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Abstract

Modeling the probability distribution of rainfall intensities at different aggre-
gation scales, say from sub-hourly to weekly, has always played a key role in
most hydrological risk analysis, in particular in the computation of Intensity-
Duration-Frequency (IDF) curves. Since any aggregation procedure involves
accumulating rainfall over a prescribed time window, it naturally induces
simple mathematical constraints related to summation. In particular, return
levels inferred from a statistical model should be ordered across time scales,
reflecting for example the fact that observed daily accumulations necessarily
exceed those at sub-daily scales. From a statistical modeling perspective,
each aggregation step combines information from shorter time scales without
introducing additional data. Consequently, the number of model parameters
should remain limited. Still, parsimonious aggregation models that describe
the full distribution of rainfall intensities are sparse in the hydrological liter-
ature. In particular, most studies focus on extremes, e.g. by taking seasonal
block maxima at different aggregation scales.

In this study, we propose a statistical framework that allows to model all
rainfall intensities (low, medium and large) at different aggregation scales,
while being parsimonious. To reach this goal, we use the extended generalized
Pareto distribution (EGPD), which complies with extreme value theory for
both low and high extremes and is flexible enough to capture the bulk of
the distribution. We show a general result that explains how EGPD random
variables behave under different types of aggregation procedures. Direct
likelihood inference is difficult in our setting. However, by linking the EGPD
class to Poisson compound sums, we can use the Panjer algorithm to quickly



and efficiently evaluate the composite likelihood of our proposed model. As a
result, return levels can be obtained for any return period, particularly those
below the annual and seasonal scales. In addition, our approach insures that
return levels do not cross with aggregation.

To demonstrate the applicability of our method, we analyze sub-hourly
time series from six gauging stations in France that have different climato-
logical features. For each station, we only need a total of eight parameters to
capture aggregation scales from six minutes to three days. IDF curves above
and below the annual scale are provided.

Keywords: Rainfall Distribution, Aggregation, IDF curves, Extreme Value
Theory, Extended Generalized Pareto Distribution, Compound Poisson
Distribution.

1. Introduction

Rainfall aggregation over different time scales is a ubiquitous topic in
hydrology. Describing changes in precipitation distributions from, say sub-
hourly to higher scales such as daily or weekly periods, represents an im-
portant statistical task in any hydrological risk analysis. The archetypal
example of this practical and scientific endeavor is the extensive literature
dedicated to the generation of Intensity-Duration-Frequency (IDF) curves.
These curves are fundamental tools in hydrology and water resources engi-
neering, and illustrate the relationship between rainfall intensity, duration,
and frequency (or return period). Historically, the geophysical analysis of
IDF curves can be rooted back, at least, to more than half century ago. For
example, [1] provided nationwide IDF curves for durations from 30 minutes
to 24 hours and return periods up to 100 years. Today, one can find various
flavors of IDF curves [see, e.g. 2], their associated maps for different regions of
the world, and also well documented software packages for IDF computations
[see, e.g. 3].

A common fundamental thread in all IDF curve studies is to determine
what is the appropriate probability distribution of precipitation sums (equiv-
alently averages), and how the features of such distributions vary when the
chosen aggregation period varies, say from sub-hourly to weekly scales, see
|4]. In this context, one main motivation of this work is to pinpoint a statis-
tical paradox within extremes of rainfall aggregates, and to propose a model
that reconciles contradictory interpretations of high return levels. To explain



such a paradox, we need to introduce the following notation. The capital let-
ter Y corresponds to the random variable of interest at the smallest time
scale of interest, say sub-hourly precipitation. Then, the simplest way to
make rainfall aggregates is to sum these sub-hourly observations over a given
period of interest of length d, by computing Y; + ... + Y.

By construction, we always have Y; <Y; + ...+ Yy, forany i =1,...,d.
This constraint simply means that the sum of positive terms is always greater
than any elements composing this sum'. In terms of return levels and survival
functions, this implies that for any u > 0

Pr(Y; > u) < Pr(Y1 + ... + Yy > u). (1.1)

Therefore, the return levels? of Y; should never intersect the return levels of
the sum. It follows that any statistically coherent rainfall aggregation study
should impose constraints (1.1) for all values of u, even when u is large.
However, this is not always the case, as we will briefly illustrate.

To estimate high return levels, most hydrological analyses rely on extreme
value theory (EVT) [see, e.g. 6, 7]. In particular, exceedances above a high
threshold are classically modeled by the generalized Pareto (GP) cumulative
distribution function defined by

~1
He(y/o) =1— (1—1—5%)+ /5, oc>0,¢eR, (1.2)
with the notation a; = max(a,0). The choice & = 0 corresponds to the
exponential case. The scale parameter o drives the spread among extreme
exceedances, while the shape parameter £ controls the upper tail behavior.
Estimates of £ are often positive for precipitation [see, e.g. 5| and we assume
that £ > 0 in this work.
In the context of IDF studies, it is natural to ask how the shape parameter
¢ of the sum changes with the aggregation scale. In particular, is the shape
parameter of the sum different from that of its components Y;?

! Although simple, this statement is very robust. Even if the non-negative sample
(Y1,...,Yy) corresponds to non-stationary data that may be strongly dependent, the in-
equality remains true as all ¥; > 0.

2The return level with respect to the return period T corresponds to the scalar ug
satisfying the equation Pr(Y > ur) = 1/T, i.e. it is the 1 — 1/T quantile of the random
variable Y [see, e.g. 5].



To start answering this question, one can look at a simple case study and
compare the empirical distributions obtained at different aggregation scales.
For example, Figure 1 displays four histograms of rainfall rates recorded in
Brest (France). The upper left panel begins with the aggregation scale of six
minutes, while yearly aggregation scale is displayed in the bottom right panel.
As anticipated from (1.1), the x-axis range (rainfall sums) increases with the
increasing scale, but the yearly histogram appears closer to a bell shape
curve (normal distribution). This suggests that the upper tail behaviors of
precipitation are affected by increasing scales.

This phenomenon is well known by hydrologists working on extreme rain-
fall analysis. For example, [2| carefully modeled rainfall measurements from
81 weather stations in Switzerland with a minimum record length of 20 years.
Figure 6 in that paper clearly indicates that the shape parameter £ decreases
from 0.3 (30-minute scale) to essentially zero (daily scale). Statistically, one
could invoke the central limit theorem to explain this phenomenon. Sums or
averages of random variables with finite variances should become closer to
a Gaussian distribution as the aggregation scale increases. As the Gaussian
distribution has a lighter tail than a Pareto tail [see 8, for instance]|, it seems
to make sense that cumulative rainfall extremes appear to have a lighter
tail than the ones at finer timescale. However, this reasoning contradicts
inequality (1.1)! 3

Interestingly, probability theory confirms this. For large u, the so-called
Feller approximation [9] states

Pr(Yi+...+Y;>u) = Pr(Yy >u)+ -+ Pr(Ys > u) (1.3)

when Y; are independently and identically distributed (i.i.d.) with a heavy
tail behavior. Note that extensions with respect to the simple setting of
i.i.d. random variables exist in the literature [see, e.g. 10]. Practically, this
probability result means that aggregated precipitation extremes cannot, at
least statistically, become lighter with increasing scales.

In this context, one can wonder why such a strong disagreement between
the practical consensus and the theoretical aspect appears. One main objec-

3To see this, EVT with (1.2) tells us that, for large u, Pr(Y; > u) ~ au~'/¢ for some
constant . Similarly, Pr(Y1+...4Y; > u) = cqu~ /&, If the shape parameter &g decreases
with d, i.e. &5 < &, then one can always find a large u such that au=/¢ > cqu=1/é¢. This
implies that inequality (1.1) does not hold for large u, and unwelcome crossing of return
levels will eventually occur for large extremes.
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tive of this work is to address this issue and to propose a statistical model
that can reconcile the theory with practical findings.

Intuitively, from a probability point of view, there are two opposite forces
at play when summing. The central limit theorem “flattens” the upper tail
behavior, but the Feller approximation imposes a constant value of the shape
parameter, £, to avoid high return level crossings. Additionally, aggregation
reduces sample sizes. Consequently, extremal exceedances at scale d are
fewer than those of the original data. This makes the generalized Pareto
distribution (GPD) approximation less reliable.

Hence, our strategy to avoid this problem is to bypass the threshold
selection step. A fundamental aspect of our approach is to strongly control
low and large tail behaviors at all aggregation scales, while keeping the bulk
and the transition to tails very flexible. This will allow to model a wide range
of shapes for the bulk; from Pareto type like in the top panels of Figure 1
to more Gaussian shapes like in the bottom right panel of Figure 1, while
preserving constant tail shape parameters. To do so, we choose a specific
distribution class for Y; and study how the mathematical properties of this
distribution change with aggregation.

In this work, we focus on the extended generalized Pareto distributions
(EGPD) class [11, 12]. In addition to being a flexible class of distributions, it
has been shown to be applicable to various hydrological setups. For example,
the entire distribution of rainfall amounts was modeled using an EGPD in
|13, 14]. The EGPD class had been integrated into a random forest scheme
in order to improve the post-processing of forecasted rainfall [15, 16]. Tt
has also been used to perform rainfall comparison [17, 18] and to produce
regional clustering analysis [19]. Besides rainfall analysis with heavy tails, it
is also possible to tailor the EGPD class to model lighter and even bounded
variables, such that wind data [20], wave heights [21] or temperatures [13].
From an inferential point of view, EGPD regression approaches have been
also studied in detail, [see, e.g. 22| for a Bayesian hierarchical scheme or [23]
within a distributional regression framework. Still, we were not able to find
articles that study the capability of the EGPD to model theoretically sum of
EGPD distributed random variables, and to apply such distributions within
a rainfall aggregation context.

Concerning IDF curves, various definitions exist [see, e.g. 24|. In most
setups, they share two common threads: the computation of total rainfall
accumulation sums (or averages) over a given time scale d [see, e.g. 2| and
sometimes taking a block maximum, typically over a year or a season |[see, e.g.



3]. Mathematically, such operations can be viewed as the transformation of
the original rainfall measurement times series Y = (Y1, Y5,...)" into a single
index. For example, a common form of such indices [see, e.g. 3] is

T(Y)=max (Y,Y,,...) (1.4)

where Y; represents any type of averages over d time steps and the maximum
block size corresponds to the number of such averages over the full period of
interest, classically one year.

In this work, our first task is to provide a general result, see Proposition
2.2, that details the conditions under which, given that the original time
series Y have identical EGPD marginals, the aggregated vector T(Y") stays
EGPD distributed. A key element of this result is to understand how the
constraint (1.3) can be generalized to T(Y). In addition, it will be impor-
tant to determine how EGPD parameters change with the transformation
T(Y), to explain how to infer them. A limiting aspect of some existing IDF
approaches is that they cannot produce curves for short return periods. This
is particularly true for IDF methods based on block maxima. For example,
taking annual maxima at various aggregation scales, like in [3], prevents the
computation of any return period below the annual scale. To solve this issue,
we avoid taking block maxima in our application and, in this paper, we will
mainly focus on the following two additive aggregation types. Firstly the
classical aggregation scheme |[see, e.g. 2| is defined by

T(Y)=Y,+-+Y, (1.5)

The second corresponds to a stochastic representation based on the number
of wet events over the duration d, say N and their corresponding intensities
Y;, in the following way

T(Y)=)Y (1.6)

with the convention T(Y') = 0 if N = 0. This stochastic representation is
well-known in hydrology [see, e.g. 25, 26, 27, 28, 29, 30| and will be a key
element in the statistical model proposed in Section 3.

Concerning multiscale rainfall modeling, stochastic rainfall generators of-
fer a different avenue. For example, randomized Bartlett-Lewis pulse models
|see, e.g. 31] aimed at reproducing and combining different storm variables
(arrival time, duration, intensities, etc). Although efficient at reproducing

6



mean rainfall statistics, underestimation of extreme rainfall may appear. For
this reason, we do not pursue this approach here as one of our main focus
is to capture extremes distributions at all aggregation scales with statisti-
cal guaranties. Complementary scaling and multifractal approaches provide
valuable descriptive insights into cross-scale behavior, but are not usually
formulated as generative, likelihood-based models for the full distribution of
aggregated rainfall intensities at each duration [32]

The organization of this article is as follows: Section 2 recalls the main
features of the EGPD and contains Proposition 2.2 which explains how the
EGPD parameters can change with aggregation scales. In addition, impor-
tant links between EGPD and Poisson compound distributions are investi-
gated. This leads to the definition of our statistical model for aggregated
rainfall in Section 3. Inference and application are presented in Section 4.
Conclusions are given in Section 5. Proofs of all propositions, details of a
numerical algorithm for evaluating distribution functions, and results of a
simulation experiment can be found in the Appendices.

2. Extended generalized Pareto distributions

The fundamental feature of H¢(-) defined in (1.2) is its stability under
thresholding (up to a normalizing constant). Although mathematically sound
for modeling heavy rainfall, there is no reason that such a GPD will fit
well low and moderate precipitation. This limitation has been addressed,
and there exists today a wide range of possible statistical options to model

the probability distribution of the entire spectrum of precipitation [see, e.g.
33, 34].

Definition 2.1. Let U be a uniformly distributed random variable on [0, 1].
Let B(-) be a cumulative distribution function (cdf) on [0, 1] with a contin-
uous probability density function (pdf) b(-) on (0,1] and a possible non-zero
mass B(0) at 0. The non-negative random variable defined as

Y =oH;! ((B—1 (U))”“) , (2.1)

where o, k, £ are three positive constants, is said to follow an extended gen-
eralized Pareto distribution (EGPD), denoted by Y ~ EGPD(o,k,&, B),
if

0<b(0") <ooand 0 < b(1) < oo, (2.2)



where
b(0*) = lim Bw) = BO) (2.3)
u—0t u

The definition (2.1) is based on that provided by [11], but differs in terms
of notation, as the cdf G(u) = B(u*) was used in [11]. The notation with
G(-) was slightly ambiguous because the parameter x driving the lower tail
was "hidden" in the cdf G itself, which was not the case for . In contrast, the
new definition, EGPD(o, k,, B), more precisely distinguishes the roles of x
in modeling the lower tail, B(-) as the transfer function from low to heavy
intensities, and £ in modeling the upper tail. Although this work does not
explicitly model dry events, we recognize their important role in aggregated
rainfall distributions. In this respect, Definition 2.1 is further different from
the definition in [11]. It separates the probability of a dry event, B(0), and
the behavior of the distribution of Y for small but positive values near 0.

More formally, one can check that the lower tail satisfies

P(Y <y) = B(0) 4+ b(0") (%)K +o(y®) asy— 07, (2.4)

and the upper tail is GP equivalent, i.e.
P(Y >y) = mb(1)ﬁ5(§) +olyE) asy — +oo (2.5)

). The pdf and cdf expressions the EGPD, as well as
the proof of (2.4) and (2.5), can be found in Appendix A.

The special case B(u) = u is called Type 1, see the case G(u) = u”
with k£ # 0 in [11]. It offers a flexible choice to model the full range of
hourly and daily rainfall, extremes included, see [35, 14, 36]. When x =
1, it corresponds to the classical generalized Pareto distribution. Another
member of the EGDP class used in hydrology is the so-called Pareto-Burr-
Feller proposed in [37].

[2] used a EGPD of Type 1 to derive an IDF for different aggregation
scales. To add flexibility, they allowed the shape parameter £ to vary with
the aggregation scale. As mentioned earlier, this leads to a mathematical
contradiction with (1.3) and allows for unwanted return level crossings in
extremes. One option to be in compliance with (1.3) is to fix the shape
parameter £ but then, to fit the data adequately, the function B(u) needs
to vary with the aggregation scale. We will follow this modeling path that
leads to the question of how to characterize mathematically B(u) changes

Wlth ﬁg(%) =1- Hg(

[
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with the aggregation scale. Before answering this complex question, we need
to derive some properties of the EGPD.

2.1. Sums and other transformations of EGPD random variables

A fundamental question regarding IDF curves is to determine how the
distributional features of a stationary time series, say Y = (Y1,Ys,...)7,
change according to a transformation 7'(-). When all Y; have the same EGPD
marginal, one can wonder what are the sufficient conditions to ensure that
the real-valued transformed vector T(Y') has also a EGPD distribution, not
necessarily with the same parameters as projecting the data at hand into a
single value index will likely change the bulk of the distribution. For example,
the sum of two type 1 EGPD is not a type 1 EGPD, but we will show that
it is still a EGPD. The following proposition provides the precise conditions
to ensure this. Note that this result is broad enough to allow dependencies
among the Y/s, and to avoid imposing a specific form on the transform 7'(-).

Proposition 2.2. Let T' be a non-negative random wvariable and Y ~
EGPD(o,k,§,B) for &€ > 0, k > 0. If there exist some positive and finite
constants o, B and v such that

. Pr(T>y)
o by sy (26)
Pri0<T <y)
S <y <y (2.7)

then there ezists a cdf By such that T ~ EGPD(o,vk, &, Br) with

br(01) = B b(07)7 and by(1) = a b(1) /7. (2.8)

Condition (2.6) holds for most applications when 7' = T(Y") with T'()
one of the usual transforms like (1.4), (1.5) or (1.6) applied when working
with aggregated data. It forces the upper tail of T(Y') to be proportional
to the marginal one. In cases like (1.5), it corresponds to Feller’s lemma,
see (1.3). For transforms like (1.6), it is related to Breiman’s lemma [38]. Tt
basically tells us that the upper tail behavior of a random sum of heavy tailed
distributed random variables is driven by the largest tail index. [10] detailed
different setups for dependent cases and [39] reviews existing results for a
variety of transformations 7(.), including the case T(Y) = max(Y7,..., Ya).
Condition (2.7) does the same but for the lower tail. Checking the validity of
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condition (2.7) is also possible for simple setups. For example, we detail the
i.i.d. case in Appendix C with five different setups. The case v > 1 appears
when B(0) = 0 (only wet events), while v = 1 otherwise. In the remainder
of the paper, this later case is assumed, meaning that the behavior of the
lower tail of T(Y") is proportional to that of Y;.

An interesting practical outcome of this proposition is that the shape
parameters, x and &, which are related to the lower and upper tails of the
distribution, remain unchanged when the transform 7'(-) is applied. Equation
(2.8) also provides the values of by(u) for u = 0" and u = 1. It would be of
great interest to also deduce, for all w in (0, 1), the function by(u) in function
of B(u) for any d for the simple aggregate defined by (1.5). If possible, then
the practitioner could just focus on modeling the finest time scale to infer
B(-). But, this task is mathematically challenging. For example, suppose
that at the finest timescale (six minutes in our application), the non-zero
observations simply follow an i.i.d. GPD sample. Even in this simple case,
we were unable to determine the parametric form of br(u) for any u € (0, 1).
Consequently, the pdf of T(Y) = Y1 + - -+ 4+ Y} is not explicit.

In this work, compound sums (1.6) are used as a model for aggregated
sum (1.5). This modeling choice is motivated by interpretability, theoretical
and computational reasons, which are detailed in the next section.

2.2. Compound Poisson-EGPD distributions

A classical modeling approach in hydrology considers that rainfall time
series can be decomposed into a succession of rainfall events, which arise as
a point process with rainfall amounts associated to each of these events [40].
A natural stochastic representation of aggregated rainfall associated to such
representation was recalled in the introduction via the compound sum (1.6)
|see, e.g. 25, 26, 27, 28, 29, 30]. To make the link with the EGPD class, we
introduce the following definition.

Definition 2.3. Let Y* = (Y, Yy,...) " be a sequence of i.i.d. EGPD random
variables, Y* ~ EGPD(o,k,&, B), with B(0) =0, K > 0 and £ > 0. Let
N be a Poisson random variable with mean A\ independent of Y*. The
distribution of the random sum defined by Zf\il Y;*, with the convention

that Z?zl Y =0, is called a compound Poisson-EGPD.

The following proposition shows that Compound Poisson-EGPD is a sub-
family of EGPD. Combined with Proposition 2.2, it implies that compound
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Poisson-EGPD have the same tails that aggregated sums (1.5) of EGPD ran-
dom variables. For mathematical completeness, Proposition 2.4 characterizes
more precisely Compound Poisson-EGPD as the sub-family of EGPD which
are infinitely divisible, i.e. that can be expressed as the probability distri-
bution of aggregated sums (1.5) of any arbitrary number d of i.i.d. random
variables.

Proposition 2.4. A compound-EGPD random variable is an EGPD random
variable. More precisely, with the notations of Definition 2.3, we have

N
ZY;* ~ EGPD(Ov K, 67 B)\)
i=1
with B(0) = exp(—A), bA(0T7) = Xexp(—=A)b(0) and by(1) = Ab(1).
Conversely, any infinitely divisible EGPD(o,k,§, B) random variable
with B(0) > 0 is a compound Poisson-EGPD random variable.

At this stage, let us highlight that the random variables Y;* in Definition
2.3 can be very general as the cdf B has only the requirements (2.2) and
(2.3). To balance between parameters parsimony and model versatility, we
fix B(u) = u and let \ vary according to the aggregation scale. This leads
to the following definition.

Definition 2.5. In the particular case when B(u) = u, the positive! part
of the distribution of the random sum Zfil Y;* in Definition 2.3 is denoted
EGPD(o,k,&, ).

Proposition 2.4 implies that if Y ~ FGPD(o,k,&, A) then there exists
a cdf By such that Y ~ EGPD(o,k,¢&, By) with explicit expressions for
bA(0T) and by(1). Remark that B,(0) = 0 since only the positive part of
the compound Poisson-EGPD is kept in Definition 2.5. However the bulk
of the cdf B, and the pdf of Y are unknown. This issue is addressed by
observing that the pdf of compound sums of the form (1.6) can be numerically
approximated with a low computational cost (see e.g. [41] and references
therein). The numerical results given in this paper were obtained using the
Panjer’s algorithm [42] detailed in Appendix F.

When all parameters except for the Poisson mean A\ are fixed, \ is the
sole factor that drives the transition from the lower to the upper tail of the
EGPD(o,k,&, By). The right panels of Figure 2 shows the function b,(-) for
A € {0.01,1,3,10} (from top to bottom panels). In these plots, the other
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parameters are equal to k = 0.3, ¢ = 1 and & = 0.25. These are typical
values for the rainfall data considered in this study (the shapes of the pdf
plotted on Figures 1 and 2 share similarities). The corresponding pdfs are
displayed in the left panels. To emphasize the log-linear behaviors in the
tails, the middle panels show these pdfs in log scale for the x- and y-axis,
these slopes being related to the parameters x and &, see Proposition 2.4.

In the top row, when X is close to zero, we can recognize a type 1 EGPD
as b(u) ~ 1. This can be retrieved formally by computing the limit of Pr(N =
n|N > 0) when A — 0 for a Poisson random variable N, which is equal to
1 for n =1 and 0 for n > 2. For the largest values of the parameter A\ (see
the last row in blue), the pdf of the EGPD is bimodal, with a sharp mode
at 0 and a second mode in the bulk of the distribution, i.e. the central limit
theorem appears here.

3. A statistical model for aggregated rainfall

Let D be the largest scale of aggregation under study. For any integer
d=1,...,D, we denote

A=W+ +Yy" (3.1)
the random variable which describes the positive* precipitation amount at
aggregation scale d, where zero values are truncated after computing aggre-
gated rainfall Y] +--- 4+ Y.

In the preceding section, it was pointed that the compound EGPD can
serve as an appropriate statistical model for the distribution of aggregated
rainfall data. In the remaining of the work, we thus assume that for any
d=1,...,D

Ad ~ EGPD(O’d, K, f, )\d) (32)

It should be noted that the scale parameter, o4, and the mean, Ay, are
allowed to vary with d, while the parameters x and £ are assumed to be

4Both the compound-EGPD and the rainfall distributions have a point mass at zero.
However, numerical experiments have shown that additional challenges arise when at-
tempting to simultaneously model dry and wet conditions. For example, an excess of
zeros in the rainfall distribution necessitates zero-inflated distributions. Additionally, dif-
ferent temporal dynamics in dry and wet events affect the aggregation properties. For this
study, only the positive part of the rainfall distributions is modeled.
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constants. In this study, we hypothesize that the following parametrization
is applicable:

p

q
logog = Z si (logd)" , loghg = Z l; (logd)’ . (3.3)
=0

1=0

Such parametrization share similarities with classical models used in the liter-
ature on IDF curves. For example, log-linearly changes in the scale parameter
were present in the GEV approach based on annual block maxima [see, e.g.
43|, or the GPD approach when dealing with threshold exceedances [see, e.g.
44]. A significant difference between our EGPD modeling and the one in
|2] is that our shape parameters x and & remain constant across different
aggregation scales, to be consistent with Propositions 2.2 and 2.4.

The coefficients s; and [; are not variation free. Proposition 3.1 implies
that the non-crossing return level condition (1.1), which is an important
motivation for this work, is true when both functions o; and )\, increase
with d. These monotonicity conditions will be used as constraints in the
estimation procedure.

Proposition 3.1. Let Y1,Y,,... be a stationary sequence of non-negative
random variables such that assumption (3.2) is satisfied with o4 > o1 and
Ai > M. Then (1.1) holds true.

4. Inference and application

4.1. Parameter estimation

The model introduced in Section 3 has p+ ¢+ 4 parameters encapsulated
in the vector 6 = (s1,...,5,, K, &, 11, ...,1,). Although precipitation data are
generally not independent in time and across aggregation scales, we estimate
these parameters by maximizing the following composite likelihood function
L(6), constructed under working independence assumptions [see, e.g. 45],

D ng
LO) = [ [ ][ p(aas; o4, 5.6 Ma) (4.1)
d=1i=1
where (aq1,...,04,,) denotes the sample of positive rainfall amounts

available at aggregation scale d (see (3.1)), p(-;0,k,&,A) the pdf of the
EGPD(04,k,&,\q) (see Appendix F for more details) and o, and \; are
function of 6, see (3.3).
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The computational cost of maximizing (4.1) can be significant if we con-
sider a large number of aggregation scales, D. In such cases, an estimate
of 6 can be obtained using a smaller subset of {1,..., D} without a signif-
icant loss of efficiency. In this paper, we maximize (4.1) with the subset
de{l1,2,...,10,20,...,240, 270, ..., 720}, i.e. instead of focusing on 720 dura-
tions, we focus on 42 representative durations. These durations correspond
to all available sub-hourly durations and multiples of hourly durations up to
the daily scale and on multiples of three hourly durations up to three days.

Regarding confidence bands around our estimates from (4.1), we follow
[2] by using block bootstrap. All the numerical results presented in this
study were obtained using a block size of two weeks length and by repeating
the optimization procedure on 500 bootstrap samples. We validated the
estimation procedure using simulations in an idealized i.i.d. setting. The
results can be found in Appendix G.

4.2. Rainfall analysis of French precipitation intensities

In this study, we examine rainfall data recorded by Météo-France at
six meteorological stations in France, see Figure 3, that represent differ-
ent climate. Data are available at the url https://meteo.data.gouv.fr/
datasets/donnees-climatologiques-de-base-6-minutes/ with a 6 min
time step from 2006 until 2023. To remove the seasonal component, the
focus is on August and September, when intense convective precipitation
events typically occur. Summary statistics of 6-minute rainfall data by sta-
tion are given in Table 4.1. All data were obtained using tipping bucket
gauges with 0.2 mm precision. To compute the composite likelihood (4.1),
the same 0.2 mm discretization is applied to the distribution of the seed
before running the Panjer recursions, see Appendix F.

The left panel of Figure 4 displays the estimate of the upper tail parameter
at the different stations considered in this study. The point estimates of &
seem physically plausible and range from approximately 0.15 in Brest, close
to the Atlantic Ocean, to 0.35 in Lyon where more intense convective events
are observed. The estimates of the lower tail parameter x are all in the
interval (0.2,0.45) (see right panel of Figure 4), corresponding to distributions
with a relatively sharp mode at 0. Interestingly, the estimate of x seems
to be related to the percentage of measurement greater than 0.2 in the wet
measurements (see the stars superimposed to the boxplot). This is consistent
with the interpretation that x describes the lower tail of the distributions and
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Percentage Percentage Mean St. dev.

Station Altitude of missing  of positive of positive of positive

(m) values data data (mm) data (mm)
BREST 92 0.12 3.04 0.33 0.37
NANCY 212 0.00 2.34 0.38 0.52
LILLE 47 0.50 2.25 0.38 0.61
BORDEAUX 47 0.03 1.59 0.44 0.71
VILLACOUBLAY 174 1.28 1.71 0.38 0.52
LYON 235 0.01 2.09 0.44 0.71

Table 4.1: Summary statistics of 6-minutes rainfall data by station. Results for August-
September based on 18 years of data.

should smaller at stations where light rain conditions are more frequent, as
it is the case in Brest for example.

Except the differences in the values of x and & discussed above, similar
fitting results were generally obtained at the different stations. We there-
fore choose to focus on one of these stations, namely Brest. Figure 5 shows
the evolution of the parameters o4 and Ay with the aggregation scale d. As
expected, the functions are increasing, since the constraint is imposed in
the estimation procedure to ensure the non-crossing condition (1.1) (see dis-
cussion before Proposition 3.1). This is also consistent with the physical
interpretation of the model, with \; representing the mean number of rain-
fall events on the aggregation scale d and o4 describing the scale of their
intensities.

Figure 6 compares the empirical distributions of rainfall with those given
by the fitted parametric model at different representative aggregation scales,
as illustrated by QQ plots (quantile-quantile plots). The model generally
fits well for aggregation scales between 30 minutes and three days. However,
it slightly underestimates the probability of extreme events at finer scales.
Figure 7 provides another representation of the quantiles at different aggre-
gation scales, which illustrates this as well. The figure focuses on high-order
quantiles associated with return periods ranging from 15 days to 100 months.
For the six stations examined in this study, the empirical quantiles generally
align closely with the theoretical quantiles predicted by the fitted model for
aggregation durations ranging from 30 minutes to one day. However, there
is a consistent underestimation of larger quantiles for shorter durations and,
conversely, a slight overestimation at larger aggregation scales for certain
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stations. More flexible models need to be investigated to handle such dura-
tions with the proposed methodology. Once again, it is worth noting that,
unlike the models usually used to construct IDF curves, the fitted model de-
scribes the entire distribution and can therefore be used to compute quantiles
associated with short return periods.

5. Conclusions

A new statistical model has been proposed for the distribution of positive
precipitation on various aggregation scales. The model uses the compound
Poisson-EGPD as a key ingredient. This distribution was chosen for its phys-
ical interpretability and computational advantages. Theoretically, it is also
shown to provide a tail-compliant model for the distribution of aggregated
data. The proposed model is parsimonious, with only eight parameters, and
can be fitted to data at low computational cost using the Panjer algorithm.
The model was fitted to 6-minute rainfall data from six stations in France
with varying climates. The entire distribution of positive rainfall data was
found to be generally well described by the proposed model at aggregation
scales ranging from 30 minutes to three days.

These results are encouraging and outline possible avenues for future re-
search. Firstly, systematic validation across multiple stations and seasons
could be considered. Secondly, longer observation periods could be used to
take into account possible climate changes. From a model definition point
of view, introducing a time-dependent parameterization to the model (3.2)
does not present any particular estimation problems. However, it is worth
noting that this model is justified on the basis of the results of Propositions
2.2 and 2.4 which are valid for identically distributed variables. Extending
these results to non-identically distributed variables is an interesting theoret-
ical problem. Finally, in the case of bounded-tail distributions, an extension
of the EGPD framework is possible (see [21]), but adapting the theoretical
results developed in this paper to that setting would require substantial ad-
ditional work, as the key asymptotic arguments used here no longer apply
directly.
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Appendix A. Basic EGPD properties
The cdf of a EGPD(o,k,&, B) can be expressed as

F(y) = B (H{(y/o0)), for any y >0 (A1)

and the pdf of a FGPD(o,k,&, B) can be written as
K - K
" helw/o) HE ™ (y/o)b (HE(w/a)) , Tor y > (A2)

where he(-) corresponds to the pdf of a Generalized Pareto random variable.
Since H¢(y) = y+o(y) for y near zero, he(0) =1 and H¢(0) = 0, we have

i T =FO) _ o, S 0O (A.3)

y—0+ e y—0t+ kY"1 o

where the first relation was derived via L’Hopital’s rule. This implies (2.4).
Concerning the upper tail behavior L’Hospital’s rule and (A.2) give
1—F(y)

lim ————— = lim /W)

ST /o) e hgyloyge M (A4)

This implies (2.5).
We also highlight that following identifiably issue. The two distributions
EGPD(o,k,§, B) and EGPD(6,k, €&, B) are equal if B(0) = B(0) and

B(u") = B (s"(u;1,£))

with v = 6 /0 and s(u; v, §) = H (qul(u)). Therefore, B and ¢ cannot be
let completely free in practice.

Appendix B. Proof of Proposition 2.2

To simplify expressions, let us assume that o = 1; the general case o # 1
can easily be deduced from this particular case. Let Fr denote the cdf of T
It is always possible to define the function

Br(u) := Fr (Hg1 (ul/”T))

for k7 > 0. Note that By(0) = Fr (0) = Pr(T(Y) = 0).
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As a composition of non-decreasing functions, Br(u) is also non-
decreasing for v on [0, 1] and, by definition, we have Fr(y) = By (He(y)"7).
According to Definition 2.1, we need to show that the quantities

br(07) := lim Br(w) = Br(0) 4 br(1) := lim Br(u) - Br(1)

u—0+ u u—1+ u—1

are finite and non-null. By changing v into y = Hgl (ul/”‘T) and using the
Taylor expansion

Pr(Y; >y) =1— (1 — He(y))" =~ krHe(y)
for large y, we can then deduce from condition (2.6)

Br(u) — Br(1 Pr(T Pr(Y,
i Zr = Br) o DT oy) w o P>y Ry ),
u—1- u—1 y—00 /{THg(y) K y—o0 /{Hg(y) KT

Setting Kk = K7, we obtain the second equation in (2.8).
Concerning the lower tail, we have for y > 0

Pr(T <y) = Pr(T=0)+Pr(0<T <y).

In addition, we note that as He(y) = y + o(1) for y — 0T zero and conse-
quently, we have u = H¢(y"") = y*T + o(1) when u is near zero. Therefore,

- Br(u) — Br(0) Pr(T <y)—Pr(T =0)

11 - hm )
u—0t u y—0t YT
— lim Pr(0 < T <vy)
y—0t YT ’
Pr(0 < Y, < y)|"
BT L - ol (2.7),
y4)0+ y T
b O+ r\Y
— gm POy follows an EGPD(1, %, £, B),
y_)0+ yKT

= Bb(0"), when kp = v k.

Appendix C. Checking (2.7) in the i.i.d. case

Let Y = (Y1,Y5,...)" be a sequence of positive i.i.d. EGPD random
variables, Y; ~ EGPD(o,k, &, B) with £ > 0 and £ > 0.
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Case 1. T(Y) = max(Y3,...,Yy) and B(0) = 0.
In this case, we can easily check that Pr(Y; = 0) = Pr(7(Y) = 0) = 0 and
Pr(T(Y) < y) = Pr(Y; <y)? for y > 0. This implies that

Pr(0<T(Y)<y) Pr(T(Y)<y) Pr(i<y)!

Pr(0 <Yy <y)¢  Pr(vi<y)?  Pr(¥y <y)
It shows that (2.7) is satisfied with v = d and § = 1.

Case 2. T(Y) = max(Y},...,Yy) and B(0) > 0.

For y > 0
Pri0o<T(Y)<y)  Pr(T(Y)<y) —Pr(T(Y)=0)
Pr0<Y;<y) Pr(0 <Y; <y)

Pr(Yy < y)? = Pr(¥; = 0)?
Pr(0 <V <vy)
(Pr(Y: = 0) + Pr(0 < ¥1 <))’ — Pr(¥; = 0)
Pr(0 <Y, <y)
— dPr(Y; = 0)"! when y — 0%

It shows that (2.7) is satisfied with v = 1 and 8 = dB(0)?*.

Case 3. T(Y) = Zf\il Y;, with B(0) = 0, and N is an integer value random
variable, independent of Y, such that Pr(N =1) > 0.
For y > 0, we have

n>1

Pr(0<T(Y) <y) :iPr (i}ﬁ §y> Pr(N =n)

and thus
Pr0<T(Y)<y) B —Pr(3°0, Vi <y) B
Pr V. <7 =Pr(N=1)+)_ Py, <) Pr(N = n)

Using the upper bound



for n > 2, it follows that

Efﬁiﬁﬁjwmw:m < ) Pr(Yi<y)" ' Pr(N =n)

n=2

Pr(Yi <y) Y Pr(N =n),

Pr(Y; <vy)
— 0,when y — 0.

IN

IN

Finally, we deduce that
Pr(0 <T(Y) <vy)

li =Pr(N =1). 1
yo- Pr(0 < Y, <y) rl ) (C1)
Hence (2.7) holds true with v =1 and g = Pr(N = 1). O

Case 4. Assume that T(Y) = Z?Zl Y; with Pr(Y; = 0) = B(0) > 0.
Let Yt = (V;",Y,5,...)" denote an iid. sequence such that Y,© ~
EGPD(0, k€, BY) with
B(u) — B(0)

1 — B(0)
(corresponding to the distribution of Y; truncated on (0,+00)). Let O =
(O1,0,,...)" be anii.d. sequence of Bernoulli random variable independent

of Y with Pr(O; = 0) = B(0). Then it can be checked that Y; 2 O,Y;" and
then

B (u) =

d N
T(Y) 230X 23 v
i=1 i=1

with N the random number of non-null components in (O1,...,0,4). N is a
binomial random variables independent of Y+ and thus (C.1) applies

Pr(0<T(Y) <y)
im
y—0t Pr(0 < YF <y)
Using Pr(0 < Y;" < y) = Pr(0<Y; <y)/(1—B(0)) and Pr(N = 1) =

dB(0)(1 — B(0))%! we finally deduce that (2.7) holds true with v = 1 and
8 = dB(0)(1 — B(0))42. 0

=Pr(N =1).
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Case 5. Assume that T(Y) = Zle Y; with Pr(Y; = 0) = B(0) = 0.
The proof is based on the following lemma which characterizes the lower
tail of the sum of two independent EGPD.

Lemma Appendix C.1. Let X; and X5 be two independent continuous
positive random variables with pdf fx,. Assume that for i € {1,2}

lim fx.(x)

a—0+ il

with K; > 0 and x; > 0. Then

- K;

lim fX1+X2 (l')
0+ gpRite2—l

= K1K2B(/€1,f‘f2)

where fx,+x, denotes the pdf of X1 + Xs and B(a,b) is the beta function
B(a,b) = fol v (1 — v)Ldv.

Proof of Lemma Appendiz C.1. We need to study the limit in 0 of the
ratio

fxixa (1) #/{) fxi () fr, (2 — w)du

k1 +ro—1

1 1
= ﬁ/ fx, (2v) fx,(x(1 — v))dv with u = vz,
pritr2— 0

U fx, (2v) fx,(z(1 =) -
/0 (;m;)m—l (I(l — U))Hz—lv (1

— )"y,

The dominated convergence is then applied to obtain

lim fxiix () /1 lim fx, (zv) lim sz(x<1_U))Um—1
0

w0+ gritre—l e—0t (zv)f171 g0t ((1 — v))re—t

(1—v)="tdy

1

= KlKQ/ v 1 — ) dy
0

= KlKQB(I{l,IiQ)

0J
According to (A.3), the pdf f of Y; satisfies
+
T b0
y—0t gyl or
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Then using Lemma Appendix C.1 and reasoning by recurrence, we deduce
that the pdf f; of T(Y) = 3¢, Y; is such that

oy Ja®) _ 0O)T (s + 1)

y—ot ydi=l  grd T (dk)

Using L’Hopital rule, we deduce that
- Pr(Yi+---+Ya<y) . faly)
lim = lim ————
y—0+ ydr y—0t (dk)ydr—1
b(0H) T (k + 1)
ord T (dk+1)

Using again (A.3), we obtain the following result

Pr(Y, +--+Y; <) Pr(Yi+---+Y; <y) y™

li = i

ygg Pr(Y; < y)¢ yi%l* Y Pr(Y: < y)?
~ T(s+1)
- T(de+1)

This proves that (2.7) is satisfied with v = d and g =

T (k+1)/T (dx +1).

Appendix D. Proof of Proposition 2.4

Let T' = Zf\il Y.* be a compound Poisson-EGPD random variable with
the notations and assumptions of Definition 2.3. Then T satisfies the condi-
tions of Proposition (2.2); see [38] for the upper tail condition 2.6, which holds
true with « = E[N] = A, and (C.1) for the lower tail condition (2.7), which
holds true with v = 1 and § = Pr(N = 1) = Aexp(—A). This implies that
T ~ EGPD(o,k,&, By) with By(0) = exp(=\), bx(07) = Xexp(—=A)b(0T)
and b, (1) = Ab(1).

Conversely, let T ~ EGPD(o,k,&, Br) be an infinitely divisible random
variable. Then according to [46, Theorem 3.2|, T' can be written as a com-
pound Poisson distribution, T' = Zf\il Y;", with N a Poisson random variable
and Y™ = (Y], Yy, ...) anii.d. sequence of positive random variable indepen-
dent of N. It remains to prove that Y;* is EGPD. According to [39, Lemma
3.7,

. Pr(T > y) _ B[N
y—oo Pr(Yy* > v)
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and (C.1) implies that the lower tail of 7" and Y;* are also equivalent
Pr(0 < T <vy)

im
y—0+ Pr(0 < Y <)
Using Proposition 2.2 we deduce that Y;* ~ EGPD(o,k, &, B) (remark that
the role of T and Y; are symmetric in Proposition 2.2). U

= Pr(N = 1) exp(—A).

Appendix E. Proof of Proposition 3.1

Let Y7,Y5, ... be a non-negative positive random and let v > 0. Remark
that
Pr(Y; > u) = Pr(4; > u) Pr(Y; > 0) (E.1)

where A; = Y] denotes the positive part of Y;. Under assumption (3.2) we
have

Ny
D
A1 =01 E Xi
i=1

where X = (X1, X»,...)" denotes a sequence of positive i.i.d. random vari-
ables with X; ~ EGPD(1,k,&, B) and B(u) = v and N;* the positive part
of a Poisson random variable N; with mean A\; independent of X.
Similarly, we have
Pr(Y; > u) =Pr(A; > u)Pr(Y1+---+Y; > 0) (E.2)

with
Ny
D
Ad = 0y Z Xz
i=1

where N, is a Poisson random variable with mean )\; independent of X.
Under the assumptions of Proposition 3.1, we have \; < \; and o1 < 0y.
It implies that N; is smaller than N, in the likelihood ratio order, i.e. the
ratio Pr(Ny = n)/Pr(N; = n) is increasing in n. Using [47, Theorem 1.C.6.|
we deduce that N is smaller than N in the likelihood ratio order and thus
also in the usual stochastic order. Then [47, Theorem 1.A.4] implies that A;
is smaller than A, in the usual stochastic order, meaning that for any v > 0

Pr(A; > u) < Pr(Ag > u). (E.3)
Combining the inequality
Pr(Yy >0) <Pr(Y1+---4+Y;>0)
with equations (E.1), (E.2), (E.3), we deduce that (1.1) holds true.
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Appendix F. Some properties of EGPD(o,k,&,\)

Let Y* = (Y, Y5, ...)" be a sequence of i.i.d. EGPD random variables,
Y;* ~ EGPD(o,k,§, B), with B(u) = u, kK > 0 and £ > 0. Let N be
a Poisson random variable with mean A independent of Y*. We denote
Y = Zf\il Y:* and A =Y the positive part of this distribution. According
to Definition 2.5 we have A ~ EGPD(o,k,§, \).

Remark that for y > 0,

P(A<y) = PY <ylY >0)
PY <y
P(Y >0)
and thus
P <y)
1 —exp(—\)

Properties of A, such as its first two moments for example, can then be
deduced from the general properties of compound Poisson distributions [see,
e.g. 48]. The pdf of A is of particular interest for this work since it appears
in the definition of composite likelihood function 4.1. Several methods have
been proposed in the literature to compute numerical approximations of the
pdf of compound Poisson distributions [41]. In this work, we use the Panjer
recursions [42], which takes a discrete distribution as input.

We thus first replace Y;* with its discrete version E}(h) concentrated on
{h,2h,...,} where h = 0.2 is the built-in precision of existing precipitation
gauges in Section 4. Using the general expression (A.1) of the cdf of the
EGPD distribution with B(u) = u, we obtain the probability function of
E: (h)

P(A<y) = (F.1)

Jh

g

(J—Dh

o

fi = Pr(E;(h) = jh) = H¢(—) — Hg ( ) (F.2)

for j € {1,2,...}. For compound Poisson distribution, the recursive Panjer
formula for p, = Pr(3N4 E#(h) = ah), a € {0,2,. ..}, reduces to

~f exp(=2) ifa=0
b= { (Aa) 5o i fipay fa>1 (F.3)

Appendix G. Simulation results

In this Appendix, synthetic rainfall data at the finer time scale is simu-
lated as an i.i.d. sequence of a compound Poisson-EGPD, see Definition 2.3
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with B(u) = w. In this idealized setting, it can be checked that the positive
aggregated data defined by (3.1) satisfy (3.2) and (3.3) where 04 = o and
Ag = dX\ are log-polynomials of order p = 0 and ¢ = 1. To mimic our appli-
cation setup, the parameters are fixed to k = .3, £ = .25, 0 = 1, A = .01, the
sample size is equivalent to 36 months of 6 minute rainfall data and we let
p = q¢ = 3 in the estimation procedure described.

Figure G.8 displays our estimates of &, k, o4 and \; in the top left,
top right, bottom left and bottom right panels, respectively. Overall, the
parameters are well estimated.
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Figure 1: Histogram of positive rainfall (i.e. after removing dry) aggregated over different
time scales in Brest. The stars on the x-axis correspond to the 20 more extremes obser-
vations. The yearly histogram is plotted for illustration purpose, the modeling of such
aggregation scale is not discussed in the paper. The results at the annual scale were ob-
tained using 80 years of daily data downloaded from https://www.ecad.eu/, whereas the
other histograms are based on 18 years of 6-minute data for August-September described
in Section 4.2.
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Figure 2: Left panels: pdf of the EGPD(o, k, &, A), see Definition 2.5, with kK = 0.3, 0 = 1,
& = 0.25 and various values of the mean A given in the legend. Middle panels: same as
left panels with log scale on both axis. Right panels: corresponding pdfs by(-). All the
pdfs are numerically approximated using th?c)eSPanjer recursions, see Appendix F



Figure 3: Locations of the meteorological stations considered in this study. Météo-France
recorded 6-minute rainfall time series for the period 2006-2023 (with a tipping bucket
precision of 0.2 mm).
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Figure 4: Estimation of £ (left panel) and x (right panel) of model (3.2) applied to the
eight locations shown in Figure 3. The x-axis is ordered with respect to the estimated
value of . The boxplots are computed using block bootstrap. The blue stars on the right
panel represent the empirical estimate of P[Y > 0.4] = 1—P[Y = 0.2] where Y denotes the
6-minutes rainfall data. Results for August-September based on 18 years of six-minutes
data.
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Figure 5: Estimation of o4 (left panel) and A4 (right panel) as a function of the duration of
aggregation d in Brest. The 95% confidence bands were computed using block bootstrap.
Results for August-September based on 18 years of 6-minute data.
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Figure 7: Quantiles of order 1 — MLT as a function of d with n, the number of observations
available per month at the duration of aggregation d. The 95% confidence bands were
computed using block bootstrap. The points represent the corresponding empirical quan-

tiles (only for T' < 10 years). Results for August-September based on 18 years of 6-minute
data.

37



Q ' '
@ - , '
o ' < '
™ 4 '
© |
9 .
© o
" @
v ' X o
4
o o
@
o
g '
(=] © '
o N 4 —_—
o
lg:
4_
1.2-
g 10 2
0.8-
0.1 1.0 6.0 24.0 720 0.1 1.0 6.0 24.0 720
Duration d (h) Duration d (h)

Figure G.8: Empirical distribution of the parameter estimates obtained using the simula-
tion setup described in Appendix G. The red lines correspond to the truth. On the bottom
plots, the black lines correspond to the median, grey areas to 95% fluctuations interval
computed by repeating the experiment 500 time.
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