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Abstract

This paper introduces incomplete information into the standard cultural transmission framework (Bisin 
and Verdier, 2001). We consider parents having incomplete information about population shares and about 
the efficiency of their transmission technology. We show that conjectures about population shares are the key 
determinants of long-run population configurations. Namely, if these conjectures are positively or mildly 
negatively biased, there is always long-run cultural heterogeneity. If, instead, they are strongly negatively 
biased, long-run cultural homogeneity is displayed. We also find that, depending on the properties of con-
jectures about efficiency of parental transmission technology, standard cultural substitution may not hold. 
Notably, differently from the literature, cultural substitution, when displayed, does not guarantee long-run 
cultural heterogeneity. Then, considering parents who, before socializing children, experiment to acquire 
information, we show that they may not be able to disentangle the impact of the efficiency of their trans-
mission technology from that of population share. Thus, parents generally fail to learn about the unknowns. 
We conclude the paper with a brief discussion about how cultural leaders may negatively bias conjectures 
about population shares and foster cultural homogeneity.
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1. Introduction

This paper introduces incomplete information into the standard probabilistic cultural trans-
mission framework (Bisin and Verdier, 2001). We consider incomplete information along two 
dimensions: the share of different cultural groups within society; and the level of efficiency of 
parental transmission technology. We show how incomplete information affects both parental 
socialization efforts and long-run population dynamics, and that it can revert standard results of 
the persistence of cultural heterogeneity in the society. We also show that parents, even if they 
acquire information during the parenting process, generally fail to learn the unknowns.

In the literature (e.g., Bisin and Verdier, 2001, 2011), the transmission of cultural traits from 
one generation to the next is the result of vertical (or direct) socialization — i.e., purposeful so-
cialization by the family — and oblique socialization — i.e., socialization by the society.1 In this 
paper, we introduce incomplete information as affecting both vertical and oblique socialization.

Consider first vertical socialization. Parents exert some effort to socialize their offspring to 
their own cultural traits. The choice of effort and the success of vertical socialization depend on 
the efficiency of the effort exerted. This efficiency is known in social psychology as parental 
efficacy (Belsky et al., 1984; Van Bakel and Riksen-Walraven, 2002; Belsky and Jaffee, 2006). 
In economic models of cultural transmission, this dimension is often disregarded and parents 
are generally assumed to be fully efficient and aware that they are so.2 However, we argue that 
parental efficacy is hardly objectively measurable and, thus, parents merely conjecture theirs 
through self-assessments based on their available information. For these reasons, we refer to the 
theory of self-efficacy (Bandura, 1982, 1993; Bandura et al., 1999) and we talk about conjectured 
parental efficacy, that is, parents’ conjectures about their own parental efficacy.3

The second dimension into which we introduce incomplete information is oblique socializa-
tion. When determining how much effort to exert on socialization, parents also take into account 
the composition of the society affecting offspring. As standard, we assume that the society is 
partitioned into two cultural groups and, differently from the literature, parents do not have com-
plete information about the population shares. There is indeed evidence that conjectures about 

1 The study of cultural transmission stems from Cavalli-Sforza and Feldman (1981). In economic literature, start-
ing from Bisin and Verdier (2001), the study of cultural transmission developed in several directions. Among others, 
Büchel et al. (2014) and Panebianco (2014) consider the role of network structure in the transmission of continuous 
traits, Vaughan (2013) introduces the role of peers in horizontal socialization, Bisin and Verdier (2017) analyze the joint 
evolution of culture and institutions, Cheung and Wu (2018) generalize the standard framework with probabilistic trans-
mission to continuous traits, Spiro (2020) considers the multigenerational transmission of culture, and Bisin et al. (2004), 
Tabellini (2008), and Della Lena and Dindo (2019) study the role of strategic environments in the transmission of traits.

2 Note that there is a growing literature studying the role of parenting styles and their impact on children’s outcomes, 
for example, Doepke and Zilibotti (2017, 2019).

3 This concept in social psychology is mostly known as perceived parental efficacy. de Montigny and Lacharité (2005)
define perceived parental efficacy as “beliefs or judgments parents hold of their capabilities to organize and execute a set 
of tasks related to parenting a child”. In the literature, perceived parental efficacy is also known as perceived parental 
self-efficacy or, simply, parental self-efficacy.
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population shares can be biased by (fake) news, by the salience of cultural traits in the public 
debate (Alesina et al., 2018), or also by the declarations of cultural and political leaders.4

In Section 2, we show the impact of possibly wrong conjectures about the unknowns both on 
parental choices and long-run cultural dynamics. At first, we characterize subjectively optimal 
socialization efforts, showing that the more parents believe themselves effective in parenting, the 
higher incentives they have to exert effort, whereas the more parents believe their own trait is 
present in society, the less they are incentivized to socialize children by themselves. We show 
that, under incomplete information, the probability of a child acquiring the parental trait can be 
higher than it is under complete information, and we provide necessary and sufficient conditions 
for this to happen. Nevertheless, the subjectively optimal effort is objectively suboptimal and the 
associated utility loss is proportional to the difference between the effort exerted and the optimal 
effort under complete information.

In Section 2.1, we study the implications of incomplete information for population dynamics. 
We show that, depending on how much and in which direction the conjectures about population 
shares are biased, different long-run cultural configurations may arise. In particular, if the biases 
are either positive or mildly negative, stable cultural heterogeneity is observed in the long run, as 
under complete information (Bisin and Verdier, 2001). Instead, if conjectures about population 
shares are strongly negatively biased, the socialization efforts of an extreme majority are strong 
enough to dominate minority ones and, thus, extreme steady states become stable and long-run 
cultural homogeneity is observed.

In Section 2.2, we analyze how socialization efforts react to variation in actual population 
shares and we provide conditions for cultural substitution or complementarity.5 Notably, a stan-
dard result when traits are probabilistically transmitted from one generation to the next (Bisin 
and Verdier, 2001; Cheung and Wu, 2018) is that a sufficient condition for long-run cultural 
heterogeneity is socialization efforts displaying cultural substitution. Conversely, in our model, 
we show that under incomplete information cultural substitution does not necessarily lead to 
long-run cultural heterogeneity, and that cultural substitution (complementarity) can coexist with 
long-run cultural homogeneity (heterogeneity).

In Section 3, we consider how parents may exploit parenting time to acquire information about 
the unknowns. Indeed, given the nature of cultural transmission, parents constantly interact and 
share information with their own children. For this reason, we assume that parenting time is 
constituted by a period of active learning — in which parents acquire information through ex-
perimentation — and an actual socialization period — in which the traits are acquired. During 
active learning, each parent exerts one or more experimentation efforts and, after each, receives 
messages from the child about the probability of acquiring the parental trait. Based on the mes-
sages received after each experimentation effort, the parent updates their own conjectures about 
the unknowns. During the socialization period, parents continuously exert the optimal socializa-
tion effort given the subjective conjectures formed during active learning, and children acquire a 
trait with a probability depending only on this effort.

In Section 3.1, we consider the case in which the parent uses the conjectures updated following 
a single experimentation effort to actually socialize the child. Conversely, motivated by the fact 

4 As a matter of example, in 2016 The Economist analyzed the perceptions of European citizens have about the share 
of the Muslim population in their own countries, showing that these perceptions are extremely biased (The Economist, 
“Islam in Europe: Perception and reality”).

5 A socialization effort displays cultural substitution (complementarity) if it negatively (positively) reacts to an increase 
in the share of own trait in society.
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that the posterior conjectures after a single experimentation effort are generally different from the 
prior conjectures, in Section 3.2 we consider the possibility that parents go on experimenting and 
updating conjectures until the process converges.6 In both cases, we first provide results about 
the locus of conjectures compatible with agents’ active learning, and then we characterize the 
optimal socialization efforts. We find that parents generally fail to learn the two unknowns and, 
thus, they exert suboptimal socialization efforts. This is due to the fact that they are not able to 
disentangle the impact of their parental efficacy from that of population shares on the observed 
outcome of their experimentation. Notably, increasing the number of messages parents receive 
and the number of experimentation efforts does not guarantee that parents exert a socialization 
effort closer to the objectively optimal one. We also discuss, with the help of two examples, how 
conjectures endogenously formed through active learning relate to cultural complementarity and 
substitution results discussed in Section 2.2.

In Section 4, we provide a discussion of the case in which conjectures about population shares 
may be biased by cultural leaders.7 We consider both utilitarian and identitarian leaders —i.e., 
leaders maximizing the utility of agents and the share of own group population in the next pe-
riod, respectively. We show that utilitarian leaders always induce correct conjectures, whereas 
identitarian ones always induce negatively biased conjectures. Coherently with our results about 
population dynamics in Section 2.1, the presence of identitarian leaders pushes towards cultural 
homogeneity by means of a tightening of agents’ socialization efforts. This may help explain 
how cultural conflicts between groups may lead to instability of the heterogeneous societies and, 
thus, the extinction of weak traits in the long run.8

In Section 5, we conclude the paper and in the Appendix we provide the proofs of the results.

2. The model

Consider a society composed by a continuum of agents and partitioned into two cultural 
groups. Each agent i is endowed with a cultural trait from the set C := {A, B}. With a little 
abuse of notation, we denote by I both the generic trait I ∈ C and the set of all agents displaying 
that trait, i.e., cultural group I . At each time t ∈ N0 the fraction of agents with the trait I ∈ C is 
q I
t ∈ [0, 1] and each agent reproduces asexually, giving birth to one child. Traits pass from one 

generation to the next according to a cultural transmission process at the end of which children 
acquire traits, become adults, and the process starts again.

During the cultural transmission process, each parent i ∈ I directly socializes their own child 
to trait I with an endogenous probability di

t ∈ [0, 1], which depends on a costly socialization 
effort τ i

t ∈ [0, 1], and on an idiosyncratic technology, αi ∈ R+, capturing the parental efficacy
with which each parent transmits own trait. In each cohort, the parental efficacies of agents 
in I are i.i.d . according to a time-independent measure with mean αI := E[αi]. We assume, 
as a simple generalization of Bisin and Verdier (2001), that di

t := d(αi, τ i
t ) = min{1, αiτ i

t }.9

6 We discuss in the paper that each steady state of such updating process is equivalent to a selfconfirming equilibrium
(Battigalli, 1987; Fudenberg and Levine, 1993; Battigalli et al., 2015).

7 For previous works about cultural leaders, refer to Nteta and Wallsten (2012); Acemoglu and Jackson (2014); Verdier 
and Zenou (2015); Prummer and Siedlarek (2017); Verdier and Zenou (2018).

8 This result is complementary to that Prummer and Siedlarek (2017), where the authors discuss cultural leaders as 
the cause of different traits coexisting in a framework with continuous traits, deterministic transmission, and complete 
information.

9 Bisin and Verdier (2001) in their leading example implicitly assume αi = 1, that is di
t = τ i

t , whereas, in another 
example, “It takes a village to raise a child”, they consider the case of αi = q I

t .
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This process is known as vertical socialization. If vertical socialization fails, which occurs with 
probability 1 − di

t , the child is indirectly socialized by picking the trait of a role model randomly 
chosen from the population. This process is known as oblique socialization. Therefore, for each 
I ∈ C and each parent i ∈ I , the probability that their own child is socialized to their own trait is

pi I
t := p(τ i

t ;αi, q I
t ) = αiτ i

t︸︷︷︸
vertical soc.

+ (1 − αiτ i
t )q

I
t︸ ︷︷ ︸

oblique soc.

. (1)

Given J �= I , we also define piJ
t := 1 −pi I

t , that is, the probability that i’s own child is socialized 
to the other trait.

Incomplete information We consider that each parent i ∈ I , of each group I ∈ C, has in-
complete information about their own parental efficacy αi and about population share q I

t . Let 
μi

t := (μi
αi ,t

, μi
q I
t ,t

) ∈ �(R+) × [0, 1] be the vector of i’s conjectures about unknowns.10 In 

detail, each i has a probabilistic conjecture about own parental efficacy, μi
αi,t

∈ �(R+), with 

subjective expectation α̂i
t := Ei

μi
t

[αi], which we refer to as conjectured parental efficacy. Con-

versely, the conjecture about own group population share is assumed to be deterministic, namely, 
μi

q I
t ,t

= δq̂i
t

with Ei
δ
q̂i
t

[q I
t ] = q̂i

t ∈ [0, 1].11 We further assume that q̂i
t may depend on population 

share q I
t and, in such a case, to be non-decreasing, namely ∂q̂i

t

∂q I
t
≥ 0.

Conjectures about parental efficacy and population shares, μi
t , induce, through (1), a proba-

bilistic conjecture about transition probability, πi
t ∈ �([0, 1]). We define as conjectured transi-

tion probability the expectation about the transition probability,

p̂i I
t := Ei

πi
t
[pi I

t ] = α̂i
t τ

i
t + (1 − α̂i

t τ
i
t )q̂

i
t . (2)

Let also define p̂iJ
t := 1 − p̂i I

t .
As standard, we assume that parents prefer that a child has their own, rather than a different 

trait. In detail, for each i ∈ I , let V i I ∈ [0, 1] and V iJ ∈ [0, 1] be the exogenous utilities the parent 
i gets from having a child with trait I and J , respectively. We model parents’ preferences to be 
group dependent. Then, for each i ∈ I , V i I = V II and V iJ = V IJ , where V II > V IJ . Assuming 
quadratic socialization costs, each parent i ∈ I , chooses an effort τ i

t ∈ [0, 1] to maximize their 
own subjective expected utility

Ei

πi
t
[u(τ i

t )] = p̂i I
t V II + p̂iJ

t V IJ − 1

2
(τ i

t )
2. (3)

Then, for each i ∈ I , the subjectively optimal socialization effort is given by

τ i
t = α̂i

t (1 − q̂i
t )�V I, (4)

where �V I := V II − V IJ represents the cultural intolerance of a parent with trait I , namely, 
the relative value of a child with the same trait as the parent compared with a child with a 

10 We refer to Section 3 for an analysis of the process that leads agents to form conjectures about unknowns.
11 We choose to keep conjectures about population share deterministic because, as discussed in the introduction, con-
jectured parental efficacy usually stems from a self-assessment and, thus, agents are more susceptible of being uncertain 
about α̂i

t rather than q̂i
t , which is more likely to be affected by external sources of information. We can provide results 

also for probabilistic conjectures about population shares q I
t . In that case, we should take into account the covariance 

between the conjectures; however, results do not qualitatively change.
5
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different trait. From equation (4) we see that the optimal socialization effort is increasing in the 
conjectured parental efficacy,12 and decreasing in the conjecture about the share of the parents’ 
cultural group within the society.

In the benchmark case of complete information, the socialization effort is computed using 
correct conjectures and we define it as τ i

bv,t := αi(1 − q I
t )�V I , where the subscript stands for 

Bisin and Verdier (2001). Then, τ i
bv,t induces a transition probability pi I

bv,t . We can now compare, 
from equation (1), the transition probabilities under complete and incomplete information. For 
each I ∈ C, we denote by bi

t := q̂i
t − q I

t the idiosyncratic bias of each agent i ∈ I in conjectures 
about own population share.

Proposition 1. For each i ∈ I and I ∈ C, pi I
t > pi I

bv,t if and only if bi
t < (1 − q I

t ) 
(

α̂i
t −αi

t

α̂i
t

)
.

The main message of this proposition is that if the bias in conjectures about population shares 
is low, then τ i

t is high and, consequently, the transition probability is more likely to be higher 
than under complete information. For the intuition of this result, note first that, by equation 
(4), the effects on τ i

t of α̂i
t and q̂i

t are positive and negative, respectively. Thus, if bi
t < 0 and 

α̂i
t > αi , it trivially follows that parent i exerts a lower effort than under complete information 

and, consequently, the transition probability is lower. On the contrary, if bi
t > 0 and α̂i

t < αi , 
the socialization effort and the transition probability are lower than under complete information. 
Lastly, if the two inequalities have the same sign, the effects go in opposite directions and the 
ordering of pi I

t and pi I
bv,t depends on the relative strength of the two effects.

Objective expected utility loss Given incomplete information about parental efficacy and pop-
ulation shares, parents may not be able to exert the objectively optimal socialization effort and, 
in that case, they may gain a lower utility than under complete information. For each I ∈ C and 
i ∈ I , let Epi I [u(τ i

t )] be i’s objective expected utility given τ i
t , and let Epi I

bv,t
[u(τ i

bv,t )] be the i’s 

objective expected utility given τ i
bv,t .

Proposition 2. For each I ∈ C and i ∈ I , the objective expected individual loss is given by

�Ui
t := Epi I

t
[u(τ i

t )] −Epi I
bv,t

[u(τ i
bv,t )] = 1

2
(τ i

t − τ i
bv,t )

2. (5)

We can see that the individual loss induced by incomplete information quadratically depends 
on the distance between subjective and objective optimal socialization efforts. Note that par-
ents, who suffer from incomplete information, cannot compute the objective expected utilities 
Epi I

t
[u(τ i

t )] and Epi I
bv,t

[u(τ i
bv,t )]. These utilities can be computed by a fully informed policy 

maker (e.g., see the discussion about utilitarian cultural leaders in Section 4).

12 This result is in line with the social psychology literature, in which, as outlined in Coleman and Karraker (2000), a 
high level of conjectured parental efficacy has been found to predict a high level of parental effort and performance, for 
example, responsiveness to children’s needs (Donovan and Leavitt, 1985; Donovan et al., 1997; Unger and Wandersman, 
1985), engagement in direct parenting interactions (Mash and Johnston, 1983), and active parental coping strategies 
(Wells-Parker et al., 1990).
6
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2.1. Population dynamics

We now consider how incomplete information impacts the population dynamics. In particular, 
we show that we reach either long-run cultural homogeneity or heterogeneity, depending on the 
properties of agents’ conjectures.

The population dynamics averages out the effects of the efforts of all agents. Thus, we first 
define and compute the average probability of vertical socialization of agents belonging to group 
I , given optimal efforts in equation (4), as

d I
t := E[di

t ] =αIτ I
t + cov[αi, τ i

t ]
=αI

(
α̂I

t (1 − q̂ I
t )�V I

)
+ (1 − q̂ I

t )�V Icov[αi, α̂i
t ]

=ωI
t (1 − q̂ I

t ), (6)

where α̂I
t := E[α̂i

t ] and ωI
t := E[αiα̂i

t ]�V I . Recall that with complete information d I
t = αI2(1 −

q I
t )�V I . Conversely, with incomplete information the determinants of d I

t are: (i) average con-
jectures about population shares, q̂ I

t , and (ii) average actual and conjectured parental efficacies, 
αI and α̂I

t .
For each I ∈ C, let us define the average transition probability as pII

t := E[pi I
t ], so that the 

equation describing the dynamics of population share q I
t is given by

q I
t+1 = q I

t p
II
t + (1 − q I

t )(1 − pJJ
t )

= q I
t [1 + (d I

t − d J
t )(1 − q I

t )].
Using, as standard, a continuous-time approximation we get:

q̇ I
t = q I

t (1 − q I
t )(d

I
t − d J

t ). (7)

Note that q I = 0 and q I = 1 are always steady states of (7), whereas interior steady states, if they 
exist, satisfy (d I

t − d J
t ) = 0.

The next proposition discusses the stability of the extreme points, the characterization of the 
interior (i.e., polymorphic) equilibria, and their existence, uniqueness, and stability properties. 
Analyzing the population dynamics, we find it convenient to make explicit the dependence of 
the bias from the population shares. Fixing I ∈ C, for each i ∈ I , we write the bias as bi

t (q
I
t ) =

q̂i
t − q I

t and, thus, its average in population I as bI
t (q

I
t ) = E[bi

t (q
I
t )]. Similarly, for j ∈ J �= I , 

let bj
t (q

I
t ) = q̂

j
t − (1 − q I

t ) and bJ
t (q

I
t ) = E[bj

t (q I
t )]. Notice that, at q I

t = 0 the bias of each i ∈ I

must be non-negative (i.e., bi
t (0) ≥ 0), and the bias of each agent j ∈ J must be non-positive 

(i.e., bj
t (0) ≤ 0); for the same reason, the opposite happens at q I

t = 1. Therefore, looking at the 
average biases, it always holds that bI

t (0) ≥ 0, bJ
t (0) ≤ 0, bI

t (1) ≤ 0, and bJ
t (1) ≥ 0.

Proposition 3. Consider the dynamics in (7). Then, q I = 0 and q I = 1 are always steady states 
and, given average steady state conjectures (α̂I, q̂ I)I∈C :

S.0 : q I = 0 is stable if and only if bI(0) > 1 − |bJ(0)|ωJ

ωI ;

S.1 : q I = 1 is stable if and only if |bI(1)| > (
1 − bJ(1)

)
ωJ

ωI .

Each interior equilibrium of the dynamics is a q I∗ ∈ (0, 1) such that

q I∗ = ωI

I J

(
1 − bI(q I∗)

) + ωJ

I J
bJ(q I∗). (8)
ω + ω ω + ω

7
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Fig. 1. Population dynamics q̇ I
t as dependent on conditions S.0 and S.1 in Proposition 3, when there exists at most one 

of interiors steady state q I∗.

If q I = 0 and q I = 1 are either both stable or both unstable, and if q̂ I
t and q̂ J

t are one concave 
and one convex in q I

t , then q I∗ ∈ (0, 1) is unique.

Proposition 3 provides the conditions on the population shares conjectures for the stability 
of extreme steady states, q I = 0 and q I = 1 (conditions S.0 and S.1, respectively), and also for 
having a unique (stable) interior steady state, q I∗ ∈ (0, 1). Note that, having both q I = 0 and 
q I = 1 unstable (stable) guarantees the stability (instability) of q I∗, when unique. For q I∗ to be 
unique it is enough that the concavity of (average) conjectures in own population share is the 
same for both groups and it does not change with q I .13 Moreover, in equation (8) we provide a 
characterization of any possible q I∗ ∈ (0, 1).

Fig. 1 shows the possible classes of population dynamics when the conditions for the unique-
ness of q I∗ are satisfied. We refer to Fig. 1 in the following discussion of the stability of extreme 
points q = 0 and q = 1 and long-run configurations.

For the intuition of the results, consider the stability properties of the extreme steady state q I =
0. In the neighborhood of this point, I agents can only have non-negative biases (i.e., bI(0) ≥ 0
always). For this reason, agents in I choose an average effort that is lower than (or equal to) 
the average objectively optimal one, τ I

bv . This reduces the probability that, in the next period, 
children would be of I type and, consequently, it negatively affects q̇ I

t . In a similar way, J agents 

13 Throughout the paper, we use as examples both exogenous conjectures about population shares (Example 1) and 
conjectures linear in own population shares (Example 2 and Example 3). Both cases satisfy the conditions for unique 
interior steady state.
8
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cannot overestimate their population share, bJ(0) ≤ 0, producing an average higher (or equal) 
effort than the objectively optimal one and this again negatively affects q̇ I

t . Thus, as stated in 
S.0, if the minority has an average bias that is too large relatively to the majority (i.e., bI(0) >
1 − |bJ(0)|ωJ

ωJ ), then I trait does not survive for small q I
t and q I = 0 is a stable steady state 

(Figs. 1a and 1b). A similar argument explains the stability of q I = 1 (Figs. 1b and 1d). Lastly, 
if the average biases of agents belonging to I and J are both non-negative, then S.0 and S.1
are never satisfied, thus, as in the standard framework (Bisin and Verdier, 2001), q I = 0 and 
q I = 1 are both unstable and there exists an interior stable steady state (Fig. 1c). The same holds 
if the average biases are mildly negative, because the subjectively optimal socialization efforts 
are close to the objectively optimal ones and, thus, the dynamics is not qualitatively affected by 
incomplete information.

The main intuition of Proposition 3 is that incomplete information about population shares 
can have a severe impact on population dynamics, because it makes the extreme steady states 
more stable. Indeed, agents belonging to a very tiny minority, if they have wrong conjectures 
about population shares, are most likely to overestimate own presence in the society. This re-
duces their socialization efforts and, depending on the strength of the biases, can make extreme 
points (q I = 0 and q I = 1) stable. Therefore, compared to complete information, incomplete 
information about population shares opens the door to the extinction of the cultural minority 
and, thus, to long-run cultural homogeneity. Note that results qualitatively depend only on in-
complete information about population shares and that all the long-run configurations previously 
discussed can exist independently of the assumptions about parental efficacy (e.g., if parental 
efficacies are homogeneous and common knowledge, S.0 and S.1 become bI(0) > 1 − |bJ(0)|
and bI(1) > 1 − bJ(1), respectively).

Proposition 3 and the previous discussion highlight the role of incomplete information about 
population shares for the long-run dynamics. We now focus on the specific role of incomplete 
information about parental efficacy. To do that, we consider the particular case in which parents 
know the true value of q I but they still have uncertainty about αi .

Corollary 3.1. Consider the dynamics in (7), and, for each I ∈ C, let q̂ I
t = q I

t . Then, the unique 
interior steady state is q I∗ = ωI

ωI+ωJ ∈ (0, 1), which is also stable.

Corollary 3.1 is a particular case of Proposition 3 when conjectures about population shares 
are correct on average. Crucially, incomplete information about parental efficacy in itself does 
not qualitatively change results about long-run dynamics, if compared to complete information 
— which displays the same dynamics as in Fig. 1c. Indeed, in both cases, there exists a unique in-
terior stable steady state. Note that, when there is complete information about parental efficacies 
and they are homogeneous among groups, q I∗ = ωI

ωI+ωJ = �V I

�V I+�V J .

2.2. Comparative statics

We now analyze how incomplete information has an impact on the way in which equilibrium 
socialization efforts react to change in population shares. We say that socialization effort displays

cultural substitution if ∂τ i
t

∂q I
t
< 0, and cultural complementarity if ∂τ i

t

∂q I
t
> 0.

Proposition 4. Fix i ∈ I , and consider the optimal socialization effort in equation (4). Then,
9
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(i) if ∂α̂i
t

∂q I
t
≤ 0, τ i

t displays cultural substitution;

(ii) if ∂α̂i
t

∂q I
t
> 0, τ i

t displays complementarity if and only if ∂q̂i
t

∂q I
t
<

(1−q̂i
t )

α̂i
t

∂α̂i

∂q I
t
.

To understand this result, recall that τ i
t = α̂i

t (1 − q̂i
t )�V I and that we assumed q̂i

t to be non-
decreasing in q I

t . Thus, an increase in q I
t makes the effort decreasing through its effect on q̂i

t . 
Consequently, if the conjectured parental efficacy α̂i

t is independent of, or decreasing on, popu-
lation shares, cultural substitution always holds as with complete information. On the contrary, 
if α̂i

t is increasing in q I
t , then there are two competing effects: cultural substitution through q̂i

t

and cultural complementarity through α̂i
t . Therefore, there exists cultural complementarity if and 

only if the (positive) effect of q I
t on q̂i

t is not too large with respect to its (positive) effect on α̂i
t .

Proposition 4 regards the cultural complementarity or substitution displayed by each parent’s 
socialization effort. However, the implications in terms of dynamics and stability crucially de-
pend on how conjectures are distributed in the population, as shown in Proposition 3. Indeed, 
the population dynamics, as clear from equation (7), depends on the average socialization ef-
forts, τ I

t and τ J
t . For example, let us consider stability at q I = 0. Even though all agents in both 

groups show cultural substitution, if agents I strongly overestimate their population shares (i.e., 
condition S.0 holds), then I ’s average effort is much lower than J ’s, and then q I = 0 can be 
stable.

Note that, in models with probabilistic transmission and complete information, cultural sub-
stitution is a sufficient condition to have cultural heterogeneity in the long run (Bisin and Verdier, 
2001; Cheung and Wu, 2018). Previous propositions show that under incomplete information this 
may not hold, as we highlight in the following remark.

Remark. Incomplete information may result in the coexistence of individual cultural substitu-
tion and long-run cultural homogeneity, or of individual cultural complementarity and long-run 
cultural heterogeneity.

In Proposition 4, we have seen that a positive relationship existing between α̂i
t and q I

t is a nec-
essary but not sufficient condition for cultural complementarity. There may be different reasons 
and mechanisms whereby conjectured parental efficacy relates to population shares and, thus, 
the socialization effort displays cultural complementarity. A classical example is that proposed 
in Bisin and Verdier (2001), in which parental efficacy is assumed to be positively related to pop-
ulation shares and, in particular, αi = q I

t ; incomplete information in that case may still lead to 
cultural complementarity whenever q̂i

t is increasing in q I
t , and i is aware of the functional form 

of αi .
In the next section we show that, under incomplete information, if parents try to gain infor-

mation during their interaction with children, a dependence of αi on q I
t may endogenously arise.

3. Conjectures’ formation

We now endogenize the mechanism by which each parent i ∈ I forms conjectures μi
t that 

induce the socialization effort τ i
t .

Parent-child interaction develops over a long period of time, during which parents deal with 
incomplete information and shape their conjectures. To model this process, we assume that the 
parent-child interaction is composed by a period of active learning — i.e., effort experimenta-
tion and conjectures’ updating — and an actual socialization period, during which a constant 
10
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socialization effort is exerted and the child acquires a trait. In detail, the active learning period is 
composed of one or more subperiods. In each of these, each parent has the chance to experiment 
on their socialization effort. Given this experimentation, the parent receives some feedback and 
then updates their conjectures about the unknowns. At the end of each experimentation subpe-
riod, each parent can decide either (i) to use the updated conjectures to produce the socialization 
effort and transmit their own trait, or (ii) to use the updated conjectures to produce a new exper-
imentation effort so that a new experimentation subperiod starts. Crucially, we assume that the 
probability of acquiring the parent’s trait depends only on the effort continuously exerted over 
the socialization period and it is unaffected by the efforts exerted during the experimentation 
subperiods.

In Section 3.1 we show what happens when parents exert just one experimentation effort, 
whereas in Section 3.2 we consider the case in which parents keep experimenting till the updating 
process converges. In both sections, we first characterize the locus of conjectures compatible with 
the updating process, then we show the optimal socialization efforts and discuss their properties.

3.1. Single experimentation effort

Each parent i ∈ I of cohort t , at experimentation subperiod 0, starts with conjectures μi
t,0 =

(μi
αi ,t,0

, μi
q I
t ,t,0

) ∈ �(R+) × [0, 1]. To simplify the notation, in what follows we drop the index t

because we are analyzing the learning process within each cohort. Given the conjectures μi
0, each 

parent i exerts an experimentation effort τ̃ i
0 := α̂i

0(1 − q̂i
0)�V I and, then, receives a series of 

signals (si
k,0)

K
k=1 ∈ [0, 1]K that are messages the child delivers about the likelihood they have to 

acquire parent’s trait if the socialization effort τ i were to coincide with the experimentation effort 
τ̃ i

0 itself. Consistent with this, we assume signals to have mean pi I(τ̃ i
0), which is the transition 

probability given τ̃ i
0. We further assume that signals are generated by a probability distribution 

belonging to the exponential family and that each parent starts with a corresponding conjugate 
prior.

Denote by πi
0 ∈ �([0, 1]) the parent i’s prior about the transition probability. Thus, i’s 

prior expectation about transition probability, given the experimentation effort τ̃ i
0, is p̂i I

0 (τ̃ i
0) :=

Ei

πi
0
[pi I(τ̃ i

0)] = q̂i
0 + α̂i

0τ̃
i
0(1 − q̂i

0).

Given the prior πi
0 and the sequence of signals (si

k,0)
K
k=1 induced by the experimentation 

effort τ̃ i
0, each parent i uses Bayesian inference to form a posterior πi

1 ∈ �([0, 1]) and sets 
new conjectures μi

1 compatible with the posterior πi
1.14 The mean of the posterior is defined 

as p̂i I
1 (τ̃ i

0) := Ei

πi
1
[pi I(τ̃ i

0)] = q̂i
1 + α̂i

1τ̃
i
0(1 − q̂i

1), where (α̂i
1, q̂

i
1) are the means of the updated 

conjectures about the unknowns.
As we can see in equation (4), the expectations of unknowns are the unique determinants of 

the socialization effort. The following proposition characterizes the locus of (α̂i
1, q̂

i
1) compatible 

with the Bayesian updating, given the experimentation effort τ̃ i
0. Define the sample mean of 

signals as s̄i
K,0 :=

∑K
k=1 si

k,0
K

.

14 Note that the parent can do this because they know the functional form of the transition probability and they recall 
their own experimentation effort.
11
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Proposition 5. For each I ∈ C and i ∈ I , given μi
0 and a number K of signals induced by τ̃ i

0, 
there exists a λi

K,0 ∈ [0, 1] such that, given the updated conjectures μi
1, the pair (α̂i

1, q̂
i
1) satisfies 

the following:

p̂i I
1 (τ̃ i

0)︸ ︷︷ ︸
posterior mean

= λi
K,0 · p̂i I

0 (τ̃ i
0)︸ ︷︷ ︸

prior mean

+ (1 − λi
K,0) · s̄i

K,0︸︷︷︸
sample mean

, (9)

with limK→∞ λi
K,0 = 0 and limK→∞ s̄i

K,0 = pi I(τ̃0).

From (9), if s̄i
K,0 = pi I(τ̃0), the (posterior) bias of each agents i, bi

1 := q̂i
1 − q I , satisfies

bi
1 =

−(α̂i
1 − αi)τ̃ i

0(1 − q I) + λi
K,0

(
p̂i I

0 (τ̃ i
0) − pi I(τ̃ i

0)
)

(1 − α̂i
1τ̃

i
0)

, (10)

where q̂i
1 < p̂i I

1 (τ̃ i
0).

Equation (9) states that the posterior mean, p̂i I
1 (τ̃ i

0), is a convex linear combination between 
the prior mean, p̂i I

0 (τ̃ i
0), and the mean of the signals received, s̄i

k,0. The weighting λi
K,0 depends 

on the number signals. The higher K the lower λi
K,0, meaning that, forming the posterior, each 

agent is less affected by the value of the prior and more by the mean of the signals, which, in 
turn, becomes closer to the actual mean. Thus, if the number of signals is small, agents assign 
small weight to the empirical observation with respect to their prior, whereas if the number of 
signals increases, agents weight the mean of signals more. At the limit, if the agent receives an 
infinite number of signals, then the mean of the signals always coincides with the theoretical 
transition probability given the experimentation effort, pi I(τ̃ i

0), and, thus, the posterior mean 
p̂i I

1 (τ̃ i
0) coincides with it. Notably, recalling that p̂i I

1 (τ̃ i
0) = q̂i

1 + α̂i
1τ̃

i
0(1 − q̂i

1), there might be 
infinitely many (α̂i

1, q̂
i
1) compatible with the posterior mean. As a consequence, parents, using the 

information gained through one experimentation effort, generally fail to learn the true parameters.
The second part of the proposition analyzes the case in which the mean of signals is correct, 

i.e., s̄i
K,0 = pi I(τ̃ i

0). We use it as a maintained assumption in what follows. This can happen 
either for large K or if the signals are extremely precise (e.g., children are able to communicate 
precisely the probability of their acquiring a trait). Equation (10) provides a reformulation of the 
locus (α̂i

1, q̂
i
1) compatible with the Bayesian update. From this, we can see how the posterior bias 

on population share’s conjecture, bi
1, negatively relates to the posterior overestimation of parental 

efficacy, (α̂i
1 − αi). Indeed, looking at the RHS and LHS of equation (10), there exists an inverse 

relationship between q̂i
1 and α̂i

1, so that, if the bias about population share’s conjecture is positive 
(i.e., bi

1 > 0), then agent i underestimates own parental efficacy (i.e., α̂i
1 < αi ).

We can also see the role played by the number of signals, K. If agent i receives an infinite 

number of signals, then bi
1 = − (α̂i

1−αi)τ̃ i
0(1−q I)

(1−α̂i
1 τ̃

i
0)

, which implies that correct mean conjecture about 

αi implies correct conjecture about q I , and vice versa. On the contrary, if K is finite (which 
implies λi

K,0 > 0), even if agent i has correct mean conjecture about one unknown, the limited 
number of signals does not allow them to learn the other unknown (e.g., if α̂i = αi , then bi

1 =
λi

K,0(p̂
i I
0 (τ̃ i

0)−pi I(τ̃ i
0))

i i ).

(1−α̂1 τ̃0)

12



S. Della Lena and F. Panebianco Journal of Economic Theory 198 (2021) 105373
Lastly, Proposition 5 also provides an upper-bound for the conjectures about population 
shares, namely q̂i

1 < p̂i I
1 (τ̃ i

0). This must always hold because the posterior transition probabil-
ity is a convex linear combination between 1 and q̂i

1.

Optimal socialization effort The optimal socialization effort after a single experimentation is 
given by equation (4) evaluated at a pair (α̂i

1, q̂
i
1) satisfying locus in equation (10). We assume 

that parent i derives α̂i
1 from equation (10) for any given q̂i

1.15 Thus, given any q̂i
1 < p̂i I

1 (τ̃ i
0), the 

mean conjecture about parental efficacy of parent i that satisfies (10) is such that

α̂i
1 = αi(1 − q I)

(1 − q̂i
1)

+ λi
K,0

(
p̂i I

0 (τ̃ i
0) − pi I(τ̃ i

0)
) − bi

1

τ̃ i
0(1 − q̂i

1)
. (11)

Therefore, each parent i who undertakes just one experimentation step, uses the updated con-
jectures to exert the socialization effort, so that α̂i ≡ α̂i

1, q̂i ≡ q̂i
1. Thus τ i ≡ τ̃ i

1 and it takes the 
following form:

τ i = τ i
bv +

[
λi

K,0

(
p̂i I

0 (τ̃ i
0) − pi I(τ̃ i

0)
)

− bi

]
�V I

τ̃ i
0

. (12)

From equation (12), we can see how τ i can be written as the socialization effort under com-
plete information, τ i

bv , plus a term internalizing the distortion with respect to the objectively 
optimal socialization effort. We can clearly see that the distortion is increasing in the cultural 
intolerance, �V I , and decreasing in the experimentation effort, τ̃ i

0. The increasing effect of �V I

is due to the fact, as it can be seen in equation (4), that the intolerance magnifies the effect of 
wrong conjectures on τ i . Instead, concerning the decreasing effect of τ̃ i

0, the lower the effort the 
closer the transition probability pi I(τ̃ i

0) is to the population share and, thus, the effect of wrong 
conjectures about q I is more distortive.

From equation (12), we can also see that the larger the number of signals is, the more the 
sign and magnitude of the distortion depend on the bias, bi = q̂i − q I . Indeed, when parent i
receives infinite signals, λi

K,0 = 0 and τ i = τ i
bv − bi �V I

τ̃ i
0

. On the contrary, for a finite number of 

signals, λi
K,0 > 0 and the distortion is affected also by the difference between conjectured and 

actual transition probabilities, so that τ i can be closer to τ i
bv than it is when parents receive an 

infinite number of signals.
Note that the difference between subjective and objective optimal socialization efforts also 

determines the magnitude of individual utility loss shown in Proposition 2. In Fig. 2a, we can see 
a numerical example showing how τ i depends on λi

K,0 (which, in turn, negatively depends on K), 
compared to τ i

bv (which is independent of K). Fig. 2b shows the individual utility loss associated 
with τ i . Notably, increasing the number of signals does not always result in a lower distortion or 
in a lower individual utility loss.

We now discuss the results of comparative statics as in Proposition 4, considering the sub-
jectively optimal socialization effort τ i as characterized in equation (12). For this purpose, we 
consider two examples to see how cultural substitution or complementarity is displayed as de-
pendent of different assumptions about how q̂i depends on q I

t and how, in turn, it affects α̂i

15 This mimics the fact that agents first form conjectures about population shares, which are more susceptible to being 
affected by external sources (as we do in Section 4 with cultural leaders), and then form conjectures about parental 
efficacy, which should stem from a process of self-assessment.
13
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Fig. 2. Effect of λi
K,0 on (a) subjectively optimal socialization effort, τ i , when a parent exerts a single experimentation 

effort, and (b) individual utility loss given τ i . Parameterization: q I = αi = 1
2 , q̂i = 0.45, �V I = 1.

according to equation (11). In the first example, we show what happens when q̂i does not react 
to changes in q I , whereas the second example considers the case in which the conjecture about 
population share linearly depends on q I.

Example 1. Let us consider q̂i to be independent of q I. In this case, any shock about population 
shares is fully internalized by parent i in their updated parental efficacy, according to equation 
(11). We always observe cultural complementarity. Indeed,

∂τ i

∂q I
= (1 − αi τ̃ i

0)(1 − λi
K,0)

τ̃ i
0

�V i > 0.

This result stems from the fact that τ i is increasing in α̂i which, in turn, is increasing in q I, as 
shown in (4).

Example 2. Let us consider q̂i to be linearly dependent on q I with a fixed bias b̃i ∈ [−q I, 1 −q I]. 
In detail, we assume that q̂i ≡ q̂i

1 = q̂i
0 = q I + b̃i . In this case, shocks about population shares 

affect both q̂i (directly) and α̂i (indirectly through the update in (11)). Differentiating (12) with 
respect to q I, we can easily see that: (i) if b̃i < 0, there is always cultural substitution; (ii) if 

b̃i > 0 there is cultural complementarity if and only if αi < b̃i

τ̃ i
0(1−q I−b̃i )

− λi
K,0

1−λi
K,0

α̂i
0.

The difference between the two examples above is that, even if in both of them agents have 
incomplete information about q I , in Example 2 agents correctly increase/decrease the conjecture, 
responding to changes in population shares. Therefore, in such a case, parents have an additional 
piece of information that makes Example 2 closer to the case of complete information. This 
explains why in Example 2 we have a parameters space such that cultural substitution is shown 
(as it always happens with complete information), whereas in Example 1 there is only cultural 
complementarity.

We can also compare these two examples with the general result of comparative stat-
ics in Section 2.2. The result of Example 1 trivially follows from Proposition 4. Indeed, 

the condition for cultural complementarity is ∂q̂i

∂q I <
(1−q̂i )

α̂i
∂α̂i

∂q I , which now reads 0 < (1−q̂i )

α̂i ·(
1−(1−q̂i

0)α
i α̂i

0�V I
)
(1−λi

K,0)

i i i I
which is always satisfied. On the other hand, the fact that, in Exam-
(1−q̂0)(1−q̂1)�α̂0V

14
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ple 2, for b̃i < 0 there is always cultural substitution can also be seen from the general result in 
Proposition 4, which states that whenever ∂α̂i

∂q I < 0 there is always cultural substitution. Indeed, 

if b̃i < 0, we have that ∂α̂i

∂q I = b̃i ·
(
2−(1−q̂i )�V Iαi α̂i

0
)
(1−λK,0)

(1−q̂i )3�V Iα̂0
< 0.

3.2. Converged active learning

Considering the analysis of the previous section, with a single experimentation effort we gen-
erally have that τ̃ i

1 �= τ̃ i
0, i.e., the effort parent i would exert with conjectures μi

1 is different from 
the experimentation effort they used to obtain those conjectures. Thus, there is room for par-
ents to keep experimenting to gain additional information from further experimentation steps. In 
this section, we consider the case in which parents keep experimenting till the updating process 
converges. The main result we find is that, even in this case, parents may still fail to learn the 
unknowns and, thus, they generally choose a suboptimal socialization effort.

Consider many experimentation efforts such that, at each experimentation subperiod n ∈N0, 
each parent has prior conjectures μi

n, produces a corresponding experimentation effort τ̃ i
n, and 

after receiving a series of signals (si
k,n)

K
k=1, they form their updated conjectures μi

n+1 based on 
which they exert a new experimentation effort τ̃ i

n+1. In this respect, for a generic n, keeping the 
assumption s̄i

K,n = pi I(τ̃ i
n) and given the updated conjectures μi

t+1, the pair (α̂i
t+1, q̂

i
t+1) must 

satisfy

p̂i I
n+1(τ̃

i
n) = λi

K,n · p̂i I
n (τ̃ i

n) + (1 − λi
K,n) · pi I(τ̃ i

n). (13)

Note that equation (13) is the counterpart of equation (9) for a generic n. If the process converges, 
at steady state p̂i I(τ̃ i

n) ≡ p̂i I
n+1(τ̃

i
n) = p̂i I

n (τ̃ i
n). That is, given the experimentation effort exerted 

τ̃ i
n, the posterior conjectured transition probability is equal to the prior conjectured transition 

probability. We further assume that, at steady state, parent i keeps conjectures unchanged among 
all the possible pairs compatible with (13). Thus, (α̂i , q̂i ) ≡ (α̂i

n+1, q̂
i
n+1) = (α̂i

n, q̂
i
n) and, τ i ≡

τ̃ i
n = τ̃ i

n−1.

Proposition 6. For each I ∈ C and i ∈ I , given any μi
0, at steady state of equation (13), p̂i I(τ i) =

pi I(τ i). Therefore, the pair (α̂i, q̂i ) satisfies the following

bi = [
(αi(1 − q I) − α̂i (1 − q̂i )

]
α̂i(1 − q̂i )�V I. (14)

Moreover, bi < b̄i := 1
4�V I[αi(1 − q I)]2. A sufficient condition for equation (13) to converge is 

that K → ∞.

Equation (14) displays the locus of points (10) when the active learning process has converged. 
Note that, as we have argued above, although when reaching the steady state parent i correctly 
conjectures the mean transition probability pi I(τ i), this may not be sufficient for a correct in-
ference about the underlying parameters (αi, q I), and, according to (14), many pairs (α̂i , q̂i ) are 
compatible with the converged Bayesian learning. Notably, we can verify from equation (14)
that, if parent i has knowledge of either αi or q I , then they can correctly infer the other unknown 
parameter.

Note that the steady state condition p̂i I(τ i) = pi I(τ i) implies that the conjectures that in-
duce the socialization effort are those that are confirmed by the experimentation. Therefore, 
subjectively optimal socialization effort in equation (4), given pairs (α̂i , q̂i ) satisfying condition 
15
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Fig. 3. Representation of locus (α̂i , q̂i ) satisfying equation (14).

(14), also constitutes a selfconfirming equilibrium of the parental socialization problem with 
transition probability as feedback, which requires (i) subjective rationality and (ii) confirmed 
conjectures (refer to Battigalli, 1987; Fudenberg and Levine, 1993; Battigalli et al., 2015).16

To better understand the implications of the locus in equation (10), consider now Fig. 3. We 
can see that α̂i > αi if and only if q̂i < q I (i.e., bi < 0), namely, at steady state, parents under-
estimate their parental efficacy if and only if they overestimate the share of their own cultural 
group. Note also that: (i) b̄i characterizes the magnitude of the maximum bias compatible with 
equation (14) and, thus, if q̂i > q̄i := q I + b̄i , no α̂i can be found; (ii) if q I < q̂i < q̄i , two α̂i ’s 
exist (αi

h and αi
l ); and (iii) if q̂i < q I , only α̂i

l exists. By means of simple algebra we get:

α̂i
h := τ i

bv + ξ(bi)

2(1 − q̂i )�V I
, α̂i

l := τ i
bv − ξ(bi)

2(1 − q̂i )�V I
, (15)

where ξ(bi) := 2
√

�V I
(
b̄i − bi

)
. Therefore, for each i ∈ I and each q̂i < q̄i , two possible opti-

mal socialization efforts associated with α̂i
h and α̂i

l exist:

τ i
h := τ i

bv + ξ(bi)

2
, τ i

l := τ i
bv − ξ(bi)

2
. (16)

Note that if bi = b̄i (i.e., q̂i = q̄i ) then τ i
h = τ i

l = 1
2τ i

bv . From equation (16), any socialization 
effort can be expressed as the algebraic mean between the objectively optimal effort, τ i

bv, and a 
function of the agent’s bias about population share, bi .

Consider now the comparative statics for the socialization efforts. As we did for parents ex-
erting a single experimentation effort, we consider the case in which q̂i is fixed, i.e., it does not 

16 This analogy is not surprising since it is an established result that any selfconfirming equilibrium is a steady state of a 
generic adaptive learning, if it converges (see, for example, Battigalli et al., 1992; Fudenberg and Kreps, 1995; Gilli, 1999; 
Battigalli et al., 2019, 2021). Moreover, note that the parental experimentation problem can be thought of as a stochastic 
control problem and Battigalli and Lanzani (2020) relates the selfconfirming equilibrium concept in decision problems 
with feedback (e.g., Battigalli et al., 2015) to the limit behavior of solutions to stochastic control problems (e.g., Easley 
and Kiefer, 1988). For this reason, our result in Proposition 6 holds also relaxing the assumption that s̄i

K,n = pi I(τ̃ i
n).
16



S. Della Lena and F. Panebianco Journal of Economic Theory 198 (2021) 105373
Fig. 4. Optimal socialization efforts given different assumptions about q̂i and αi = 0.8, �V I = 1.

move together with q I (as in Example 1), and the case in which agents keep the bias bi fixed as q I

changes (as in Example 2). In the case of Example 1 (represented in Fig. 4a), τ i
h always displays 

cultural complementarity, whereas τ i
l always displays cultural substitution. On the contrary, in 

the case of Example 2 (Fig. 4b), τ i
h always displays cultural substitution, whereas τ i

l , when it 
exists (b̃i > 0), always displays cultural complementarity.

Having discussed the properties of the subjectively optimal effort at the steady state, we con-
clude by showing in Fig. 5 a numerical example of how τ i changes together with the number n
of parental experimentation, and how it relates to the objectively optimal effort, τ i

bv. Notably, in-
creasing the number of experimentation does not ensure that parent chooses an effort closer to the 
objectively optimal one. For the numerical example in Fig. 5 we chose q̂i < q I , which implies 
that the subjectively optimal socialization effort converges to τ i

h. Had we chosen q̂i > q I , we 
would have observed effort converging to either τ i

h or τ i
l , depending on the starting conditions.

4. Cultural leaders: a discussion

Incomplete information about population shares is a particularly relevant issue because con-
jectures about q I

t can be shaped by social media and (fake) news, and can be manipulated and 
exploited by cultural or political leaders.

Let us introduce, for each group I ∈ C, a cultural leader �I who knows q I
t and who can instill 

in the agents of their own group possibly biased conjectures. For the sake of simplicity, in this 
discussion, we assume that agents are homogeneous within groups, so that the leader �I instills q̂ I

t

in the representative agent.17 The leader �I chooses an action a�I

t ∈ A�I := {q̂ I+
t , q I

t , q̂
I−
t }, where 

q̂ I+
t stands for conjectures with an exogenously given positive bias, q̂ I−

t for conjectures with an 
exogenously given negative bias, and q I

t for correct conjectures (i.e., a null bias).18

At each t , we consider two possible types of leader: an identitarian leader, who maximizes 
the share of their own cultural group in the next generation, and a utilitarian leader, who cares 
about the realized utility of the representative agent of own group. Therefore, for each group 
I ∈ C, each leader faces the following problem:

17 Note that our results are unchanged even when considering heterogeneous agents and individual specific conjectures 
q̂i
t , as in the other sections of the paper.

18 To simplify the discussion, note that we consider leaders who can choose only the sign, and not the magnitude of the 
bias.
17
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Fig. 5. Socialization effort τ i depending on the number of experimentation, n. Parameterization �V I = 1, αi = 1
2 , 

q I = 4
5 , and, for each n, q̂i

n = 1
2 .

max
a�I
t ∈A�I

u�I
(
a�I

t ;a�J

t

)
=

⎧⎨
⎩q I

t+1

(
a�I

t ;a�J

t

)
if identitarian,

uI
(
a�I

t ;a�J

t

)
if utilitarian.

(17)

Let us now discuss the optimal action of the leader depending on how the representative 
agent forms their conjectures. In such a case, the leader should take into account the fact that 
I ’s conjectured parental efficacy depends on the conjecture induced by the leader themself, as 
described in (11) for the case of single experimentation effort (for this case we consider only 
K → ∞),19 and in (15) for the case of converged active learning.

A utilitarian leader always instills a correct conjecture about population shares in the members 
of own group, a�I

t = q I
t . This because, as shown in Section 3, correct conjectures about q I induce 

correct conjectures about parental efficacies. This, together with Proposition 2, in which we 
show that the maximum utility for each agent is reached when parents have correct conjectures, 
explains the utilitarian leader’s choice. On the other hand, an identitarian leader always chooses 
to instill a negative bias, a�I

t = q̂ I−
t . This result derives from the fact that the choice of a negative 

bias, compared to a positive one, always induces a higher socialization effort and an increase in 
the share of own cultural group in the next generation.

We can now discuss the impact of cultural leaders on long-run outcomes. Recall that Propo-
sition 3 and Fig. 1 show how the long-run configurations depend only on agents’ biases about 
population shares. Let us consider the leaders’ choices as discussed above. If the two leaders are 
utilitarian they instill correct conjectures, so that the dynamics is equivalent to that with complete 
information and it is qualitatively represented by Fig. 1c. On the other hand, if at least one leader 
is identitarian, they can instill negative biases and, according to Proposition 3, a homogeneous 

19 Results also hold unchanged for a finite K if λi is small enough.

K,0
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population may be the long-run result of the dynamics (Figs. 1a-b-d). The specific long-run out-
come depends on the strength of the biases. Next, we provide an example clarifying this point.

Example 3. Let us consider parents who endogenously choose the socialization effort after the 
process of active learning has converged (as in Section 3.2) and, for each I ∈ C, the conjecture 
induced by the cultural leader takes the form q̂ I

t = (1 − β I)q I
t , with β I ∈ [0, 1]. Note that the 

optimal choice of an identitarian leader represented by β I > 0, whereas the choice of a utilitarian 
one is represented by β I = 0.

Applying results of Proposition 3 to this example, we can see that:

S.0 q I = 0 is stable if and only if βJ > β̄ I := αJ4

αI2
�V J2

�V I ,

S.1 q I = 1 is stable if and only if β I > β̄ J := αI4

αJ2
�V I2

�V J .

Note also that since, for each I ∈ C, q̂ I is linear in q I, it satisfies the conditions of Proposition 3
for having a unique interior steady state, q∗ ∈ (0, 1). Therefore, q∗ is globally stable if and only 
if β I < β̄ I and βJ < β̄ J .

In detail, focusing on the stability of q I = 0, the more I is effective in the vertical transmission, 
αI, and the greater their intolerance, �V I, the more a large βJ is needed for J agents to invade 
the society and have q I stable; αJ and �V J have the opposite effect.

Given the parameters (αI, �V I)I∈C , the cultural dynamics can show all the cases of Fig. 1, 
namely, both stable and unstable polymorphic equilibria, and also no polymorphic equilibria 
at all. In detail, if both leaders do not instill too negative a bias (β I < β̄ I and βJ < β̄ J), the 
efforts are close to the complete information case, and the standard result of stable polymorphic 
equilibrium holds (Fig. 1c). On the contrary, if at least one leader can induce strong negative 
bias, we always observe long-run cultural homogeneity. If β I > β̄ I and βJ > β̄ J , then there exists 
a unique polymorphic equilibrium which is also unstable (Fig. 1b), whereas if just one leader can 
instill strong negative bias, either q I = 0 (Fig. 1a) or q I = 1 (Fig. 1d) is globally stable.

5. Conclusion

In this paper, we propose a generalization of the standard cultural transmission framework 
(Bisin and Verdier, 2001) to the case of incomplete information. In detail, we introduce incom-
plete information in the two key dimensions on which cultural transmission operates: vertical 
socialization — through parental efficacy — and oblique socialization — through population 
shares. We find that the long-run composition of the society mainly depends on the biases 
in conjectures about population shares. Moreover, depending on the properties of conjectures 
about parental efficacy, optimal socialization efforts may also display cultural complementarity; 
we also show that, under incomplete information and differently than under complete informa-
tion, cultural substitution is not a sufficient condition to achieve long-run cultural heterogeneity. 
Lastly, in our framework, the two dimensions of incomplete information jointly determine the 
socialization outcome so that, even if parents try to learn through experimentation, they generally 
fail to do so.

This paper is a first attempt at introducing incomplete information in cultural transmission 
and, for this purpose, we employed the baseline framework. Consequently, there are many im-
portant dimensions that we did not consider and that deserve further investigation. For example, 
one of the first sources of incomplete information is the ignorance of parents about the specific 
19
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friendship networks children are exposed to. Moreover, an important dimension to consider is 
that children may have an active role in the socialization process, and their choices are partially 
hidden from parents. This issue relates also to the growing literature about the role of parenting 
styles affecting socialization and other economically relevant outcomes. Note also that, incom-
plete information is a key element in the analysis of many economic phenomena and, at the same 
time, it is important to study links between cultural dynamics and economic outcomes. There-
fore, an interesting direction would be to integrate the uncertainty stemming from the economic 
environment with parents’ socialization choices in the cultural transmission framework. From an 
applied perspective, the framework we propose is also strictly related to the present debate about 
the spread of fake news that agents are unable to detect as such. Lastly, a specific focus on leaders 
exploiting incomplete information to induce specific cultural dynamics could shed some light on 
the debate about populism.

Appendix A

Proof of Proposition 1. Recall that pi I
bv,t = q I

t + αi
t τ

i
bv,t (1 − q I

t ) and pi I
t = q I

t + αi
t τ

i
t (1 − q I

t ). 
Thus, given equation (4),

pi I
t > pi I

bv,t ⇔ q I
t + αi

t α̂i
t (1 − q̂i

t )�V I︸ ︷︷ ︸
τ i

(1 − q I
t ) > q I

t + αi
t αi

t (1 − q I
t )�V I︸ ︷︷ ︸

τ i
bv,t

(1 − q I
t )

⇔ α̂i
t (1 − q̂i

t ) > αi(1 − q I
t )

⇔ − q̂i
t > −1 + αi

t

α̂i
t

(1 − q I
t )

⇔ q̂i
t < 1 − αi

t

α̂i
t

(1 − q I
t )

⇔ q̂i
t − q I

t < 1 − q I
t − αi

t

α̂i
t

(1 − q I
t )

⇔ bi
t < (1 − q I

t )

(
1 − αi

t

α̂i
t

)
. �

Proof of Proposition 2. Let us recall the objective expected utility given subjective and objec-
tive optimal socialization effort

Epi I [u(τ i
t )] = V IJ + �V I

(
q I
t + (1 − q I)αiτ i

t

)
− 1

2

(
τ i
t

)2
.

and

Epi I
bv

[u(τ i
bv,t )] = V IJ + �V I

(
q I
t + (1 − q I

t )α
Iτ I

bv,t

) − 1

2

(
τ i
bv,t

)2
.

Therefore,

�Ui = V IJ + �V I
(
q I + (1 − q I

t )α
iτ i

bv

)
− 1

2

(
τ i
bv,t

)2 − V IJ

− �V I
(
q I
t + (1 − q I

t )
(
αiτ i

t

))
+ 1 (

τ i
t

)2
2
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= �V I(1 − q I
t )α

iτ i
bv,t − 1

2

(
τ i
bv,t

)2 − �V I(1 − q I
t )

(
αiτ i

t

)
+ 1

2

(
τ i
t

)2

= �V I(1 − q I
t )α

i(τ i
bv,t − τ i

t ) − 1

2

(
τ i2
bv,t − τ i2

T

)
= τ i2

bv − τ i
bv,t τ

i
t − 1

2

(
τ i2
bv,t − τ i2

t

)
= 1

2
τ i2
bv,t − τ i

bv,t τ
i
t + 1

2
τ i2
t

= 1

2
(τ i

bv,t − τ i
t )

2 . �
Proof of Proposition 3. Recall first that, from equation (6), for each I ∈ C, d I

t = (1 − q̂ I
t )ω

I , and 
recall also that bI

t (q
I
t ) = q̂ I

t − q I
t and bJ

t (q
I
t ) = q̂ J

t − (1 − q I
t ). Then

d I
t − d J

t = (
1 − q I

t − bI
t (q

I
t )

)
ωI − (

1 − q J
t − bJ

t (q
I
t )

)
ωJ (A.18)

= (
1 − q I

t − bI
t (q

I
t )

)
ωI − (

q I
t − bJ

t (q
I
t )

)
ωJ (A.19)

= (
1 − bI

t (q
I
t )

)
ωI + bJ

t ω
J − q I

t (ω
I + ωJ) (A.20)

Consider first the stability of the extreme points q I = 0 and q I = 1.

Stability of q = 0. Note that ∂q̇t

∂qt
|qt=0 = d I

t (q
I
t = 1) − d J

t (q
I
t = 1). Thus q I = 0 stable if and only 

if d I
t (q

I
t = 0) − d J

t (q
I
t = 0) < 0, that is(

1 − bI
t (0)

)
ωI + bJ

t (0)ωJ < 0

bI
t (0) > 1 + bJ

t (0)
ωJ

ωI

Stability of q = 1. Similarly q = 1 is stable if d I
t (q

I
t = 1) − d J

t (q
I
t = 1) > 0, namely

−bI
t (1)ωI − (

1 − bJ
t (1)

)
ωJ > 0

−bI
t (1)ωI <

(
1 − bJ

t (1)
)
ωJ

−bI
t (1) >

(
1 − bJ

t (1)
)ωJ

ωI

We now analyze the possible interior steady states. For a generic x ∈ R, let [x]1
0 :=

max{0, min{x, 1}}. Now, d I
t − d J

t = 0 if and only if q I
t = ωI

ωI+ωJ

(
1 − bI

t (q
I
t )

) + ωJ

ωI+ωJ b
J
t (q

I
t ).

Then, an interior steady state is a q I ∈ (0, 1) such that

q I =
[

ωI

ωI + ωJ

(
1 − bI(q I)

) + ωJ

ωI + ωJ
bJ(q I)

]0

1
=: f (q I).

Note that f (q I) is a self-map and the conditions for the stability of q I = 0 and q I = 1 are the 
conditions for f (0) = 0 and f (1) = 1 respectively.

Now,

∂f (q I
t )

∂q I
t

= 1

ωI + ωJ

(
−ωI ∂bI

t (q
I
t )

∂q I
t

+ ωJ ∂bJ
t (q

I
t )

∂q I
t

)
,

and the second derivative:
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∂2f (q I
t )

∂2q I
t

= 1

ωI + ωJ

(
− ωI ∂

2bI
t (q

I
t )

∂2q I
t

+ ωJ ∂
2bJ(q I

t )

∂2q I
t

)
.

Note that ∂bI
t (q

I
t )

∂q I
t

= ∂q̂ I
t

∂q I
t
−1 and, thus, ∂

2bI
t (q

I
t )

∂2q I
t

= ∂2q̂ I
t

∂2q I
t
. Similarly, ∂bJ

t (q
I
t )

∂q I
t

= ∂q̂ J
t

∂q I
t
+1 and ∂

2bJ
t (q

I
t )

∂2q I
t

=
∂2q̂ J

t

∂2q I
t
.

Now, if ∂2q̂ I
t

∂2q I
t

> 0 and ∂2q̂ J
t

∂2q I
t

< 0, or if ∂2q̂ I
t

∂2q I
t

< 0 and ∂2q̂ J
t

∂2q I
t

> 0, then f (q I) does not change 

concavity since it is always ∂2f (q I
t )

∂2q I
t

< 0 or always ∂2f (q I
t )

∂2q I
t

> 0. This, together with q I = 0 and 

q I = 1 both stable or both unstable, implies uniqueness of the interior steady state. �
Proof of Proposition 4. Consider the optimal socialization effort in (4). Then

∂τ i

∂q I
= ∂

∂q I

[
α̂i (1 − q̂i )�V I

]
=

[
−α̂i ∂q̂i

∂q I
+ (1 − q̂i )

∂α̂i

∂q I

]
�V I.

There is cultural substitution if and only if

−α̂i ∂q̂i

∂q I
+ (1 − q̂i )

∂α̂i

∂q I
< 0,

∂α̂i

∂q I
<

α̂i

(1 − q̂i )

∂q̂i

∂q I
. (A.21)

Note that, since we have assumed ∂q̂i

∂q I ≥ 0, then if ∂α̂i

∂q I < 0 then cultural substitution is ensured. 
Note also that condition in (A.21) can be rewrites as

(1 − q̂i )

α̂i
· ∂α̂i

∂q I
· ∂q I

∂q̂i
> 1,

so that condition for cultural complementarity immediately follows by reverting the sign of the 
inequality. �
Proof of Proposition 5. Note first that the equivalence in equation (9) trivially stems from the 
fact that the updated conjectures on parental efficacy and population shares must be consis-
tent with the Bayesian inference on the transition probabilities (RHS). Let us now focus on the 
Bayesian updating on the RHS. We have assumed that signals are generated by a probability 
distribution belonging to the exponential family and that each parent has a conjugated prior. 
Therefore, to prove the RHS of equation (9), we can exploit results in Diaconis et al. (1979)
which proves that the posterior expectation of the mean (i.e., in terms of our model, p̂i I

1 (τ̃ i
0)) is a 

linear convex combination of the mean of the prior (i.e., p̂i I(τ̃ i
0)) and of the maximum likelihood 

estimate (i.e., the mean of signals s̄i
K,0).

The weighting λK,0 is proportional to, and decreasing in the sample size, K. In detail, as proven 
in Diaconis et al. (1979) (in Remarks at p. 276), λK,0 = k0

k0+K
, where k0 is a parameter of the 

conjugate prior and it might be thought of as a prior sample size. Therefore, results for K → ∞
trivially follows and limK→∞ λK,0 = 0. Moreover, for the law of large number limK→∞ s̄i

K,0 =
pi I(τ̃0), that is, the limit of the mean of signals is the mean of the probability distribution, induced 
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by the experimentation effort τ̃0, from which signals are generated. Thus, from equation (9) we 
get limK→∞ p̂i I

1 (τ̃0) = pi I(τ̃0) that is

q̂i
1 + α̂i

1τ̃
i
0(1 − q̂i

1) = q I + αi τ̃ i
0(1 − q I).

Moreover, if in (9) s̄i = pi I(τ̃ i
0) we get,

q̂i
1 + α̂i

1τ̃
i
0(1 − q̂i

1) =q I + αi τ̃ I
0(1 − q I) + λi

K,0

(
p̂i I

0 (τ̃ i
0) − pi I(τ̃ i

0)
)
,

q̂i
1(1 − α̂i

1τ̃
i
0) =q I + αi τ̃ i

0(1 − q I) − α̂i
1τ̃

i
0 + λi

K,0

(
p̂i I

0 (τ̃ i
0) − pi I(τ̃ i

0)
)
,

q̂i
1 =

q I + αi τ̃ i
0(1 − q I) − α̂i

1τ̃
i
0 + λi

K,0

(
p̂i I

0 (τ̃ i
0) − pi I(τ̃ i

0)
)

(1 − α̂i
1τ̃

i
0)

.

Let us subtract q I from both side and we get

bi
1 =

q I − q I(1 − α̂i
1τ̃

i
0) + αi τ̃ i

0(1 − q I) − α̂i
1τ̃

i
0 + λi

K,0

(
p̂i I

0 (τ̃ i
0) − pi I(τ̃ i

0)
)

(1 − α̂i
1τ̃

i
0)

=
q Iα̂i

1τ̃
i
0 + αi τ̃ i

0(1 − q I) − α̂i
1τ̃

i
0 + λi

K,0

(
p̂i I

0 (τ̃ i
0) − pi I(τ̃ i

0)
)

(1 − α̂i
1τ̃

i
0)

=
q I τ̃ i

0(α̂
i
1 − αi) + τ̃ i

0

(
α̂i

1 − αi
) + λi

K,0

(
p̂i I

0 (τ̃ i
0) − pi I(τ̃ i

0)
)

(1 − α̂i
1τ̃

i
0)

=
(αi − α̂I

1)τ̃
i
0(1 − q I) + λi

K,0

(
p̂i I

0 (τ̃ i
0) − pi I(τ̃ I

0)
)

(1 − α̂i
1τ̃

i
0)

.

Which with an infinite number of signals become

bi
1 =

(
αi − α̂i

1

)
τ̃ i

0(1 − q I)

(1 − α̂i
1τ̃

i
0)

.

From equation (9) we get

α̂i
1 = s̄i + λi

K,0(p̂
i I
0 (τ̃ i

0) − s̄i ) − q̂i
1

τ̃ i
0(1 − q̂i

1)
.

Since s̄i = pi I(τ̃ i
0), we can write

α̂i
1 = q I + αi τ̃ i

0(1 − q I) + λi
K,0(p̂

i I
0 (τ̃ i

0) − pi I(τ̃ i
0)) − q̂i

1

τ̃ i
0(1 − q̂i

1)
. (A.22)

Thus the socialization effort is

τ i =α̂i
1(1 − q̂i

1)�V i

= s̄i + λi
K,0(p̂

i I
0 (τ̃ i

0) − s̄i ) − q̂i
1

τ̃ i
�V i
0
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=τ i
bv − bi

1�V i

τ̃ i
0

+ λi
K,0(p̂

i I
0 (τ̃ i

0) − pi I(τ̃ i
0))�V i

τ̃ i
0

=τ i
bv +

[
λi

K,0

(
p̂i I

0 (τ̃ i
0) − pi I(τ̃ i

0)
)

− bi
1

]
�V i

τ̃ i
0

.

Moreover, the conjecture q̂i
1 should be compatible with the locus of point, therefore it means that, 

from equation (A.22) we have that

q I + αi τ̃ i
0(1 − q I) + λi

K,0(p̂
i I
0 (τ̃ i

0) − pi I(τ̃ i
0)) − q̂i

1

τ̃ i
0(1 − q̂i

1)
>0,

q I + αi τ̃ i
0(1 − q I) + λi

K,0(p̂
i I
0 (τ̃ i

0) − pi I(τ̃ i
0)) >q̂i

1,

q̂i
1 <λi

K,0p̂
i I
0 (τ̃ i

0) + (1 − λi
K,0)p

i I(τ̃ i
0). �

Proof of Proposition 6. Given a generic number of experimentation effort we know from equa-
tion (9) that the updating of conjectures after one experimentation effort should satisfy:

p̂i I
n (τ̃ i

n−1) = λi
K,n−1 · p̂i I

n−1(τ̃
i
n−1) + (1 − λi

K,n−1) · s̄i
n,

given that s̄i
n = pi I(τ̃ i

n−1) we can write

p̂i I
n (τ̃ i

n−1) = λi
K,n−1 · p̂i I

n−1(τ̃
i
n−1) + (1 − λi

K,n−1) · pi I(τ̃ i
n−1). (A.23)

If the process converges, at the steady state it holds that

p̂i I(τ̃ i ) =λi
K,n−1 · p̂i I(τ̃ i ) + (1 − λi

K,n−1) · pi I(τ̃ i )

⇒ p̂i I(τ̃ i ) =pi I(τ̃ i )

⇒ q̂i + α̂iτ i(1 − q̂i ) =q I + αiτ i(1 − q I)

⇒ q̂i + α̂i2(1 − q̂i )2�V I =q I + α̂i (1 − q̂i )�V IαI(1 − q I)

⇒ q̂i − q I︸ ︷︷ ︸
bi

=α̂i (1 − q̂i )�V I
[
αI(1 − q I) − α̂i (1 − q̂i )

]
.

The last equation proves equation (14). Solving it for α̂i we get the conjectures in equation (15)

α̂i = αI(1 − q I)�V I ± √
4(q I − q̂i )�V I + (αi(1 − q I)�V I)2

2(1 − q̂i )�V I
, (A.24)

then an α̂i ∈ R+ exists if and only if 4(q I − q̂i )�V I + (τ i
bv)

2 ≥ 0. The previous

inequality is satisfied if and only if q̂i − q I = bi ≤ b̄i = αi2(1−q I)2�V I

4 . Notice that√
4(q I − q̂i )�V I + (αi(1 − q I)�V I)2 =

√
4�V I

(
b̄i − bi

) =: ξ(bi). We can trivially derive 
equation (16).

To prove the convergence of (A.23) let us write it as

α̂i
n =λi

K,n−1 · p̂i I
n−1(τ̃

i
n−1) + (1 − λi

K,n−1) · pi I(τ̃ i
n−1) − q̂i

n

τ̃ i
n−1(1 − q̂i

n)

=λi
K,n−1 · (q̂i

n−1 + α̂i
n−1τ̃

i
n−1

(
1 − q̂i

n−1

)) + (1 − λi
K,n−1) · (qi + αi τ̃ i

n−1

(
1 − qi

)) − q̂i
n

τ̃ i (1 − q̂i )
n−1 n
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=
λi

K,n−1 ·
(
α̂i

n−1

(
1 − q̂i

n−1

)) + (1 − λi
K,n−1) ·

(
αi

(
1 − qi

))
(1 − q̂i

n)

− bi
n − λi

K,n−1b
i
n−1

α̂i
n−1(1 − q̂i

n−1)(1 − q̂i
n)�V I

.

Let us now study the first derivative

∂α̂i
n

∂α̂i
n

= λK

(
1 − q̂i

n−1

)
(1 − q̂i

n)
+ bi

n − λKbi
n−1

α̂i2
n−1(1 − q̂i

n−1)(1 − q̂i
n)�V I

. (A.25)

If λi
K,n−1 = 0, then (A.25) reads

∂α̂i
n

∂α̂i
n

= bi
n

α̂i2
n−1(1 − q̂i

n−1)(1 − q̂i
n)�V I

,

which is monotone and the sign depends on the sign of the bias. ∂α̂i
n

∂α̂i
n

< 1 if and only if

bi
n < α̂i2

n−1(1 − q̂i
n−1 − q̂i

n + q̂i
n−1q̂

i
n)�V I

q̂i
n(1 + α̂i2

n−1(1 − q̂i
n−1)�V I) < q I + α̂i2

n−1(1 − q̂i
n−1)�V I

q̂i
n <

q I + α̂i2
n−1(1 − q̂i

n−1)�V I

(1 + α̂i2
n−1(1 − q̂i

n−1)�V I)

q̂i
n − q I <

q I + α̂i2
n−1(1 − q̂i

n−1)�V I

(1 + α̂i2
n−1(1 − q̂i

n−1)�V I)
− q I

q̂i
n − q I <

q I + α̂i2
n−1(1 − q̂i

n−1)�V I

(1 + α̂i2
n−1(1 − q̂i

n−1)�V I)
− q I + q Iα̂i2

n−1(1 − q̂i
n−1)�V I)

(1 + α̂i2
n−1(1 − q̂i

n−1)�V I)

q̂i
n − q I <

(1 − q I)α̂i2
n−1(1 − q̂i

n−1)�V I

(1 + α̂i2
n−1(1 − q̂i

n−1)�V I)
= 1 − q I

q̂i
n < 1,

always true. Therefore, having infinite signals after each experimentation effort is a sufficient 
condition for having convergence. �
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