) and are characterized by concave (submodular) capacities, see
also Chateauneufand Cornet (2022), Cerreia-Vioglio et al. (2015) and Cinfrignini et al. (2023), Cin-
frignini et al. (2023) for the particular case of belief functions. Concavity of the capacity gives a
sufficient condition to guarantee the absence of arbitrage opportunities for Choquet pricing rules.
However, the condition is not necessary.

Theorem 4.3 provides a full characterization of Condition AF for both Choquet and Sipo3 pric-
ing rules. For Choquet pricing rules, there are no arbitrage opportunities if and only if there exists
an additive non-negative set function u below the capacity v. Formally, the anticore of a capacity v
(already considered in Gilboa and Lehrer and used in the context of pricing rules by Araujo et al.
(2012) is defined as

AC() ={u : A - R, uisadditive, u < v, and u(Q) = v(Q)}. (AC)
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It is well known that if a capacity v is concave, then the associated Choquet pricing rule
f is subadditive and AC(v) # @J. Theorem 4.3 shows that if f is a Choquet pricing rule
with respect to v, then it is AF if and only if AC(v) # @. A similar result was proved in
Chateauneuf and Cornet (2022) when Q is finite. However, the proof for the case of Q infinite is
different.

Finally, Theorem 4.3 provides also a characterization of AF Sipo$ pricing rules that turns out
to be a negative result since a Sipo$ pricing rule is AF if and only if it is linear. Therefore Sipo§
pricing rules that are also AF cannot take into account any friction.

Theorem 4.3. Let f : B(Q, A) — R be a pricing rule. Then,

(i) If f is a Choquet pricing rule, then f satisfies AF if and only if AC(v) # @.
(ii) If f is a Sipos pricing rule, then f satisfies AF if and only if f is linear.

We briefly discuss the fact that stronger arbitrage opportunities suchas x : = Z?:l x; >0,x #0,
and 2?:1 f(x;) = 0,are not ruled out by our definition of AF. Since in the primitives of our model,
there is no notion of null sets, it is not straightforward to deal with this case when the state space
Q is infinite.> Some authors, such as Burzoni et al. (2021) and Cassese (2021), replace null sets
with a strengthening of the pointwise order, which they include in the definition of the financial
market. Since in this section, we assumed that f is Choquet (or Sipos), we can define the partial
order >':

x >Y 0 < x > 0and Je > 0 such that v*(w|x(w) > ) > 0,

denoting v* the conjugate capacity of v. Note that, because of Theorem 4.1, we have v > v* and
therefore also v(w|x(w) > €) > 0. We require the existence of ¢ > 0 to avoid consideration of o-
additivity. Equipped with >, we can provide the following definition.

Definition 4.4. f is strongly arbitrage free (AF*) if it satisfies AF and moreover, for all n € N and
all x4, ..., x, € B(Q, A) one has

zn: x>0 > i f(x;) > 0. (AF*)
i=1 i=1

Clearly AF* implies AF. Corollary 4.5 shows that the two notions are equivalent. Therefore,
when the payoff x := Z?:l X; is strictly positive on a set of strictly positive “measure,” the agent
will pay a strictly positive price.

Corollary 4.5. Let f be a Choquet or Sipos pricing rule. Then AF* is equivalent to AF.

To summarize, this section has proved that, under the mild assumptions of monotonicity and
no-arbitrage, the unique parity, which would lead to frictions in accordance with observed bid-ask
spreads, is PCP considered in Cerreia-Vioglio et al. (2015). We remark that under PCP, monotone
pricing rules are of the Choquet type. If, moreover, non-negative bid—ask spreads are present in
the market, then it turns out that f(p, ) < f(cy ) + f(—=x) + f(klg) for all x € B(Q, A), k > 0,
that is, a violation of CPP considered by Chateauneuf et al. (1996). This price violation says that
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it is cheaper to buy a put option with strike k in the market, rather than “constructing” one by
buying a call, selling the underlying x, and buying k units of the bond. This miss-pricing was
actually observed when put options were introduced in the markets, see Gould and Galai (1974),
Klemkosky and Resnick (1979), and Sternberg (1994).

5 | CONCLUSION

The first part of our paper studies different formulations of the famous parity between call and
putoptions in a framework where pricing rules are nonlinear and not subadditive. Cerreia-Vioglio
et al. (2015) study a parity called PCP. They prove that PCP, together with translation invariance
and monotonicity, characterizes Choquet pricing rules. Chateauneuf et al. (1996) study a different
parity, called CPP. Our first result studies the relationship between the two parities and shows
that CPP is equivalent to PCP and no bid-ask spreads. Our second result improves the character-
ization of Cerreia-Vioglio et al. (2015) as it shows that translation invariance is redundant. Third,
replacing PCP by CPP, we obtain Choquet-Sipos pricing rules, which are pricing rules that are at
the same time Choquet and Sipo$ pricing rules. For the sake of completeness, in Appendix A.1,
we characterize Sipo$ pricing rules using the Discount Certificate-Call Parity and no bid-ask
spreads.

The second part of our paper studies the implications of an AF condition on pricing rules. We
show that, in general, Choquet and Sipo$ pricing rules are not AF. If f is a Choquet pricing rule
with respect to a capacity v, then the market is AF if and only if the anticore of v is nonempty.
If f is a Sipos pricing rule, then f is AF if and only if it is linear. Therefore, Sipo§ pricing rules
that are also AF cannot take into account any friction. Finally, we characterize bid-ask spreads
as violations of CPP. This shows that, for pricing rules a la Choquet, one can observe at the same
time PCP, absence of arbitrage opportunities, and a violation of CPP (i.e., non-negative bid-ask
spreads).

ACKNOWLEDGMENTS

We wish to thank Simone Cerreia-Vioglio for very helpful discussions as well as audiences in the
following universities and conferences: Lemma at University Paris 2, MSE at University Paris 1,
University of Kansas, TUS-VII 2021 (PSE), RUD 2021 (Minnesota), MSP 2023 (Bicocca).

DATA AVAILABILITY STATEMENT
N/A.

ORCID
Lorenzo Bastianello ‘® https://orcid.org/0000-0001-9899-4178

ENDNOTES

1A further characterization of Choquet-Sipos pricing rules is given in Proposition A.10 in Appendix A.5 using the
risk-neutral capacity v associated to f.

2Note that buy and sell arbitrage opportunities cannot arise for Sipo§ and Choquet-Sipos pricing rules since Sipo$
pricing rules satisfy no bid-ask spread.

3For Q finite, the counting measure is (implicitly) used, see Chateauneuf and Cornet (2022) and a characterization
of the absence of strong arbitrage opportunities is provided in terms of the anticore.

4See also Theorem 5 in Marinacci and Montrucchio (2004).
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APPENDIX

The appendix contains the proofs of the statements in the main text. We begin, however, with
Appendix A.1 in which we characterize Sipo§ pricing rules through the use of the financial parity
between discount certificates and call options.
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A.1 | Discount Certificate-Call Parity and Sipos representation of pricing rules

In order to pin down Sipos$ pricing rules we first introduce discount certificates. A discount cer-
tificate on an asset x with cap k > 0, denoted d, , is a contingent claim that in state w pays x if
Xx(w) < k and pays k if x(w) > k, or equivalently,

dx’k =XA le

Noting that d, ; = (x — k1g) A0 + k1 and recalling that ¢, :=[x —klg]" = (x —klg) VO
one can conclude

X =Cy) + dx,k' (A1)

Therefore, asset x can be replicated by buying the call c, , and the discount certificate d, j.
Given a pricing rule f, Cerreia-Vioglio et al. (2015) used Equation (A.1) to define the Discount
Certificate-Call Parity (DCP) as follows:

&) = flexpd) + fdx o) (DCP)

for all x € B(Q, A). In their paper, they used DCP, monotonicity and translation invariance in
order to derive another characterization of Choquet pricing rules. The following Theorem A.1
shows that DCP and no bid-ask spreads pin down Sipo$ pricing rules.

Theorem A.1. Let f : B(Q,.A) —» R be a monotone pricing rule. Then (i) < (ii).

() f satisfies no bid-ask spreads and DCP;
(ii) f is a Sipo$ pricing rule.

Proof. The proof of Theorem A.1 is given in Appendix A.5. O

As we noted in Section 3.1, when pricing rules are nonlinear it is important to pay attention
to the replication strategy, as different strategies imply different parities. The same is true with
the Discount Certificate—Call Parity. In fact, Equation (A.1) can be rewritten as ¢y = x — d, .
Therefore, one can replicate a call by buying the underlying x and selling a discount certificate.
This replication strategy would suggest defining the following parity:

flexyd) = fO) + f(=dy o) (DCP¥)

for all x € B(Q, A), which may differ from DCP if f is not linear. The following Proposition A.2
relates DCP and DCP* in the same way Proposition 3.1 was relating PCP and CPP. Thus, in
view of Theorem A.1, a monotone pricing rule is a Sipo$ pricing rule if and only if it satisfies
DCP*.

Proposition A.2. Let f : B(Q,.A) — R be a monotone pricing rule. Then (i) < (iii).

(i) f satisfies no bid-ask spreads and DCP;
(iii) f satisfies DCP*,
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Proof. The proof is similar to the one of Proposition 3.1 and it is, therefore, omitted. O

A2 | Summary of the properties of pricing rules

We gather here the properties of pricing rules used in the proofs and some abbreviations. Also,
recall that ¢, , = (x — k1g)*, pyx = (k1g — x)* and d, x = x A k1. We will need the following
basic equalities:

(x —klg)* =xVklg—klg, —(klg —x)" = x Aklg —klg, and x Aklg = (x —klg) A0+ k1. (A.2)

1. Monotonicity: f(x) > f(x’) for all x > x’.

2. Translation invariance (TI): f(x + k1g) = f(x) + f(k1g) forall x € B(Q, A) and allk € R,.

3. Put-Call Parity (PCP): f(x) = f((x —k1lg)") + f(—(klg — x)) + f(k1g) for all x € B(Q, A)
andallk € R,.

4. Call-Put Parity (CPP): f((klg — x)") = f((x — k1g)*) + f(—x) + f(k1g) for all x € B(Q, A)
andallk e R,.

5. Discount Certificate-Call Parity (DCP): f(x) = f((x —klg)") + f(x Aklg) for all x €
B(Q, A),allk > 0.

6. No bid-ask spread: f(—x) = —f(x) for all x € B(Q, A).

A.3 | Proof of Proposition 3.1

Proof. [(i) = (ii)] We first prove that f has no bid-ask spread. Note that f(0) = 0is a consequence
of CPP (taking x = 0 and k = 0). Take now k = 0 in CPP, we get

F((=0)") = fFGH) + f(=x) + £(0) @)
Replacing x by —x in the above equation, we get
F((=0)") = fF&H) + f(=x) + £(0) **)

Consequently, from (*) and (**), using the fact that f(0) = 0, we get f(x) = f(x") — f((-x)") =
—f(=x). Thus, f has no bid—ask spread. We then deduce that PCP holds since

J((x = k1g)*) + f(klg) = —f(=x) + f((k1qg — x)*) [from CPP]
= f(x) — f(=(klg — x)1) [since f has no bid-ask spread]

[(ii) = (i)] Clearly CPP holds since

f((x = k1g)™) + f(k1g) = f(x) = f(=(k1q = x)*) [from PCP]
=—f(—x)+ f((klg —x)*)  [since f has no bid-ask spread]

A.4 | Proofof Theorem 3.2
The following lemmata will prove useful in the proof of Theorem 3.2.
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Lemma A.3. A pricing rule f : B(Q, A) — R satisfies translation invariance (TD) if and only if
fx+klg) = f(x)+kf(1g) forall x € B(Q, A) and all k € R.

Proof. [=] We first prove that, forall x € B(Q, A) and all k € R, f(x + klg) = f(x) + f(klg).
Indeed, for k € R, this follows from the TI of f. Moreover, by TI of f, we have f(0) = 0 (taking
x=0and k =0)and 0 = f(0) = f(—klg + k1) = f(—klg) + f(k1lgp) (taking x = —k1g). Thus
f(=klg) = —f(klg) for all k € R,.. Finally, f(x) = f(x — klg + k1) = f(x — k1qg) + f(klg),
hence forallk € R,

F(x—klg) = f(x) = f(klg) = f(x) + f(=k1g).

We complete the proof by showing that f(klg) = kf(1g) for all k € R. First, let n € N and
t € R, then TI implies f(ntlg) = f((n — Dtlg + t1g) = f((n — Dtlg) + f(t1g) and by induc-
tion f(ntlg) = nf(tlg). Consequently, from the first part of the proof, f(—nlg) = —nf(1g)
for all n € N. Second, let g = % € Q (with n € Z,m € N\ {0}). Then by what we just proved

nf(lg) = f(nlg) = f(mqlg) = mf(qlg). Thus f(qlg) = %f(lg) =qf(1p). Finally, let k € R,

then there are two sequences (q..), € Q, (g2), € Qsuch thatq;} 1 kand g2 | k. By the first part of

the proof and by monotonicity of f, foralln, gl f(1g) = f(gilg) < f(k1g) < f(q210) = ¢2f(1g).
Letting n — oo shows that f(k1g) = kf(1q).
[«<] The proof is immediate noticing that f(klg) = kf(1g) for all k € R. O

Lemma A.4. Let f : B(Q, A) - R be monotone and translation invariant, let k := f(1q), then

1fG) = fFOI < kllx =yl forall x,y € B(Q, A).

Proof. For all x,y € B(Q,.A),one has x <y + ||x — y||,1q- Since f is monotone and translation
invariant, we deduce that f(x) < f(y + ||Xx — Yl 1q) = f(¥) + k|lx — Y|l - Exchanging the role
of x and y, we get f(y) < f(x) + klly — X|leo- Thus, [ f(x) = fF(W)] < klIX — Yll- O

Lemma A.5. A pricing rule f : B(Q, A) — R satisfies PCP if and only if it satisfies TI and the
following Buy and Sell Additivity Property:

fX)=fxA0)+ f(xVvO0)= f(xT)+ f(=(—=x)T) forall x € B(Q, A). (A3)
Proof. [=] First, we have f(0) = 0 by PCP, taking x = 0 and k = 0.

Second, Equation (A.3) follows from PCP, taking k = 0, since f(0) = 0.
We now prove that f is translation invariant. Let x € B(Q, .A) and let k > 0. Then one has

f) = fxH) + f(=(=)") by (A.3)
= f((x + klg — k1g)*) + f(=(klg — x — k1g)*)
= f(x +klg) — f(klg) by PCP.

Consequently, f is translation invariant.
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[«] Fix x € B(Q,.A) and k > 0. Then PCP holds since we have

S =k10)") + f(=(klg — x)") = f(x — klg) from (A.3)
= f(x) — f(klg) from TI and Lemma A.3.

O

Lemma A.6. A monotone pricing rule f : B(Q, A) — R satisfies PCP if and only if it is
comonotonic additive.

Proof. [(i) = (ii)] The following steps prove that f is comonotonic additive.
Step A.7. f(x +y) = f(x)+ f(y) for all comonotonic and positive step functions x,y € B(Q, A).

Proof. Let x,y € B(Q, .A) be comonotonic and positive step functions. By comonotonicity, there
is a partition Ay, ..., A, of Q such that

x=x11y, +--+x,1y, with0 <x; <-- < xp,

y =y11A1 + .- +yn1A”, with 0 <y <<y,

Equivalently, one can write

n
X = ZXl-, where X; = (x; — x;_1)14,u..ua,» [ = 1,...,n and x5 =0,
i=1

n
y= Z Y;, where Y; = (y; — ¥i—1)la,u...ua,, i = 1,...,n and y, = 0.
i=1

We first show that f(x) = ¥, f(X), f0) = X, f(¥), and f(x+y) =Y fX;+Y).It
is enough to prove that fori =1,...,n —1,

X+ X+ + X)) = fFX) + f X + - + X))
Forifixed1 <i<n,setX;, :=X;+---+X,. Then we have

Zipin = (g1 =Xy, + (Ko — X)L, + 00+ (X — X)Ly,
Xi=Zip ANx;—xi21)1g = [Z;, — (x; — Xi—1)1g] A0+ (x; — x;_1)1g and

Zivin =Zipn V5 —x-)1g — (X — xi-1)1g = [Z;, — (x; — X;_1)1a] V O.
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Letusshow that f(Z; ,) = f(X; + Zi11.) = f(X;) + f(Zi11,,)- Using Buy and Sell Additivity (A.3)
of f and Lemma A.3, we get
XD+ fCis1n) = U200 — i = xim)D1a]l A0+ (X — xi-1)1) + f([Z;, — (x; — Xi—1)1g] V 0)
= i — (x — xi—1)1g) + f((x; — xi—1)1q)
= fCin) = fXi + Zig10)-

By induction, it is easy to see that f(x) = 2?21 f(X;). Similarly, we prove that f(y) =

T f(Y), and f(x+y) = T, (X +Y)).

To conclude the proof, we show that f(X; +Y;) = f(X;) + f(Y;) for all i. Note that X; = al,,
Y, =bl,withA :=A;U---UA,,a :=x;—%x;_1 20,b :=y; —y;_; > 0. Thus we only need to
prove that f(aly + bly) = f(aly) + f(b1l,). Indeed, if x :=(a+ b)14 —alg = —alye + bly,,
wehave x VO = bl,, x A0 = —alye = aly — alg. Thus, using TT and Buy & Sell Additivity (A.3)
of f, we obtain

flaly +b1y) + f(—alg) = f(x) = f(xV0)+ f(x AO)
= f(b14) + f(aly —alg) = f(bla) + f(aly) + f(—alg).
Thus, f(X; +Y;) = f(ala +bl,) = f(ala) + f(b1a) = f(X;) + f(Y)). O
Step A.8. f(x +y) = f(x)+ f(y) for all positive and comonotonic x,y € B(Q, A).

Proof. Consider x,y € B(Q, A) such that x > 0 and y > 0. Define foralln € N
n2"—1 i n2"—1 i
Z 2n L 1+1 and y, = z 2" i <ﬁ}

Since x and y are bounded above, there exists N € N such that n > N implies

1 1
X, <x<x,+ o —1n and yn<y<yn+2—nlg

It is straightforward to check that x,, and y, are comonotonic since x and y are comonotonic.
Therefore, Step A.7 implies f(x, + y,) = f(x,) + f(,). Since f is continuous for the sup norm
by Lemma A.4, passing to the limit when n — oo, one gets f(x +y) = f(x) + f(») [l

Step A.9. For all x,y € B(Q, .A) comonotonic, f(x +y) = f(x) + f(¥).

Proof. Let x,y € B(Q, .A) be comonotonic. We can choose k > 0 such that x’ = x + k1 > 0 and
¥y =y +klg > 0. Since [ satisfies TT, we have

FOI+Y) = fx+y+2k1g) = f(x +y) + f(2k1lg) = f(x +y) + 2f (kg).
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By Step A.8, noticing that x’ and y’ are comonotonic, and using again TI, we have
f&+YN)=fED+ O = fG) + flkla) + f) + fk1g).
Hence f(x +y) = f(x) + f(»). d

[(ii) = (i)] Since f is comonotonic additive, it satisfies Buy & Sell Additivity (A.3) and TI, that
is,

Fx) = f(xt) + f(=(=x)*) forall x € B(Q, A),

fx +klg) = f(x) + f(klg) forall x € B(Q, A) andallk € R.

This follows from the facts that x* and —(—x)* are comonotonic and x and k1, are also
comonotonic. Consequently f satisfies PCP by Lemma A.5. O

Proof of Theorem 3.2. From Lemma A.6, f satisfies PCP if and only if f is comonotonic addi-
tive. From Schmeidler (1986), the comonotonic additivity of f is equivalent to the fact that f is a
Choquet pricing rule. O

A.5 | Proofs of Proposition A.10, Theorem 3.3, Theorem 4.1, and Theorem A.1
We prove first Theorem 4.1 and we use it to prove Proposition A.10 and Theorem 3.3. Then we
prove Theorem A.1 (the statement is in Appendix A.1).

Proof of Theorem 4.1. [(i) = (iii)] Note that Choquet pricing rules are Buy and Sell Additive, that
is, for all x € B(Q, A), /C xdv = /C xtdv+ fc —x~ dv; indeed, from Schmeidler (1986), every
Choquet integral is comonotonic additive and, for all x € B(Q, A), x* and —x~ are comonotonic.
Then we have

[ xto- [xa- [/Cx+dv+/c_x-dv] _ [/Cx+dv_/cx-dv]

C c

= / x~dv+ / —x"dv=f(x")+ f(—x")>0 [by ()]
s c s c

/xdu+/ —xdv=—/ —xdv+/ —xdv>0 [from above]

[(iii) = (i)] Immediate.
[(i) = (ii)] Fix A € A and consider x := 14. Then (ii) holds since

0 < f(=x)+ f(x) = f(Lac — 1) + f(14) [by ()]
= Q) — fAo) + f(14) [from TI]
= v(A°) — v(Q) + v(A)
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[(ii) = (i)] Note that we are done as soon as we prove (i) for x > 0 since f is a Choquet integral
and therefore it satisfies TI. But, from (ii), we have v* < v, and for x > 0, we get from standard
properties of the Choquet integral

) = —/C(—xmu - /dev* < /dev = F0).
0

Proposition A.10. Let f : B(Q,.A) — R be a Choquet pricing rule with respect to v. Then the
following are equivalent:

(i) f(x)+ f(=x) =0forall x € B(Q, A).
(ii) v =v*, thatis, V(A) + V(A®) = v(Q) forall A € A.
(iii) f is a Choquet-Sipos pricing rule.

Proof. [(i) < (ii)] Define the pricing rule f* : B(Q, A) - R by f*(x) := —f(—x). If f is a Cho-
quet pricing rule w.r.t. v, then f* is a Choquet pricing rule w. r. t. v*. Then Assertion (i) holds if
and only if f(x) + f(—x) > 0 and f*(x) + f*(—x) > 0 for all x, hence if and only if v > v* and
v = (v*)* > v* by Theorem 4.1. That is, v = v*.

[(i) < (iii)] If f is a Choquet-Sipos pricing rule, then —f(—x) = — /S —xdv = /S xdv = f(x)
for all x. Hence, (i) is satisfied. Conversely, if f is a Choquet pricing rule such that, for all x, f(x) +
f(=x) =0, then in particular, f(x) + f(—x) > 0. By Theorem 4.1, /S xdv € [—f(—x), f(x)] =
{f (%)} for all x. Thus f is a Sipo$ pricing rule. O

Proof of Theorem 3.3. By Proposition 3.1, f satisfies CPP if and only if f satisfies PCP and f(x) +
f(=x) = 0 for all x. By Theorem 3.2, f satisfies PCP, if and only if f is a Choquet pricing rule. By
Proposition A.10, f is a Choquet pricing rule and satisfies f(x) + f(—x) = 0 for all x if and only
if f is a Choquet-Sipos pricing rule. Thus, (i) is equivalent to (ii). 1

Notation: Let us denote B, (Q, A) = {x € B(Q, A)|x >0} and let TL, (respectively, DCP,)
denote TI (respectively, DCP, ) restricted to B, (Q, A).

Proof of Theorem A.1. [(i) = (ii)] By taking k = 0, DCP implies property A.3, that is, that f is Buy
and Sell Additive. Moreover DCP implies TL, . For all x € B, (Q, A), k > 0, apply DCP to x + k1
and k to get

F(x +klg) = f((x + klg) V k1g — k1g) + f((x + k1g) Aklg) = f(x) + f(klg).

Doing the same proof as in Step A.7, Step A.8 of Lemma A.6, we can show that f satisfies
Comonotonic Additivity on B,(Q,.A4). Then by Schmeidler (1986), f is a Choquet pricing rule
on B, (Q, A). Taking k = 0, from DCP (first equality), and no bid-ask spread (third equality), we
deduce that for all x € B(Q, A)

f)=fxA0)+ fxv0)=fx™)+ f(=x7) = f(x") = f(x7).
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Since x*,x~ € B,(Q, A), and since f is a Choquet integral on B, (Q, .A)

f(x):/cx+dv—/cx_dv:/Sx_dv,

that is, f is a Sipo§ pricing rule.

[(ii) = (i)] By Theorem 5(ii), in Sipos (1979), the Sipos integral is monotone when v is a capacity.
It is easy to see that a Sipo§ pricing rule satisfies and no bid-ask spread. Only DCP is left to be
shown. Using and no bid-ask spread, we get for all x € B(Q, A)

JE) =) = fG&T) = fFxD) + f(=x7) = fF(x VO) + f(x A 0),

that is, f is Buy and Sell Additive.

We show that f satisfies DCP,.. Note that (x — k1g)™ and x A k1q are comonotonic. Since f is
a Sipos integral, it is a Choquet integral on B..(Q, .A) and therefore if satisfies comonotonic addi-
tivity on B, (Q, A). Using the fact that x = (x — k1g)" + x A k1, we get f(x) = f((x — k1g)t) +
f(x A klg). Using Equation (A.2), we obtain

fxv0)=f((xVvO)Vklg —klg)+ f(xVO)Akly) = f(xVklg—klg)+ f((x Aklg) V0)

since k >0 implies (x VO)V klg =xVklg and (xV0)Aklg(w)=0=(xAklg)VO(w) if
x(w) <0and (x VO) A klg(w) = x A klg(w) = (x Aklg) V 0(w) if x(w) > 0. Also,

F(x A0) = f((x Aklg) AO).

Replacing f(x v 0) and f(x A 0) in Equation (A.3) and applying Equation (A.3) once again, one
obtains

fxX)=f(xVklg —klg)+ f((x Aklg) VO)+ f((x Aklg) AO) = f(x V klg —kl1g) + f(x Aklg),
that is, DCP holds. [l

A.6 | Proofs of Theorem 4.3 and Corollary 4.5

Proof of Theorem 4.3. [Proof of the Choquet Part] [=] Assume that f satisfies AF and is a Choquet
pricing rule (note that the proof of = works also if f is a Sipo$ pricing and will be needed in
the second part). Let v* be the conjugate of v. We prove that (i) v* is balanced and (ii) AC(v) =
core(v*), hence core(v*) # @ by Schmeidler (1968) that extends the result by Bondareva (1963) and
Shapley (1967) to infinite spaces Q.*

We first prove that v* is balanced. Fix n € N and let a4, ...,a, >0 and A,,..., A, € A such
th?t Z?:l a;14, — 1o = 0. Then by AF, Z?:l flaily) + f(=1g) > 0. Since f is a Choquet or
a Sipos pricing rule, f(a;14,) = a;f(14,) = q;u(4;) and f(-1g) = —f(1g) = —v(Q). Therefore,
27:1 a;u(A4;) > v(Q) and clearly 27:1 a;v*(A;) < v*(Q). Then by Schmeidler (1968), one gets

core(v*) := {,u € ba(A) : u(A) > v*(A) forall A€ Aand u(Q) = v*(Q)} # 0.
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But v* is a capacity since v is a capacity. Hence all u € core(v*) are non-negative. But the set
{u € ba(A) : u >0, and u(Q) = v(Q)}is the set of positive, additive set functions on Q such that
u(Q) = v(Q). Therefore,

AC(v) :={u : A~ R : uispositive, additive, u < v, and u(Q) = v(Q)} = core(v*) # @.

[«] Assume AC(v) # @ and let u € AC(v). Let x4, ..., X, € B(Q, A) such that x := Z?:l x; > 0.
Then /c x;dv > [ x;du for all i (since u < v and u(Q) = v(Q)). Since x > 0, one gets

n n C n
Zf(xi)1=2/ xidUZZ/xid,u=/xd,uZO.
i=1 i=1 i=1

This proves that f is arbitrage free. O

[Proof of the Sipos Part] If a Sipos pricing rule f is linear, then it is clearly AF.

We now prove the converse implication. Suppose that f is a Sipo§ pricing rule that satisfies AF.
Then, there exists a capacity v such that f(x) = [ ®xdv forall x € B(Q, A). For f to be linear, it
is sufficient to prove that v is additive since for v additive one has f(x) = [ “xtdv - / “x~dv
(since fis a Sipos pricing rule) hence f(x) = [Ix* —x~]dv = [ xdv (since v is additive). We end
the proof by showing that v is additive. First note that 1o — 14 — 14 =0=14 + 14 — 1. Since
fis AF and f(—x) = —f(x) for all x € B(Q, A) (as f is a Sipo$ pricing rule), one has

v(Q) —v(A) —v(A) = f(lg) + f(=14) + f(—14) 2 0,

v(A) +v(A°) —v(Q) = f(14) + f(1ae) + f(—1g) 2 0.

Therefore, v(A) + V(A®) = v(Q), that is, v is auto-conjugate.

Finally, from the first part of the theorem, AC(v) # @. Let u € AC(v), then u(A) < v(A) and
U(A®) < v(A°) for all A € A. Since v is auto-conjugate, neither of the previous inequalities can
be strict, otherwise, summing up, we would get v(Q) = u(Q) = u(A) + u(A°) < v(A) + v(A°) =
v(Q), a contradiction. Therefore, u(A) = v(A) for all A € A. This proves that v is additive and the
Sipos pricing rule f is linear. O

Proof of Corollary 4.5. We only give the proof that if f is a Choquet pricing rule, then AF
implies AF*. Since AF holds, by Theorem 4.3, AC(v) # @. Let u € AC(v) and consider x, ..., X, €

B(Q, A) such that x := Z?zl x; >Y 0. Then /C x;dv > [ x;du for all i (since u < v and u(Q) =
v(Q)). Since x >Y 0, 3¢ > 0 s.t. v*(w|x(w) > €) > 0. Let A = {w|x(w) > €}, one gets

n n C n
Zf(xi) 1= Z/ x;dv > Z/xid/x = /xd,u > /xdv* > /alAdv* = ev*(A) > 0.
i=1 i=1 i=1

The second inequality is true because u € core(v*). This proves that f satisfies AF*. [
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