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Abstract

We present and analyze a theory of cooperative bargaining under asymmetric information, based on
the equity principles of the conditional random dictatorship—choosing with equal probability one of
the individuals to act as a dictator under the participation constraint of the other players. Our approach
leads to a unified bargaining solution that has as special cases the Shapley value in transferable utility
games and the Maschler-Owen consistent value in non-transferable utility games. This solution is
shown to be the smallest possible set satisfying two axioms: one of these axioms states what the
solution should be for the class of problems where conditional random dictatorship yields an efficient

outcome, and the other axiom relates the solutions of a problem to the solutions of its extensions.
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virtual utility.

1. Introduction

In this paper, we address the problem of allocating the proceeds or costs of a cooperative endeavor
among multiple participants with private information. Specifically, we consider situations in which,
at the time when allocation decisions must be made, some individuals have information about their
preferences and/or endowments (encoded in their fypes) that is not known by other individuals. In
order to develop general principles for performing this allocation, we need to determine how equitable
compromises are made, not just among the different individuals, but also among the distinct possible
types of any one individual. To address this normative aspect of information, we adopt a procedural
justice approach: individuals themselves select the social decision through a procedure that is fair in
the sense that it gives each of them an equal chance to control the decision. A prominent example of
such procedures is the conditional random dictatorship—every player gets the same chance at being
allowed to demand any allocation he wants, provided that all individuals agree on the proposed di-

vision (hence the name conditional). A key insight from Myerson (1983, 1984a) is that conditional
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dictatorship defines an endogenous inter-type compromise, insofar as the dictator needs to strike a
balance between the goals of his actual type and the goals of the other possible types that the other in-
dividuals think he might be. Our contention is that conditional random dictatorship constitutes a good

guiding principle to define a bargaining solution for general Bayesian collective-decision problems.

Consider the following simple allocation problem that will serve to draw a parallel between the com-
plete information case and the new issues raised by the asymmetric information. Player 1 is the seller
of some object and player 2 is the only potential buyer. The object is worth $0 to the seller and $10 to
the buyer. Payoffs to each player are defined to be his/her monetary gains from trade (i.e., the seller
gets p and the buyer obtains $10 — p, whenever they trade at the price p). Thus, both individuals are
risk-neutral in money. A trading plan specifies the probability that the object will be traded and (if so)
at what price. The set of payoffs generated by all possible trading plans in this example is illustrated

in Figure 1.1 (shaded area).
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Figure 1.1: Feasible payoffs in the bilateral trading problem

An approach with a long tradition in economics would proceed by selecting an allocation that balances
the marginal contributions of the various individuals. According to this egalitarian principle, trading
(with probability 1) at the price $5 is equitable in the sense that each player gains from trade as much
as s/he is contributing to the other player. Conditional random dictatorship offers another alternative to
the previous distributive approach. If the seller were a dictator, subject to the constraint that the buyer
gets at least what he would obtain in the absence of trade, then she could make a take-it-or-leave-it
offer to sell the good at the price $10. After all, the buyer would be indifferent between paying $10
and not buying the object. On the other hand, if the buyer were given the power of dictatorship, then
he could make a first-and-final offer to buy the object for a price of $0. When both players have equal
bargaining ability, randomizing between the dictatorial outcomes with equal probabilities would be
fair in the sense that both individuals are given equal chance to control the final outcome.! Because
individuals are risk neutral, the expected outcome of this procedure is equivalent to setting a price

equal to $5, as in the initial distributive approach. However, this equivalence between the egalitarian

"Here bargaining ability means the ability to argue articulately and persuasively in the negotiation process. A related
notion is that of bargaining power, which denotes the ability to help or hurt other players at will, and to defend against
the threats of others.



principle and the conditional random dictatorship (in quasi-linear environments) does not survive the

introduction of asymmetric information.

Let us now consider the conditional random dictatorship in the context of a Bayesian problem. For
that, suppose now that the seller has private information related to the quality of the object, so that
the value to the buyer is a function of the seller’s valuation. Formally, if the quality of the good is
high, then the object is worth $5 to the seller, but if the quality is low instead, the object is worth only
$0 to her. On the other hand, if the value of the object for the seller is v, then it will be ultimately
worth v + $5 to the buyer. Only the seller knows the quality of the object, but the buyer thinks that the
good is likely to be of high quality with a probability of 2/5. A trading plan must now be contingent
on the quality of the good. However, the seller is free to make any statement about the quality, and
there is no way to verify whether those claims are true or false. Thus, a trading plan must satisfy
some incentive constraints giving the seller an incentive to participate honestly in the trading plan. In
this Bayesian problem it is not obvious what plan would the seller demand if she were a (conditional)
dictator. Consider the plans that correspond to a take-it-or-leave-it offer to sell the object at a price
p (regardless of the quality). Any such plan is incentive compatible as it does not depend on the
quality of the object. Moreover, the gains from trade to each type of the seller are increasing in p,
and the expected gains to the buyer are non-negative if and only if p < $7. Therefore, if the seller
were to implement a take-it-or-leave-it offer (as in the complete information case), her best choice
would be to set a price equal to $7.> However, there exists another plan that the seller would prefer
if the quality were high: The buyer pays his full value ¥ + $5 depending on the seller’s announced
quality, v € {$0, $5}, but to keep the seller truthful, trade only occurs with probability 1/2 if the seller
claims that the quality is high.> Thus, as an unavoidable cost of incentive compatibility, there must
be a positive probability that no trade will occur in this plan. One theory that cannot be valid is to
suggest that the seller would demand the buyer’s full value if the quality were high and would make
a take-it-or-leave-it offer to sell at $7 if the quality were low. In this case, the selection of the trading
plan itself will reveal the actual quality. Thus, the buyer would refuse to buy the object for $7 if he
believed that the seller would make this demand only when the quality is low, because the expected

value of the object to him would only be $5.

To resolve this dilemma, the seller would have to demand a trading plan that appears to be a fair
inscrutable compromise between her actual preferences and what she would have preferred if her
type had been different. In this example, there are compelling reasons to think that the conflict of
interest between both seller’s types should be resolved in favor of the high-quality type. In other
words, both types should insist on asking for the buyer’s full value. To see why, notice that this

trading plan remains acceptable for the buyer no matter what he might infer about the seller’s type

2Observe that the gains to the seller from a take-it-or-leave-it offer to sell at $7 are $2 = $7 — $5 for the high-quality
type, and $7 = $7 — $0 for the low-quality type.

3Under this trading plan the seller obtains expected gains equal to $5/2 = 1/2x ($10—$5) in case she is a high-quality
type, and $5 = $5 — $0 in case she is a low-quality type.



from her choice (i.e., it is ex-post individually rational). Therefore, the seller can be confident that
the buyer will accept the plan and trade accordingly regardless of his beliefs. We say then that such
a plan is safe for the seller. On the other hand, this trading plan is not Pareto inferior for the seller
to any other incentive-compatible plan. We say then that this trading plan is undominated for the
seller. Myerson (1983) refers to a safe and undominated trading plan as a strong solution. Myerson
(1983) argues that the seller should demand her strong solution, even though she might actually prefer
some other incentive-compatible plan (given her true type): If the seller tried to demand the take-it-
or-leave-it offer to sell at $7, and if the buyer inferred from this demand that the seller’s type is the
one that strictly benefits from this “deviation” (i.e., the low-quality type), then such an alternative
plan cannot be acceptable for the buyer given this new information. Thus, the seller cannot do better
than to demand her strong solution. Unfortunately, a significant obstacle obstructs the use of strong
solutions as a building block for extending the conditional random dictatorship procedure to general
allocation problems with incomplete information. Specifically, a strong solution does not always
exist in every allocation problem (see example 10.2 in Myerson, 1991b). However, whenever a strong
solution exists, it is essentially unique, in the sense that even if there were many strong solution, they
are all utility equivalent for the dictator. Before addressing the non-existence of strong solutions, we
must first acknowledge a notable drawback with the conditional random dictatorship procedure. By

resolving this issue, we will also offer a solution to the non-existence problem.

An “acceptable” allocation cannot always be obtained through the conditional random dictatorship
procedure. This is due to the possibility that the expected outcome of the randomization may not
be efficient. In such instances, we say that the game has non-transferable utility (NTU), that is, the
players may not be able to make side payments to each other in such a way that the total utility gains
are equal to the total utility losses. To illustrate this issue, let us return to our allocation problem with
complete information. This time, we assume that the seller must pay a tax of 60% on the portion of her
income that exceeds $5. In other words, the seller loses $0.6 for each additional unit of currency over
$5 that the buyer transfers to her. Thus, this modified allocation problem exhibits non-transferable

utility. This restriction on the feasible utility set is equivalent to assuming that any trading plan with
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object if the price is $5 < p < $10, even though the object is actually worth more to the buyer. The

a price p > $5 has a probability of being obstructed. Therefore, the seller may fail to sell the
set of feasible utility allocations looks like in the panel A of Figure 1.2. Now the conditional random
dictatorship yields the expected allocation #, which is Pareto dominated. In this modified problem,

however, the allocation u* = (5, 5) is still a natural candidate for an equitable and efficient solution.

Similar to how the tax constrained the utility-possibility set, in the presence of asymmetric infor-
mation, incentive constraints restrict what is feasible in such a way that the game may exhibit non-
transferable utility even when the corresponding ex-post games have transferable utility (TU). For
example, as illustrated in our previous allocation problem with incomplete information, when the
quality of the object is indeed high, the seller may needed to accept a positive probability of no trade.
This is needed to prove that she is not lying when she claims that the quality is high. Consequently,
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Figure 1.2: Feasible payoffs when utility is non-transferable

incentive constraints limit the likelihood of trade, resembling the obstruction effect observed with the
tax. Hence, due to incentive compatibility, we cannot prevent the conditional random dictatorship
procedure from producing Pareto-dominated allocations in Bayesian collective-decision problems,

even if players have all quasi-linear utilities.

The question then arises as to how to reformulate the fairness principles of the conditional random
dictatorship procedure to guarantee an efficient outcome. We resolve this dilemma by adopting the
independence of irrelevant alternatives (IIA) axiom introduced by Nash (1950). This axiom states
that the solution of the game should not change as the set of feasible outcomes is reduced, so long as
the disagreement point remains unchanged, and the solution point originally selected remains feasible
in the reduced game. Consider extending the NTU allocation problem in Panel A of Figure 1.2 by
introducing additional decision options that expand the set of feasible utilities to include points as
illustrated in the panel B of Figure 1.2. This extended problem is utility equivalent to the TU prob-
lem in Figure 1.1. Therefore, the application of conditional random dictatorship yields the expected
allocation u*, which is feasible in the original NTU problem. Thus, according to the IIA, #* must also
be regarded as the solution to the NTU problem. The additional decisions in the expanded problem
may be considered as “irrelevant” in the sense that they are not actually required to achieve the final
outcome. These decision are only important to the extent that they help to find out what an equitable
allocation should look like in the NTU problem.

There is a substantial problem when we try to replicate the above reasoning under asymmetric in-
formation: adding new collective decisions may change the incentives structure of the game, which
often modifies the efficient frontier in a way that makes the application of the IIA impossible. In-
deed, we cannot arbitrarily extend the original game by introducing additional collective decisions
(or equivalently ex-post utility vectors), while leaving the original utility allocation efficient in the
expanded problem. The reason is that new decisions may be used to facilitate the fulfillment of in-
centive constraints (see Salamanca, 2020, Sec. 7.2 for an illustration of this phenomenon). Aware
of this conceptual difficulty, Myerson (1983, 1984a,b) developed the virtual utility approach that, for
each efficient allocation, identifies additional collective decisions that effectively linearize the set of

feasible utilities (as if utility were transferable), while leaving the original allocation efficient in the



enlarged problem (as required by the IIA). This extension has an important added feature—it can be
constructed in a way that ensures every player has a strong solution (see Lemma 1). The virtual uti-
lity approach thus provides us with the necessary elements to address the non-existence of the strong

solutions as well as the extendability of the IIA to environments with incomplete information.

The virtual utility approach tells us how to linearize the set of feasible utilities without removing
a given efficient allocation, but it does not guarantee that the randomization between the dictatorial
outcomes yields the candidate efficient allocation. Thus, the virtual utility approach is not sufficient to
identify a solution for a given Bayesian collective-decision problem. To illustrate this issue, consider
expanding the feasible utility set in panel A of Figure 1.2 as shown in Figure 1.3. This extension
preserves the efficient allocation u*. However, applying the conditional random dictatorship to the
expanded problem now yields the allocation iz, which not only does not coincide with u*, but is also
infeasible in the original problem. Hence, IIA cannot justify u* as a solution to the original problem

under this alternative extension.
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Figure 1.3: Infeasibility of conditional random dictatorship

A bargaining solution as defined here then solves a fixed-point problem: An allocation u* is a neutral
procedural solution iff u* is efficient and there exists an extension of the original problem in which
the conditional random dictatorship yields an expected outcome equal to u*. For technical reasons,
to guarantee the existence of a solution of this fixed-point problem, we slightly enlarge the above

solution set to include allocations that emerge from some topological closure (see Theorem 1).

The neutral procedural solution is influenced by the outside options of the various players insofar as
any random dictator must satisfy the participation constraints of all other individuals. In the examples
above, we have assumed that the seller cannot trade the object with anyone else and that the buyer
cannot purchase the object from another competing seller. Therefore, the outside option for both
players corresponds to the no-trade decision. However, one may imagine other situations where, for
instance, the buyer may acquire the object from a second seller. In this case, the buyer’s outside
option is determined by a preliminary agreement that he might reach with this second seller. Such
a pre-agreement is the outcome of a Bayesian collective-choice problem similar to the one that the
buyer faces with the first seller. Therefore, it would be natural to determine such a pre-agreement by

applying the neutral procedural solution to this bilateral trading problem. More generally, we adopt



the view that the final allocation in the grand coalition N will be influenced by partial cooperation
in subcoalitions. For that, we assume that every smaller coalition S pre-commits to a threat that
would actually be carried out if § were to form. Let S be a coalition with at least two members.
Suppose that, for every i € S, we have already identified u5\ to be the threat from coalition S \ i.
Then, the threat from S is the neutral procedural solution of the subgame restricted to the members
of §, where a randomly chosen dictator i € S must satisfy the participation constraints of the other
players in S, who have the outside option to form coalition S \ i, in which case they obtain u5\".
The neutral procedural solution for the grand coalition is then constructed inductively in the size of
coalitions. This “recursive” application of the neutral procedural solution is somewhat similar to
the idea of subgame perfection in extensive form games, where the same equilibrium conditions are
applied in each subgame. Hart and Mas-Colell (1996, p. 366) refers to this property as ‘““subcoalition

perfectness”.

The neutral procedural solution can be related to other cooperative solutions in the literature. When
restricted to games with complete information, our solution concept coincides with the Shapley value
in TU games. This can be easily seen from the fact that the Shapley value of a player is the average of
his marginal contribution to the grand coalition and his Shapley values in the subgames with |[N| — 1
players (see Hart, 2004, p. 39). In the case of NTU games, the neutral procedural solution generalizes
the consistent NTU value introduced by Maschler and Owen (1989, 1992) (see Theorem 4). This
should not be surprising, if we take into account that the consistent NTU value can be derived from
a set of axioms that includes the IIA and the recursive conditional random dictatorship applied to the
class of hyperplane games—games where the feasible utility set of each coalition is a half-space (see
de Clippel et al., 2004).* More generally, in the family of games with incomplete information, our
solution concept coincides with Myerson’s (1984a) generalization of the Nash bargaining solution.
This cooperative solution concept forms the smallest set of allocations satisfying two axioms. One
of this axioms prescribes the use of the conditional random dictatorship for a class of bargaining
problems in which there is a clear allocation that each player should demand, if he could act as
a dictator. The other axiom defines a relationship between the solutions of one problem and the
solutions of its extensions (as in the IIA axiom). Using appropriate generalizations of the previous
two axioms we are able to provide an axiomatic characterization of the neutral procedural solution

(see Theorem 6).

Alternative cooperative solutions for games with incomplete information have already been proposed
in the literature. The first one is Myerson’s (1984b) generalization of Shapley’s (1969) NTU value
(or M-solution for short).> In recent contributions, de Clippel (2005) and Salamanca (2020) have

constructed two eloquent examples were the M-solution is shown to be insensitive to some informa-

“In the class of hyperplane games, the conditional random dictatorship always produces an expected outcome that is
efficient. Moreover, a payoff configuration is the consistent NTU value of a hyperplane game iff it is the outcome of the
recursive conditional random dictatorship.

>The Shapley NTU value is sometimes referred in the literature as the A-transfer value.



tional externalities (see Sections 2 and 6). Building on other fairness criteria, these authors proposed
alternative compelling outcomes for those games. De Clippel (2005) considers the perfect Bayesian
equilibria (PBE) of an extensive form game inspired in the random order arrival that characterizes the
consistent NTU value. Not surprisingly, the neutral procedural solution yields the same outcome as
the unique PBE of this game. Thus, our cooperative solution prescribes an intuitively appealing out-
come in de Clippel’s example. On the other hand, Salamanca (2020) introduced a general cooperative
solution (abbreviated as S-solution) that extends Harsanyi’s (1963) NTU value to games with incom-
plete information. When applied to both examples, the S-solution solves the purported “difficulties”
with the M-solution, but it also raises new issues in de Clippel’s example. In contrast, the neutral

procedural solution is subject to the same criticisms as the M-solution in Salamanca’s example.

The rest of the paper is organized as follows. In Section 2, we use de Clippel’s example to motivate
our approach. The basic structure of a Bayesian cooperative game is presented in Section 3. Section
4 is devoted to a preliminary study of the strong solutions. In Section 5, we systematically approach
the problem of developing a theory for allocating the benefits of cooperation in Bayesian cooperative
games. The main results of this paper are also presented in this section. Section 6 concludes the paper
with an analysis of the neutral procedural solution in Salamanca’s example. In doing so, we illustrate
an important property of the neutral procedural solutions called the arrogance of strength. Most of
the technical proofs are deferred to the appendices. Appendix A contains the proof of existence
of the neutral procedural solutions. Appendix B presents the proofs of various important lemmas

supporting our main results.

2. Motivating Example: Bilateral Trade with a Broker

The following example was originally proposed by de Clippel (2005). The basic description of the
game starts with a bilateral trading problem: Player 2 is the seller of a single indivisible commodity
that has no value for himself. Player 1 is the only potential buyer. The good may be worth either
$30, with probability 1/5, or $90, with probability 4/5 to the buyer. Only the buyer knows her own
valuation of the good. We may say that the buyer’s type is weak if the good is worth $90 to her,
since she may then be relatively more compelled to pay any higher price. Conversely, we refer to
the buyer’s type as strong if the good is worth $30 to her. Payoffs to each player are defined to be
his/her net monetary gains from trade, thus both individuals are risk neutral. Gains from no-trade are

normalized to zero.

Individuals are trying to agree whether to trade and, if so, at what price. A trading plan (or mecha-
nism) specifies the probability of trade and the price (if trade occurs), for each possible value that the
buyer might have for the commodity. Because the buyer’s valuation is not verifiable, we may antici-
pate that the buyer may try to convince the seller that she is strong, even when she is actually weak,
to force the seller to accept a lower price. Therefore, for the players to trade according to a given
trading plan, that plan must be incentive compatible—it must provide the incentives for the buyer to

be truthful about her type.



Figure 2.1 depicts the set of incentive-efficient (i.e. second-best) allocations of expected gains for

which every (type of each) individual obtains at least his or her reservation utility from no-trade.
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Figure 2.1: Incentive-efficient payoff allocations without brokerage

Suppose that the buyer is given the authority to demand any trading plan conditional on the partic-
ipation of the seller. Then there is a clear inscrutable compromise for both buyer’s types, namely,
insisting on the plan that achieves the allocation (U}, U7, Uz) = (90,30,0). Such a plan is equiv-
alent to a take-it-or-leave-it price of $0, and it is the buyer’s strong solution. Hence, it gives the
whole surplus from trade to the buyer. On the other hand, if the seller is given all the bargaining
ability, he cannot do better than demanding the plan in Table 2.1,° which implements the allocation
Uy, U, U) = (0,0,72).

Buyer’s value
$30 $90
0,-)  (1,%90)

Table 2.1: Seller’s optimal plan for the bilateral problem

According to the plan 2.1, trade occurs only when the buyer claims to be weak and, in that case,
the buyer pays her maximum reservation price. Although there exists a price range that would be
acceptable to both parties when the buyer is strong (between $0 and $30), the seller needs to accept
not to trade with the strong type to mitigate the incentive of the weak type to pretend to be strong.
Incentive compatibility then limits the ability of the seller to extract the whole gains from trade when
he is a “dictator”. Indeed, the trading plan that gives the entire surplus to the seller in both states (i.e.
give the good in exchange of $30 or $90 depending on the actual value that the buyer attributes to the

good) is not incentive compatible.

Consider now a conditional random dictatorship in which each player gets a 50 per cent chance at

being allowed to demand any incentive-compatible plan, constrained only by the requirement of giv-

®In Table 2.1, for each possible buyer’s valuation, the probability of trade is shown first and the price of the good (if
trade occurs) is shown second. The en-dash indicates that the price-if-trade cannot be defined when the probability of
trade is zero.



ing the other player at least what he or she would get if cooperation breaks down (i.e., in the absence
of trade). Such a random dictatorship yields the expected allocation in (2.1), which is generated by a
% —% randomization between the two dictatorial outcomes. From a procedural perspective, conditional
random dictatorship is equitable (since each player gets equal chance to control the decision), thus

the allocation (2.1) should be considered a fair outcome.
(UY, U3, Us) = 1 x(90,30,0) + 1 % (0,0,72) = (45, 15, 36). (2.1)

The allocation (2.1) is also incentive efficient (as evidenced in Figure 2.1), thus it can be regarded as

a bargaining solution of the bilateral problem.

A third player, called the broker, can facilitate the transaction between the buyer and seller by releas-
ing them from the incentive constraints they face. Specifically, the broker charges a commission for
verifying the buyer’s type, so that when a trading plan is carried out with the broker’s help (i.e., in the
grand coalition), the buyer and seller can proceed to trade as if there were no incentive constraints.
Of course, when cooperation in the grand coalition breaks down into a coalition that does not contain
both the buyer and the seller, its members cannot produce any surplus. A brokerage plan (or trading
plan assisted by a broker) specifies, for each possible buyer’s type, the probability of trade, the price
(if trade occurs), the brokerage fee, and how the fee is distributed between the buyer and seller. To
show the positive effect that the broker’s assistance brings to the main parties, Figure 2.2 compares
the set of incentive-efficient allocations of expected gains without brokerage (thin light gray contour)
and with brokerage when the broker is rewarded $0 (thick dark gray contour). We observe that,
with the help of the broker, the seller may now achieve the allocation (UY, U}, U,, U3) = (0,0, 78,0)

corresponding to the situation in which the whole surplus of trade is given to him.

(0,0,72)

(60,0,30)

(90,30,0)

Figure 2.2: Incentive-efficient allocations with (dark gray) and without (light gray) brokerage

Before proceeding to calculate our bargaining solution under brokerage, it is instructive to first look
at some other outcomes generated by alternative cooperative solutions. Let us consider first the M-

solution. The unique payoff allocation that can be supported by some M-solution of the game with

10



brokerage (see de Clippel, 2005) is
(UY, Uy, U, Us) = (45,15,39,0). (2.2)

This allocation considers the broker as a null player. Thus, the M-solution is insensitive to the broker’s
positive informational externality. Even though the broker does not create any additional surplus, it
would be fair to give him a positive reward, as the buyer and seller have to rely on him in order to

weaken the incentive constraints they face when they cooperate in coalition {1, 2}.
Consider now the S-solution. The unique payoff allocation that can be supported by some S-solution
of this game (see Salamanca, 2020) is

(U}, Uj, U, Us) = (45,13,38.6,0.8). (2.3)

This allocation can be achieved by the following brokerage plan in Table 2.2.7

Buyer’s value
$30 $90
(1,$15,%4,%$2) (1,$45,%0,-)

Table 2.2: S-solution with brokerage

Because only the buyer’s weak type has incentives to impersonate the strong type, but not the opposite,
the broker’s service is only worthwhile when the buyer claims to be strong. Thus, the S-solution
rewards the broker only when the buyer’s value is $30. Unlike the M-solution, the S-solution deems
that, by releasing the traders from their incentive constraints, the broker brings a benefit to both of
them. Thus, the burden of the commission is born by both traders—the brokerage plan in 2.2 splits
the commission equally between the seller and the buyer. Although this outcome better reflects the
situation, one can still argue against it. After all, only the seller needs the broker’s help to extract all

the surplus from the trade, and therefore the entire commission should be paid by the seller.

Let us now return to our procedural solution. In order to determine the fairness of a potential agree-
ment, we need to assess the benefits that the broker brings to every trader. To do this, we need to
determine what is thought to happen to the buyer and seller in the absence of brokerage. We adopt the
view that when cooperation with the broker breaks down, the buyer and the seller form a coalition and
agree on their bargaining solution in (2.1). The value of brokerage can then be assessed by applying
the conditional random dictatorship to the grand coalition: each player gets 1/3 of chance at being al-
lowed to demand an incentive-compatible plan under the participation constraint of the other players,
who have the outside option to form a two-person coalition and obtain the value of their bargaining

solution.

"In Tables 2.2 and 2.3, for each buyer’s value, the probability of trade is shown first, secondly the price (if trade
occurs), thirdly the broker’s commission, and lastly the commission incidence on the seller. The en-dash indicates that
the incidence is not defined when the commission is zero.
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Suppose the buyer is given the power of dictatorship. Since the seller and the broker cannot produce
any surplus themselves, the buyer only needs to guarantee a non-negative payoff to the other players.
It is clear from Figure 2.2 (thick dark gray contour) that the best inscrutable compromise for both
buyer’s types is to insist on the allocation (U}, U}, U,, U3) = (90, 30,0, 0). Similarly, when the seller
is chosen to be a dictator, the best he can do is to demand the allocation (U}, Uy, U,, Us) = (0,0, 78, 0).
Assume now that the broker is given the power of dictatorship. Any incentive-compatible brokerage
plan that satisfies the equation

U + iU+ Uy + Us =78 (2.4)

must be incentive efficient (for the grand coalition). This equation asserts how the expected surplus
($78 = % x$90+ % % $30) can be efficiently distributed among the players. Because the broker needs to
give the buyer and the seller at least what they would get with the allocation (2.1), the largest amount
of expected surplus that the broker can extract is Uz = $78 — (g x $45 + % x $15 + $36) = $3.

Applying the conditional random dictatorship procedure to the grand coalition, we obtain the equita-

ble allocation
(UY,U],Uy, Us) = %(90, 30,0,0) + %(0, 0,78,0) + %(45, 15,36,3) = (45,15,38,1) (2.5

This allocation can be achieved by the brokerage plan in Table 2.3.

Buyer’s value
$30 $90
(1,$15,9$5,85) (1,$45,%0,-)

Table 2.3: Bargaining solution with brokerage

Clearly, the allocation (2.5) satisfies equation (2.4), thus it is incentive efficient and the trading plan in
Table 2.3 can be regarded as a bargaining solution. Just like the S-solution, our procedural bargaining
solution rewards the broker when his services are most valuable, that is, when the buyer’s type is
actually strong but the seller cannot believe in any such claim. Here, however, the burden of the
commission rests solely on the seller. Thus, the neutral procedural solution seems to reflect the

structure of the game better than the other cooperative solutions.

3. Model

3.1. Bayesian Cooperative Game

The model of a cooperative game with incomplete information is as follows. Let N = {1,2,...,n}
denote the set of players. For each (non-empty) coalition S C N, Dy denotes the set of feasible
collective decisions for the members of S. For instance, Ds may represent the set of reallocations of
individual endowments of goods between the members of S in an exchange economy. It may also

constitute a set of possible trade deals as in the examples of the previous section. We assume that the

12



sets of collective decisions are finite and superadditive, that is, for any two disjoint coalitions® S and
R,
DR X DS - DRUS .

A player’s private information is represented by a random privately known type. For any playeri € N,
we let T; denote the (finite) set of possible types of player i. We use the notation’ t5 = (t;)ics € Ts =
[liesTitoi=tami €T-; =Ty, and t_g = ty\g € T_g = Tx\s. Types are assumed to be independently
distributed random variables, so that for each i € N, there exists a probability distribution p; € A(T;).!°

Then we may write

plts) = ]_[ pit), YS CN, Vi5eTs.
icS
This assumption simplifies the algebraic expression of various formulas, although our theory may be
developed without it (cf. equation (3.6) and Myerson, 1984b, eq. (3.6)). In addition, our theory sat-
isfies the invariance probability axiom in Myerson (1984a); thus, for any game with correlated types,
prior probabilities and utilities can be jointly modified in a way that the new game has independent
types and both games impute probability and utility functions that are decision-theoretically equiva-
lent (see Myerson, 1984a, p. 466). Without loss of generality, the probability of any type is assumed
to be strictly positive, that is, p;(¢;) > O for each t; € T; and each i € N. Otherwise, we may simply
dispose of all types that occur with zero probability. Each player knows his own type #; € T; and
_ pn) _

computes his beliefs using the Bayes rule: p(z_; | t;) := oke Pt i)

The utility function of player i € N is u; : Dy X Ty — R. We rule out strategic externalities across

coalitions. Therefore, we assume that coalitions are orthogonal w.r.t. decisions. Formally,

u((ds, dys), ty) = ui((ds, dy\g)» tn)s

for all dg € Dy, dy\s, d]/V\S

EDN\S,ING Ty,ieS,and S C N.

Orthogonality w.r.t. decisions is a standard hypothesis in cooperative game theory. It states that when
a coalition S C N chooses an action which is feasible for it, the payoffs to the members of S do not
depend on the actions of the players in N \ §. This hypothesis is satisfied, for instance, in exchange

economies. Also, the example in Section 2 satisfies this orthogonality requirement.

Under the orthogonality assumption, we can let u; (ds, ts) denote the expected utility to player i € S

when dg € Dy is carried out in coalition § in state tg € Tg. That is,

u$(ds,15) = ) pts)ul(ds,dws), (15, 1-5)),

t_s€T_g

for some dN\S € Dy\s (recall that Dg X Dy C Dy).

8For any two sets A and B, A C B denotes weak inclusion (i.e., possibly A = B), and A C B denotes strict inclusion.
For simplicity we write S \ i, § U i, and D; instead of the more cumbersome S \ {i}, S U {i}, and Dy;y.
1OFor any (finite) set A, A(A) denotes the set of probability distributions over A.
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A cooperative game with incomplete information is defined by

Iy =N, (Ds)scn, (Ti, ti, piien}-
For any coalition § C N, we denote ['s the game obtained by restricting I'y to the subcoalitions of §.
The orthogonality assumption guarantees that I'y is a well defined game.

Players can use any communication mechanism to implement a state-contingent contract. Because
information is not verifiable, the only feasible contracts are those which are induced by Bayesian Nash
equilibria of the corresponding communication game. By the Revelation Principle (see Myerson,
1982), we can restrict attention to (Bayesian) incentive-compatible direct mechanisms. Formally, a
(direct) mechanism for coalition S is a mapping us : Ts — A(Ds). The interpretation is that if
S forms, it makes a decision randomly as a function of its members’ information. Let the set of

mechanisms for S be denoted M.

The (interim) expected utility of player i € S of type #; under the mechanism ug when he pretends to
be of type 7; (while all other players in S are truthful) is

Us(us, i 11) = ) plisv) | s(ds | T 50 (ds, 15). 3.1

ts\i€Ts\; ds €Dy

As is standard, we denote U? (us | ;) == U (us, 1; | ;).

A mechanism us € My is incentive compatible for coalition S if and only if
U (s 11) 2 U (us, 7 | 1), Vi, €T, Vies. (3.2)

We denote as M the set of incentive-compatible mechanisms for coalition .

A mechanism us € My is (interim) individually rational for coalition S if and only if
U; (us | 1) = max ud, 1), V4 eT, Vies. (3.3)

3.2. Incentive Efficiency and the Virtual Utility

Let S C N be a coalition. A mechanism us € My is (interim) incentive efficient for S iff ug is
incentive compatible for S and there does not exist any other incentive-compatible mechanism jig
such that

Us(ias | ;) = U? (us | 1), Vt;e T, Vies, (3.4)

with strict inequality for at least one type #; of some playeri € S.

To simplify our notation, we define

AS = {/15 € HRT"’ZZA?(Q) =1, X1) 20, Vies, Vr, T,}

ieS i€S t€T;
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and denote its (relative) interior by A%, . Given any vector 25 € A,, we define the primal problem for

S w.r.t. 25 to be the linear programming problem

max > > AU (s | 1) (3.5)

eM;
HSEMs €S el

That is, the primal problem is to find an incentive-compatible mechanism that maximizes the A5-
weighted sum of the expected utilities of all types of players in S. When we vary A5 as a free
parameter over A3, the optimal solutions to the primal problem (3.5) cover the entire set of incentive-

++2

efficient mechanisms for S'.

Associated to any linear-programming problem there is a (Lagrangian) “dual problem” where each
constraint in the primal problem becomes a variable in the dual problem. To formulate the dual
problem of (3.5), we let ozf (t; | ;) = 0 denote the dual variable (or Lagrange multiplier) for the

constraint that the type ¢; of player i should not gain by reporting 7;. We let

AS = {aS € ]_[RI"”" |} (11 1) =0, Y1, € Ty, Vi € S}-
i€S
Given any vectors 25 € AS and @® € A%, we define

1

s S SN .
vi(ds, ts, A @} ) == ——
5 pi(t)

(ﬂf ORI a-)] uf (ds, 15)

Ti€T;

- Z a}g (| Ti)”}g (ds, (7i, fs\i))] (3.6)

7T
The quantity v; (ds, t;, A7, @} ) is called the virtual utility of player i € S from decision ds € Dg, when
he is type #; € T; (w.r.t. the utility weights A7 and the dual variables a7 ).
With this definition, the dual problem for S w.r.t. A5 (i.e., the dual to (3.5)) may be written as
. s s S
min } plss)| max > v (ds. 15,4} ) (3.7)

S cAS
a® €A
tsels

The virtual utilities are linear in the dual variables o, so this dual problem is a linear-programming
problem. Strong duality of linear programming implies that the optimal value of the optimization
problems (3.5) and (3.7) is the same.

S S S . . . oqe .
Let v (us, s, A7, @; ) denote the linear extension of the virtual utility over ug:

Vi (us, ts, A3, ad) = Z us(ds | ts)vi (ds, ts, A3, a).

d_g €Dy
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Proposition 1 (Incentive Efficiency).
A mechanism ug € My is incentive efficient for S C N iff it is incentive compatible for S and there

exist vectors 1° € AS, and a® € A%, such that

@ (7; | ti)[U,S(/JS | 1) = U} (us, 7 | l‘i)] =0, VieS, V€T, V1, €T, (3.8a)
D v (s, 15,47, 0f) = max > vids,15,47,af), Vis € Ts. (3.8b)
ies ds€Ds 4=

Equation (3.8a) is the usual dual complementary slackness condition. The appropriate vector @ in

Proposition 1 is any vector that solves the dual problem (3.7).

4. Strong solutions

This section is devoted to a preliminary study of the strong solutions introduced by Myerson (1983).
This solution concept constitutes the basic building block of our recursive conditional random dic-
tatorship procedure. It will allow us to predict which mechanisms an individual with conditional

dictatorship power should select.

Let S € N be a coalition (with [S| > 2) and 7 be a fixed player in §. Assume that player i is chosen to
be a dictator in S, that is, he is given all the bargaining ability to determine a coordination mechanism
for the members of S. However, he has to deal with the threats from the players in § \ i, each one
of them having veto power to refuse i’s proposition in order to enforce the status quo option, which
is assumed to be a given mechanism yug\; € My\; implemented in coalition S \ i. The mechanism
Hs\; determines the outside option available to the players in S \ i. Throughout this section we will
assume that the mechanism g ; is incentive efficient for coalition S \ i. We denote this mechanism

selection problem by It (us\ ;).

Definition 1 (Feasibility).
A mechanism us € My is feasible in T, (us\ ;) if it is incentive compatible for S, and it satisfies the

following participation constraints:
US(us | 1) 2 UD (usvi | 1), VjeS\i, VieT; (4.1)

The problem I (15 ;) is an informed-principal problem as described and studied by Myerson (1983).
Because player i already knows his type at the time when he selects the mechanism, the choice of
the mechanism itself may convey information about his type to the other players in S. With this new
information, the players in S \ i may find new opportunities to gain by dishonesty or rejection of the
proposed mechanism. So, the selected mechanism might not be feasible in practice, even though it
satisfies (3.2) and (4.1). For inscrutability, all types of player i must choose the same mechanism.
Fortunately, player i may never need to communicate any information to the other players in S by his

choice of the mechanism, because he can always build such communication into the mechanism itself
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(in that ug(- | ts) depends on ;). Myerson (1983) refers to this claim as the inscrutability principle.'!
However, because i’s true type might actually prefer a different feasible mechanism, then the predicted
mechanism must be a fair compromise between the alternative goals of all i’s possible types. Myerson
(1983) develops a formal theory of what such a “fair compromise” should be. In the following we

summarize and adapt the main aspects of Myerson’s theory in the context of the problem I'; (us\ ;).

4.1. Undominated Mechanisms
We say that a mechanism us € My is dominated in Fg (us ;) if and only if there is another mechanism
s € Mg for which

Ul(is | 1) 2 U (us | 1), Vi €T, (4.2)

with strict inequality for at least one type #; € T;. If all inequalities in (4.2) are satisfied as strict
inequalities, then fig is said to be strictly dominated. Player i should never be expected to select a

mechanism that is strictly dominated for him (see Myerson, 1983, p. 1775).

Definition 2 (Undominated mechanisms).
A mechanism us € Mg is undominated in T'g(us\ ;) if it is feasible in I's(us\;) and is not dominated

by any other feasible mechanism.

As with the concept of incentive efficiency, undominated mechanisms can be equivalently charac-
terized by the solutions of a weighted-utility maximization problem. A mechanism jig € My is
undominated in T (us\ ;) iff there exists strictly positive numbers A7 = (A7 (;))er, such that g is a
solution to

X (t)U? (us | 1;
max ) AU s 1)

st Usus | 1) 2 U\ (us\i 1), YjeS\iteT, (4.3)

ti€T;

This linear-programming problem will be called the primal problem for T (us\;) w.r.t. A7 .

Remark 1. Because p) ; 18 incentive compatible for § \ i, the optimization problem (4.3) is feasible.

Indeed, let f1; € M; be any mechanism defined by:
U (i | 1) = maxu(di. 1), Vi € T, (4.4)

Define the mechanism fig € M by

fs(di, dsyi] | ts)
/:15 (dS | fs) = 0, otherwise.

Lid; | tus\i(ds\i | ts\1), if [di,ds\;] € D; X Dg\; € Dg 4.5)

It can be easily checked that i is feasible in Fg (us\;) whenever ug\ ; 1s incentive compatible for S \ i.

A formal justification for the inscrutability principle can be found in Myerson (1983, p. 1774).
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Let a/f (t; 1 t;) > 0 be the dual variable for the constraint that type ¢; of player j € S should not gain
by reporting 7; in problem (4.3). Let also /15. (t;) > 0 denote the dual variable for the constraint that ug
must give at least U f (us\i | tj) to type t; of player j € S \ i. Then using the concept of virtual utility,

the Lagrangian for the primal problem for Iy (115, ;) can be written as

L (us, ps\i, A°,0°) = Z P(fS)ZV§WS,fS,ﬂ§,a§)

tseTs jES

= > D BENU sii | 1) (4.6)

jeS\i l‘jETj

The subtrahend in the above Lagrangian can also be conveniently expressed in terms of the virtual
utilities. To do this, note that, because ug ; is incentive efficient for § \ i, then by Proposition 1, there

exists a vector @\ € A5\ such that
&SV ) U (usvi | 1) = U usvin i 11)] =0, Vi€ S\ i, Vi1, € T, 4.7)

Hence, the following chain of equalities holds:

D D AU s 1)

jeS\it;eT;

D U sl 1)

jES\itjGTj
S\i S\i S\i
£ 00 D @M@ U s i ) = U (s | )]

jesS\i leTj TjETj

D0 s Y v sy a1 A5, 05, (4.8)

ts\i€T s\ JeS\i

The equality (4.8) asserts that the 1°-weighted sum of the players’ reservation utilities in the game

Il (us\;) equals the virtual worth that they expect from us,; given 2° and o®\!

S\i

. Therefore, for any

given vector o ‘' satisfying (4.7), the Lagrangian in (4.6) can alternatively be formulated as:

Lg(lls’/lS\i?/lS’aS?aS\i) = Z p(tS)va(llS?tS’/l??ai

tsels jes

= D pUs) DV s sy A4S, @), (49)

ts\i€Ts\i JeS\i

Proposition 2 (Characterizing undominated mechanisms).
A mechanism us € My is undominated in l"g (us\ ;) ift it is feasible in l"g (us\;) and there exist vectors
A5 € AS and o’ € AS, such that

>0, (4.10a)
o (1 1) [US (s | 1) = U (us. 7 11| =0, VjeS, Vi.1€T, (4.10D)
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B) U s 1) = U (usyi 11)] =0, VjeS\i Vi, eT, (4.10¢)
and us maximizes the Lagrangian in (4.9) over all mechanisms in My, namely,

s s s s s s

2V s 15, 45, 0) = max ) vids. 15,45, a5), Vis €T, (4.10d)
Jjes Jjes

RemMark 2. Propositions 1 and 2 imply that, whenever /lﬁ > (O forall j € S\ i, then an undominated

mechanism is incentive efficient. More generally, an undominated mechanisms is weakly incentive

efficient.

This Lagrangian analysis asserts that, for any combination of types, player i should select the decision
in Dy that maximizes the virtual worth of coalition S, and then transfer virtual utility to the other
players in S \ i to compensate them according to g\ ; for their participation. The residual expected

virtual utility for type t; of player i is

S S S S\i S S\i
Z p(tsu)[gsne%)iZvj(ds,ts,/lj,aj)— Z Vi (s ity A5 )
Jjes

t5\i€Ts\; jes\i

We may now ask, what allocations of real utility could correspond to this residual virtual payoft? We

S\i

say that a utility allocation w? € R is warranted by A5, o®, *\' and s\ ; iff

l% [(/lf (t) + Z 01}9 (7i | li)] w? () — Z Ozf (1 | Ti)wf (Ti)]

Ti€T; Ti€T;

= E p(tS\l)(gneaDX E v?(dS?tS’/l?’a?)_ E vj\i(/lS\i’tS\i?/li’ai\i))’ vrie Ti' (411)
S S =
jes

t5\i€Ts\; jes\i

The quantity w? (;) is called the warranted claim of type 1; of player i. Equations (4.11) implicitly
define w? to be the vector of expected utilities for the possible types of player i that correspond to
the residual expected virtual worth of coalition § once the players other than i have been rewarded
according to their virtual reservation utilities from pg\;. The warrant equations are solvable in w?,

and the solution is unique, provided that 25 € A3, (see Lemma 1 in Myerson (1983)).

4.2. Safe Mechanisms

We say that a mechanism g is feasible in l"g (us\ i) given t; iff ug is incentive compatible for i (that is,
it satisfies (3.2) for player i), and would be feasible for all players in S \ i after they inferred that i’s
type is t;. Formally, forall j € S \ i, and every t; € T},

Z D(ts\ i jy) Z s (ds |fs)uﬁ(ds,fs)

ts\{i, ) €Ts\ {i,j) dseDs

> Z p(ts\iijy) Z us(ds | 1,7}, tS\{i,j})uf'(dSatS)a Vr;€T; (4.12a)

15\ (i) €Ts\ fi.j) ds€eDg
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and

Do plswi) D ustds | 1) (ds,ts) = U V(s | ). (4.12b)

15\ (i) €Ts\ (i, j) dseDs

Definition 3 (Safe Mechanisms).

A mechanism pus € M is safe in T's (us\ ;) iff, for every type t; € T;, us is feasible given t;.

That is, a safe mechanism is one which would be implementable by player i no matter what the players
in S \ i might infer about i’s type from his selection. Safe mechanisms do not necessarily exist for

any given mechanism selection problem I (1 ;).

4.3. Strong Solutions

A safe and undominated mechanism is called a strong solution.'> Two important facts justify why
insisting on his strong solution is the most reasonable solution to player i, even when he might actually
prefer some other mechanism (given his true type). On the one hand, no matter what the other players
in § might infer about i’s type from his selection of a strong solution, they would still be willing
to participate honestly in the mechanism (because it is safe). On the other hand, if player i tried to
demand some other feasible mechanism p, and if the players in S \ 7 inferred from this demand that
player i must be in the set of types that prefer ug over the strong solution, then wg could not be feasible
given this information—some type of a player j € S \ i would have incentives to lie or to insist in
the status quo. Therefore, if player i has a strong solution, he cannot do better than to demand his
strong solution. Any other demand would become infeasible as soon as it is selected, because of the

information that it reveals.

Though compelling as a solution concept, a strong solution may not always exist. Yet, when it does,
it is essentially unique, in the sense that, if ug and fig are both strong solutions for player i, then
Us(us | t;) = U’ (iis | ;) for all #; € T;. Therefore, whenever a strong solution exists, there is no

ambiguity about what a solution of l"g (us\ ;) should be.

5. The General Bargaining Solution

The idea in defining our bargaining solution was already anticipated in the introduction and illustrated
in the example of Section 2. The solution is constructed by induction on the size of coalitions, recur-
sively applying the conditional random dictatorship procedure to growing coalitions. For any player i,
let u; € M; be a mechanism satisfying (4.4). Clearly, this is the best player i can do without any other

player’s help. Let S € N be a coalition and assume that, for each i € S, the members of S \ i have

20ur definition of a safe mechanism differs slightly from the one originally introduced by Myerson (1983) in that
we require exact feasibility in (4.12b). Therefore, our definition of a strong solution is closer to the “strong optima”
defined in Myerson (1984a). As in Myerson (1984a), the use of this stronger class of safe mechanisms allows us to
obtain an axiomatic characterization of our bargaining solution—permitting the possibility of inequalities in (4.12b) would
invalidate our Theorem 6 (see footnote 18). However, this restriction does not modify the properties of a strong solution.
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already agreed on the mechanism g ; that they would use as a threat in case negotiations with player i
break down. The threat of coalition S is then computed applying the conditional random dictatorship
procedure: a player i € S is picked at random, with all players in S having equal probability. Player i
then faces the mechanism selection problem I, (i, ,)—he has the authority to demand any incentive-
compatible mechanism constrained only by the participation of the other players in S, who have the
outside option to form coalition S \ i, in which case they carry out ug,; (by induction). Assume
that every i € S has a strong solution x/ that the he will select in I'(us\ ;). The expected outcome
of such a conditional random dictatorship is equivalent to the outcome of the “average” mechanism
Us = |S1_| Yics Mg From the point of view of procedural justice, the mechanism g can be regarded as
an “equitable” agreement for coalition S, since it reproduces the same expected outcome that could
be reached when each player gets equal opportunity to control the final decision. If ug happens to
be incentive efficient for S, then it is defined to be the threat that S would carry out in the event that
S forms. A vector of threats ny = (us)scy constructed following this recursive conditional random

dictatorship procedure is then called a bargaining solution of the game I'y.

The requirement that, for each coalition S, the average mechanism ug be incentive efficient is quite
restrictive, and is likely to be met by relatively few games. In fact, this condition will only be satisfied
by coalitions in which the payoff allocations implemented by the various strong solutions (i )es lie
on a segment of the incentive-efficient frontier that coincides with a hyperplane. To appreciate the
implications of this restriction, note that, being undominated, each strong solution is characterized by
vectors 25 € A% and o® € AS for which conditions (4.10a)—(4.10d) are satisfied. The various virtual
scales (1%, @®) may well depend on i; but ug can only be incentive efficient if the mechanisms (1 );es
are all supported by the same virtual scales. However, if we insist on requiring these virtual scales to

be the same across all mechanisms (,ug )ics » then some of them may not be safe.

On the other hand, the construction in the recursive conditional random dictatorship procedure re-
quires that every player has a strong solution in every possible coalition he may belong to. However,
as previously noted, many mechanism selection problems have no strong solution. As a result, our
bargaining solution, as it has been defined above, may not exist for a large number of games. We need
then to reformulate our bargaining solution if we want to prove a general existence theorem. An al-
ternative definition must, however, still yield the same expected outcome as the recursive conditional
random dictatorship procedure, provided that all players have a strong solution in every coalition
and the randomizations result in vectors of threats that are incentive efficient. The idea to solve this
predicament is motivated by the use of the independence of irrelevant alternatives (IIA) axiom intro-
duced by Nash (1950). This axiom says that the bargaining solution of the game should not change
as the set of feasible outcomes is reduced, so long as the disagreement point remains unchanged, and

the original solution (in the larger problem) remains feasible in the reduced problem.

Lemma 1 (Restricted extension property).
Given a coalition S C N, let (us\)ies be a vector of incentive-compatible threats. Suppose that, for

eachi € S, the vector w? is warranted by 2° € A3,, o® € AS, &®\' € A5\, and pg\ ;. Then there exists

++2
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an extended set of decision options Ds 2 Ds such that, for eachi € S, there is a strong solution fii, of
the corresponding extended mechanism-selection problem fg (s ;) satisfying that U YL 1) = Wl (1)
for all t; € T;."> Moreover, the mechanism fis = ISl_I Dics ﬁ; is incentive-efficient for S in the extended

problem.

The proof of Lemma 1 is deferred to Appendix B. The restricted extension property says that, so
long as the “disagreement” threats (i) ;)ies remain fixed (hence the name “restricted”), it is possible
to extend the set of feasible decision options for coalition S in a way that each member i € § has a
strong solution, fi{, in the extended problem, that gives each of his types its warranted claim. Thus,
given that fig = ﬁ Yics fL¢ is incentive efficient, it must be considered the threat that coalition S would
carry out if it were to form in the extended problem. This mechanism fig gives every type t; of a player
i € § an expected payoff that equals the average between what he could get from his strong solution
when he is a dictator for S (i.e., wf (#;)), and from the various disagreement threats, (us\ ;) jes\i» When
any other player j € § \ i is a dictator for §. Clearly, the mechanism fig may not be feasible in the
original problem, since it may require to put positive probability weight on decisions in Dg \ Ds.
However, suppose that there exists an incentive-efficient mechanism ug in the original problem that

is (interim) utility equivalent to fig, that is,

1 .
Us(us | 1) = — Z UM (usyj 1 1) + &S (1)|, VieS, VueT,. (5.1

ST 4

Thus, by a use of the IIA axiom, the mechanism ug should be regarded as a reasonable threat for
coalition S in the original problem. Indeed, all decisions in Dy \ Dg may be seen as irrelevant to
the extent that they are not actually required to achieve the final outcome. Thus, eliminating those
unchosen alternatives should not affect the selection of ug as a threat for S. The decisions in Dy \ Dy
are only important in sofar as they help to figure out what a fair and efficient agreement should look

like for coalition § in the original problem.

A question still remains: What ensures that such a utility-equivalent mechanism actually exists in
the original problem? The existence can be guaranteed by a standard fixed-point argument adjusting
the virtual scales (15, @®). However, notice that the restricted extension property holds provided that
all utility weights in A5 are strictly positive. This is so because we only know the warrant equations
(4.11) to be solvable when A5 € A3, (see Lemma 1 in Myerson, 1983). But the Kakutani fixed-
point theorem cannot be applied to the interior of a simplex.'* To remedy this problem, we follow
Myerson’s idea to slightly enlarge the solution set by adding points that are reasonable as emerging

from some topological closure. Thus, we define a neutral procedural solution to be a vector of

Here U7 () is defined by the analog of (3.1) for the problem I', instead of T'%.

4This same dilemma also appears in the case of complete information, where the solution adopted by Shapley (1969)
was to admit all utility-weight vectors in RY \ {0}. This resolution has been shown to be unsatisfactory, insofar as it is
possible to construct games where the A-transfer value includes too many points, many of them not being efficient and/or
individually rational.
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incentive-efficient threats (us)scy such that, for each coalition S, there exists a restricted extension
(given the threats (us\)es ) in Which an equitable and incentive-efficient mechanism gives every type
of a player in S an expected payoff that does not exceed what it gets from ug by more than an

arbitrarily small amount. '

Definition 4 (Neutral Procedural Solution).

A vector of threats ny = (us)scy is a neutral procedural solution of the game Iy if, for every coalition
S C N, ug is incentive efficient for S, and for each € > 0 there exist vectors 1° € A3, a® € A%, and
W’ € [1;es R such that:

S S\

NPS1. Foreveryi€ S, wf is warranted by A5, a5, %\, and pg ;,

NPS2. US(us | 1) 2 1| Zjesni U; sy 1 1) + wl (t)| — €, Vi, €Ty, Vies.

1

The vector of expected utilities U™ (uy) = (UN(uy | 1;))ien, ver, 1s called a neutral procedural value of

the game I'y.

S\i

Remark 3. Note that the vectors 2%, @®, @®\/, and w} may depend on €. Even though for reasons of

notational simplicity, this dependency has not been made explicit.

S\i

Remark 4. The vector a”'' can always be taken to satisfy (4.7), which is possible since ug; is

S\i

incentive efficient for S. Therefore, @'’ can be set independent of e.

Theorem 1 (Existence).

For any game I'y, there exists at least one neutral procedural solution.

We defer the proof of Theorem 1 to Appendix A.

Note that if the conditions NPSI-NPS2 can be satisfied by some vectors 2%, &, o®'/, and ¥ with
€ = 0, then the same vectors will also satisfy these conditions for any € > 0. In this case, we can
dispense with the semi-continuity requirement. We say that (us)scy is a non-degenerate solution if
we can find 5 € AS,, o’ € A%, and W’ € [],g R”' that satisfy NPSI-NPS2 with € = 0 for each
S C N (as it is possible in the examples of this paper).

To appreciate the implications of conditions NPSI-NPS2, let (us)scy be a non-degenerate solution.
Then, for each S C N, the mechanism g is an optimal solution of the primal (3.5) w.r.t. 4%, and o is
an optimal solutions of the dual (3.7) w.r.t. A5. In particular, us satisfies the conditions in Proposition

1 for the virtual scales (15, a’). To see this, we proceed by induction on the size of S. Assume that the

SThis same idea also appears more explicitly in Myerson’s (1984a) characterization of his two-person bargaining
solution (see Theorem 4 in that paper). Likewise, it is used by Myerson (1984b) in his generalization of the A-transfer
value, and by Myerson (1991a, sec. 9.8) to define the inner core.
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statement above is true for all smaller coalitions R C S. Consider the following chain of inequalities:

51> > A @)U s | 1)

ieS teT;

> ) D AW @+ Y, > > AU sy ;1 1)

i€S tEeT; i€S jeS\iti€T;

=3 Y Bl + > Y > U s\ 1)

i€S teT; i€S jeS\iti€T;

= >, > plts) max Zvj(ds,ts,aﬁ,aj.)— D v s i tsy i 45, 05 |

i€S tgeTs jes\i

+ Z Z Z ﬂ?(fj)Uf\IOJS\i | 2)

ieS jeS\itjeT;
=181 ) plis) max Z V) (s, 15 45 ), (5.2)
tseTs
where the inequality in the first line follows from condition NPS2; the equality in the second line
rearranges the terms in the second summation; the equality in the third line is obtained after summing

the warrant equations (i.e., NPSI); and finally, the equality in the fourth line uses (4.8), since a’"

satisfies (4.7) by the induction hypothesis.

On the other hand, since u; is feasible in the primal (3.5) w.r.t. 25, and @ > 0 is feasible in the dual
(3.7) w.r.t. 25, weak duality implies that

SeNTTS , S s S
D2 AU s 11) < Y plas) max - vi(ds. 15, 45, o).
ieS teT; tsels JjeS

Therefore, the inequalities in (5.2) hold as equality. Strong duality then yields the desired result.

Another interesting implication from the equality in (the first line of) (5.2) is that non-degenerate
solutions satisfy (5.1), that is, condition NPS2 holds with equality. Note that

2,2, 4w D U s 1 1) + o) (t))] =

i€eS teT; jeS\i

US(.USU)—H

Since A% > 0, then condition NPS2 implies that all terms inside the bracket in the above summation

must be zero.

More generally, the definition of a neutral procedural solution allows the possibility that some uti-
lity weights vanish in the limit when € goes to zero. Therefore, we cannot exclude that eventually
only “degenerate” solutions exist. However, letting € — 0 and taking a convergent subsequence if
necessary, it is always possible to find vectors A%, &, and w® for which conditions NPSI-NPS2 are
satisfied for € = 0 with 2% € A%. Hence, using the same reasoning as above we can establish the

following general result.
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Theorem 2 (Necessary conditions).
Let ny = (us)scy be a neutral procedural solution of I'y. Then for each S C N, there exist vectors
e, a5 € AS, and w® € []ies R”' such that

(i) ps is an optimal solution of the primal (3.5) w.r.t. A5,
(if) o is an optimal solutions of the dual (3.7) w.r.t. A5,

(iii) foreacht; € T; of everyi € S, either (5.1) holds or /lf () =0.

Non-degenerate solutions are also individually rational in the sense of (3.3). This result readily fol-

lows from Lemma 2 in Appendix B.

Theorem 3 (Individual rationality).
Let ny = (us)scy be a non-degenerate neutral procedural solution of I'y. Then for each S C N, ug is

individually rational., i.e., it satisfies (3.3).

Even though we want to determine how the proceeds of cooperation within the grand coalition should
be shared, fairness in N is affected by what is thought to happen if a smaller coalition S would
form instead of N. We call the allocation achieved by S the threat from S. Our bargaining solution
concept determines the threats ug for coalitions § C N exactly in the same way uy is determined
for N; this property—that ug is the bargaining solution of the subgame I's for each § € N—is
called “subcoalition perfectness” by Hart and Mas-Colell (1996). In this sense, coalitional threats
constitute a “credible” pre-commitment similar to the notion of credibility in subgame perfection. In
contrast, Myerson’s (1984b) bargaining solution specifies “rational threats” that may be manifestly
unfair. Indeed, for the M-solution, only the final agreement in the grand coalition is required to be
equitable. Consider for instance the example in Section 2: the mechanism that gives the whole gains
from trade in both states to the buyer is a rational threat for coalition {1, 2}. However, such a threat
cannot be considered credible, since the broker could hardly believe that the seller would agree to
accept an offer of a take-it-or-leave-it price of $0 in case he (the broker) refuses to cooperate. Just as
our credible threats express fairness using the same random dictatorship procedure in all coalitions,
Salamanca’s (2020) “egalitarian threats” apply a same equity principle to all coalitions. This principle
requires that, for any two members of a coalition S, the average amount that each player would expect
to gain from the cooperation of all other members of § should be equal (when utility comparisons are
made in the virtual utility scales). However, unlike our bargaining solution, the S-solution does not

satisfy subcoalition perfectness.

Subcoalition perfectness also characterizes another cooperative solution concept for cooperative
games with complete information: the consistent NTU value introduced by Maschler and Owen
(1989, 1992). A cooperative game 'y is said to have complete information if T; is a singleton for
every i € N. For such games there are no incentive constraints and, therefore, we can set all dual

variables (a’)scy to zero. The virtual utility formula then reduces to A5-weighted utility and the
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conditions for a non-degenerate neutral procedural solution become

1 l i
BUS () = — [Ws@S) = > 50N wsi )+ Y AU V(s ). (5.3)

1S jes\i jes\i

where W (%) := maxyepg X jes /lf uS(dg). Equation (5.3) recursively characterizes the consistent

NTU value (cf. equation (4) in Hart, 2004). We summarize this result in the following theorem.

Theorem 4 (Games with complete information).

Let I'y be a cooperative game with complete information. The vector of threats ny = (us)scy 1S a
non-degenerate neutral procedural solution of Ty iff the vector payoff configuration (U® (us))scy is a
consistent NTU value of T'y.

When defining the consistent NTU value, Maschler and Owen (1992) explicitly took 45 > 0 for all
coalitions S. Because utility weights are endogenous, to guarantee that whatever emerges from their
definition is always associated with strictly positive utility weights, they restricted attention to a do-
main of games for which the feasible set of each coalition is “positively smooth” (i.e., there is a unique
supporting hyperplane at each point of the Pareto frontier, with a normal vector that has all coordinates
positive). Although their definition naturally extends to non-smooth games, their existence result does
not. Thus, when specialized to the case of complete information, the neutral procedural solution also
appears to be an appropriate extension of the consistent NTU value to non-smooth games. Obviously,
to the extent that the consistent NTU value extends the Shapley value to general games where the
players may not be able to make side payments to each other, the neutral procedural value constitutes

a valid generalization of the Shapley value to Bayesian cooperative games.

5.1. Axiomatic Characterization

Myerson (1984a) derived a concept of neutral bargaining solution that extends the Nash bargaining
solution to two-person bargaining problems with incomplete information. His solution forms the
smallest set satisfying two postulates: a random-dictatorship axiom and an extension axiom. The
first axiom prescribes what the solution should look like for the class of problems where choosing
with equal probability one individual to act as a dictator yields an expected outcome that is incentive
efficient. The second axiom relates the solutions of a bargaining problem to the solutions of its
extensions (like the IIA).

A two-person bargaining problem with incomplete information is a Bayesian cooperative game satis-
fying: n =2, D; = {d;} foralli € N, and u;(d*,ty) = Ofor alli € N and ty € Ty, where d* = [d;, d,]
is the disagreement outcome. That is, in the absence of agreement, a player can only enforce the
disagreement outcome, which leaves both players with a normalized utility equal to zero in every
state.

Theorem 5 (Two-person bargaining problems).

Let I'y be a two-person bargaining problem with incomplete information. The mechanism py is a
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neutral bargaining solution of Iy iff it is a neutral procedural solution of I'y.

Proof. The result is obtained immediately from Theorem 4 in Myerson (1984a) after dividing both

N
sides of the warrant equations by two and redefining w! to be % U

According to Theorem 5, our solution concept can be seen as a valid generalization of the neutral
bargaining solution to games with more than two players. More importantly, this result suggests a
way to obtain an axiomatic characterization of the neutral procedural solutions. For that, we first need

to appropriately extend Myerson’s (1984a) axioms to games involving more than two players.

A bargaining solution correspondence for Bayesian cooperative games is a set-valued mapping BS (-)

that assigns to each Bayesian cooperative game a set of vectors 1y = (ug)scy of coalitional threats.'®

Axiom RCRD (Restricted conditional random dictatorship). Let ny = (us)scy be a vector of threats
in I'y satisfying that, for each i € N, ny\; = (us\i)scy € BS (I'ny ;). Suppose that each player i € N has
a strong solution, y},, of the mechanism-selection problem I'} (1, ;). Suppose also that the mechanism

Uy = IIWI Yien My is incentive efficient for N. Then iy € BS (I'y).

As it should be clear, RCRD is justified by the conditional random dictatorship procedure (hence
its name). The hypotheses of this axiom are quite restrictive, which means that this axiom is very
weak. On the one hand, many mechanism-selection problems do not have a strong solution. On the
other hand, randomization between strong solutions may not be incentive efficient. When restricted
to two-person bargaining problems, RCRD reduces to Myerson’s (1984a) random dictatorship ax-
iom. However, in larger games with |[N| > 2, RCRD is even weaker, as it additionally requires the

“disagreement” threats to be bargaining solutions of the corresponding subgames.

When applied recursively, RCRD can be used to construct a bargaining solution. Define the vector of

threats 77y = (u5)scy (the superscript stands for “dictator”) recursively as follows:
(RCRD.a) Foralli e N, u? satisfies (4.4).
(RCRD.b) Forall § C N with |S| > 2, u? = ﬁ Yics M, where for each i € S, u is a strong solution

of the mechanism design problem I (ug) ).

The vector of threats ik is well defined whenever all strong solutions in (b) exist. According to RCRD,
if g is incentive efficient for all S C N, then n%y should be considered a bargaining solution of Ty.

This construction suggests defining the following weaker axiom.

Axiom RCRD’ (Recursive conditional random dictatorship). Suppose that the vector of threats ) =

(1S)scn is well defined in the game ['y. If it is incentive efficient for each S C N, then n}y € BS (I'y).

The RCRD’ is akin to axiom 7 in de Clippel et al. (2004), which is used by the authors to axiomatize
the consistent NTU value. Clearly, a bargaining solution correspondence that satisfies RCRD will also
satisfy RCRD’.

When defining a bargaining solution correspondence, we consider vectors of threats and not just the mechanism of
the grand coalition. In contrast, Myerson (1984b) and Salamanca (2020) deal explicitly only with py, the mechanisms g
for all coalitions S # N are, however, implicitly defined in their bargaining solutions.
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Given two Bayesian cooperative games I'y and I'y, we say that I'y is a restricted extension of Ty iff

both games can be written in the form

Ly

Ly

{N, (Ds)scn, (T, ui, piien}
{N, (DS )sens (T, ity Pidien’,

where Dy C Dy, Ds = Dg for all S ¢ N, and u;(d, t) = ii;(d, t) for each (d,t) € Dy x Ty and every

i € N. That is, Ty differs from 'y only in that more decision options are available for N in Ty.

Axiom RE (Restricted extension). Let ny = (us)scy be a vector of threats in I'y such that, for each
i € N, nwi = (us\i)sev € BS(T'y i), and uy 1s incentive efficient for N. Suppose that, for each
positive number e, there exists a restricted extension of 'y, denoted ffv, and an incentive-compatible

mechanism fi5, for r & such that

(RE.a) 71, = ((us)scn, i) € BS (I,
(REb) UNun 1t;) > ON@s, |1 t)—€, YieN, Vi, € T,V

Then the vector of threats ny € BS (I'y).

Axiom RE combines the arguments of the IIA axiom together with a kind of upper-semicontinuity
condition. When the hypothesis of the axiom are satisfied, it is possible to increase the set of decision
options available to the grand coalition (without changing the decision options of subcoalitions) in
such a way that all players would be willing to settle on an allocation that is almost (interim) Pareto
dominated by uy. Thus, Axiom RE asserts that the players ought to be willing to settle on py when
the extra options are not available. When restricted to the family of two-person bargaining problem,

RE coincides with Myerson’s (1984a) extension axiom.

Theorem 6 (Axiomatic characterization).
The neutral procedural solution is the minimal (relative to set-inclusion) bargaining solution corre-

spondence satisfying the axioms RCRD and RE. In other words,
e The neutral procedural solution satisfies axioms RCRD and RE.

e If another bargaining solution correspondence satisfies these two axioms, then it must contain

the neutral procedural solutions.

Unfortunately, we are not able to provide an exact axiomatic characterization. The works of
de Clippel et al. (2004) and de Clippel and Minelli (2004) suggest that to obtain the maximality of
the neutral procedural solution, regularity conditions need to be imposed on the set of feasible interim
utility allocations. However, the way incentive constraints restrict what is feasible at the interim stage

makes it considerably more difficult to derive conditions on the primitives of the game guaranteeing

"Here UN (15, | ;) denotes the expected utility of type #; of player i from the mechanism fi§, in the game T'%,.
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the desired properties of the feasible utility sets. For instance, even if the ex-post games are well

behaved, for example TU, the set of feasible interim utilities need not be positively smooth.

Proof. We show first that the neutral procedural solution satisfies the RCRD axiom. Let ny = (us)scn
be a vector of threats in I'y satisfying that, for each i € N, ny; = (us\i)scy 1s a neutral procedural
solution of the subgame Iy, ;. Thus, for every S C N and every € > 0 there exist vectors 2%, @°, and
w*® satisfying conditions NPSI-NPS2 for us. For every i € N, let 1, be a strong solution of I'y (1)
Define uy = ﬁ Yien My, and assume that uy is incentive efficient for N. We need to verify that for

every € > 0 there exist vectors A, @, and w" satisfying conditions NPSI-NPS2 for uy.

Because uy is incentive efficient for N, there exist vectors 2V € AY, and o € A" such that uy is an
optimal solution of the primal (3.5) w.r.t. 4", and @ is an optimal solution of the dual (3.7) w.r.t. A",

Miand py, ;, where o\ € ANV

Let w" be such that, for every i € N, ! is warranted by 2", o", «
is any vector satisfying (4.7) (i.e., condition NPS/). Lemma 1 in Myerson (1983) guarantees that w

exists and is uniquely determined. Let I'y be the restricted extension constructed in Lemma 1.

By giving zero probability to the new outcomes in Dy \ Dy, the strong solutions (1)ien can be made
feasible in T'y. Therefore, for every i € N, we must have that W is also incentive efficient for N in Ty
This is so because s still an optimal solution of the primal problem (3.5) for 2" in the context of
[y (cf. (B.1c)).

Fix a player i € N and let fﬁv(,uN\ ;) be player i’s mechanism selection problem in T'y. Then by Lemma
1, there is a strong solution, iy, of I (y ;) that gives player i the vector of expected utilities w.

Clearly, ,uj\, is safe in the extended problem l:j\,(,uN\ ;). Then we must have that
w!(t) = U@y | 1) = Uiy | 1), Vi € Ty, (5.4a)

To see this, suppose that P = {t; € T; | UN(@!, | 1;) < UN(ui, | 1))} # 0. Consider the mechanism fiy
defined by
/lﬁv(dN | ty), ift; € P;

i(dy [ ty) =4 ]
vt L) {ﬁN<dN|rN>, ifr¢ P

Then [, is dominated by 2}, in T iy, ;). Because pi, and fii, are both feasible in I, (uy ;) given every
t; € T; (as they are both safe), then fii, is feasible in T" (i ,); but this contradicts the fact that i}, is
undominated in T (i, ;). Hence, P = 0.

On the other hand, notice that T (@, | ;) = UY(uly | 1) = UY"(uw; | 1) forall j€ N\ iandz; € T},
since both fi}, and u), are safe in I'y(uy\;). Suppose that (5.4a) holds as strict inequality for some
t; € T;. Then fi}, would give a higher expected utility to at least one type of player i without giving a
lower expected utility to some other type of any other player. However, this contradicts the fact that
W, is incentive efficient for N in [y (un »).'® Then we must conclude that all inequalities in (5.4a) must

hold as equality and therefore, 1, and fi}, are utility equivalent. That is, 1/, is also a strong solution

8This contradiction rests upon the fact that we have defined a safe mechanism using equalities in (4.12b) (i.e., binding
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of fN(pN\ ;). Because the same is true for all i € N, then uy verifies (5.1) (i.e., condition NPS2 with
e =0).

To check the restricted extension axiom, let ny = (us)scy, ffv, and 75, satisfy the hypotheses of the
axiom RE with the neutral procedural solution as a bargaining solution correspondence. Thus, for
every S C N and every € > 0 there exist vectors 2°, @, and ® satisfying conditions NPSI-NPS2 for
us . Furthermore, for every € > 0, 775, is a neutral procedural solution of ff Thus, for each € > 0, we
can select AV€ € AV, a™€ e AN, @™\ € AN\, and @M€ € [],y R”' such that

~N,€ N\l

(a) Foreveryi € N, w € is warranted by A<, and pyy; in FN (i.e., using the maximum

over DE instead of Dy).
() TN(ig, | 1) 2 g [ Sjenni UM (| 1) + @) | - &, Vi, € Ti, Vi€ N.

Now let ™€ satisfy the same warrant equations in (a) but in the game I'y; that is, with the maximum
over Dy instead of D6 Lemma 1 in Myerson (1983) implies that wN M) <@ o E(t») for everyi € N
and t; € T; (since Dy C D5). Because UN(uy | ;) > UN(@S, | 1;) - Sforallie N and t; € T;, then we
have that
UNav 1) 2 | Y UM 1 6) + 0 “()| -6, Vi eT;, VieN.
jEN\i

In summary, for every € > 0 there exist vectors M€ € AV, @V € AV, and w™€ € [],cy R”' satisfying
conditions NPSI-NPS?2 for uy. So the neutral procedural solutions do obey the restricted extension

axiom.

Let ny = (us)scy be a neutral procedural solution of I'y. We shall see now that any alternative
bargaining solution correspondence satisfying axioms RCRD and RE must contain 7 in its solution
set for the game I'y. Let BS () be any bargaining solution correspondence satisfying RCRD and RE.
We proceed by induction. Suppose that (ug)rcs € BS (I's) for every subgame I's with |S| = [N| — 1.
Because 7y is a neutral procedural solution, then uy is incentive-efficient, and for each € > 0, there
exist vectors AV€ € AV, a™€ € AN, and w"€ € [];cy R for which uy satisfies conditions NPSI—
NPS2. Thus, by Lemma 1, for every e, there exists a restricted extension of the game I'y, denoted
FE, such that, for each i € N, there is a strong solution ,u’e such that U{V (,Et;"f | 1) = wﬁv’e(t,-) for
all ;, € T;, and UN(,u | t‘) = U'.V\’(,uN\i | ;) for all j € N\ i and every t; € T,;,. Moreover, the
mechanism fi§, = i Nl Y.ien [y is incentive efficient (and a fortiori also incentive compatible) for N in

ffv. Therefore, for every i € N and t; € T;, we have that
UN(uy | 1) > o Z UMMy 1 1) + oY) | — e = ON @, 1 1) — €
JEN\ i

By the restricted conditional random dictatorship axiom, 775, = ((ts)scn, fdy) € BS (ffv) for every e.

Hence, by the restricted extension axiom, ny € BS (I'y). 0]

participation constraints given #;). If we allow for the possibility of strict inequalities in (4.12b), then it might be the case
that U jv (:“év | t)) > U jv (ﬁﬁv | £;), which would invalidate our argument to absurdity.
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6. Arrogance of Strength

We shall conclude the paper with an analysis of the eloquent example proposed by ourselves in a
preceding contribution (see Salamanca, 2020). This example illustrates an important property of the
neutral procedural solution, which Myerson (1985, p. 128) denominates arrogance of strength: “If
two individuals of symmetric bargaining ability negotiate with each other, but one individual has a
surprisingly strong bargaining position (i.e., the range of agreements that would be better for him
than the disagreement outcome is smaller than the other individual expects), then the outcome of the
[neutral procedural solution] tends to be similar to what would have been the outcome if the strong
individual had had all of the bargaining ability, except that the probability of disagreement [...] is
higher.” As a result of this property, the neutral procedural solutions may be insensitive to some

“negative” externalities generated by adverse selection.

The Bayesian cooperative game is as follows: N = {1,2,3}, T3 = {w, s}, p(w) = 1 — p(s) = 9/10.
Decision options for coalitions are D; = {d;} (i € N), Dy; 2y = (D X Dy)U{d12} = {[d1,d2], di2}, Dyizy =
(D; X D3)U{d,l:3, d,-33} = {ld;, ds], df3, d,-33} (i =1,2),and Dy = (Dy12) X D3)U(Dy; 3 X D2)U(Dyp3) X Dy).

Utility functions are described in Table 6.1.

(U1, uy, u3) ‘ Ky w
dy,d>, d5] 0,0,0) 0,0,0)
[d12, d5] (5,5,0)  (5,5,0)
[d}3, ds] 0,0,5 (0,0,10)
[df3, d,] | (10,0,-5) (10,0,0)
[d§3, di] 0,0,5 (0,0,10)
[d§3, d;] | (0,10,-5) (0,10,0)

Table 6.1: Utility functions for Example 2

The game situation is interpreted as the following collective choice problem. Three players may invest
in a work project which would cost $10. The project is worth $10 to player 1 as well as to player 2;
but its value to player 3 may be $10 with probability 9/10 or $5 with probability 1/10. We may say
that player 3’s type is strong if the project is worth $5 to her, since she has relatively little to lose by
refusing to cooperate than might otherwise be expected. On the other hand, we say that player 3’s
type is weak if the project is worth $10 to her, since she would then be relatively more willing to bear
any given cost. Every player i € N may decide not to cooperate (decision d;), in which case he gets a
reservation utility normalized to zero. If coalition {1, 2} forms, its members may agree on the option
d> which carries out the project dividing the cost on equal parts. If players 1 and 3 form a coalition,
decision d{ 5 (j = 1,3) denotes the option to undertake the project at j’s expense. Any other financing
option may be represented by a lottery on {d|5, df3}. Players 1 and 2 are symmetric, then decision
options for coalition {2, 3} are similarly interpreted. If all three players form a coalition, they may use

a random device to pick a two-person coalition which must then make a decision as above.

We begin the analysis of this example by studying the different subgames. The subgame I'; 5, is a two-

person bargaining problem with complete information. Clearly, the unique neutral procedural value
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of this subgame is its Nash bargaining solution (U, U,) = (5, 5) achieved by the decision d;,. Let
i = 1,2 be a fixed player and consider the subgame I'; 3;. The unique neutral procedural value of this
subgame is the allocation (U;, UY, U3) = (9/2,5,5/2), which corresponds to the expected outcome of
the conditional random dictatorship procedure in coalition {7, 3} (see Figure 6.1).

Ui

Strong solution

(9’0’0) / player i

S$ Us

A
0.10,5) ). — Prers :

(5,5,0)

Figure 6.1: Incentive-efficient payoff allocations for coalition {i, 3}

It is noteworthy that player 3’s strong solution in coalition {i, 3} executes the project (with a probability
of 1 in both states) at the expense of player i. This is equivalent to player 3 making a take-it-or-leave-it

offer to pay $0.

If the players abide by the equity principles underlying the neutral procedural solution, we observe
that neither player 1 nor 2 can expect to get more than $9/2 by forming a two-person coalition with
player 3. Therefore, players 1 and 2 are better off in coalition {1, 2}, in which case they both get $5
each. Moreover, by acting together, players 1 and 2 face no uncertainty at all. Indeed, it is commonly
known that the project is worth $10 to each of them. Salamanca (2020) then argues that coalition {1, 2}
should be “much” more likely to form, hence leaving both types of player 3 with a lower expected

payoff.

To compute the neutral procedural value of the game I'y, it is convenient to express the various neutral

procedural values, U5, for each coalition S # N as a four-dimensional vector (U, U, UY, U3), using

(132

to denote the (types of the) players outside of §':

U{ll} = (55 55 ) _)9
U“’3}
23} _ 9
U - (_7 2

Il
—
NS} Ne)
N

Any incentive-compatible mechanism must satisfy the following equation:
Uy + U+ Uy + U3 = 10. (6.1)

For each coalition S # N, we can now adjoin to US a payoff for the missing player (in boldface
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below) so that the resulting payoft vector satisfies the equation (6.1):

vtt? = (5,5,0,0),
U= (3.4.5.3).
U = (%,g,s,g).

The payoff vectors above are the resulting payoffs from the strong solution in coalition N of the
corresponding missing player. The unique neutral procedural value of the game I'y is the allocation

that equally randomizes between the strong solutions of the various players in coalition N:
U, U, Uy, U3) = (1,2, 10.3). (6.2)

Any neutral procedural solution of I'y is ex-post efficient, that is, it executes the project with probabi-
lity one in both states. Furthermore, the probability that a two-person coalition {7, 3} is formed in state
s 1s always 1/3, and in this case the entire burden of costs falls on player i alone. Consider for ins-
tance the mechanism in Table 6.2.'° This mechanism is a neutral procedural solution of I'y exhibiting
the arrogance of strength described above—the outcome of the negotiation is similar to what would
have been the outcome if player 3 had been a dictator on each two-person coalition, except that the

probability of disagreement is positive, because coalition {1, 2} can still form.

Type w Type s
{1,2} {1,3} {2,3} {1,2} {1,3} {2,3}
Prob((ij) [ 3 L & Pob(in [ 2§ %
Player 1 | $5 $10 - Player 1 | $5 $10 -
Player2 | $5 - $10 Player2 | $5 - $10
Player 3 - $0 $0 Player 3 - $0 $0

Table 6.2: Neutral procedural solution for N

In the mechanism 6.2 players 1 and 2 have nothing to gain by forming a coalition with player 3.
Thus, they may simply spurn player 3’s offer and form coalition {1, 2} instead. Yet, the probability
that a coalition containing player 3 will be formed in this mechanism is strikingly large (i.e., 1/3).
This opens the question of why players 1 and 2 would agree to sign such a contract. Salamanca
(2020) already pointed out this difficulty in the context of the M-solution, which incidentally in this
example, also yields the allocation (6.2). The S-solution offers an alternative outcome for this game.

The unique utility allocation supported by some S-solution of I'y (see Salamanca, 2020) is

12°12° 12° 12

(U, U, U3, U3) = (8.5, 95, 19)- (6.3)

Here and in Table 6.3, for a given type of player 3, each matrix describes the probability of coalition {i, j} and the
distribution of the costs among coalition members. The en-dash indicates that a player’s cost cannot be defined if s/he
does not belong to the corresponding coalition.
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The allocation (6.3) gives less to the strong type of player 3 than (6.2). This is because, in the
S-solution, the members of {i,3} (i = 1,2) have to settle for an “egalitarian” threat giving payofts
U, Ug’ ,U 3L) = (19/4,5,5/4). This payoff vector may be considered “more” equitable than the neutral
procedural value of I'j;3 in the sense that type s of player 3 bears the efficiency losses originated
on the adverse selection problem. As a result, the strong position of player 3 in coalition {i, 3} is
weakened, which decreases the probability that player 3 be part of a coalition. To illustrate this
argument, consider the mechanism in Table 6.3, where 0 < @ < 1/2 denotes the probability that a

coalition containing player 3 forms in state s. In case @ = 1/6, this mechanism is a neutral procedural

solution of I'y. If @ = 1/12, this same mechanism is an S-solution instead.

Type w Type s
{1,2} {1,3} {2,3} {1,2} {13} {2,3}
Prob({i, j}) | 3% 3 3 Prob({i,j) | 1-2a « «
Player 1 | $5 $5 - Player 1 $5 $10 -
Player2 | $5 - $5 Player 2 $5 - $10
Player 3 - $5 $5 Player 3 - $0 $0

Table 6.3: S-solution vs. Neutral procedural solution

Which approach is correct? There cannot be a definite answer. It may depend on the way the ne-
gotiations are conducted, which may affect the coordination possibilities of the various players. For
instance, if players expect the others to accept the first offer received, then safety issues may be
perceived as preponderant, and the neutral procedural solution is justified. If players 1 and 2 have
few coordination issues, then they may easily forego player 3’s offer to form coalition {1, 2}, and the

S-solution would seem well-founded.

Appendix A. Proof of Theorem 1

Letk > 3,y IT;|. Foreach S C N we define

AS = {/l e HRT"‘ZZ/L(Q) =1, 4() = 1, VieS, Vi € T,}.

ieS ieS t;€T;

For each § C N, there exists a compact and convex set AS C AS such that, for each 15 € A3,
A contains at least one optimal solution of the dual problem (3.7). To prove this fact, notice that
the feasible set in the primal problem (3.5) (i.e., M) is compact and independent of A%. So the
unit simplex AS can be covered by a finite collections of sets (each corresponding to the range of
optimality of one basic feasible solution in the primal) such that, within each set, an optimal solution
of the dual can be given as a linear function of A5. Each of these linear functions is bounded on the
compact unit simplex AS, so we can choose A’ to be the convex hull of the union of the ranges of

these linear functions on AS.
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For each k, we define a correspondence

CI)k:l_[Ai xl_[AS xl_[MS :il_[AfanS xl_[Ms

SCN SCN SCN SCN SCN SCN

50 that ((A%)scy (@ )sen, (s )sen) € Pul(A%)sen, (@ )scns (fs)scn) iff for each § € N:

2 eargmin X' 3 S ) |ISIU@s 1) = . Uiiasj | 1) — & (1) (A.la)
VSEAkS, i€S teT; jes\j
o eargmin Y p(ts) max > vi(ds, 15,2, af) (A.1b)
i dseDs £
as€As  tgeTy i€S
ps € argmax > AU (ms | 1), (A.lc)

*
ms e/\/(S ieS t;e€T;

where & = (& (#;))er, is the unique allocation warranted by 2%, &%, &°V and fi5,; (Lemma 1 in

Myerson (1983) guarantees that &7 is uniquely determined).

For any value of k, the correspondence @ is non-empty convex valued and upper-hemicontinuous.
Then by the Kakutani fixed point theorem, for each k there exits some ((1*%)scn, (@ F)scn, (U§)scn)

such that

(A Osens (@ sen, Ws)sen) € Pul(A“sens (@ sen, (W§)sen)

Thus, for every S C N and each k, we have that ut is an optimal solution of the primal (3.5)
w.rt. 5% and o is an optimal solution of the dual problem (3.7) w.r.t. A5*. Moreover, this se-
quence of fixed points lies on a compact domain, so we may assume w.l.g. that it converges to some

((A)sen, (@ )sen, (fis)scn). We shall see that (jig)scy is a neutral procedural solution.

Let S C N be a fixed coalition. For any k and for each i € S, let wf’k denote the unique allocation

warranted by 5%, o5*, o5\* and ,ulg\ .- Then, for any 2° € A} we have that

PIPWAD

ISIUS Gl 11y = > U7V 1) —wf”‘u,-)]

i€eS €T jeS\i
2 ) D A ISP G 1) = Y UG 1)~ wf’k(m]
i€eS teT; jeS\i

=11 D AU s 119 = > >0 > AU 1)

ieS 1eT; ieS jeS\iti€T;

{11 Y plts) max > vids.ts, 474 @l = 37 S0 N KU | tj)]

tseTs S8 ies i€S jeS\it;eT;
_ Sk NTIS (k1 4y S Sk Sk
=151, 2 AU 16) = ) plas) max > vi(ds. 5. 47, )
ieS 1€eT; tseTs 1

=0, (A.1d)
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where the inequality in the first line is due to the fixed point condition together with (A.1a); the equal-
ity in the second line follows from summing the warrant equations and using the fact that ,u’g\i satisfies
(4.8) for 25 and o\ **; the equality in the third line holds because Ye5 ¥ jesy i Zyer; 4 (0)U; 1tk |
1) = Ties Xjesi Sujer; A4 DUk, ; | 1;); and finally, the equality in the fourth line follows from
strong duality.

We shall now see that the sequence {(w®*)scy}x is contained in a compact set. By Lemma 2,
S,k {i} .
w; " (t;) > max u; d;, 1), YieS, VY, €T,
i€D;

Thus, {w5*}; is bounded below. Now define M := maxcy max;cr, maxgep |ui(d, t;)|. For any 1 € A3,

we have that

D 2 MWISIUS G | 1) < IS1M,

ieS t;€T;

2 D) Y UG 1 1) = =M(S| = 1),

ieS teT; jeS\i

and

Hence, (A.1d) implies that, for each k,

3N At @) < MQIS| -1, VA€ AL

i€S tieT;
We conclude that {w5*}; is bounded above. Then, we may assume w.l.g. that {w’*}; converges to
some (&% )scy.

Foreveryi € § and ¢t; € T, let 6& be the probability vector in Ai that puts weight % on all players’
types except on player i’s type #;,. Then {5fi ;i converges to the Dirac measure that puts all probability

weight on type #;. Therefore, using 6&_ in (A.1d) and taking the limit we obtain

IS1Uis 1) = " Uilfis\; 1 1) > @ (2).

jesS\i

Thus, for every € > 0, there exists k* (sufficiently large) such that

W) < @ (1) +|S]e
< ISWUias | t) = ) Uilis; 1) +ISle.
jes\i
Or alternatively,
Uias 1 1) > ﬁ j;iwsulri)+wf”<"<ri) —e,

and so (fis)scy satisfies the conditions NPSI-NPS2. For each S C N, the mechanism jig is incentive

compatible, but not necessarily incentive efficient. However, there must exist an incentive-efficient
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mechanism fig such that U (fis | ;) > U7 (s | t;) foralli € S and #; € T;. Then conditions NPSI-
NPS2 are also satisfied for fig. U

Appendix B. Auxiliary Results

Proof of Lemma 1. Let § C N be a coalition. Let (us\;)ies be a given vector of threats such that,

for each i € S, ug\; is incentive-compatible for S \ i. Let 5 € A3, o € A5, o\ € A5\, and

S\i

w® € [ies R be such that, for every i € S, w? is warranted by A°, o°, @®\', and us\ ;.

We define the quantities wf (tg) so that

l[/lf(li) + Z @l (1 | li)] W (ts) — Z @l (t; | 7w’ (T3, ts11)

p(tS ) T€T; T€T;
= max > vids. 15, 45,03) = ) v usiitsi 45,05V, Vs €Ts, VieS. (B.la)
s €Dg
es jes\i

As long as 15 € AS,, Lemma 1 in Myerson (1983) guarantees that these equations have a unique

solution, so that the quantities wf (tg) are well defined.

Now we let Dg = Dg U{d. | i€ S}, and

wS (ts) . ~i
J — ).

@ (dsts) =\ w3 (usyints\0), if ds = di (i # j);
u$ (ds, ts), if dg € Dg.

For everyi € §, let fg (us\ ;) be the mechanism selection game that differs from Fg (us ;) only in that
the set of decision options available to player i is Dy (instead of Dy). Define f to be the mechanism

that always implements d’;, with probability 1.
Fix aplayeri € S and atypet; € T;. Forevery j € § \iand ¢; € T; we have that

Z P(ts\iijt) Z s (ds | fs)fl}?(ds,fs) = ﬁf\i(llS\i | 1)) = Uf\i(llS\i | 7)).

15\(i./) €T 5\ j) dseDg

Moreover, since ﬂg does not depend on fg, then it is incentive compatible for i, and would also be
incentive compatible for all players in S \ i after they inferred that i’s type is #;. Therefore, fi is safe

for player i in T% (us1,).

We shall now show that fi§ is undominated for player i in f"g (us\ ;). For that, we first notice that

> ps) Y Fdy 15, 45, 0%)

tsely jES
= (ts\ ) || 45 () + Sy )| (dy, ts) - HOAEDTHEAR I
PUs\ | Y a;(Tjllj)|u;ldg,Ls a0 | TjUu\dg, Tj, Is\ j
jeS 15€eTy ;€T 7j€T;
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>, [[ﬂ? (t)+ ) @i (] u-)) ORI A CIE AT CS rS\,-)]

tsels T€T; T€T;

DIPNPINLN

jeS\i leTj [S\jETS\j

(ﬂi(fj) + Z CV?(TJ' | fj)] uf-\i(/lS\i,tS\i)

7;€T;

s s\i
- Z @} (8 Ty s\ T tS\{i,j})]

TjETj
s s S S\i s S\
= Z p(ts) max Zvj(ds’ts’/lj’aj)_ Z p(ts\i) Z Vj\l(llS\i,fS\i,/lj,Olj\l)
tsels SEES jes t5\i€Ts\; jeS\i
s s S\i s S\i
+ 2 2B+ D 1| ws 1) = D @ 1 THU sy | T)
jeS\it;eT; 7;€T; 7;€T;

S S S S S\i
< D pls)max 3 vidds.os. 450 = > > AU} s | 1)

ts€Ts j jES\itjGTj

I3

jesS\i tjETj

= D, pls) max > vids.1s, 45, ), (B.1b)

tsels ]ES

UM (usvi 1)) = Z @ (1 | THUS (s | Tj)]

TjETj

(/lf.(tj) + > al 1)

TjETj

where the equality in the second line uses the definition of ﬁf.; the equality in the third line follows

from (B.1a); and the inequality in the fourth line is due to the fact that

Z Z ﬂ?(lj)Uf\i(#S\i | 2)

jeS\itieT;

< Z Z ﬂf(fj)Uf\i(llS\i l2;) + Z Z Z a/f\i(Tj D) [Uf\i(,usu | ;) — Uf\i(ps\i,rj | tj)]

jGS\il‘jETj jGS\itjGTj T]ET]'

S\i s S\i
= Z P(ts\4) Z vj\l(:uS\i,tS\i,/lj,aj\l),
ts\i€Ts\i jes\i
since @®\' > 0 and ug,; is incentive compatible for S \ i. Because (B.1b) holds for every d., and

Ds = Ds U{d} | j €S}, (B.1b) implies that

~S S S\ S S S
D, plis) max > ¥ (ds.t5. 4. 5) = ) plts) max jezsvjus,ts,aj,aj). (B.1c)

tsels S S jES tsels

On the other hand, using (B.1a) we have that

Z p(ts) max Zvi(ds,fs,/lf,(lf)

dseD
tsels 5=

- Z Z [(ﬂf(ti) + Z @ (1 | ti)) w; (ts) — Z as (t; | TOw; (Ti t517)

lS\iETS\i tieT; 7i€T; 7€T;
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S\i s S\
+ Z pts\i) Z ViV (s in 1100 A5, @)

ts\i€Ts\i jes\i
S S S\i S S\i
=D @ DL wia+ D pls) Y v wsin o 45, 05
ti€T; ts\,'GTS\,' ts\,'GTS\,' ]GS\I
s S 5 S\i s S\i
= D 8@ Y ps I s 1)+ D plesy) D (s tsvi 45, @)
l‘,‘ET,' ts\,'GTS\,' l‘s\iGTs\,' ]GS\[
S 7S (~i S\i S _S\i
= Y BT @E 1+ D plasy) > v syt 45, 5. (B.1d)
ti€T; [S\iETS\i ]ES\!

From (B.1c)—(B.1d) we conclude that

Z A (ti)f]f (i 1 1)

tieT;

_ ~S S S ~S\i S S\i
= Zp(ts)ma§2vj(ds,rs,aj,aj)— D0 s Y sy s 45,05, (Ble)

jes t5\i€Ts\; jeS\i

Therefore, by duality theory, fii and ® respectively are optimal solutions of the primal (4.3) and its
corresponding dual problem for A7, in the context of the problem fg (us\ ;). because they are feasible in
their respective programs and give equal value to their corresponding objective functions. Therefore,
,Etg is undominated in f"g (us\ ), and consequently, a strong solution of fg (us\;). It therefore follows

that fi; is incentive efficient and satisfies (3.8a)—(3.8b) in Proposition 1 for 2% and o*.

On the other hand, from the definition of ﬁ?, it follows that, for every t; € T},

(af ORI ACAED

05 (s 1) - )" @ | T 0 (@ | 7)

;€T ;€T
S S S S S
= > [ﬂ,» (t)+ ) @] u-)) wits) = > o (| myw (x, rS\,-)]
lS\iETS\i T,'ET,' T,'ET,'
— S s S S\i S _S\i
- Z p(tS) ClgleaD)inj(dSatS,/lj’a{j)_ Z VJ‘ l(/'lS\iatS\ia/ljaa,j l)]9
1s\i€Ts\ i JeS\i

that is, the allocation U;(fi}) is warranted by 1%, &, @®\/, and ;. Hence, U? (i | 1;) = (1) for

every 1; € T}, since w? is the unique allocation satisfying the warrant equations (4.11).

Let fig = lS‘—l Yics [l be the mechanism that randomizes equally between all strong solutions (f );es -
Because each fi satisfies (3.8a)—(3.8b) in Proposition 1 for A% and o, then by the linearity of all

formulas involved, fis also satisfies (3.8a)—(3.8b) in Proposition 1. Since 25 € A3,

it follows that fig

is incentive efficient. ]

Lemma 2.

S S\i

LetS C N be a coalition and i € S. Suppose that w? is warranted by 25, ®, ®\' and ps ;, where the
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mechanism ys\ ; is incentive compatible for S \ i, o®\' satisfies (4.7), and A5 > 0. Then
w? () > maxul(di, 1;), Vt; € T (B.2)
dieD;
Proof. Since a® > 0 and ug\ ; is incentive compatible for S \ i, then for all j € S \ i we have that
s S\i S\i
Qj(Tj|lj)[Uj (/lS\i|tj)_Uj (,US\,',Tj|lj)]ZO, th,TjeTj. (B3a)
Therefore, the following chain of inequalities hold:

S\i s S\
Z pts\i) Z ViV sy 151045, @)

ts\i€Ts\i jes\i
s S\i
= Z Z /lj(tj)Uj\l(/JS\i | 1)
jES\itjGTj
S S\i s S\i S\i
< D BEHUN s+ DL DT S @ 1) [US (si 1) = U3 V(s 1 )]
jeS\itieT; jeS\itjeT; 7;eT;
S\i s s
= Z p(ts\i) Z VIV s\ i 15y A3, ), (B.3b)
t5\i€Ts\ jesS\i

where the first equality is due to (4.8), the inequality in the second line follows from (B.3a), and

finally the last equality is obtained by rearranging terms.

On the other hand, let fig be defined as in (4.5). Then, for any ¢; € T; we have

[A? (t)+ ) @] r,-)) Wi ) = Y af (6| 1w (1)

T,'ET,' T,'ET,'

s s S S\i S S\
:pl(tl) Z p(tS\l)[:{:?eaD)iZvj(ds,ts’/lj,a/])_ Z vj\l(ﬂS\iatS\B/ljaa’j\l)]
JjeS

ts\i€Ts\ jesS\i

> pilt:) Z P(ts\i) [Z Vifis, ts, A3, a) — Z Vi\i(/lS\i,tS\i,/lf',ai\i))

[S\iETS\i jes jesS\i

i} o A~ S S
= pi(ti)vi'l}(lll" ti’ /ll' s ai )

S\i s S S\i S oS\
+ Z p(ts\l)(z Vj\l(llS\iytS\h/lj,aj) - Z Vj\l(llS\i’tS\i’/lj,aj\l)]

ts\i€Ts\; jes\i jesS\i

JIPN S S
2 pi(ti)vi'l}(lli’ ti’ /li ) a[ )

= [ﬂf OEIHCT n)] D iulds | u ity = D d 17 Y puldi | i, ),

7i€T; dieD; Ti€T; dieD;

S S j S ]
z[ﬂ,. (t;) + § @ (r,»|r,»>]maxu§.”<d,-,r,»>— E @ (t; | ;) max ul(d;, 7).
dieD; di€D;

T,'ET,' T,'ET,'

In this chain, the equality in the first line follows from the fact that w; is warranted by A%, o, o*\!
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and ug\ ;; the inequality in the second line is due to the max operator in the first line and the fact
that iy € Ms; the equality in the third line uses the definition of fig together with the orthogonality
assumption; the inequality in the forth line is due to (B.3b); the equality in the fifth line uses the
definition of virtual utility; and finally, the inequality in the sixth line follows from the definition of

[;. The desired conclusion thus follows from Lemma 1 in Myerson (1983). 0]
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