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Abstract In this paper we propose two bias correction approaches in order to reduce
the prediction bias of the robust M-quantile predictors in small area estimation in
the presence of representative outliers. A bootstrap procedure is considered for the
estimation of the mean squared error. A Monte-Carlo simulation study is conducted.
Results confirm that our approaches improve the efficiency and reduce the predic-
tion bias of M-quantile predictors when the population contains units that may be
influential if selected in the sample.
Abstract L’obiettivo del lavoro è quello di proporre due approcci per ridurre
l’errore di predizione degli stimatori basati modello di regressione M-quantile nella
stima per piccole aree in presenza di outliers rappresentativi . Per valutare la vari-
abilità degli stimatori è utilizzato un approccio bootstrap. Uno studio di simulazione
è stato implementato ed i risultati hanno evidenziato che gli approcci proposti
migliorano l’efficienza e riducono l’errore di predizione quando la popolazione con-
tiene unità che possono essere influenti se selezionate nel campione.
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1 Introduction

Outliers occur frequently in sample surveys when the data distribution is highly
skewed. Accordingly, to the terminology of [3] sample outliers can be classified into
two categories. The first type is the ‘non-representative outliers’, which are sample
elements whose data values are incorrect or they are unique. In this case, they can
be identified and removed or corrected before estimation. However, in other cases,
sample values associated with the outliers have been correctly recorded and they
cannot be considered as unique. These are called ‘representative outliers’ because
they are representative of the non-sampled part of the population; in other words,
there is no reason to assume that there are no more similar outliers in the non-
sampled part of the population. Such outliers values can seriously affect the survey
estimates. Consequently, several methods have been developed in order to mitigate
the effects of outliers on survey estimates.

Representative outliers are even more concerning in the small area estimation
(SAE) context, where sample sizes are very small and the estimation is often model-
based [5]. [4] addressed the issue of outlier robustness in SAE by proposing an M-
quantile approach aiming at overcoming the issue of outliers by avoiding the normal
assumption.[7] addressed the same issue from the perspective of linear mixed mod-
els. Both these approaches use plug-in robust prediction replacing parameter esti-
mates in optimal but outlier-sensitive predictors by outlier robust versions. These
predictors are efficient under the correct model but may be sensitive to the presence
of outliers because they use plug-in robust prediction which usually leads to a low
prediction variance and a considerable prediction bias. [6] and [5] proposed a bias
correction method for models with continuous response variables. The main aim of
this work is to propose new M-quantile predictors in SAE with correction terms for
the bias. Two approaches are studied. The first estimator is a unified approach to
M-quantile predictors based on a full bias correction and it could be viewed as a
generalization of [3]. The second proposal is developed following the conditional
bias approach by [1] and [6].

2 Bias corrected M-quantile-based estimator

Let θi be a finite population parameter for area i. That is, θi is a well-defined function
of the values of a random variable Y associated with the Ni elements of such a small
area finite population of interest. For ease of notation, we assume that both Y and θi
are scalar, and we denote

θi = f (yUi),

where yUi denotes the vector of population values of Y for small area i and f is a
known function. A basic sample survey inference problem is then one of predicting
the value of θi give a sample of n < N values from yU . Without loss of generality we
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put ys equal to the population sub-vector defined by these values, where s denotes
the set of sampled population units. We define (i) yUi vector of population values of
Y for area i with U =

⋃m
i=1 Ui with m is the number of small areas; (ii) ysi vector

of sampled population values in small area i with s =
⋃m

i=1 si. Suppose that, given
ysi we can impute the remaining values ŷUi denote this imputed vector. A popular
method of predicting the unobserved value of θi is via the Plug-In Predictor (PIP)

θ̂i = f (ŷUi ). (1)

Adopting a model-based approach, the empirical PIP for θi based on this plug-in
approximation is

θ̂i = f (ysi ,{ŷopt
i j ; j ∈Ui − si}) (2)

where the set Ui − si contains the Ni − ni indices of the non-sampled units, ŷopt
i j =

E[yi j|ys;δ = δ̂ ] is the plug-in approximation of the minimum mean squared error
predictor (MMSEP) of yopt

i j for a non-sampled population unit j for area i, and δ
is a vector of unkown parameters. The above PIP (2) for small area can be also
computed using the M-quantile approach. It can be obtained by using the estimated
regression coefficients by M-quantile approach, β̂ τ , leading to

θ̂ MQ
i = f

(
ysi ,{g−1(xT

i jβ̂ τi
); j ∈Ui − si}

)
, (3)

where τi represents the order of M-quantile for area i. Its computation varies de-
pending on the type of the data.

We propose two small area estimators based on Generalised version of M-
quantile regression models.

The first estimator is a unified approach to M-quantile predictors based on a full
bias correction. Following [3], the first order approximation to the prediction bias
of θ̂ MQ

i is

E[θ̂ MQ
i −θi]≃ ∑

j ̸∈si

( ∂ f
∂yi j

)

yUi=mUi

E[ŷi j −yi j]≃ ∑
i∈r j

( ∂ f
∂yi j

)

yU=m̂Uq̄ j

(∂g−1

∂η

)

η=xT
i j β̂ q̄ j

xT
i jE[β̂q−βq],

The bias corrected robust predictor MQC for the population average of Y in the
ith area will be:

θ MQC
i = N−1

i

(

∑
j∈si

yi j + ∑
j∈ri

µ̂i j + ∑
j∈ri

( ∂ f
∂yi j

)

yU=m̂Uq̄ j

(∂g−1

∂η

)

η=xT
i j β̂ q̄ j

xT
i jB̂i

)
(4)

where d jhq̄ j = 2
{

q̄ jI(rh j > 0)+(1− q̄ j)I(rh j ≤ 0)
}

and B̂i has to be computed de-
pending of the type of the response variable. If yi j is continuous

B̂i =

(
m

∑
h=1

∑
j∈sh

xh jd̂h jxT
h j

)−1 m

∑
h=1

∑
j∈sh

xh jd̂h jσ̂h jφ

{
yh j −xT

i jβ̂ τi

σ̂h j

}
. (5)
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The second proposal is developed following the conditional bias approach by [1]
and [6]. In a model based approach, the conditional bias attached to unit i j is

Bi j = E[θ̂ −θ |s;Yi j = yi j].

The prediction error θ̂i −θi can be approximated as:

θ̂i −θi ≃ ∑
j∈ri

Bi j(Ii j = 0)+ ∑
j∈si

Bi j(Ii j = 1). (6)

To determine the conditional bias, we need to distinguish two cases, whether the
unit belongs to the sample or not. The main problem is that the conditional bias of
a non-sampled unit can’t be estimated since it depends on the Y -values on the non-
sample units, which are not observed. A robust predictor of the mean in the ith area
can be expressed as

N−1
i

(

∑
j∈si

yi j + ∑
j∈ri

g−1(xT
i jβ )− ∑

j∈si

Bi j(Ii j = 1)+φ

{

∑
j∈si

Bi j(Ii j = 1)

})

where φ is the Huber function. Translating the idea for MQ we have:

θ MQD
i = N−1

i

(

∑
j∈si

yi j + ∑
j∈ri

g−1(xT
i jβ q̄ j

)−
m

∑
h=1

∑
j∈sh

B̂ jh(I jh = 1)+φ

{
m

∑
h=1

∑
j∈sh

B̂ jh(I jh = 1)

})
.

(7)
The φ -function in MQD depends on a tuning constant c. Using min-max method

to compute the optimal tuning constant we obtain

θ MQD
i = N−1

i

(

∑
j∈si

yi j + ∑
j∈ri

g−1(xT
i jβ q̄ j

)− 1
2
(
min

{
B jh(I jh = 1)

}
+max

{
B jh(I jh = 1)

})
)

(8)

where the conditional bias for unit j has to be computed depending of the type
of the response variable. If yi j is a continuous

B̂h j(Ih j = 1) = ∑
i/∈si

xT
i j

{
m

∑
h=1

∑
j∈sh

xh jd̂h jxT
h j

}−1

d̂h jxh j(yh j −xT
h jβ̂ τi

). (9)

3 Model-based simulations

In this section, we provide results regarding model-based simulation scenarios for
continuous variables. Following [5], population data are generated from m = 40
small areas with samples selected by a simple random sampling without replace-
ment within each area. The population and sample size are the same for all areas
and are fixed at Ni = 100 and ni = 5. Values for x are generated as i.i.d. from a
lognormal distribution with a mean of 1 and a standard deviation of 0.5 on the log
scale. Values for Y are generated as yi j = 100+ 5xi j + ui + εi j, where i refers to
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the areas and j to the population units. The random area and individual effects are
independently generated according to the following scenarios:

a) [0,0,0] - no outliers, u ∼ N(0,3) and e ∼ N(0,6);
b) [e,0,0] - individual outliers only, u∼N(0,3) and e∼ δN(0,6)+(1−δ )N(20,150);

δ ∼ Ber(0.03);
c) [e,u,0] - outliers in both area (fixed) and individual effects , u ∼ N(0,3) for areas

1–36, u ∼ N(9,20) for areas 37–40 and e ∼ δN(0,6)+(1−δ )N(20,150).

Each scenario is independently simulated 1000 times. For each simulation the
population values are generated according to the underlying scenario, a sample is
selected in each area and the sample data are then used to compute estimates of each
of the actual area means for y. Nine different estimators are used for this purpose: the
M-quantile estimator MQ by [4] which serves as a reference for the MQ regression
based estimators, the bias corrected M-quantile estimator MQBC by [5], the M-
quantile estimator based on full bias correction MQC (see equation (4)), the M-
quantile estimator based on conditional bias correction MQD (see equation (8)),the
standard EBLUP which serves as a reference for all the considered estimators, the
robust eblup REBPLUP by [7] and its robust bias corrected version REBLUP–BC
by [5], the CBEBLUP and CEBLUP predictorS by [6]. The influence function φ
that is used in MQBC, MQC, REBLUP BC, CBEBLUP and CEBLUP is a Huber
proposal 2 type. For each estimator, we test three different tuning constant for the
bias correction part equal to 3, 6 and 9. The performance of the proposed indicators
is evaluated according to min-max plots (Figure 1). The values on the x-axis and
y−axis on plots are:

AbsRBias =
Median[AbsB(θki)]−min{Median[AbsB(Θi)]}

max{Median[AbsB(Θi)]}−min{Median[AbsB(Θi)]}

and

RRMSE =
Median[RRMSE(θki)]−min{Median[RRMSE(Θi)]}

max{Median[RRMSE(Θi)]}−min{Median[RRMSE(Θi)]}
,

where θki is the kth estimator in the ith area and Θi is the vector all K predictors
in area i.

Results confirm our expectations regarding the behaviour of the MQC and MQD
estimators. With respect to MQ estimator, the new proposed estimators reduce the
bias in the presence of outliers and the variance with only unit-outliers.

We now examine the performance of the MSE estimators. We use the bounded-
block-bootstrap [2] for MQC and MQD, with a constant equal to 3 for scenarios a
and b and equal to 1.345 for c. Results are reported in table 3.

Scenario Estimator
MQ MQBC MQBC6 MQBC9 MQC MQC6 MQC9 MQD

[0,0,0] -3.38 -6.85 -5.54 -5.38 2.16 2.12 2.14 2.24
[e,0,0] -18.01 -8.90 -5.16 -3.77 -2.32 -1.52 -2.26 -3.26
[e,u,0] -11.09 -8.96 -5.22 -3.83 4.15 -0.53 -2.66 3.51
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(a) (0,0,0) (b) (e,0,0)

(c) (e,u,0)

Fig. 1 Min-Max plots for MQ, MQBC, MQC, MQD, EBLUP, REBLUP, REBLUP BC, CBE-
BLUP and CEBLUP under selected simulation scenarios.
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