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Preface

Preface

The purpose of this book is to provide a rigorous yet accessible introduction to econometric
time series analysis. It originates from lecture notes prepared for courses in Econometrics
taught at the International Master in Economics and Finance, held at Ca’ Foscari Uni-
versity of Venice. Over time, these notes have been revised and expanded with the aim
of offering a systematic treatment of both theoretical foundations and applied aspects,
guiding the reader from the specification of the linear regression model to the analysis of
nonstationary and cointegrated time series.

Alongside the exposition of the fundamental results, special attention has been devoted
to those parts of the econometric theory of time series that help to motivate and clarify
various aspects of econometric practice. This approach aims to reduce the distance be-
tween mathematical formalism and empirical applications, providing a logical framework
that makes the connection between theoretical assumptions, estimation procedures, and
the interpretation of results more transparent.

Forecasting patterns are further analyzed in their dynamics in the case of nonstation-
ary and cointegrated series, interpreted through models incorporating an error-correction
mechanism, discussed in Chapter 5. Particular attention has also been given to the at-
tempt to connect the multivariate case to the univariate one, highlighting both the concep-
tual analogies and the operational differences. This makes it possible to better understand
the transition from simple to more complex model structures, without losing sight of the
basic principles that guide inference and forecasting in time series analysis.

For this reason, the text is not intended to be exhaustive of all the topics in time series
analysis, and readers who wish to explore further may refer to the bibliography provided
at the end of the book.

In line with its didactic purpose, intermediate steps in the derivations have been preserved,
even when these are sometimes omitted in more advanced texts. This choice is meant to
support students in following the logical development of the results.

The presentation is structured to guide the reader through the essential stages of econo-
metric reasoning. Throughout the book, emphasis is placed on conceptual coherence. Con-
nections between algebraic structure, stochastic assumptions, and inferential procedures
are made explicit, so that theoretical results can be interpreted within a unified econo-
metric framework.

The first chapters introduce the basic probabilistic tools and the main stationary pro-
cesses, followed by the general representation theorems and their implications. In partic-
ular, Chapter 2 discusses the concept of ergodicity, considered fundamental for justifying
inference in time series, while Chapter 3 gives ample space to Wold’s decomposition,
which provides a comprehensive view of stationary processes. Subsequent chapters deal
with multivariate processes, dynamic properties, and forecasting methods. The last part
of the book focuses on nonstationary processes, unit root tests, cointegration, and the
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Kalman filter, highlighting their role in modern econometric practice.

The approach adopted is deliberately didactic: formal definitions and propositions are
always accompanied by examples, intuitive explanations, and, in some cases, numerical
simulations. The aim is not only to present results in their formal rigor, but also to clar-
ify their interpretation in an econometric context. Graphical illustrations and empirical
applications are included to support intuition and facilitate learning.

Although the text is primarily intended for students in economics and statistics, it may
also be useful to researchers and practitioners who wish to consolidate their understanding
of time series methods. The book does not assume advanced mathematical knowledge
beyond basic probability and linear algebra, but it gradually introduces the tools required
for a deeper study of econometrics.

The scope of this book is therefore introductory by design. Topics such as volatility
modeling with ARCH and GARCH processes, though crucial in financial econometrics,
fall outside its boundaries. Their omission reinforces the intended focus: to provide a
clear and structured introduction to the probabilistic and econometric foundations of
time series analysis.



1 Introduction to Stochastic Processes

1 Introduction to Stochastic Processes

Definition 1.1. A stochastic process {X; : t € T} is an ordered collection of random
variables indexed by a parameter t (often time) and defined on a common sample space.

If 7 is an interval of R, the process is a continuous-time process, denoted {X; : t € T }.
If T is countable (e.g., Z or N), it is a discrete-time process.

By setting a generic point in time, for example, ¢t = ¢y, one element of the ordered set is
selected, i.e. a real random variable X, is chosen. It is known that more outcomes can be
associated with each random variable (named also measures or observations). An outcome
is realized according to the probability or probability density law that characterizes the
random variable.

The set of all possible outcomes forms the sample space, denoted here by €. Accordingly,
the random variable can be seen as a set function {X;,(w);w € Q}. Fixing a specific
element of the sample space, for example w = wy, yields the value X (wg), which rep-
resents a single numerical value (measurement or observation) associated with both the
time ¢ and the outcome w. It is therefore evident that the notation {X;;t € 7} could

more completely be written as {X;(w);w € Q}, but the explicit reference to the sample
space is usually implicit and omitted.

To better understand the intuition behind the expression {X;(wp);t € T}: by fixing a
single element of the sample space w = wy, this set represents a sequence of specific
realizations, each associated with its corresponding random variable within the index set
T. This sequence is known as a realization of the stochastic process and it is represented as
a continuous or discrete curve along the time axis (or index axis t) depending on whether
T is continuous or discrete.

Figure 1.1 illustrates segments of 10 realizations of the stochastic process X;(w). Figure
1.2 shows the values taken by six random variables across the same realizations from
Figure 1.1.

1.1 Probabilistic Characterization of Stochastic Processes

To distinguish stochastic processes unambiguously, it is necessary to fully characterize
them from a probabilistic perspective. To illustrate the importance of such characteriza-
tion, consider the simplest case of two continuous random variables X and Y, for which
the distribution functions Fx(z) and Fy (y) exist. We say that X =Y, that is, they are
identically distributed if F'y(x) = Fy(y) with probability 1, meaning their distributions
are almost surely the same. Otherwise, one may write X # Y.
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Suppose both X and Y are uniformly distributed, with densities given respectively by:

1 .
Fe@) =4 b—a ifa<xz<b
0 elsewhere
and: .
; <y<bd
friy)=< b—a’ ifazys
0 elsewhere

The only difference between the two distributions lies in the inclusion or exclusion of the
endpoints a and b. Variable X is defined in the open interval (a, b), while Y is defined
in the closed interval [a, b]. From probabilistic standpoint, X and Y can be considered
identically distributed, i.e., X =Y. However, mathematically they are different because
their domains are not identical. Indeed, Pr(Y = a) = Pr(Y =0) =0, as Y is a continuous
random variable. We can also say that X and Y are equal in distribution except on a
finite set of zero probability. This type of equality in distribution is sometimes denoted
as X £Y, where the symbol = represents distributional equality.

The same reasoning can be extended to vectors of random variables. In such cases, we
refer to multivariate distributions.

Since a stochastic process is an infinite collection of random variables, its probabilistic
characterization would require defining distributions over infinite dimensions. This is
mathematically intractable.

Kolmogorov (1933) resolved this issue through his eztension theorem (often referred to as
the fundamental theorem of stochastic processes)?t.

The theorem states that a stochastic process is well-defined, in the probabilistic sense, if
and only if there exists a family of finite-dimensional distributions of the form:

Fx, Xo,..x, (01, T, -, 2n) = Pr(Xy <wp, Xo <, -+, X, <) (1.1)
where the finite dimension n can be selected arbitrarily.

Distributions (1.1) must satisfy the following conditions:

i) Symmetry:

FXil,‘..,Xin (Tiyy ooy m,) = Fxyox, (21,000 ), (1.2)

for any permutation (i1, ...,i,) of (1,...,n).

L The reference cited is the 1956 English translation Kolmogorov (1956): Foundations of the Theory
of Probability. The original formulation appeared in the 1933 monograph Grundbegriffe der Wahrschein-
lichkeitsrechnung, published in German, as part of a series of mathematical results founded in 1933 by a
group of internationally renowned mathematicians (including the Italian Tullio Levi-Civita).



1.2 Moments of Stochastic Processes

ii) Compatibility:

FXy o X XX (T1, oo Ty +00, .., 4+00) = Fx, x, (@1, -0, ), (1.3)

for m < n.

The condition of symmetry means that the finite-dimensional family of distributions must
be invariant under any permutation of X;, and z;,; that is, the specific labels assigned to
the variables X7, Xo, ... are irrelevant.

The compatibility condition refers to the limit of the joint distribution:

FX\ o X Xty Xn (Z15 - oy Ty +00, ..., +00)
- x -}}I—I}-i-oo x -};I—I}-i-oo o z 11;[200 FXl""’Xm’Xm+1""’Xn (xh weoTmo Tmp Ly - ,.Tn).
m m n

This limit must be equal to the marginal distribution? of Xi, Xs, ..., X,,.

Generally, it is difficult to use this characterization in terms of families of dimensionally
finite distributions and it is preferred to build stochastic processes by defining their char-
acteristics in terms of their moments or to use elementary processes,® as i.i.d. or white
noise processes, defining on them more complex functional structures.

1.2 Moments of Stochastic Processes

The moments are synthetic numerical characteristics, or theoretical values, that provide
a partial description of the behavior of a stochastic process. These synthetic values are
calculated as expected values, using the linear expectation operator F.

Definition 1.2. (r-th moment)
For a univariate stochastic process, the r-th order moment is defined as:

Morp = E(Xtr)

Example 1.1. Suppose that the stochastic process is X; ~ N(u, 02), Vt € T, then

Hrt = / $;f($t)dxt

o0

2 A multidimensional distribution must satisfy the following properties:

(1) it is non-decreasing in each of its arguments;

(2) it is right-continuous in each of its arguments; and

(3) it satisfies the following conditions:

(3.1) Fx, x,,.. x,, (+00,400,...,400) = 1;

(3.2) limg, 0o Fixy x5, X0 (1, .-, Tk, .., Ti) = 0 for any 1 < k < m, and for any arbitrary values of
the other arguments.

3 See next sections § 2.1 and §2.2.



1 Introduction to Stochastic Processes

1 (xt—ﬂt)Q
where f(x;) = exXp ———— 5 .
) ="Voret p{ 207

In particular, when r = 1 the moment p;; = p; coincides with the theoretical mean of
the process at time t. This value appears as a parameter in the definition of the normal
probability density f(x;). The range of odd-order moments pg, 14 r =0,1,2, -+ is
[—00, +00], while for even-order moments jig.;, =1, 2, ---, the range is [0, +00].

A relevant numerical characteristic of the stochastic process is the variance defined by:

Definition 1.3. (Variance of a stochastic process)
The variance of a stochastic process is defined by:

ngz = E<Xt - :ut)gv .

It is easy to verify that o7 = jpy — pi,, with 0 < o7 < oo0.

Up to this point, there is a strong analogy with the moments defined for random variables.
However, for stochastic processes, it is important to define other peculiar characteristics,
such as the autocovariance function and the autocorrelation function. The autocovariance
function (ACF) is a measure of the linear time dependence of the stochastic process.

Definition 1.4. (Autocovariance function)
The autocovariance function is defined as:

Ttk = CO/U(‘Xtu Xt+k)
- E(Xt - EXt)(Xt+k - EXt-i—k‘) 3 (14)
— EXtXt-i-k’ - EXtEXt+k, kf c Z

where 7 is the set of integers.

The range of the autocovariance function is [—o00, +00].
The autocorrelation function of the stochastic process {X;,t € T}, is defined as follows:

Definition 1.5. (Autocorrelation function)

ik

V VN Vidk 4k

pt,k: = (15)

The terms v;; and ;1 ¢4k represent the variances of the process at time ¢ and ¢ + k.

The range of p;y, is [—1, 1], Since the values of autocorrelation are independent of the
scale of measurement of the stochastic process, the autocorrelation function can be used to
compare the autocorrelation structure of different stochastic processes. Note that p;, = 1.

In general, v x # Vt,—x and psx # pr,—k -
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1.3 Stationarity

Definition 1.6. (strictly stationary process)

A stochastic process {X;,t € T} is a strictly stationary process if it is characterized by
a family of finite-dimensional distributions that are invariant with respect to any shift of
the process along the time axis. That is:

Ft1+k,t2+k,...tn+k(x1; T2, ..., l’n) = Ftl,tg,...tn (.Tl, T2, ..., .CCn>, A5 € Z, (16)

Strict stationarity has a direct implication on the moments of the stochastic process:
all moments, of any order, are time-invariant. In particular, the first and second mo-
ments—i.e., the mean and variance—are constant over time.

The autocovariance function is also time-invariant, though not invariant with respect to
the time lag. This follows from the identity:

Vetrk = Vo VT €T

Since 7 can take any positive or negative integer value, this identity shows that the
autocovariance function is independent of the specific point in time to which it refers.
Consequently, the autocovariance function depends only on the time-lag £ and can be
written as:

CO/U(Xt, Xt+k:) = Yk- M5 < 7 .

The same reasoning applies to the autocorrelation function.

Definition 1.7. (weakly stationary or covariance stationary process)
A stochastic process is weakly stationary or covariance stationary if:

2. E(X; — p)*=c*< o0 VteT,
5. B[(Xe — p)(Xesr —p)] = VEET, VEEZ

Strict stationarity implies these three properties, but they must be seen as consequences
of the behavior of the finite-dimensional distributions, not as defining conditions. Fur-
thermore, weak stationarity does not require the existence of moments of order higher
than two or their time-invariance.

If a stationary stochastic process in covariance is Gaussian, then it is also strict stationary.

From the assumption of stationarity, the autocovariance function satisfies the following
properties:
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1oy =7k (Symmetry, the autocovariance is an even function® )

In fact, 7 = E[X; — E(X})] [Xi—x — E(X;_1)], defining s = t — k, with a substi-
tution we obtain v_j, = F [Xs — F(Xer)] [Xs — B(Xs)] = Y-

2. vl <% (Cauchy-Schwartz inequality °)

3.2 > 6i6vi—j =0 (Semi-definite positive function)

i=1j=1
n
If we consider the following linear combination Y; = > 0, X;_;, then its variance is:
j=1

n

Var(Y;) =Var <i 5th_j> = 225 §;Cov(Xi—i, Xi—j) 225 i Vi—j = 0
j=1

=1 j=1 =1 j=1
The same properties hold for the autocorrelation function:

L pr=p-k
2. okl <1

ZE_: 0;jpli—j| = 0

Wlth po = 1.

Every strictly stationary process with finite second moments is covariance stationary. If
a covariance-stationary process is Gaussian, then it is also strictly stationary.

4 An even function satisfies the property: f(x) = f(—x). An odd function satisfies the property

flx) = —f().
5 See Appendix 1.A.
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Appendix 1.A (Cauchy-Schwarz Inequality)

Proposition 1.A1. (Cauchy-Schwarz Inequality)
The following inequality, known as the Cauchy—-Schwarz inequality, holds:

(E[XY))* < E[X?E[Y?.

Proof. Since the expected value of a non-negative random variable is always non-negative,
for every A € R we have:

0< E[AX +Y)?] = NE[X?] +2)\E [XY] + E [V?]

Viewing the right-hand side as a quadratic function of A\, we observe that it must be non-
negative for all A € R. Therefore the function £ [()\X + Y)2} describes a parabolic curve,
that becomes tangent to A real axis if and only if its discriminant assumes zero value. A
quadratic function is non-negative for all A if and only if its discriminant is non-positive,
that is:
4(E[XY])® - 4E[X?E[Y?] <0
(ELxY))’ < E[X°|E[Y”]
O

Proposition 1.A1 when applied to random variables X; and X, leads to the following
result:

[E(X, — EX})(Xpsr — EXpi))
2
Vi

E(X; — EXt)QE(XHk — EXt+k)2
2
Y0

IA A

Dividing both sides by 7z and taking square roots yields |pg| < 1.
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2 Relevant Stationary Processes

2.1 Independent and Identically Distributed Process (i.i.d.)

Definition 2.1. (i.i.d. process)®

The stochastic process {ey, t € T} is called an i.i.d. process if each random variable in
the collection has the same probability distribution as the others and all are mutually
independent.

Due to independence and identical distribution, for any selection of variables ¢y, ¢es, ..., &,

we have:
Foptotn(e1, €2, 80) = F(e1)F(e2) - F(e,) = [[ F(e)) (2.1)
j=1
The same result applies to a shifted selection of variables, such as 14k, €91k, , Entk:

Bytbtothyotn k(€15 €2, €0) = F(e1)F(e2) -+ F(en) = H F(gj)

J=1

In conclusion, it is evident that the i.i.d. process is strictly stationary.

Moments of i.i.d. process
Given strict stationarity, all the distribution moments are independent of time. In par-
ticular, the mean and variance are invariant over time. The r-th moment is given by:

prg = E(}) = pir (2.2)

By convention, we assume F(e;) = 0. The autocovariance function is:
(2.3)

and the autocorrelation function is:

1 k=0
= ' 2.4
Pk {0’ k0 (2.4)

This implies that an i.i.d. process has zero autocorrelation for all non-zero lags, serves as
a useful benchmark for detecting serial correlation in time series data.

6 The symbol ¢, is conventionally used to denote random errors in regression models.
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2.2 White Noise and Other Related Stationary Processes

Definition 2.2. (White noise process)
The stochastic process {e;, t € T} is called a white noise process if the following properties
are satisfied:

1) E(er) = p, VteT. By convention, pn = 0 is assumed.
2) E(e})=0% VteT
3) E<€t5t+k) = 0, Vte T and k 7é 0,

These three properties are also satisfied by the i.i.d. process. However, unlike the i.i.d.
process, white noise does not impose any condition on moments higher than the second.
For example, a white noise process may have a time-varying fourth moment. If the white
noise process is Gaussian, it is also an i.i.d. process, since a Gaussian process is fully
characterized by its first two moments and autocovariance function. White noise plays
a central role in linear stochastic processes, as it forms the elementary building block on
which they are constructed.

Example 2.1. 7 Let s be a collection of i.i.d. random variables such that:
E(y) = p and Var(y,) = o* (2.5)

then:

o, t=s
s = ’ ’ 2.6
e, {07 t+s. (2.6)

This process is strictly stationary, but if we drop the property of identical distribution
[while the properties (2.5) and (2.6) are retained], the resulting process is covariance
stationary, but not strictly stationary.

Example 2.2. Let all the y;’s be identically equal to a random variable y.
If there are the first two moments:

E(y:) = E(y) = (2.7)

Vs = Var(y) = o2, Vt, s, (2.8)

then this process is strictly stationary .

7 This example, along with the next two, is adapted from Anderson (1971), p. 374-376.

10
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Example 2.3. ® Define the process {y;} as follows:

q

ye =Y (Ajcoswjt + Bjsinw;t), t =+, —1,0,1,--- (2.9)
j=1
where the w; are constant and Ay,---, Ay, By, -+, B, are random variables such that:
EA;=EB;=0,j=1,--- ,q, (2.10)
2 2 _ 2 . _
EA]—EBJ— j7]—1,"'7q, (2.11)
EAZAJ :EBZB] :O,Z#‘],Z,j: 1, ,q, (212)
FEAB; =0,i,7=1,--- ,q, (2.13)
then:
Ey, =0, (2.14)

q
Eyys = Y E(Ajcosw;t + Bjsinw;t)(A; cosw;s + B, sinw;s)
=1

Il
MQ

(EA? coswjt cosw;s + EB? sinw;t sinw;s)

.
Il
—

(2.15)

Il
e

—_

2 ) . inw.tsi .
07 (cosw;t cos wjs + sinw;t sinw;s)

<

|
M

—_

o3 cosw;(t — s)

<

Hence, the process is covariance stationary. If A; and B; are normally distributed, then
y; is also normally distributed as it is a linear combination of jointly normal variables.
Consequently, the process is strictly stationary

The process can also be written as:

q
yt:Zchos(wjt—Hj),t:--- ,—1,0,1,--- (2.16)
j=1
where:
2 2 2
tang; = A—?,j =1,---,q, (2.18)

J
and 0 < 0; <mif B; >0and 7 < 6; <27 if B; <O0.

8  This type of process, known as a periodic or harmonic process, is considered in the Wold decompo-

sition theorem (see Chapter 3).
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2.8  Moving Average Process (MA)

If Aj and B; are normally distributed, then Rjz is proportional to a chi-square variable with
2 degrees of freedom and 6; is uniformly distributed between 0 and 27 (by the symmetry
of the normal distribution) and is independent of Rjz.

If A; and B; are not normally distributed, {y;} is not necessarily stationary in the strict
sense.

This example is important? because, in a sense, every stochastic process stationary in
covariance with finite variance can be approximated by a linear combination such as the
right-hand side of (2.9).

Terminology of periodic processes

The constants w; are called angular frequencies.

The variables R; are the harmonic amplitudes.

The variables 0; are the angular phases.

The sinusoidal component with frequency w; is called the j-th harmonic of the periodic
stochastic process.

Example 2.4. Graphic representation of harmonics with different amplitude, phase, and
frequency:

(See YouTube) https://www.youtube.com/watch?v=cUD1gMA16W4

In this graphic representation:

The amplitude is represented by the radius (pendulum) of the circles.
The phase by the starting point of the pendulum.
The frequency is the speed of the pendulum completing 360° around the circle.

The fifth graph is the sum of the first four harmonics.

2.3 Moving Average Process (MA)

Definition 2.3. (Moving average - MA(q))
A moving average process of order q is defined by the following linear combination:

q
X = Zﬁjgt—ja Bo =1, (2.19)
=0

where {e;} is a white noise process with zero mean. The condition By = 1 is conventional
and does not restrict generality.

9 See §3.1 on Wold Decomposition Theorem.
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2 Relevant Stationary Processes

The order ¢ implies that 3, # 0. However, the values of 3; for j < ¢ may be zero or not,
without affecting the order.

Using the linear lag operator L (see Appendiz 2.A), the process can be rewritten more
compactly as:

X = 2‘1: Bijgt = /B(L)i‘?t
§=0
B(L) = (14 1L+ BoL® + -+ + B,L9)

Is MA(q) a stationary process in covariance?

(2.20)

In general, the linear combination of covariance stationary processes results in a covariance
stationary process!®

To verify this, we analyze the moment properties of the simplest case, MA(1).

MA (1) Process
From the general definition MA(1) : X; = &; + fBei_1.
Its properties are:

1) E(Xt) = E(ét + ﬁgt_l) = E(gt) + BE(gt—l) =0 )
Var(X;) = Var(e + Bei_1) = Var(e) + B2Var(g_y) + 26Cov(gys, &-1)

2
) 20 = (1+ )02
COU(Xt,XH_k) = COU(Et, 5t+k’) + BCOU(Et_l, 5t+k)
3) + BCou(et, err-1) + B2Cov(e4_1, E11k-1)
) B k=1
L E>1

Since mean and variance are constant and the autocovariance depends only on the lag £,
the process is covariance stationary.
The same logic extends to the general case of MA(q).

MA (q) Process

The properties are:

1) BE(X;)=FE (é 5j5t—j> = éﬁjE(&t—j) =0;

J=0 J=0

2) Var(X,) = Var (Z ﬁjet—a) — 0= 3 BVar(e ) =02 30 52
j=0

10 There are examples of linear combinations of covariance stationary processes that are not themselves

stationary. See Kemp (1997).
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2.8  Moving Average Process (MA)

q q
3) Cov(Xy, Xii) = Cov (Z Bigt—j» 2 5j€t+k—j>
=0 7=0

q—k
U?Z/Bj/gj—i—k;; k’:l’Q?...’q
" 07 k > q
Y=k, k<0

The result in 2) comes from the fact that for the white noise process, the variance of the
sum is equal to the sum of the variances, being all the covariances zero.
The result in 3) is obtained considering the sum of all the expected values:

E(BiBieicj), i=0,---q—k; 5=0,---, ¢ k<gq,

calculated within the following table of dimensions (¢ — k + 1) x (¢ + 1):

Eak  P1Etak-1 - P& Prs1Et-1 0 BaErek-q
& 0 0 o Bro? 0 0
B1&—1 0 0 0 BiBr+10Z 0
Bq—k8t+k—q 0 0 0 0 ﬁq—kﬁqo-é?
Batieq 0 0 w0 0 0

When k < q grows, the table has fewer rows and the diagonal of non-null values moves to
the right. The sum of the calculated values inside the table is:

02(Bk + BiPrs1 + - + BBy,

which is the desired result.

The three properties mentioned above show that the M A(q), g > 1 process is covariance
stationary.

The autocorrelation function is:

14



2 Relevant Stationary Processes

Corr(Xy, Xeqr) = Tk
Yo
( q—k
Zoﬁjﬁj+k
J:
—— k=12--.4¢ (2.21)
= k= B
§=0
0, k> q
\ p—k?a k < O

The term o2, which appears in both the variance and the covariance functions, cancels

out in the expression of the autocorrelation function since the latter is independent of the
scale of measurement of the process.

Graphically!!, the autocorrelation curve generally exhibits nonzero values for some lags
k < g, and it necessarily has a nonzero value at lag ¢, where ¢ is the order of the process.
For all lags k > ¢ the autocorrelation is identically zero.

In the graph shown in Figure 2.1, which corresponds to an MA(4) process, we observe
that po = 0. However, the relevant information lies in the fact that all values for k > ¢ are
zero, clearly indicating that the last nonzero autocorrelation occurs at lag & = 4, thereby
identifying the order of the process within the MA(q) class.

In conclusion, the autocorrelation function is a key diagnostic tool for determining the
order of an MA process

Autocorrelation Function

M
Prog
0.8
0.7
0.6
05
0.4
0.3
0.2 0.09
o1 0 n 0 0 0 0 0 0
05 - >
03 0 o%e 2 4 5 6 7 8 9 10 k
0.3
08
06 0.44

Figure 2.1: Autocorrelation function for the process MA(4) : X; =& — ber—1 + 8c1—4

I The graph of the autocovariance function is plotted only for non-negative lags because, in the sta-

tionary case, it is an even function.
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2.4 Autoregressive Process (AR)

2.4 Autoregressive Process (AR)

Definition 2.4. An autoregressive process of order p is defined as a stochastic process
{X:} satisfying the linear equation:

p
X =Y aXj+e, (2.22)
7j=1

where {&;} is a white noise process with zero mean and constant variance, and as, ..., oy
are real coefficients.

The term autoregressive is used because the current value of the process depends on its
own past values, up to p lags.

The order p of the process implies that the coefficient o, # 0, while the values of the
other coefficients—whether zero or not—do not affect the order.

Using the lag operator L, the process can be written as:

p .
Xt = Z OéjLJXt + &
j=1

P .
Xt — Z OéijXt = &t
=1

J

or, compactly, as:

a<L)Xt =&
{ Oz(L):(1—041L—a2L2_..._apr). (2.23)

We now examine whether the AR process is covariance stationary.
This analysis begins with the simplest member of the AR class: the AR(1) process.

AR(1) process
From the general definition of AR processes, we have:

Xt = 04th1 + & (224)

To verify covariance stationarity, we compute the mean, variance, and autocovariance
function.
We begin with the mean. Taking expectations on both sides of equation (2.24) yields:

E(X}) = aB(X1),

16



2 Relevant Stationary Processes

This is a recursive equation that cannot be resolved directly without knowing the initial
condition.

One way to overcome this limitation is to express the AR process solely in terms of the
white noise process.

Since X;_1 = aX;_o + &;_1, we substitute into X;:

Xy =a(aXio+e1)+ &
= Oéth_Q + g1+ &

Repeating the substitution:

Xt = @2(06th3 + €t72) + Q&1 + &
=a3X, 5+’ o+ a1 +e

Continuing this process recursively, after replacing X; j.; we obtain:

Xt = Odetfk + @k_1€t7k+1 + Odk_2€t7k+2 + -t Qi1 T+ &
k=1 2.25
= OékXt,k + Z Oéjgtfj ( )
j=0

The goal is to reach the infinite moving average representation:
o0
Xt = ZO&J&Tt_j. (226)
j=0

This representation is valid only if the term o X,_; vanishes as k — oo removing depen-
dence on the initial condition.
This requires the following two conditions:

1. The infinite sum involving white noise must converge, which holds if |o| < 1. This
is known as the stationarity condition.

2. The remainder term'? a*X,_; must vanish in the mean square sense.

From (2.25) we write:
k—1

OékXt—k: =X; — Z Oéj&t—j )
=0
If the second moment E(a*X; ;)? = o*E(X;_;)? exists for all ¢, k, that is, if
E(X;_1)? < oo, for all ¢, k, then, given a < 1, follows that

lim o®*E(X,_x)* =0

k—o0

12 This second condition is usually assumed and often omitted in textbooks.
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2.4 Autoregressive Process (AR)

Consequently,
k—1 2
klgg)E(Xt Zoa 51&]) 0, (2.27)
]:

meaning that the process X; is approximated in the mean square sense by the
infinite sum of past white noise terms. Therefore the relation (2.26) is justified.

The same result is derived using the lag operator L.
The AR(1) model is:

Xt = 06th1 +& — Xt — OéLXt =& — (1 — OéL)Xt = &

or
Oé(L)Xt = &t (2 28)
a(l) = 1—alL '
Inverting the polynomial «(L), we have:
Xt = Oé(L>_1€t = ZOéijgt = Za‘jgt_j (229)
§=0 5=0
because:
1 =
Ly '= = L. 2.30
o) = =g =2 (230)

This equality holds because the expression 1/(1—alL) is the sum of a geometric series'®

with common ratio « L, valid when |a| < 1.
The stationarity condition can alternatively be expressed in term of the characteristic
equation associated with (2.24):

a(Ly=1—aL =0 (2.31)

The root of this equation is'* L = 1/a; stationarity condition |a| < 1 is thus equivalent
to requiring that the root of the polynomial equation (L) = 0 must lie outside the unit
interval.

no
13 A geometric series is defined as: 70+ 71+ 724 ... 47" = 3 rJ = (1 — ") /(1 —r), where 1 is the
§=0

common ratio of the series. If |r| < 1 then r"*1 — 0, as n — 0o, so the sum becomes
14

Here, the lag operator L is treated as if it were a real-valued variable. Strictly speaking, this is a slight
abuse of notation. However, this practice is justified by the fact that lag polynomials are isomorphic to
ordinary algebraic polynomials.
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2 Relevant Stationary Processes

Expression (2.26) has the form of an M A(co) process, and can be written as:

X, = ;o@ " (2.32)
B = ol

From a mathematical and probabilistic point of view, equations (2.24) and (2.26) are
equivalent. While (2.24) describes the process in terms of its dependence on its immediate
past, (2.26) expresses it through an infinite linear combination of white noise.

This representation is useful for computing the moments of the process:

1) B(X,) = E (i ajgt_j) — S aiBe ;=0

Jj=0 J=0
0 . o0 . 00 ) 0.2
2) Var(X,) = Var | 3z | =70 = 3 0¥ Var(s ;) = 02 > o = — %
j=0 j=0 =0 1l—«
Cov(Xy, Xpvx) = Cov (Z e j, > Adepig
=0 j=0
3 o0 i . o0 . 2k
| 723 alarth = g2k 30 % = T g
= Tk = j=0 =0 l -«
Yk E <0

These results confirm that the AR(1) process is covariance stationary when |a| < 1. The
autocorrelation function is:

Corr(Xy, Xiyr) = 1L
Y0

2k _ A2
) 10'504 - 1 2Oé — Odk, E>0 (233)
= k= — o;
P—k k<0

which decays exponentially and tends to zero only as k — oo.

Figures below show two examples of autocorrelation functions for different values of a.
In both figures, the autocorrelation functions are exponentially decreasing, a typical be-
havior for each AR(1) process if the coefficient is 0 < o« < 1 (Figure 2.2) or =1 < a <0
(Figure 2.3).

2.5 AR(2) Process

Before examining the stationarity condition for the general AR(p) process, it is helpful
to consider it in the simpler case of an AR(2) process.
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2.5 AR(2) Process

Autocorrelation function

Figure 2.2: Autocorrelation function for the process AR(1) : X3 = 0.7X;_1 + &

Autocorrelation function

>

B, 000660005 cooo00000 R
RROONOOIVNAWNRORNWAUIOON0 O =

Figure 2.3: Autocorrelation function for the process AR(1) : Xy = —0.8Xy_1 + &¢

From the general definition, the AR(2) process is given by:

Xy =anXp 1+ Xy o+ &
Xt — OélLXt — OéQLQXt = &

or more compactly:
Xy =X+ X o+e
Xt — OélLXt — 052L2Xt = &t

2.34
Oé(L)Xt = &t ( )
a(l) =1— oL — asL*
The characteristic equation associated with this process is:
a(L)=1—a L — > =0 (2.35)
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2 Relevant Stationary Processes

Any second-degree polynomial can be factored into the product of two binomials, so
equation (2.35) can be written as:

(1 —wL)(1—wyl) =0 (2.36)

This factorization shows the connection between the values w;, ¢ = 1,2, and the corre-
sponding roots r; = 1/w; of the characteristic equation in L given in (2.36).

It also establishes a relationship between the parameters aq, as of the process and the
values wq, wy. In fact, expanding the product of the two factors gives:

1 — (wy 4+ wo) L + wiwy L* = 0 (2.37)
from which we obtain:
Q1 = W1 + W2, Qg = —wWiW2

As in the AR(1) case, the condition for stationarity requires'® that |r;| > 1, i = 1,2. That
is, both roots must lie outside the unit circle.*®

In the AR(2) case, the condition requires that all roots lie outside the unit circle, not just
outside the unit interval, since the roots may be complex (see Appendiz 2.B).

It is therefore useful to examine the stationarity condition of the AR(2) process in more
detail.

2.5.1 Stationarity Condition for an AR (2) Process

This sub-section analyzes the stationarity conditions in terms of coefficients o, j =1, 2.
It is well known that the roots of a second-degree polynomial equation:

ar® +br+c=0,

are given by:
1
1, Ty = 2—(—1) + V% — 4dac)
a

Using the relations between «;, j = 1, 2 and the inverse roots z;, ¢ = 1, 2, we obtain
2o = — z1 and ay = —z1(aq — 27), that is:

2
2 —oz —ag =0

15
16

This is an intuitive statement; a formal proof follows from Theorem 5.2.1 in Anderson (1971), p. 170.
An equivalent condition is |z;| < 1, i = 1,2. The values z; are the roots of the reciprocal polynomial
associated with the process in (2.34), that is, 22 — a2 —ay = 0. The relationships between the parameters
and the roots are the same as for the characteristic equation (2.36), the two sets of roots being reciprocals
of each other.

Throughout the book, the term characteristic equation refers to the autoregressive polynomial, while the
term reciprocal polynomial is used for its inverse representation.
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2.5 AR(2) Process

The roots are:

214

:ali\/a%—l—élag P19
2 ) )

The same result is obtained for f(z2) = 0.

The stationarity condition is:
1 1
—ay £ —y/a? +4a
g gyt i
8

Solving!” this inequality yields the triangular region'®:

<1 (2.38)

g +ap <1
ay —ap <1 (239)
—1l<as<l1

that is well represented in Figure 2.4:

a, A

. VARN
- / \
02 'y 1,5 ‘ /1/n5/ \1\ ‘1,5‘ ‘ 2

0,4

-0,6

-0,8

Figure 2.4: Admissibility stationarity region of aq and ao parameters

The red curve corresponds to the parabola o + 4as = 0. For values o2 + 4ay > 0, that
is, above or on the curve,the roots are real, below it, for values a2 + 4as < 0, the roots
are complex.

Note that a? + 4ay < 0 is only one of the three inequalities defining the system (2.39),
and therefore it represents a necessary but not sufficient condition for stationarity.

17 See Appendiz 2.C: Admissibility Region of AR(2) coefficients for stationarity.
18 The triangular region is sometimes referred to as Stralkowski’s region after the author who most thor-

oughly investigated the characteristics of the AR(2) process with respect to the values of its parameters.
See Stralkowski, Wu, and DeVor (1970).
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2 Relevant Stationary Processes

Example 2.5. Consider the process:
T = —]_.9.Tt_1 — O.9$t_2 -+ Ety, Ep v WN(O, 0'3)

In this case, ap + ay = —2.8 < 1 and |ay| < 1, so both conditions are satisfied. However,
a9 — a1 = 1 which is no less than 1, and therefore the process is not stationary. The roots
of the polynomial equation:

1+ 19w+ 0.9w* =0

are wp; = —1.111... and wy = —1., the second root is on the unit circle.
Note that the condition:

|Oél‘ + ‘CY2| < 1,

is sufficient for stationarity. The region defined by this inequality corresponds to the
square inscribed within the triangular stationarity region shown in (Figure 2.5).

A4
Lol O\
20 RN
ya N\
£ N\ R
P 15 /wq W\ 15 o
/ ’ VAR
y/ R AR \\
/ Neel AN

Figure 2.5: Stationarity sufficient region of a1 and as parameters

It is important to note that the sufficient condition |a;| + |ae| < 1 is not a necessary one.
A process can still be stationary even when this condition is violated, provided that the
coefficient pair lies inside triangle a or b.

Extending these results to the general AR(p) process:
Ty = 00Ty + 0T+ -+ Qi + &, &~ WN(0, 07)

We can state the following:

P
e > «a; <1is a necessary condition for stationarity”
Jj=1

19 See also Appendiz 2.F.
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2.5 AR(2) Process

p
loj| < 11is sufficient condition for stationarity®

7j=1

p
e Y «; =1 indicates the presence of a unit root in the process?’

7=1
The AR(2) process can be represented in its dual form as an M A(oco) process: X; =
Bjer—j, by computing the coefficients 8; = f(aq, ag), j=1,2, ---.
=0

j
Under the stationarity condition, the AR(2) process can be written as:

Oé(L)Xt = &t
Xt = Oé(L>_1€t 7

X = ﬁ(L)Et
{ B =a(L)” 240

or

from which it follows that:

p(L)a(L) =1

(1+B1L+62L2+"')(1—OélL—Osz2):1' (2.41)

This equality holds if each power of the lag operator L, the coefficients resulting from
the polynomial product on the left-hand side match those on the right-hand side.
Expanding the left-hand side yields:

L+ Bl +BL? + 3L + /L -
—a L — 06151L2 - @152L3 - a1ﬁ3L4 -
_O[2L2 — 062/61[/3 — 062/82[/4 —.o=1

Since the right-hand side of equation (2.41) contains no polynomial terms (only the con-
stant 1), we equate to zero the sum of the coefficients of each power of L in the expanded
left-hand side.

Eventually, the relation between the MA(oco) coefficients §; and the AR(2) coefficients
a1, ap is given by the recursive formula:

Br = a1Br—1 + k2, k=2,3,---, (2.42)

with the initial conditions: Sy =1 and 81 = a4 .
Once the coefficients 5; are computed, the properties of the AR(2) process follow:

4 .
20 Also for AR(p) process, the polynomial equation 1 — > ajw/ = 0, is satisfied at w = 1 if and only

Jj=1
P
if > a; = 1. Thus, the presence of a unit root can be detected by verifying whether the sum of the

j=1
autoregressive coeflicients equals one.
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2 Relevant Stationary Processes

1) BE(X,) = E (i »ijt—j) = Y BB =0
=0 =0

9

0

J

2) Var(X;) = Var (iﬁﬁpj) =% =

Cov(Xy, Xi) = Cov (Z Biei—j, > 5j€t+kj>
=0 =0

02> BiBisx k >0
j=0

Y—k k <0

3)

B;Var(e,_;) = o? ZOBJZ
iz

Given that the stationarity condition holds, the three properties above confirm that the

AR(2) process is covariance stationary.
The autocorrelation function is:

Corr(Xy, Xeyr) = Y&
Yo C e
> BiBivk
=0
= Pr= o
> B
7=0
\ Pk

kE >0

k <0

(2.43)

The autocorrelation function approaches zero only as k — oco. A graphical example up
to lag 10 is shown in Figure 2.6, where the autocorrelation rapidly decays as a result of

the stationarity condition.

PO Autocorrelation function
1.20

1.00
0.80
0.60
0.40
0.20
0.00
-0.20

-0.40 -0.31

Figure 2.6: Autocorrelation function for the process AR(2) : X
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2.6 AR(p) Process as MA of Infinite Order

2.6 AR(p) Process as MA of Infinite Order

In this section, we consider the duality of the AR(p) process with the M A(oo) represen-
tation.

To this end, it is useful to refer to the well-known fundamental theorem of algebra, which
states that every non-constant single-variable polynomial with complex coefficients has at
least one complex root. This includes polynomials with real coefficients, since every real
number is a complex number with zero imaginary part.

From this theorem it follows that any polynomial of degree p :

P
f(2)=> a7,
5=0
with a; € C, the set of complex numbers and a, # 0, has at least one complex root z, € C
such that f(z9) = 0. Once a (complex) root is found, the polynomial can be factored into
a product of first-degree linear terms?':

[y

p—

f=[Le-2) (244)

<

with z; € C, where each z; € C is a root of the polynomial.

Taking multiplicities into account, any polynomial with complex coefficients has exactly
p (possibly repeated) complex roots.

The stationarity condition applies to the characteristic polynomial:

a(ly=1—-oL—--—a, [P =0, (2.45)
which can be factored as:
(1—2L)(1—2L)---(1—2,L)=0, (2.46)
where z; = —, 1=1,2, ..., p, and r; are the roots of the polynomial, generally belong-
T
ing to C.
As in the AR(2) case, stationarity requires that all roots satisfy |r;| > 1, i=1, ..., p,

that is, that all the roots of the characteristic equation lie outside the unit circle.

Example 2.6. Consider the AR(4) process:
Xt = 0.2Xt_1 + 0.1Xt_2 — O.2Xt_3 + 0.4Xt_4 + &
The associated characteristic equation is:

1—0.2w —0.1w? 4+ 0.2w® — 0.4w* =0
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2 Relevant Stationary Processes

Figure 2.7: Fourth degree polynomial: 1 — 0.2w — 0.1w? + 0.2w? — 0.4w* =0

The curve described by this polynomial intersects the real axis in only two points (Figure

Thus, there are two real roots and two complex roots.

The solutions are:

wy = —1.25295, wy = 1.17789, w3 = —0.21247 — 1.28406¢, wy = —0.21247 + 1.28406 ¢

All the roots are outside the unit circle, so the stationarity condition of the AR (/) process
is satisfied. Their position in the complex plane is shown in Figure2.S.

Without referring to the graph, for the real roots it is evident that w; < —1, wy > 1.
For the complex roots, it is sufficient to verify whether the sum of the squares of the real
and imaginary parts of the complex roots exceeds one, since (—0.21247)2 + (£1.28406)? =
1.693954 > 1.

The moment properties can be obtained by rewriting the AR(p) process in its dual form
M A(c0) in a way completely analogous in what has been done for the AR(2) process.

However, in the next section, we present a simpler method to compute the autocovariance
and autocorrelation functions.

2L This result can be obtained using the factor theorem recursively.
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2.7 Recursive Formula for the Autocovariance and Autocorrelation of AR Processes

Roots

1.5

-1.5 1.5

Figure 2.8: Roots of the fourth-degree polynomial 1 — 0.2w — 0.1w? 4+ 0.2w? — 0.4w* = 0

2.7 Recursive Formula for the Autocovariance and Autocorre-
lation of AR Processes

We can obtain a recursive formula to calculate the autocovariance of autoregressive pro-
cesses, by multiplying the AR(p) process in equation (2.22) by X; j on both sides and
taking the expectations:

p
E(X,Xi4) =Y o;B(X,; X, ) + E(e X k), k>0.

j=1

From which the recursive formula for the autocovariance function follows:
p
Vi = Z%”Yk—j, k> 0. (2.47)
j=1

The second term F(g,X; ) = 0, for & > 0. In fact, considering the dual MA form of
X;_j, we have:

E <8t Zﬁjgtkj> = ZﬂjE(EtSt,k,j) =0, k>0.
=0 =0

The expression (2.47) can be used as a recursive formula for computing the autocovariance
function, provided that the initial condition given by the variance 7 is known.
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2 Relevant Stationary Processes

A recursive formula for the autocorrelation function is readily obtained from (2.47) by
dividing both sides of the equation by 7. We obtain:

P .
% = ZOéj’Yk_], k>0
Yo jp:l Y0 (248)
Pk =Y Qjpr—j, k>0
j=1

In this case, the initial condition becomes simply pg = 1.

Example 2.7. The recursive formula can be applied to the process in Figure 2.6. We
have:

Pk = —O.ka_l + 035,0k—2 .

From which:

po=1

1= —0.2p0 +0.35p_1 = (1 —0.35)p, = —0.2 = p1 = —0.30769

s = —0.2p1 + 0.35p0 — ps — —0.2 X —0.30769 + 0.35 — 0.411538

D5 = —0.2p + 0.35p; — ps — —0.2 x 0.411538 — 0.35 x 0.30769 = —0.19

These values correspond to those plotted in Figure 2.6.

Since the autocorrelation function for an AR process of any finite order approaches zero
only as k — oo, it follows that for the class of AR processes, the autocorrelation function
18 not a reliable indicator of the process order.

An alternative tool proposed for identifying the order is the partial autocorrelation func-
tion.

2.8 Partial Autocorrelation Function

A partial autocorrelation function can be built using the simple autocorrelation function
to determine the values of the coefficients of the AR process. The order of the process is
determined by the k& — th lag such that a; =0, Vj > k.

Not knowing the actual order of the process, we proceed by repeated steps verifying at
each lag k which coefficients are zero.

For example, if the process were of order p = 1, using the recursive form for the autocor-
relation function we would have p; = apy from which a = p;.

If we assume p = 2, then the recursive formula gives: p; = aypy + agp_1, in such a case
only one equation is not enough to determine the two unknown values of the coefficients.
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2.8 Partial Autocorrelation Function

However, we can use again the recursive form to write the second equation p, = a;p1+aspg
and find the solution of the system??:

Q1+ aop_1 = p1
Q1P+ Qg = P9

I m ar | _ | A1
P1 1 (6%} P2 ’

Pa=p (2.49)

The correlation matrix P is certainly positive definite for |p;| < 1, therefore, it is invertible,
so the solutions for coefficients are:

Using the matrix notation:

or:

a=P 'p, (2.50)
le.
p1(1 — p2)
a1 1—pj
_ 2.51
[ s ] p2 — pi (2:51)
1—p}

If the order of the process is p = 2, then ay # 0. Instead, if the process were p = 1, then
ay = 0, in fact py — p? = 0 it is true thus, for the first-order AR process p, = a? = p?.
We introduce the notation:

p1(1 — p2)
Q21 1—p?
_ , 2.5
[ Q99 ] P2 — p]% ( )
1—pt

where the first index indicates the choice of order of the vector a, and the second index
denotes the element inside the vector.
More generally, for any k, the solution to equation (2.50) takes the following form:

- __1 - -

1 P1 P2 Pe—1 P1
Qg1
P1 1 Pr  Pr—2 P2
Qg2
. =1 P2 M L pr—s P3 (2.53)
Ak
| Pr—1 Pr—2 Pe-3 - 1] | Pk |

22 The equation system is known as the Yule-Walker equations,from the authors who have proposed

this system in their works published in 1927 and 1931.
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2 Relevant Stationary Processes

We focus on the behavior of the coefficient ay,. In the sequence aqq, aig, - - - it is important
to note the last value ag, # 0, beyond which all coefficients become zero. Hence, it is
evident that the order of the AR process is p = k. Conversely, the values of the coefficients
a;, j < k are not informative about the order p, they may be either zero or non-zero.
The sequence {oyy, k=1, 2, ---} defines the partial autocorrelation function.

The partial autocorrelation function serves as an indicator of the process order within the
class of autoregressive processes.

An equivalent formulation is given by the correlation between X; and X, ., after de-
ducing from both of them the linear dependence with the intermediate random variables
Xt—la Xt—27 ) Xt—k+17 that is:

ag, = Corr {[Xt - E(Xt|Xt—1> Tt Xt—k+1)] [Xt—k - E(Xt—k|Xt—17 T, Xt—k+1)]}
(2.54)
The (2.54) motivates the partial autocorrelation name.

The Durbin-Levinson algorithm

The application of both the previous procedures (2.53) or (2.54) may be cumbersome or
computationally intensive. For this reason, it is useful to refer to the recursive procedure
proposed by Durbin and Levinson? which is based on the autocovariance function =y of

the AR(p) process:
k—1
Qg = [% - Z ak—l,ﬂk—j] Vk__ll

=1

(6731 Op—11 Op—1k—1

O —1 Op—1 k—1 Ap—1,1
_ 2
vp = V1 [1 = o],
with the initial conditions: a1 = v1/7%0, Yo = Y0 -

Example 2.8. By applying the Durbin-Levinson algorithm to the AR (2) model of Figure
2.6 , we obtain the graph of Figure 2.9. The last nonzero value occurs for the lag that
identifies the order of the AR process.

Example 2.9. Considering the AR(/) process in Example 2.6, the autocorrelation func-
tion shown in Figure 2.10 and the partial autocorrelation function shown in Figure 2.11
are calculated.

When the lags increase, the simple autocorrelation function decreases with an oscillatory
behavior due to the presence of real and complex negative roots. The partial autocorre-
lation function becomes zero after the fourth lag indicating the order of the AR process.

31



2.9 MA(q) as AR Process of Infinite Order

Partial Autocorrelation function

1.2

0.8
0.6
0.4 035
0.2
0 0 0 0 0 0 0 0
0
0 2 3 4 5 6 7 8 9 10
-0.2
-0.4 -0.31

Figure 2.9: Partial autocorrelation function of AR(2) process: Xy = —0.2X;—1 + 0.35X;_2 + &

Autocorrelation function

1.20

1.00

0.80

0.60

0.40

0.20 I II

0.00 'IIII l!)ll_lllfll_
01 2 6 7 8 9 13 14 15 16 17 18 19 20

-0.20
-0.40
-0.60
-0.80

Figure 2.10: Autocorrelation function of AR(4) process: X; = 02Xy 1 —0.1X;_ 9 —0.2X;_3 —
0.4Xt_4 + &

Note the concordance between the signs of partial autocorrelation values and those of the
process coefficients.

2.9 MA(q) as AR Process of Infinite Order
Given the MA(q) process:
Xt - B(L)gta

What has already been said regarding the duality between AR(p) and M A(co) can also
be reformulated to show the duality between MA(q) and AR(c0) . it is sufficient to invert
the polynomial §(L) yielding:

23 For the proof see: Brockwell and Davis (2016), § 2.5.3.
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Partial Autocorrelation function
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Figure 2.11: Partial autocorrelation function of AR(4) process: Xy = 0.2X3-1 — 0.1Xy_o —
0.2Xt_3 — O.4Xt_4 + &

BL) ' X, =¢. (2.55)

The inversion of the polynomial gives rise to an infinite sum of coefficients, denoted by
aj, j=1,2,---. Therefore:

B(L)™ = Z o; L7 = afL) (2.56)

In equation (2.56) it is assumed that the series ) «; is convergent; otherwise the inversion
j=0

of the polynomial §(L) is meaningless. The conditions for the convergence of this series are

called the invertibility conditions and they are satisfied if all the roots of the characteristic

equation associated with the polynomial B(L),i.e.:
1+ Brw + fow? + -+ + Bu? =0,

lie outside the unit circle.

Note the analogy with the stationarity conditions for the AR processes. However, in
the case of the MA processes the above condition cannot be regarded as a condition
for stationarity, since MA processes are always stationary by construction, being linear
combinations of a white noise process.

This can be illustrated by considering the simple MA(1). The inversion of the polynomial
B(L) leads to:

[e.e]

1 1 (-8
=0

T 1+8L 1-(-BL)

B(L)™

J
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2.9 MA(q) as AR Process of Infinite Order

which is a convergent series under the invertibility condition |3| < 1. However, stationarity
is preserved even when |3] > 1 due to the alternating signs.

For example, consider the process: X; = 2¢;_1 4 ;. The inversion leads to:

X —2X; 1 +4X, 5 — 16X, 5+ 32X 4 — - = &4

As the lags increase, the coefficients become very large in absolute value, alternating in
sign. These alternating signs tend to compensate for each other, which helps preserve
stationarity. However, in this case the process X; cannot be represented as an AR(c0)
process because the condition of invertibility is not satisfied: the inverse polynomial does
not yield a convergent series.

Just a simple AR(1) process can be represented (under the stationarity condition) as a
weighted sum of all past values of &, similarly the simple MA (1) process can be explained
(under the invertibility condition) as a weighted sum of all past values of X;.

This duality extends to any MA /(q) process, which can be expressed as an AR(c0). As a
result of this duality, MA have a partial autocorrelation function that becomes zero only
for kK — oo.

Partial Autocorrelation Function

1.2
1
0.8
0.6
0.4
0.2
0 I I l.l--_-_—_7,
01I3I5!7891011121314151617181920
-0.2
0.4

Figure 2.12: Partial autocorrelation function of the MA (1) process: Xy = 0.85,—1 + &¢

Examples are given in Figure 2.12 for an MA(1) with a positive coefficient, and in the
Figure 2.13 for an MA(1) process with a negative coefficient.
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Partial Autocorrelation Function
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Figure 2.13: Partial autocorrelation function of the MA(1) process: Xy = —0.8c4_1 + &4

2.10 ARMA (p, q) Process

A more general class of linear stochastic processes is the class of ARMA (p, q) processes,
defined as:
a(L)X; = B(L)e;
a(L)=1—a1L —asl? —-- — P | (2.57)
B(L) =1+ BiL+ ol + -+ + B, L1
where a(L) is the lag polynomial of the autoregressive component and (L) is the lag
polynomial of the moving average component. This process admits a dual representation
in both autoregressive and moving average forms.
The autoregressive duality corresponds to the AR(oco) process obtained by inverting the
polynomial S(L). Under the invertibility conditions, we have:

B(L) (L)X, = 6(L)X; = &
(L)X =&

- (2.58)
5(L) =Y &L

Moving average duality corresponds to the M A(co) process obtained, under stationarity
conditions, by inverting the polynomial «(L):

X, = a(L) "' B(L)e; = ¢(L)es

Xt = ¢(L)ey (2.59)
o(L) = ;@‘U

This duality clearly implies that neither the simple autocorrelation function nor the partial
autocorrelation function is a reliable indicator of the order of the ARMA (p, q) process.
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2.11 Time Series and Ergodicity

In the econometrics literature, various methods have been proposed to determine the
orders p and ¢, but none of them are fully satisfactory?*.

An example of a simulated ARMA(p, q) process generated with EViews software is pro-
vided in Appendiz 2.F.

2.11 Time Series and Ergodicity

Definition 2.5. (Time series)
A time series is a finite portion of a realization of a stochastic process, i.e., a segment of
a trajectory.

For economic variables, only one among the potentially infinite realizations is available.
Consequently, inference about the future evolution of the process can only be made by
assuming specific properties and intertemporal dependencies. Among these, a fundamen-
tal property is stationarity, which is a necessary condition for the validity of the ergodic
theorems that underpin inference based on time series.

Ergodicity concerns the asymptotic behavior of time averages of functions of the process.
In this section, we focus on the function defined as the time average of the variables:

1
ET:T<$1+$2+"'+$T) (260)

The asymptotic properties of this average can be framed in terms of the Weak Law of
Large Numbers (WLLN). In stochastic process theory, some results concerning the WLLN
are commonly referred to as ergodic propositions.

For convenience, we recall the definition of the WLLN.

Definition 2.6. (Weak Law of Large Numbers - WLLN)
A sequence of random variables {z;, t = 1,2, ...} with finite first moments p, satisfies the
weak law of large numbers® if:

. wr mr
i (- 2) -0
e \T T

T T
here, wr = Y-z and mr = 3 i
t=1 t=1

We now present the first ergodic propositions concerning the mean in equation (2.60).

24 A survey of these methods is provided in de Gooijer et al. (1985).

m
25 If the deterministic limit Tlim —T exists and is finite, then the sample mean converges in probability
— 00

to that limit of the theoretical mean.
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2 Relevant Stationary Processes

Proposition 2.1. (Khinchin®®)

Let {zy, t =1,2,...} be a sequence of mutually independent and identically distributed
(i.i.d.) random variables with finite mean p. Then the sequence satisfies the weak law of
large numbers:

T
o 1
plimzr = plsz tzl Ty = U
Proof. See Dhrymes (1974), p. 101. O

Khinchin showed that for i.i.d. random variables, the existence of the mean p is a sufficient
condition to apply the law of large numbers.

To understand the relevance of ergodicity, consider the calculation of the mean in the case
of non-stationary processes.

In such cases, the mean is not constant over time, and estimating it requires computing the
sample mean at each time ¢. This, in turn, requires a set of /N independent realizations,
denoted by:

{i[}lt, t= 1, 2, }
{Igt, t= 1, 2, }

{LUNt, t= 1, 2, }
The sample mean at each time ¢ is:

1 N
/:Ltzﬁizlxit

In the case of stationary processes, the mean is constant over time, so it makes sense to
compute the average of the sample means over time:

T
1
==y 2.61

We refer to expression (2.61) as the ensemble average.

Even for stationary processes, ensemble average estimation requires /N stochastically in-
dependent realizations. In practice, especially in econometrics, we typically have only one
realization (N = 1), making the ensemble average impractical. Ergodic theorems allow
us to replace the ensemble average with the time average (2.60) computed from the single
available realization.

A stochastic process need not be an i.i.d. sequence of random variables. Hence, Khinchin’s
proposition imposes quite strict conditions. A second proposition, due to Chebyshev,
relaxes the requirement of identical distributions.

26 Aleksandr Yakovlevich Khinchin, 1894-1959.
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2.11 Time Series and Ergodicity

Proposition 2.2. (Chebyshev*’)
Let {xy, t =1,2,...} be a sequence of mutually independent random variables with finite
means p; and variances oz. If:

T—o0 T2

T
1
lim —» 07 =0 (2.62)
t=1

then the sequence satisfies the WLLN:

T
o . 1
plimZy = lim pup = lim T ; [t

Proof. See Feller (1968), p. 254. O

If the mean and variance are constant, this proposition reduces to Khinchin’s. Note that
Chebyshev’s proposition requires the existence of the second moment, whereas Khinchin’s
does not. Furthermore, condition (2.62) is sufficient but not necessary.

Chebyshev’s proposition applies to a broad class of non-stationary processes. In general,
it is valid for processes that are uniformly bounded, i.e., those for which there exists a
constant A such that |z;| < A for all t.

In most economic time series applications, we observe a single realization of a stochastic
process, and the variables are not mutually independent. In this context, provided that
the process is stationary, a more general result can be applied:

Proposition 2.3. (Birkhoff*®*—Khinchin)
Let {zy, t =1,2,...} be a sequence of random variables with finite constant mean p, finite
constant variance 0%, and autocovariance function v, = E[(x; — p)(xer — p1)]. If:

lim v, =0 (2.63)

k—o0

then the sequence satisfies the WLLN:
plimTr = p
Proof. See Gnedenko (1969), p. 337. O

Proposition 2.3 states a condition only sufficient for the ergodicity of the covariance sta-
tionary process. The following proposition states a necessary and sufficient condition.

27 Pafnuty Lvovich Chebyshev, 1821-1894.
28 George David Birkhoff (1884-1944), American mathematician.
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Proposition 2.4.

(Ergodicity for Covariance Stationary Processes)

Let {xy,t =1, 2, ...} be a covariance stationary process with autocovariance function de-
fined as:
Yo = E@e — p)(@en — 1),

then

lel;fZ% (264
if, and only if

lim E(zr —p)* =0 (2.65)

T—o0
Proof. See Karlin and H. M. Taylor (1975), Theorem 5.1, p. 476. O

Remark 2.1. Beyond the proof of this proposition, note that by expanding the expected
value, that is, the argument of the limit in (2.64), we obtain:

E(zr —p)* = E<%t2::1$t—,u>
= %E 3 (fft—H)Q‘{‘i i (xt_:“)(xs_l“)}
t=1 t=1 s#t=1

= {Z‘%""Z Z ’7158}

1 s#t=1

The double summation involves the autocovariances of the process x;. Due to the sym-

T-1

metry of the autocovariance matrix, can be written as 2 > kyr_g.

k=0

Therefore, we obtain:

T T-1
1
Bler — 1) = o {Zaf +2ka} -
t=1 k=0

The condition stated in Proposition 2./ requires not only that hm Z o? =0,

which is the same condition as in the Chebyshev?® Proposition 2.2, but also that

hm—Z/WT r=20.

29

In the case of uncorrelated random variables, that is, when v, = 0,Vk # 0, the Proposition 2.}

reduces to ChebishevProposition 2.2, considering that in the case of a covariance stationary process,
condition (2.62) is automatically satisfied.
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2.11 Time Series and Ergodicity

It can be shown that the assumption (2.64) ensures this second limit holds. Moreover,
the sufficient condition in (2.63) implies (2.64).
In conclusion, Proposition 2.4 establishes the equivalence between

T
. 1 . _ 2
A, 7 2w =0 and Jim Blor - ? =0,
which means convergence in mean square of the random variable z7 to its mean p. This
convergence does not require independence among the random variables of the process
{zy,t =1, 2, ...}, but only the covariance stationarity. This requirement has implications
for the behavior of the autocovariance function as shown by Proposition 2.3.

FErgodic Proposition 2.3 is relevant because, in the case of a covariance stationary process,
it allows replacing the ensemble average (2.61)—which is generally unfeasible—uwith the
time average (2.60).

The ergodic property can also be extended® to second moments of the process. In par-
ticular the variance and the autocovariance function.

Remark 2.2. It should be emphasized that ergodicity should not be confused with sta-
tionarity. An ergodic process is certainly stationary, but a stationary process is not
necessarily ergodic. To clarify this aspect, consider the following examples.

Example 2.10. If we refer to the harmonic process in Fxample 2.3, in general, it is not
ergodic®'. In particular, we consider a single harmonic:

Yy = Acos2r ft + Bsin2rw ft,t =---,—1,0,1,---, (2.66)

where f is the frequency (in cycles per unit of time), and A and B are random variables
with F(A) = E(B) =0, Var(A) = Var(B) = o2, and E(AB) = 0. Hence, E(y;) = 0 and
the autocovariance is v, = Cov(ys, yerr) = 02 cos(2m fk).
A realization of the process y; is determined by specific values for A and B.
Suppose A ~ N(0,4) and B ~ N(0,4). Two possible outcomes might be: A; = —2.43445,
B; = —5.49087 and Ay = 1.654937, B, = —3.59948.
Hence

Y1 = Ay cos2m ft + Bysin2n ft,t =---,—1,0,1,---

and:
Yor = Agcos2m ft + Bysin2n ft,t =---,—1,0,1,---

30 This extension requires some assumptions regarding on fourth moments of the process. See Karlin
and H. M. Taylor (1975), Theorem 5.2, p. 479.

31 See Wold (1953), p.167.
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2 Relevant Stationary Processes

with (chosen) frequency f = 0.01.
Figure 2.1/ shows the two series over the interval (—100, 100).

o & A N O N B O ®

—y_l —y_z

Figure 2.14: Periodic waves with t € (—100,100), f = 0.01, A} = —2.43445, By = —5.49087
(blue curve), and As = 1.654937, By = —3.59948 (red curve)

Let us discuss the ergodicity of the process y;.
For the realization y;¢, the time average is:

T T
1 1 .
Yir = T;ylt = T;(Al cos 2w ft + By sin 27 ft) ,

T T
and Tlglolo y1r = 0 since Tlglolo T ;)cos(%rft) =0 and 711_{1;0 T t;)sin(%rft) = 0.
This might suggest ergodicity with respect to the mean, since the time average equals the
ensemble mean E(y;) = 0. This occurs because the waves oscillate symmetrically above
and below the zero axis.

However, the process ¥, is not ergodic with respect to the second moment (variance).

The ensemble variance limit is Ey? = 4, while the time variance limits are:

17
lim Varp(y;) = lim T S i, =18.0381
t=1

T—o0 T—o0

17
lim Varp(ys) = lim — > y2, =7.84754
T—o0 —o0 T’ =1

These results are explained by the following formula:

T
lim % Z (Acos(2mft) + Bsin(27 ft))* =

T—00
t=1

(A*+B?) | (2.67)

DN | —
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2.11 Time Series and Ergodicity

in which the expansion:

(Acos(2n ft) + Bsin(2rft))?
= A% cos?(2n ft) + 2AB sin(27 ft) cos(27 ft) + B? sin® (27 ft)

= %(AQ + B?) + %(AQ — B?)cos(4n ft) + ABsin(4r ft).

leads to:

17
lim — 3 (Acos(2n ft) + Bsin(2n ft))”
T—o0 t=1
1 1 Z
=3 lim T S (2ABsin(4fwt) — B2cos(4fwt) + A%cos(4fnt) + B* + A?)
— 00 t=1

All terms inside the summation tend to zero except the constant terms A? and B2.

The variances of y; and y, clearly show that different realizations, corresponding to dif-
ferent values of the random coefficients A and B, yield different time variances.

To complete the evidence of the lack of ergodicity, consider the following simulation based
on model (2.66). The simulation is performed with 5,000 observations in the interval
—2500 < t < 2500, assuming A ~ N(0,4) and B ~ N(0,4), stochastically independent,
with f = 0.01.

Over the 5,000 observations, the time averages are ; = —2.4x 10716 and g, = 5.59x 10~17.
The time variances are Var(y;) = 18.04174 and Var(ys) = 7.849106.

The computed variances for y; and y, differ from the ensemble average and are consistent
with the corresponding limits of the time variances.

The simulation also allows plotting the behavior of limy o Vary(y;) for the first 200
random realizations of y; based on the random A; and B; (see the Figure 2.15), where
Varr(y;) denotes the time variance computed along a single realization, that is,

T
1
Varp(y;) = lim = > u?,.
t=1

Figure 2.15 provides empirical evidence that the true variance of the stochastic process
y; can be obtained only through the calculation of the ensemble average:

N
S : ,
dim gy 2 i Varr(y), i = 1,2, - N

With N = 5,000, the sample analogue of ensemble average is 4.00355, similar to the
theoretical ensemble average Var(y,) = 4.

This example shows that the process is ergodic with respect to the mean, but not with
respect to the second moment.
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20
18
16
14
12

o N M O

Figure 2.15: Limit of time variance for the first 200 realizations. The red line is 4.00355, i.e.,
the sample ensemble average of all 5,000 time variance limits

Remark 2.3. The ergodicity of the periodic curve (2.66) can be restored if the amplitude
is constant and the randomness of the various realizations in the sample period arises
from a particular choice of the random phase. To clarify this point, consider the following
example.

Example 2.11. Consider the periodic process®?:

Y = Rsin(2mw ft + 0) (2.68)

where R is the maximum amplitude and @ is a random phase. The value of y; is random
due to the stochastic nature of the phase 6.
The value of the sinusoidal wave at t = t; is:

y1 = Rsin(2r ft; +0), (2.69)

where 6 has a density defined on (0, 27).
If f(t) is a realization of a periodic random process, ergodicity implies:

1 T 00
qlggoﬁ/T f(t)dt = /OO zP,(z)dx, (2.70)

where P,(z) is the probability density function of the random amplitude y. For discrete
realizations z;, (2.70)becomes:

T
1 oo

lim — E 2 :/ zPy(z)dx . (2.71)
=1 —o0

T—>ooTt

32 This is an equivalent form of y; = Rcos(27ft — 6), where R is the amplitude and @ is the phase, as

defined in model (2.16).
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2.11 Time Series and Ergodicity

Stationarity implies that P,(x) does not depend on time, so the ensemble average
[ xP,(x)dx remains constant. For the random value y; defined in (2.69), it can be
shown3? that its density is:

P9<(91 —27Tf1t1)+P9(92—27Tf1t1) fO’I" —R<y1 < R

Py(y1) = VIR =yt : (2.72)

0 elsewhere

where Py(-) is the density function of the random phase 6, and #; and 6y are the two
solutions of equation (2.69) corresponding to a fixed value y; € (—R, R).
For example, let f; =0.01, t; = 50, and R = 4, so:
4sin(27 fit; 4+ 0) = 4sin(m + 0)

= 4 [cos(7) sin(#) + cos(A) sin(7)] (2.73)

= —4sin(0)
Choosing y; = 2, the solutions of —4sin(f) = 2 are ¢, = 3.665 and 6, = 5.760, as shown
in Figure 2.16.

[
0.002

Figure 2.16: Periodic wave defined by (2.73) with y1 = 2 (red line)

In general P,(y;) in (2.72) depends on t;, making the process generally non-stationary.
To ensure stationarity, assume a rectangular (uniform) distribution for the phase:

1
— O<ax<?2
Pya)={ 25 JorU<w<im (2.74)

0 elsewhere

33 See Lee (1960), p. 196.
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2 Relevant Stationary Processes

Under this assumption, equation (2.72) simplifies to:

1 1
Py(y1) = 2_7—%2 - /—1 ; for —R<yi <R (2.75)
Y R —yi  m/R? -y
0 elsewhere

Then one can verify that equation (2.71) holds for the variance of a realization.
The time average of the variance is given by:

T
- o L 2 2 R’
Tlgrolo Varp(y) = Tlgr;o T til R cos*(2m ft) = - (2.76)

This result follows from the same procedure used in equation (2.66).
The ensemble variance is:

1

|
T —y% n

R R
S ruiPy )y = [TLut

_ 1 2 (Y 2 _ 2 &
= 217r [R arcsin <R> yiy/ R yl}iR (2.77)
= 3 [R?arcsin (1) — R? arcsin (—1)]
7r
1 o T 2] R?
B 27T[R2+R2}_ 2

so time and ensemble variances coincide.

In conclusion, assuming a uniform phase distribution recovers ergodicity for the periodic
process. The time average can be computed because the realization is periodic and deter-
mined once the initial angle is fixed. Meanwhile, the ensemble variance does not depend
on that initial angle. This equivalence between time and ensemble averages is especially
relevant in econometrics, where multiple realizations are typically unavailable. In con-
trast, other disciplines—such as statistical mechanics—may face measurement difficulties
in describing how realizations evolve over time, for example when attempting to observe
the instantaneous motion of particles.

Example 2.12. Hamilton provides another simple example®* of a covariance stationary
process that is not ergodic.

Suppose the mean p;, ¢« = 1, 2, --- for the ith realization y;;, t =1, 2, ---, is drawn
from a distribution N (0, 7.), so that:

Yit = Wi + Ety &t NID(0,0'?) . (278)

34 Hamilton (1994) pp. 46-47.
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2.11 Time Series and Ergodicity

Here, the innovation process ¢; is independent of yu; for all ¢ and .
This process is covariance stationary, since:

By, = Ep;, + Ee, =0, Vi, t, (2.79)
and its autocovariance function is given by:

o> +0? fork=0
= E(u; + it = hoo©

“w
However, the process is not ergodic. The time average:

T

T T

| 1 1

T Y= (it e) =t 5y e (2.80)
t=1 t=1

t=1

converges to p; as T' — oo, rather than to the ensemble mean (which is zero). Thus, the
time average does not converge to the ensemble mean in (2.79).

2.11.1 Inference in Time Series

Let {xy; t =1, 2, ..., T} be a time series, where T' denotes the sample size. The following
expression provides an estimate of the autocovariance function®®:
I
Ay = Tt;ﬂ (2, — %) (w—p — Z), k=01, - (2.81)

1 T
where T = — Y x; is the sample mean.
=1

In principle, the summation in (2.81) should be divided by T'— k rather than 7. However,
for large samples the difference becomes negligible, whereas for small samples it may be
non-trivial and should be taken into account.
The corresponding estimate of the autocorrelation function is given by the ratio:
Sk
Pk = =

Yo
Sample autocorrelations can be tested for statistical significance. To this end, one needs
the standard errors of the estimated autocorrelations. An approximation of the standard
error is provided by a formula due to Bartlett (1946):

(2.82)

1/2
o 1 ~
U(pk)%m<1+22p?> L k>q, (2.83)

j=1

35 This is also the formula used by the EViews software.
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2 Relevant Stationary Processes

where ¢ denotes the lag beyond which the autocorrelations are assumed to be zero.
In many applications, it is of interest to test whether all autocorrelations are zero, as in
the case of a white noise process. In such a case, the standard error formula simplifies to:

o 1
U(Pk)%m, k>0.

Thus, a 95% two-sided confidence interval is given by

2
j:_7
VT

where the value 2 approximates the critical value 1.96.

This interval,

2 2
——=,—7=|,C
VT VT

falling outside this range are statistically significant at the 5% level.

(2.84)

(2.85)

an also be interpreted as a significance test: values of py

The same procedure applies to the partial autocorrelation function. It can be estimated
using the Durbin-Levinson algorithm, replacing theoretical autocorrelations with their

sample counterparts®®.

Alternatively, the partial autocorrelation can be computed from the following regressions,

according to definition (2.54):

Ty = Qp1Te—1 + QpaZi_o + - + Qppli—p + &,

Series iid
Sample: 1 200
Included observations: 200

Autocorrelation  Partial Correlation AC  PAC

Q-Stat

Prob

1-0.099 -0.099
2 -0.010 -0.020
3 0.079 0.077
4 -0.077 -0.063
5 0.083 0.072
6 -0.004 0.003
7 0.042 0.056
8 -0.107 -0.117
9 0.021 0.014
10 0.088 0.077
11 0.016 0.057
12 0.001 -0.017
13 -0.048 -0.044
14 0.037 0.033
15 -0.026 -0.019
16 -0.022 -0.041
17 -0.039 -0.063
18 -0.083 -0.063
19 0.010 -0.001
20 -0.069 -0.074
21 -0.032 -0.058
22 0.108 0.114
23 -0.023 0.027
24 -0.021 -0.030

L gemi Ao Lo Em_ T e @

2.0027
2.0236
3.3077
4.5310
5.9516
5.9549
6.3272
8.7327
8.8221
10.481
10.535
10.536
11.036
11.337
11.487
11.592
11.934
13.468
13.492
14.547
14.781
17.429
17.553
17.650

0.157
0.364
0.347
0.339
0.311
0.428
0.502
0.365
0.454
0.399
0.483
0.569
0.608
0.659
0.717
0.772
0.804
0.763
0.812
0.802
0.834
0.739
0.781
0.820

Figure 2.17: Correlogram of i.

i.d. series

Example 2.13. A time series of 200 observations is generated through random draws

from a normal distribution N (0, 4).

36 This is the method used, for example, by EViews.
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2.11 Time Series and Ergodicity

Given its probabilistic characteristics, the series is i.i.d. The autocorrelation and partial
autocorrelation functions are computed using EViews, producing the correlogram shown
in Figure 2.17.

The 95% confidence interval for testing the significance of the autocorrelations is:

j:2/\/ 200 = £2/14.141 = £0.141.

All values of the autocorrelation function (AC) and partial autocorrelation function
(PACF) fall within these bounds. Interpreting the interval as critical values, we con-
clude that none of the estimated coefficients are statistically significant.

The last two columns of Figure 2.17 report the Q-Statistic and associated p-values, as
proposed by Ljung and Box. This statistic tests the joint null hypothesis that autocorre-
lations up to lag k are jointly zero. It is computed as:

k

Qu=T(T+2))

=1

P
T—j

(2.86)

The results confirm that for no value of k are the autocorrelations statistically significant.
For an i.i.d. process, the correlogram of the squared series—relevant for fourth-moment
properties—should also show no significant autocorrelations. This is because the i.i.d.
series is a realization of a strictly stationary process. Verification can be performed by
squaring the observations (denoted #d?) and examining the correlogram in Figure 2.18.
The result aligns with expectations: no autocorrelation value is significant.

Example 2.14. As an exercise, we construct a process that qualifies as white noise but
is not i.i.d.

Consider the following process: x; = &,6;_1, where g; ~ NID(0, o2).

For this process (see Appendiz 2.D), we have:

a) Ex; =0 Var(z) =o' Corr(zy, v444) =0, for k>0.
Hence the process is white noise.

b) Ez? =0t
Var(z?) = 80

8 - _
covuf,xm):{ 20% if k=1

0, if k>1
0.25, if k=1
Corr(z}, z},,) = 0 i k1

Thus, the process is covariance stationary but not i.i.d.

The results concerning the autocorrelation function are general and do not depend on the
magnitude of the variance. Figure 2.19 displays the correlogram of the series wn;, = g;&4_1.
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2 Relevant Stationary Processes

As expected, the autocorrelation coefficients suggest a white noise behavior. To illustrate
this, a sample of 10,000 observations is used.

Figure 2.20 shows the correlogram of the squared series wn?. As predicted by theory,
the autocorrelation at lag k = 1 is not zero, and the series is therefore not i.i.d. The
estimated value p; = 0.24 is statistically significant under the null hypothesis p = 0
(tstat = 24, t,rob = 0.00001), but loses significance when the null hypothesis is set at
p = 0.25 (tstat = —1, t,rob = 0.3173).

All other estimated autocorrelation coefficients for k& # 1 lie within the +0.02 band and
are thus not statistically significant, in line with the theoretical findings.

Sample: 1 200
Included observations: 200

Autocorrelation  Partial Correlation AC PAC Q-Stat Prob

|

1 0.014 0.014 0.0404 0.841
2 -0.013 -0.013 0.0754 0.963
3 0.015 0.016 0.1227 0.989
4 -0.044 -0.045 0.5242 0.971
5 -0.045 -0.043 0.9457 0.967
6 -0.067 -0.067 1.8762 0.931
7 -0.022 -0.020 1.9749 0.961
8 0.093 0.091 3.7800 0.876
9 -0.021 -0.026 3.8757 0.919
10 0.043 0.039 4.2657 0.935
11 0.148 0.138 8.9438 0.627
12 -0.027 -0.028 9.1015 0.694
13 0.125 0.137 12.468 0.490
14 0.019 0.026 12.548 0.562
15 -0.073 -0.056 13.713 0.547
16 -0.036 -0.030 13.996 0.599
17 -0.103 -0.081 16.356 0.499
18 -0.095 -0.095 18.371 0.431
19 -0.084 -0.106 19.938 0.398
20 -0.016 -0.014 19.996 0.458
21 0.092 0.038 21.893 0.406
22 0.044 0.011 22.337 0.440
23 -0.053 -0.064 22.989 0.461
24 0.041 -0.011 23.368 0.498

=Tw T DT T T T T

T

—m g —EmEES

Figure 2.18: Correlogram of i.i.d.? series

Serie wn=eps*eps(-1)
Sample: 1 10000
Included observations: 9999

Autocorrelation  Partial Correlation AC  PAC Q-Stat Prob

1-0.012 -0.012 1.5511 0.213
2 0.004 0.003 1.6779 0.432
3 -0.009 -0.008 2.4013 0.493
4 0.011 0.011 3.6218 0.460
5 -0.009 -0.009 4.4199 0.491
6 0.013 0.012 6.0723 0.415
7 0.016 0.017 86863 0.276
8 0.007 0.007 9.1730 0.328
9 0.001 0.001 9.1829 0.421
10 0.002 0.002 9.2119 0.512
11 0.003 0.003 9.2989 0.594
12 -0.002 -0.002 9.3236 0.675
13 0.006 0.006 9.6774 0.720
14 -0.003 -0.003 9.7624 0.779
15 -0.010 -0.010 10.735 0.771
16 -0.019 -0.019 14.378 0.571
17 -0.002 -0.003 14.432 0.636
[ [ 18 0.000 0.000 14.433 0.700
19 -0.000 -0.001 14.435 0.758
[ [ 20 0.008 0.008 15.123 0.769
[ [ 21 0.009 0.009 15.925 0.774
[ [ 22 0.000 0.001 15.927 0.819
23 -0.011 -0.010 17.050 0.807
24 -0.008 -0.008 17.648 0.820

Figure 2.19: Correlogram of wn, series
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Time Series and FErgodicity

Serie wn"2=wn*wn
Sample: 1 10000

Included observations: 9999

Autocorrelation

Partial Correlation AC  PAC

Q-Stat  Prob

[ ] 0.240 0.240
0.000 -0.061
0.012 0.028
0.017 0.008
0.010 0.005
6 -0.008 -0.012
7 -0.003 0.002
8 0.000 -0.000
[ 9 0.008 0.008
10 0.000 -0.003
11 -0.016 -0.015
12 -0.012 -0.005
13 -0.016 -0.014
[ 14 0.004 0.012
[ 15 0.012 0.009
16 -0.000 -0.005
17 0.002 0.004
18 -0.003 -0.006
19 0.001 0.003
20 -0.008 -0.009
21 -0.007 -0.002
[ 22 0.002 0.004
[ 23 0.005 0.003

[EENFXYNIN

} 24 0.005 0.003

575.48 0.000
575.48 0.000
576.95 0.000
580.00 0.000
581.01 0.000
581.70 0.000
581.83 0.000
581.83 0.000
582.43 0.000
582.44 0.000
584.90 0.000
586.31 0.000
588.85 0.000
589.00 0.000
590.49 0.000
590.49 0.000
590.53 0.000
590.65 0.000
590.65 0.000
591.25 0.000
591.72 0.000
591.75 0.000
591.97 0.000
592.19 0.000

Figure 2.20:

Correlogram of wn,
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Appendiz 2.A

Appendix 2.A (Lag operator L)

The lag operator L acts on a stochastic process by shifting it one period back, i.e.:
LX; =X

The lag operator is a linear operator.
Linearity follows directly from the definition. For the stochastic process Z;, = X; +Y;, we
have:

LZ; =7y =Xi1+ Y1 =LX, + LY,

Similarly, if Z; = aX;, then
LZt = thl = G,Xt,1 = G,LXt.

When applied to a constant, the operator has no effect?”, that is Lk = k.
The operator can be applied iteratively to the stochastic process. We have:

Xt_g - LXt_l - L(LXt) - L2Xt .

In general LFX, = X, ;.
Using these properties, any linear combination of stochastic processes can be expressed

as follows:
Zt = Z Clet,j = (ZCZ]L]) Xt
i=1 j=1
Moreover, by analogy with polynomials in a real variables, we define:
j=1

This notation is particularly useful, as it allows the usual algebraic operations on polyno-
mials to be applied directly.

37 The equality Lk = k expresses that the lag operator leaves constant sequences invariant. Formally,

L coincides with the identity operator only when restricted to the subspace of constant processes.

o1



Appendiz 2.B

Appendix 2.B (Roots of a second-degree equation and complex num-
bers)

The roots of a second-degree equation:
ar’ +br+c¢=0,

are obtained using the formula:

—b+ Vb? — dac
2a '
The nature of the roots depends on the discriminant > — 4ac in the above expression:

Ty, Te =

1) If b* — dac > 0, the roots are real and distinct.
2) If b* — dac = 0, the roots are real and equal.

3) If b* — 4ac < 0, the roots are complex and distinct.

In the third case, the solutions involve the quantity® y/—1, and the roots can be written

as:
1 1
L _ ) = — (—b+ ivV4ac — b2
T1, T2 2a< b+ \/—(4ac b)) 2a< b+ ivdac b) (2.B1)
=f+ig
where
:—%’
g_\/4ac—b2
B 20’

and i = v/—1, known as the imaginary unit®.

If we define 71 = f + ig, then ry = f — ig is called the complex conjugate of r, denoted
by 7.

There is a one-to-one correspondence between real numbers and points on the real line.
Similarly, the geometric interpretation of complex numbers relies on a one-to-one corre-
spondence with points in the Cartesian plane: any point (f, g) corresponds to the complex

number f + ig (see Figure 2.B1).

38 We use the definition i = v/—1, which satisfies 1> = —1. The use of imaginary units appeared in the
16th century in the work of the Italian mathematician Niccold Tartaglia (1499-1557) for solving cubic
equations.

39 The term “imaginary” was first used by Descartes in the 17th century. Mathematicians such as
Abraham de Moivre (1667-1754) and Leonhard Euler (1707-1783) gave a theoretical foundation to com-
plex numbers. Their acceptance in mathematics became complete with the geometric interpretation
introduced in 1799 by Caspar Wessel (1745-1818).
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Real numbers are a special case of complex numbers, represented as pointsof the form
(f,0) on the Cartesian plane.

Y 4

- f+ig

>
»

f X

Figure 2.B1: Representation of a complex number on the Cartesian plane

The product of a complex number and its conjugate yields a real positive number:

(f+ig)(f—ig) =f+igf —igf —i’¢=f+g°

The equation of a circle centered at the origin of the Cartesian plane is:

2?42 =
If the radius is one, the equation becomes:
1,2 + yQ =1

This justifies the expression roots outside the unit circle, meaning that

= Vg > 1.

If f>0,g>0,and f2+ ¢g? > 1, the complex root and its conjugate lie outside the unit
circle, as illustrated in Figure 2.B2.
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v
|
g‘—a
\
o B
1 l‘f X
\
-g

Figure 2.B2: Representation of complex roots outside the unit circle
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Appendixz 2.C

Appendix 2.C
(Admissibility Region of AR(2) Coefficients for Stationarity)

To establish inequality (2.38), we first determine the admissible region of the coefficients
a1 and ap implied by the location of the characteristic roots z;.

Here we work with the reciprocal polynomial

22—0412—04220,

whose roots z; are the inverses of the roots r; of the autoregressive polynomial. Since
stationarity requires |r;| > 1, this condition is equivalent to

|Zi’ < 1.

The condition |z;| < 1 yields the extreme values of the coefficients «; as shown in Table
2.C1.

) )
1 -1 1 -1
z
z, ]
1 2 0 1 -1 1
-1 0 -2 -1 1 -1
a, =z, + z, a, = —1z2,Z,

Table 2.C1: Admissibility region of AR(2) coefficients: boundaries defined by the lines ag+aq = 1
and ag — a1 = 1

Therefore, the admissibility range for «; is the open interval (—2, 2), and for as it is
(=1, 1). Within this region, the expressions (1 + ) are positive, which allows the
inequalities to be squared without reversing their direction.
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<1

sa1 £ 34/af + day
—1<ja1£31/ad+4ay <1

—1—%041 < :I:%\/oz%+4042 < 1—%051

—1—fa; < —3\/od +4as < 3y/od +4as <1— 3y
1+ 3oq > 3y/af +4as and  I(af +4as) < (1— %a1)2

(1+%a1)2>}1(a%+4a2) and 1of +as <1+ 10 —ay

1+%a%—|—a1>%o¢f+a2 and oy <1—qoy
l+a;>ay and oy +oa; <1

ar—o; <1 and ar+oa; <1

The equations as + a3 = 1 and as — a3 = 1, viewed as linear functions of a;, represent
two straight lines with opposite slopes, as illustrated in Figure 2.C1.

o, =1+a a,=1-a

4

15

1 /

05

0 +— — N >
-B )] 5 \5 2 25 a]

f
-0.5 / \
-1

O’z:_alz/4

Figure 2.C1: Lines delimiting the admissible region for stationarity
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The admissible region for stationarity is the triangular area bounded by these two lines
and the line ay = —1, with vertex at (0, 1).

The red curve represents the parabola defined by the equation a? + 4a, = 0. It follows
that when o2 + 4ay > 0 the characteristic roots are real, whereas for o} + 4ay < 0 they
are complex.

The lower boundary of the admissible region corresponds to the range of the coefficient
«io, which extends from —1 to 1.

Hence, the triangular region of stationarity is defined by:

as +ap < 1,
ay —ay < 1,
—1l<ay<l.

o7



Appendiz 2.D

Appendix 2.D (Solution of Example 2.14)

We now provide the detailed solution of Ezample 2.1/, following the steps required to
compute the autocovariances. Consider the process x; = g46;_1, where &, ~ NID(0, 02).

a)

The process {x;} is white noise (uncorrelated), but it is not i.i.d.

We have
E(z) = E(g))E(g4_1) = 0, Var(z;) = E(2?) = E(e})E(e},) = o*.
For k > 1,
Ve = Cov(wy, Tyyr) = E(xwii) = E(eiei-1801€41-1) = 0,

because at least one factor has zero mean and is independent of the remaining terms
(the only possible overlap occurs at k = 1, where one still obtains F(g;_16;11) = 0).
Therefore, all autocorrelations for k£ > 1 are zero.

The process {x?} is covariance stationary, but its autocorrelations are not all zero.

First,
E(z}) = E(e})E(ei ) = 0.

Moreover,
= Var(a}) = E(}) - (E(}))" = E()E(el_y) — o®.
Since g, ~ N(0,0?), we have E(e}) = 30, hence
= (30")(30*) — 0% = 80°.
(Equivalently, (g;/0)? ~ X3, so Var(e?) = 20*.)
Now consider, for k > 1,
= Cov(af, a},y) = B(ajat,y) — B} E(afyy) = B(efel1&fiEian) — 0"
For k =1,
= B(eled (22,,) — of = B(el) Be) B(22,,) — o =304 0% 0 — o° = 20°,

because ¢;_1 and &;,1 are independent. For all k& > 2, the sets of indices {t,t — 1}
and {t + k,t + k — 1} do not overlap, hence

E(x?x§+k) E(xf)E(xf+k) =0®, = 7 = 0.
Therefore,
208
=0.25, k=1,
pr = Corr(x},x7,,) = T 88
70 0, k> 2.

Hence, {x;} is covariance stationary and uncorrelated, yet not independent.
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Appendix 2.E (Simulation of ARMA processes in EViews)
The following AR(3), MA(2) and ARMA(3,2) processes are simulated:

Xlt = 0.8X1t,1 + 0.15X1t,2 — 0.1X1t,3 + &, Ep N(O, 025)
th =&t — 0‘9551%—1 -+ 0.38t_2 . (2E1)
th = 0.8X3t_1 + 0.15X3t_2 — 0.1X3t_3 + & — 0'955t—1 -+ O.3€t_2

The first step is to define a new Workfile in EViews with an assigned name (e.g., Simulation ARMA)
and select the appropriate Workfile structure type. (See Figure 2.FE1.)

For simplicity, no specific date structure with regular frequencies is defined; thus, EViews
prompts only for the number of observations (Data range).

Workfile Create X

Workfile structure type Data range
Unstructured / Undated ~ Observations: | 200

Irregular Dated and Panel
workfiles may be made from
Unstructured workfiles by later
specifying date and/or other
identifier series.

Workfile names (optional)
WF: | Simulation ARMA|

Page:

Figure 2.E1: "Workfile create’ dialog box

Using the command line in EViews, we first generate 200 random numbers from N (0, 0.25),
saved as the series eps:

series eps = 0.5 * nrnd

Since nrnd generates N (0, 1) draws, multiplying by 0.5 yields variance 0.25.
Next, we set the initial values of the three series to zero. Since the maximum lag is 3,
initial values must be assigned to the first three observations.

smpl @first @first+2
series x1 =0
series x2 0
series x3 0

Now we define the sample range for the remaining observations and generate the three
series according to equations (2.E1):
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smpl @first+3 Qlast

x1 = 0.8*x1(-1) + 0.15%x1(-2) - 0.1*x1(-3) + eps
x2 = eps - 0.95%eps(-1) + 0.3*eps(-2)
x3 = 0.8*x3(-1) + 0.15%x3(-2) - 0.1*x3(-3) + eps - 0.95%eps(-1) + 0.3*eps(-2)

To compute the correlogram for x1, double-click the series name and select the menu
sequence: Views > Show > Correlogram
This will open the correlogram settings window shown in Figure 2. E2.

Correlogram Specification X

Correlogram of

@ Level
O 1st difference OK
O 2nd difference

Lags to include Cancel
24

Figure 2.E2: Correlogram specification window

We select 24 lags for display. The resulting correlogram of the AR(3) process is shown in
Figure 2.FE3 and is consistent with theoretical expectations.

Repeating the procedure for X, yields the correlogram in Figure 2. E4, which again reflects
theoretical behavior.

For X3, the correlogram displays a mixed pattern characteristic of ARMA processes,
without the clear cutoff typical of pure AR or MA models, as shown in Figure 2.FEb.
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Series AR(3)
Sample: 4 200

Included observations: 197

Autocorrelation

AC  PAC

Q-Stat

CONDABWN

10
1"
12
13
14
15
16

0.815 0.815
0.701 0.107
0.579 -0.055
0.496 0.040
0.424 0.010
0.377 0.041
0.341 0.031
0.271 -0.110
0.253 0.097
0.199 -0.073
0.154 -0.044
0.094 -0.057
0.068 0.029
0.050 0.027
0.039 0.010
0.020 -0.054

17 -0.011 -0.033
18 -0.049 -0.065
19 -0.087 -0.031
20 -0.076 0.096
21 -0.098 -0.071
22 -0.123 -0.076
23 -0.150 -0.027
24 -0.175 -0.051

132.97
231.64
299.38
349.41
386.12
415.34
439.39
454.61
467.96
476.23
481.20
483.07
484.05
484.57
484.91
485.00
485.02
485.55
487.24
488.51
490.64
494.04
499.09
506.07

Series MA(2)
Sample: 4 200
Included observations: 197

Figure 2.E3: Correlogram of the AR(3)

Autocorrelation  Partial Correlation

AC  PAC

Q-Stat

1 -0.620 -0.620
2 0.140 -0.398
3 -0.006 -0.253
4 0.030 -0.096
5 -0.029 -0.030
6 -0.043 -0.112
7 0157 0.117
8 -0.206 -0.035
9 0.159 0.024
10 -0.081 0.004
11 0.078 0.096
12 -0.078 0.061
13 0.033 0.023
14 -0.013 -0.047
15 0.006 -0.017
16 -0.002 -0.050
17 0.011 0.004
18 0.051 0.116
19 -0.150 -0.055
20 0.136 -0.051
21 -0.044 -0.009
22 -0.004 -0.010
23 -0.001 0.014
24 0.007 -0.004

76.890
80.813
80.820
81.002
81.171
81.547
86.627
95.470
100.72
102.09
103.37
104.66
104.90
104.94
104.94
104.95
104.97
105.54
110.47
114.55
114.97
114.98
114.98
114.99

Series ARMA(3,2)
Sample: 4 200
Included observations: 197

Figure 2.E4: Correlogram of the MA(2)

Autocorrelation  Partial Correlation

AC  PAC

Q-Stat

CONOGAWN

10
1
12
13
14
15
16
17
18

-0.115 -0.115
0.318 0.309
0.142 0.227
0.195 0.163
0.126 0.075
0.103 -0.003
0.220 0.139
-0.034 -0.084
0.200 0.040
0.025 0.008
0.116 0.016
-0.021 -0.078
0.047 -0.068
0.010 -0.039
0.027 0.032
0.021 0.006
0.009 0.020
0.019 0.002

19 -0.123 -0.143
20 0.068 0.004
21 -0.050 0.039
22 -0.032 -0.020
23 -0.045 -0.020
24 -0.050 -0.054

2.6304
23.022
27.108
34.831
38.070
40.260
50.285
50.519
58.865
58.993
61.841
61.937
62.402
62.422
62.582
62.680
62.697
62.777
66.135
67.145
67.704
67.931
68.377
68.950
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Figure 2.E5: Correlogram of the ARMA(3,2) process
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Appendiz 2.F

Appendix 2.F (Coefficient-Based Necessary and Sufficient Conditions
for Covariance Stationarity of an AR(p) Process)

The following Proposition 2.F1 provides a simple and quick diagnostic rule for detecting
non-stationarity in an autoregressive model. If the condition stated below is violated, the
AR(p) process is certainly not covariance stationary. However, if the condition is satisfied,
stationarity is not guaranteed, since the condition is necessary but not sufficient.
Proposition 2.F2, on the other hand, introduces an inequality rule that defines a conserva-
tive stationarity region. Whenever it holds, stationarity is ensured; however, stationarity
may still hold even when the inequality is violated.

Proposition 2.F1. Let the autoregressive process AR(p) be defined as
a(L)X; = ¢y, a(l)y=1—o L —-- —a,L*.

A necessary condition’® for covariance stationarity is

p
ZOZJ‘ < 1.
j=1

Proof. Covariance stationarity requires that all roots of the characteristic equation
a(L)=0

lie outside the unit circle, i.e. |L;| > 1 for all 4.
Consider the polynomial «(L) evaluated at L = 0 and L = 1. We have

a(0)=1>0,
and
P
a(l)y=1- Zaj.
j=1
Suppose that

iaj > 1.
j=1

Then
a(l) < 0.

40" This condition is a direct corollary of the root-based stationarity criterion.
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Appendiz 2.F

Since a(L) is a continuous function of L, and since
a(0) >0 and «l) <0,
the Intermediate Value Theorem implies the existence of at least one root
L* €(0,1)

such that a(L*) = 0.

But then |L*| < 1, meaning that the characteristic equation has a root inside the unit
circle. This contradicts the stationarity requirement.

Therefore, for stationarity it is necessary that

a(l) >0,
that is,
P P
1= ;>0 <= > a;<l
j=1 j=1
If
p
2 =1,
j=1
then a(1) = 0, so L = 1 is a root and the process has a unit root, hence it is not
stationary. O

Proposition 2.F2. Let the autoregressive process AR(p) be defined as
a(L)X; = ¢y, a(l)=1—o L —-- —a,LP,

where {&;} is white noise with finite variance. If

p
> oyl <1,
j=1

then the process is covariance stationary.

Proof. Covariance stationarity of an AR(p) process holds if and only if all roots of the
characteristic equation a(L) = 0 lie outside the unit circle, i.e. (L) # 0 for all L such
that |L| < 1.

Let |L| < 1. By the triangle inequality,

p p p
oo <Yyl ILF <) ayl.
j=1 j=1 j=1
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Appendiz 2.F

If 377 ) laj| <1, then

< 1.

P
T
E a; L
j=1

Therefore,

p
a(l)=1- Zaij #0 for all |L| <1,
j=1

P

Ll ) = 1, which is impossible under

because the equality (L) = 0 would require ‘Z

the above bound.

Hence a(L) has no zeros in the closed unit disk, and consequently all roots of a(L) = 0
satisfy |L;| > 1. It follows that the AR(p) process admits a causal M A(oo) representation
with absolutely summable coefficients and is therefore covariance stationary.!

]

41 For the relation between root conditions, causality, and the M A(co) representation, see Brockwell
and Davis (2016), Chapter 3.
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3 Wold Decomposition Theorem and General Linear Stationary Processes

3 Wold Decomposition Theorem and General Linear
Stationary Processes

The ARMA(p,q) process represents a general class of linear stationary stochastic pro-
cesses. A natural question is whether this class exhaustively describes all covariance
stationary stochastic processes. The Wold Decomposition Theorem provides an answer.

Theorem 3.1. (Wold Decomposition Theorem)

Let y, be an arbitrary discrete covariance stationary process with finite variance. Then
there ezists a three-component stationary process {z;, xy, €} satisfying the following prop-
erties:

A) Y = ¢ + L,
B) z; and x; are uncorrelated,
C) z is a singular process,

D) e, is a white noise process (uncorrelated),

E) xy = > Bjer—j, bo = 1, where the coefficients represent real numbers such that
j=0
>0 <o
7=0
Proof. See Theorem 7, p. 89 in Wold (1953)%2. O

Remark 3.1. The process z; described in E) is called a regular process. The process ¢,
in D) is a white noise process, conventionally with Ee; = 0.

Remark 3.2. The theorem is relevant because it identifies a broader class of linear pro-
cesses than those defined by AR(p), MA(q), or ARMA (p,q) models. This broader class is
known as General Linear Stationary Processes (GLSP) and is represented by the process
x; in part E) of the theorem.

Remark 3.3. The GLSP class is more comprehensive than the ARMA(p,q) class be-
cause every stationary ARMA (p,q) process has an equivalent M A(co) representation.
However, the converse is not true: an M A(oo) process does not necessarily have a finite
representation as an AR (p) or ARMA (p,q) process. Thus, the parameters of a GLSP may
not correspond to any finite set of parameters {a;, j = 1,2,...,p} as defined within the
classes of AR(p) or ARMA(p,q) processes.

42 Herman Wold proved this result in his Ph.D. thesis, published in 1938. The importance of this
theorem is clarified in the following remarks.
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Remark 3.4. The only condition required for y; in the theorem is covariance stationarity.
Therefore, even non-linear stationary processes can be represented as a linear combination
of white noise. However, when the original process is non-linear and defined by a small
number of parameters, its linear representation will generally involve an infinite number.
In practice, such processes can often be well approximated by a truncated MA (q) process.
For reasons of parsimony, it may be preferable to specify the model using the AR(p) or
ARMA (p,q) classes. As a result, the ARMA(p,q) class is sufficiently broad to describe
many stationary time series.

Remark 3.5. The decomposition theorem can also be interpreted in light of prediction
theory for stochastic processes®®. Let us consider the process:

Ty = iﬁjgt—j' (31)
j=0

For simplicity, assume this corresponds exactly to an AR(1) process:
Ty = Qxy_q + &4 (3.2)

The predictor of x; is the conditional expectation based on past values of the process (in
this case, just x;_1):
xf = Exy | 241) = axyq. (3.3)

The prediction error is:
Ty — IL'? = &, (34)

with prediction error variance o2 # 0.
Now consider the general case of an AR(co) process, which exactly corresponds to (3.1):

T = Z Oéjl't_j + Et. (35)
j=1
The predictor is:
xf = E(xy | vpq,00-9,...) = Zaj:ct,j, (3.6)
j=1

and again, the prediction error variance is o2 # 0.

In summary, for the regular process, it is not possible to obtain an exact predictor in the
sense that the prediction error variance is zero.

By contrast, the singular process is characterized by a zero prediction error variance. The
following remark clarifies this distinction.

43 See also §6.5.
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3 Wold Decomposition Theorem and General Linear Stationary Processes

Remark 3.6. The class of singular processes is well defined and analyzed by Wold**. The
discussion of singular processes goes beyond the scope of this lecture note; however, in
§6.3.2, the singular process is defined as a perfectly predictable process, in the sense that
the variance of the forecast error tends to zero in the limit.

We clarify the concept of singularity through the following example.

Example 3.1. Consider the class of periodic stochastic processes, already defined in
FExample 2.3

q
2 = Z(Aj cos w;t + B;sinw;t), t=...,—1,0,1,... (3.7)

J=1

Under the assumptions on the amplitudes Ay, ..., Ay, By, ..., B, given in equations (2.10)
to (2.13), we know that E[z] = 0 and:

q
2
e = Ezizip = g 0 COS w;k

j=1
For simplicity, consider a single harmonic:
2 = Acoswt + Bsinwt, t=...,—1,0,1,... (3.8)
The predictor is:
2y = E(z|zi1, 22, -+, 2t—p) (3.9)

Determining the appropriate lag p in (3.9) is crucial to specifying the best predictor for
the process in (3.8).
Step 1: Consider an AR(1) process:

Zr = ¢Zt_1 + & (310)

Note:
2o =Acos0+ Bsin0=A (3.11)
2y = Acosw+ Bsinw (3.12)

The regression coefficient ¢ is:

gb:wzﬂ:@:(josw (313)
Var(z;_1) Yo o?

44 See Wold (1953), §14, p. 41.
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Hence, the predicted values are:

2{ = Acosw

25 = Acos®w

(3.14)
2 = Acos' w
and the prediction error becomes:
2 — 2y = Acosw + Bsinw — Acosw = Bsinw
29 — 25 = Acos 2w + Bsin 2w — Acos*w = A(cos 2w — cos*w) + B sin 2w (3.15)
7 — 2 = Acos(wt) + Bsin(wt) — Acos’ w = A( cos(wt) — cos'w) + Bsin(wt)
In conclusion, the prediction error contains a periodic function with frequency w.
Step 2: Now consider the AR(2) model:
2 = Q121 + P2z + & (3.16)

The parameters ¢, and ¢, are determined from the recursive relationship (2.48) for the
autocorrelation function. The application of this formula leads to the system:

{ p1 = ¢1po + G2p-1 — { pL= 01t Gop1 (3.17)

P2 = P1p1 + 200 p2 = P1p1 + @2

Substitute the values for the harmonic process (3.8), i.e., p1 = cosw and ps = cos 2w, the
system becomes:

3.18
coS 2w = ¢1 COSW + o ( )

{ Cosw = @1 + ¢y cOSW

The solution is given by:

o1 | 1 cosw o coSs W (3.19)
s | | cosw 1 cos2w |’ '



3 Wold Decomposition Theorem and General Linear Stationary Processes

that is:
O1 B 1 1 —cosw Cos w
o 1 —cos2w | —cosw 1 cos 2w
[ cosw(1 — cos2w) 2 cosw(l — cos2w)
_ 1 — cos?w _ 1 — cos2w
- —cos®w +cos2w | cos’w — 1 (3.20)
L 1 — cos?w 1 — cos?w
B [ 2cosw
B ~1
This result is obtained considering the trigonometric power-reducing formulas:
9 1 + cos 2w
cos’w = ———.
2
From (3.20) the predictor becomes:
2 =22 1COSW — 29 . (3.21)
Considering the first two values:
20 — A

(3.22)

21 = Acosw + Bsinw
we obtain:

25 = (2cosw)(Acosw + Bsinw) — A
= Acos2w + Bsin2w

2§ = (2cosw) (A cos2w + Bsin2w) — (Acosw + Bsinw)
= Acos 3w + Bsin 3w

2y = (2cosw) [Acosw(t — 1) + Bsinw(t — 1)] — [Acosw(t — 2) + Bsinw(t — 2)]
= Acoswt + Bsinwt (3.23)

:Zt

The result in (3.23) shows that the process is perfectly predictable using an AR(2) model,
in the sense that Var(z; — zf) = 0.

Therefore, the process (3.8) is both a stationary process and a singular process.
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This result also holds for a specific realization of the stochastic process, as shown by the
following numerical example.

2
Example 3.2. Let w = —m be the angular frequency of a harmonic process, and suppose

that a particular realization has amplitudes A = 3 and B = 2. Then, from equation (3.8),

the realization is given by:
2 (2
2 = 308 (gmf) + 2sin (gwt) (3.24)

In Figure 3.1, we highlight the values: (0,3), (1,0.23205), (2, —3.23205), (3, 3).
These same values can be calculated using the predictor with parameters:

¢ =2cosw = 2cos<§7r) =—1,
¢g = —1.
with the predictor defined as:
=121+ P2Zi2 = — 21 — Za.
Starting with the initial values:
Zo=A=3,

2 2
21 = Acosw + Bsinw = 3COS(§7T> + 2sin (§7r> = 0.23205,

we obtain:
Zo = —Z1 — 29 = —0.23205 — 3 = —3.23205,

23 = —3 — 2 = —(—3.23205) — 0.23205 = 3.
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Figure 3.1: Harmonic realization z; = 3 cos (%ﬂ't) + 2sin (%ﬂ't) in the (—3,3) interval
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3 Wold Decomposition Theorem and General Linear Stationary Processes

An interesting question is:
What happens if we construct a third-order predictor for this harmonic process?

That is, if we specify the AR(3) model:
2t = Q1201+ Pazp2 + G323 + &4, (3.25)

Using again the recursive formula for autocorrelations, we get the system:

1 cosw cos2w| |¢1 cosw
COS W 1 cosw | |p2| = |cos2w (3.26)
coS2w Ccosw 1 03 cos 3w

This system has no solution because the determinant of the 3 x 3 matrix in (3.26) is zero®.

This result confirms that knowing only two values (or two random variables) is sufficient
to determine the entire realization (or stochastic process) exactly. Including a third
autoregressive term adds no further information: the regressor z;_3 is collinear with z;_4
and z;_» and thus redundant.

Remark 3.7. Also, property B) of the theorem is important. The non-correlation be-
tween regular and singular components allows us to concentrate the analysis on the regular
component. The singular component is less interesting from the econometric point of view
because it is easily predictable. Once this easily predictable component has been deter-
mined, we can delete it from the stationary process and concentrate the analysis on the
regular part. The regular part is more challenging because we must find the specification
of the model that minimizes the variance of the prediction error.

Example 3.3. (Wold Decomposition Theorem applied to the tide level in Venice —Punta
della Salute)

An interesting application of the Wold decomposition theorem is provided by the tide
level recorded by the tide gauge at Punta della Salute in Venice.

Figure 3.2 shows the tide level time series from 7 to 28 November 2019.

This period was chosen because it includes the most recent exceptional tide in Venice
(Aqua Granda 2019), the second highest ever recorded (189 cm), after that of 4 November

45 This singularity of the matrix further justifies the term singular process used by Wold. According to

Theorem 3 in his book (p. 47), process (3.8) is said to be singular of rank 3 because the autocorrelation
matrix in (3.26) is the first to have a vanishing determinant in the sequence of autocorrelation matrices
of order 1, 2, ...

In 1944, the mathematician Joseph Doob proposed the term deterministic process instead of singular
process, a convention now widely accepted. In the literature, the component z; is referred to as a purely
deterministic stochastic process, while the component x; is known as a purely non-deterministic stochastic
process. It is important not to confuse the term purely deterministic process with the deterministic trend
in regression, which refers to a non-stochastic component.
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Tide in Venice - Punta dellaSalute (7-28 November 2019)
200
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—Punta Salute -Actualtide - Astronomical tide

Figure 3.2: Tide levels recorded by the tide gauge of Punta della Salute — Canale della Giudecca.
The first red dotted line (110 cm) indicates the threshold beyond which the alarm sirens are
activated. The second red dotted line (140 c¢cm) marks the threshold for an exceptional tide.
Measurements are relative to the Mareographic Zero of Punta della Salute — MZPS 1897.

1966 (Aqua Granda 1966), which reached*® 194 cm. In October 2020, the MOSE system?”
prevented further exceptional tides.

Figure 3.2 displays both the observed tide and the astronomical tide. The difference
between the two defines the atmospheric tide.

Applying the Wold decomposition theorem, the tide level in Venice can be modeled as:
Yo = Ty + 2,
where:
- 1 is the total tide level,
- x; is the atmospheric tide,
- 2 is the astronomical tide.

The astronomical tide results from the sum of seven harmonic constituents*®.

46 The period from 7 to 28 November 2019 was truly exceptional. Three events exceeding or equal to

150 cm occurred in November within just six days (from 12/11 to 17/11). In the last 150 years, no other
year recorded more than one such event.

47 MOSE is the acronym for Modulo Sperimentale Elettromeccanico, or Experimental Electromechanical
Module. It consists of a series of mobile gates located at the inlets of the Venetian Lagoon.

48 In this example, the astronomical tide is determined using tide level data provided by CNR-ISMAR
(Institute of Marine Sciences of the National Research Council of Italy). The estimates were obtained
using the tidal analysis software Polifemo (see the technical note by Tomasin (2005).
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3 Wold Decomposition Theorem and General Linear Stationary Processes

Denoting by z; the hourly average astronomical level at time ¢, it is computed using the
following formula:

7
2z = Ry + Z R; cos(w;t — ;)
i=1
where:

- Ry = 31 cm is the current mean sea level with respect to the 1897 average, as
measured by the Punta della Salute tide gauge;

- R; is the amplitude of the i-th tidal component, in centimeters;
- w; is the angular frequency of that component, expressed in degrees per hour;

- Time t is measured in hours, and the phase lag ¢; is expressed in degrees. The
convention is that ¢ = 1 refers to 1 January 2019 at 1:00 AM (Italian time), and
t = 8760 (since 2019 was not a leap year) corresponds to 31 December 2019 at
midnight.

The harmonic constituents of the process are reported in Table 3.1.4°

Harmonic Constituent w; (deg/hour) R; (cm) ¢; (°)
M2 — Principal lunar semidiurnal 28.9841042 24.1 187.5
S2 — Principal solar semidiurnal 30.0000000 13.8  324.0
N2 — Larger lunar elliptic semidiurnal 28.4397295 3.9 264.8
K2 — Lunisolar declinational semidiurnal 30.0821373 3.8 134.9
K1 — Lunisolar declinational diurnal 15.0410686 17.0  88.7
O1 — Principal lunar diurnal 13.9430356 5.0  308.5
P1 — Principal solar diurnal 14.9589314 5.5  97.7

Table 3.1: Harmonic constituents in Venice (Punta della Salute), year 2019

To illustrate the difference between the observed tide and the astronomical tide, the tide
forecast issued by the Centro Previsioni e Segnalazioni Maree di Venezia for 12/11/2019
is shown in Figure 3.5.

At the same times during the day, the differences are quite evident, as shown®® in Table
3.2.

49 The Centro Previsioni e Segnalazioni Maree di Venezia — CPSM (Tide Forecast and Alert Center of
Venice) includes an additional component called S1 — the “meteorological solar wave.” It is a diurnal
constituent with angular frequency 15.0000020, amplitude 1.4 cm, and phase 275°.

0 The tide levels observed at Punta della Salute on 12 November 2019 (astronomical and total observed)
are based on hourly mareographic records from the RMLV network and CPSM tide forecasts. The
atmospheric contribution is obtained as the difference between observed and astronomical components
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Figure 3.3: Tide forecast issued by CPSM for 12/11/2019

Hour Astronomical tide (cm) Observed tide (cm) Atmospheric tide (cm)

03:50 d 40 35
10:00 79 130 o1
16:40 -21 45 66
22:55 o6 189 133

Table 3.2: Comparison between astronomical and observed tide levels on 12/11/2019

Both the astronomical and the observed tides exhibit a clear cyclical pattern over the
day. In contrast, the atmospheric tide displays a non-cyclical upward movement: from
the early morning until 4:40 PM the increments are nearly constant, while after that time
they increase significantly.

Following Remark 3.7, from an econometric point of view it is not convenient to model
directly the observed tide level time series. The absence of correlation between the astro-
nomical tide (interpreted as a singular process) and the atmospheric tide (interpreted as a
regular process) suggests subtracting the astronomical component from the observed data.
The same procedure applies whenever the observed series contains a perfectly predictable
singular component, such as a deterministic or harmonic seasonal pattern.

Furthermore, after subtracting the astronomical and seasonal components, the resulting
time series may still be affected by other factors, such as subsidence and eustatism. For
this reason, the atmospheric tide is denoted by v; and is modeled as the sum of a non-
stochastic trend and a stochastic component driven by atmospheric variables. In this
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3 Wold Decomposition Theorem and General Linear Stationary Processes

context, we consider the following specification®!:

(

vy = di + 54,
k
sy = Y Bjwse + x4,
. i=1
dy = ag + aqt,
\ xt:pxt—1+€t7 |p| < 17
- {wj, 7 =1,...,k} are atmospheric variables such as barometric pressure, temper-

ature, precipitation, and wind direction and intensity®?;

- d; is a linear non-stochastic trend. This deterministic non-stochastic component is
essential for estimating, through the coefficient «, the effects of subsidence (vertical
land sinking) and eustatism (long-run sea level variation in the Adriatic Sea) over
the sample period®?;

- x4 is a stationary autoregressive process with |p| < 1 and therefore represents the
regular component in the sense of the Wold decomposition theorem.

- & is a white noise process.

51
52

A model with this specification can be found in Sartore (1975).

Wind direction and intensity must be parameterized to be included as regressors. In Sartore (1975),
parameterizations were adopted for the eight main directions: N, NE, E, SE; S, SW, W, NW.

53 In Sartore (1975), subsidence was estimated using monthly data for the period 1947-1971, yielding
a value of 2.479 mm per year. Remarkably, this coincides with the value obtained in 1970 by the Italian
National Research Council (CNR) using geometric precision leveling (2.48 mm/year).

More recently, De Biasio, Baldin, and Vignudelli (2020) distinguish between Vertical Land Motion (VLM)
and Absolute Sea Level (ASL). VLM was estimated at —1.59 mm/year using GPS data, while ASL
increased at an average rate of 2.43 mm/year between 1974 and 2018 across six tide gauge stations.
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4 Multivariate Stochastic Processes

Definition 4.1. (Multivariate Stochastic Process)
A multivariate (or multidimensional) stochastic process {Xy; t € T} is a family of random
vectors indexed by time t. For each t, we have X; € R".

If the index ¢ is fixed, then the vector X, consists of n components X;;, forj =1, 2, ..., n.
In what follows, it is assumed that each component is square-integrable, that is,

E[X}] < oo, Vit j.

A necessary and sufficient condition for this is:

E|X|*=E (Z X]?t> < 0.
j=1

The expected value of the vector is defined as:
E[X1,]
EX]=1| : |. (4.1)
E[Xnt]
The variance matrix is:

I, =Var(X;) = F [(Xt — E[Xy]) (X — E[Xt])'}

Var(Xlt) COV(Xlt, th) s COV(XH, Xnt)
Cov(Xg, X Var(X coo Cov(Xo, X,
- B - By = | e Core
COV(Xnt, Xlt) COV(Xnt, th) s Var(Xnt)
(4.2)

The covariance function is:
Livrr = COV(Xm Xt+k) =F [(Xt - E[Xt]) (Xt+k - E[XHk])/}
= E[Xi X} ] = EXEX ]
COV(Xlt, Xl’tJrk) cee COV(Xlt, Xn,t+k) (43)

COV(XntaXl,tJrk) COV(XntaXn,t+k)

The correlation function is defined element-wise as the well-known ratio:
- Cov(Xit, Xjt+k)
Pijtt+k = )
v/ Var(Xi)/Var(X; 1)

ij=1,...,n Vtk. (4.4)
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4 Multivariate Stochastic Processes

4.1 Multivariate Stationary Process

As in the univariate case, multivariate processes also allow for two types of stationarity:
strict-sense stationarity and covariance stationarity.

A multivariate process is said to be strictly stationary when the family of finite-dimensional
distributions is invariant under time shifts.

Definition 4.2. (Covariance Stationarity)
A multivariate process is stationary in covariance if:

E[Xt] =K, Vit

4.5
Cov(Xs. Xeus) = B (X = BIX) (X~ EXpal)] =T, vk )

The covariance function I'y has the following property:
F_k = (jOV(:)(.t7 Xt—k) =F [(Xt — E[Xt])(Xt—k — E[Xt—k])/] (4 6)

= E[(X¢ — p)(Xomp — )] = (B [(Xs — ) (KXo — p)]) =T,

The penultimate equality is obtained by substituting s = t —k and applying the transpose
rule for matrix products: (AB) = B’A’.

Unlike the univariate case, the covariance function is not an even function. This asym-
metry is not surprising and is clarified in the following example.

Example 4.1. Consider the case k = —1 and n = 2. The covariance matrix is:
I‘l = COV(Xt7 thl) =F [(Xt — E[XJ)(X{/,l — E[thl])l]

El(X1 — E[Xu]) (X101 — E[X11])] El(X1 — E[X1])(Xop—1 — E[Xa-1])]
El(Xo — E[Xo]) (X141 — E[X11])] El(Xor — B[ X)) (X1 — E[Xo-1])]

Yi1,1 Y121

V21,1 Y221

The third index (after the comma) indicates the lag of the process that precedes it.
Therefore, it is clear that v121 7# 721,1. The cross-covariance 7,2 1 refers to the relationship
between process X1, and the past of process X, (red arrow in Figure 4.1), while 9, 1 refers
to the relationship between Xy, and the past of Xy, (black arrow).

FExample 4.1 shows that the matrix I'; is not symmetric, and in fact, this applies to all
A second property is that I'; is a positive semi-definite function, that is:

p p
D> &l ja; >0, (4.7)
i=1 j=1

which follows from the fact that the variance of the linear combination %, ajX; ;
cannot be negative.
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4.1 Multivariate Stationary Process

t-1 t X

DaN

t-1 t X

Figure 4.1: Interrelations between X1; and Xop processes

Definition 4.3. (Multivariate White Noise)
A process €; is a white noise process if:

Ele,) =0
] (4.8)
', =63, Vk,
where X = Ele€}] is the variance matriz of the process, and 6, is the Kronecker delta®
defined as:
1 k=0
O = 4.9
g {0 ifk #0 (4.9)

The components of a white noise process can be contemporaneously correlated, but are
uncorrelated across time.

Definition 4.4. (VARMA(p, q) Process)
The multivariate process X, is called a Vector Autoregressive Moving Average process,
denoted by VARMA (p, q), if it has the following representation:

A(D)X, = B(L)e:, (4.10)

where €; is a white noise process. The matrices A(L) and B(L) are matriz polynomials
i the lag operator L, defined as:

B(L)=1+B,L+ByL*>+---+B,L?, '

where I is the identity matriz, and the matrices A;, B;, withi =1,...,pandj=1,...,q,
are square coefficient matrices of the same dimension.

An alternative representation of (4.11) is:
Cbll(L> e Clln(L) b11<L) s bln(L)
AL)y=| + |, B)=| 1], (4.12)
anl(L) e ann(-[/) bnl(L) e bnn(L)

5 Named after the German mathematician Leopold Kronecker (1823-1891).
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4 Multivariate Stochastic Processes

where:
p

1— Zaists, lf’L:]
s=1

q
1+ 5 by L5, ifi=j
= s=1
p
— z CLZ']‘SLS, lf’L 7é ]
s=1

aij(L) = q
Z bistS, if 7 7§j
s=1

and bz](L) =

Example 4.2. Representations (4.11) and (4.12) can be used to define an ARMA(2,1)
model for a stochastic process.
According to (4.11), the polynomial matrices are:

A(L)=1— AL — A2,

111 Aai21 Q131 G112 A122 Q132
Al = | Q211 Q221 Q231 A2 = | Q212 Q222 Q232
aszil Aas21  A331 aziz2 A3z22 A332

and:
bi1r biar bz

B(L) =1+BiL, Bi= by by boz

6311 b321 b331

Thus, the VARMA(2,1) process becomes:
A(L)Xt = B(L)Et = Xt = A1Xt,1 + AQXt,Q + B15t71 + &

In expanded form:

X Xl,t—l Xl,t—Q €1,4—1 €1t
Xoy =A; | Xosq | FAx | Xogo | +B1| 2401 | + | en
Xt ) X3,t—1 X3,t—2 ; E€3¢—1 €3t
G111 A121 A131 Xit-1 G112 Q122 A132 Xit—2
= | @211 az9 Q231 Xop—1 | + | G212 agen G232 Xot—2
i 311 az21 G331 X311 ] G312 G322 (332 X312
binn bizr bz E1t—1 €1t
+ | boir baa1 baz €1 | T | €
L ba11 b3z D33 €3t—1 €3t

More explicitly:
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4.1 Multivariate Stationary Process

( Xt = a1 X1 + 121 X1 + a131 X301 + a112X1i—2 + @120 X2 + @132 X319
+b111€10—1 + b121€2i—1 + D131€30-1 + €14

Xop = a1 Xy—1 + 221 X1 + ap31 X3i-1 + 212X 14—2 + A0 X912 + 232X 32
+bo11€10—1 + ba21€2i—1 + bazi€3i—1 + €24

X3 = az11X1—1 + az01 Xos—1 + a331 X30-1 + az12X14—2 + a300Xo¢—o + a332 X312
+bs11€1¢—1 + b321€2i—1 + b3z1€31-1 + €3

Some observations are relevant to this structure:

- Each process includes autoregressive components and depends on the lagged values
of the other processes; the same applies to the error term .

- Regarding the parameter indexing: from a mnemonic point of view, the order of
the indices can be interpreted as follows. The first index refers to the process on
the left-hand side of the equation (i.e., it identifies the equation); the second index
refers to the process whose coefficient is being specified; the third index indicates
the lag of that process.

- Not all coefficients need to be different from zero. At least one of the coefficients
in the matrix A, must be nonzero to determine the autoregressive order of the
process, i.e., p = 2. Similarly, at least one of the coefficients in the matrix B; must
be nonzero to determine the moving average order, i.e., ¢ = 1.

- In econometric terminology, the processes are often referred to as “variables.” The
variables on the left-hand side of the equation are called endogenous (or depen-
dent) variables. The variables on the right-hand side are called ezplanatory (or
independent) variables and may include both endogenous and exogenous terms. If
any of the explanatory variables include contemporaneous endogenous variables, we
are dealing with a simultaneous equations linear system. The ARMA(p, q) struc-
ture, however, does not include contemporaneous endogenous variables among the
explanatory variables and, therefore, cannot be interpreted as a simultaneous equa-
tions model®.

According to representation (4.12), the polynomial matrices of the ARMA(2, 1) model
are:

h

ann (L) aiz(L)

=

6113(

55 In the terminology of simultaneous equation systems, ARMA models are referred to as reduced form

models.
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4 Multivariate Stochastic Processes

where the individual polynomials are defined as:

an(L) =1—-a1L— G112L2; 612(11) = —ajo1 L — a122L2, G13(L) = —aiz1 L — a132L2
a21(L) = —ag L — (1212L2, Cl22(L) =1—ag L — a222L2, a23(L) = —ags L — 0232L2
asi1(L) = —asy L — azoL?, aso(L) = —asgy L — azp L2, ass(L) =1 — azz L — asspL*

Similarly, for the polynomial matrix B(L) we have:

bi1(L) bi2(L) bis(L)
B(L) = | bu(L) bu(L) bos(L) | ,
bai(L) bsa(L) bss(L)

where the individual polynomials are defined as:

bin(L) =1+binLl, bio(L) =binL,  bi3(L) = biz1 L
bo1(L) = —ba11 L, baa(L) = 1+ bagr L, bag(L) = bosi L
bs1(L) = bs11 L, bsa(L) = bsp1 L, bsg(L) =1+ bsgi L.

Each univariate polynomial has its own degree depending on whether its coefficients are
zero or nonzero. The requirement that at least one of the coefficients a132, @232, @330 must
be nonzero ensures that the autoregressive order of the multivariate process is indeed
p = 2. Similarly, at least one of the coefficients by31, ba31, b33 must be nonzero to ensure
that the moving average order is ¢ = 1.

In this representation, instead of defining the order of the multivariate process through
two scalar values, p and ¢, a matrix definition is used:

P11 P12 P13 di11 q12 413
P= (P21 P22 P23, 4= [q21 G22 @23
P31 P32 P33 31 {432 Q33

Although apparently more complex, representation (4.12) is useful when verifying the
stationarity of an ARMA process.

4.1.1 Stationarity and Invertibility of the VARMA Process

The VARMA process X, is stationary in covariance if all the roots of the determinantal
polynomial equation

IA(L)| =0 (4.13)

lie outside the unit circle®®.

56 See the discussion in Chapter 2 on the interpretation of lag polynomials.
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4.1 Multivariate Stationary Process

The process is invertible if all the roots of the determinantal polynomial equation
IB(L)] =0 (4.14)

lie outside the unit circle.
If the stationarity condition is satisfied, the ARM A(p, q) process admits a dual M A(oco)
representation. In this case, the inverse of the matrix polynomial A(L) exists and the
process can be written as:
_ A1
X, = A YL)B(L)g (4.15)
C(L)ey,

where

C(L)=) C,L*, Co=1 > |Cl <oc. (4.16)
s=0 s=1

Here, ||Q|| denotes the spectral norm of a square matrix Q, defined as the square root of

the largest eigenvalue of Q'Q, that is, || Q] = v/ Amax(Q'Q).

If the sequence of coefficient matrices Cy, is absolutely summable, i.e.,

)
DG < oo,
s=1

then the process X; = Z;ozo C; L* g, is stationary in covariance.
In this sense, absolute summability provides a condition for stationarity equivalent to the
one based on the root behavior in equation (4.13)%7.

Example 4.3. Consider the bivariate process {y;, z;}:

Yy = —Yp—1 T Tp—1 + &
Ty = Ty—1 — 0.5y;—1 + 1y,

where {e;, n;} is a white noise process. To verify stationarity, we write the system in
matrix form, using representation (4.12):

1+ L —L Ye| |t
05L 1—0L| |z| |m|

The determinantal polynomial equation becomes:
(1+L)(1—-L)+05L>=0 = 1-0.5L*=0.

Its roots are v/2 and —+/2, both real, distinct, and outside the unit circle. Therefore, the
process is stationary in covariance.

Note that the process coefficients are not necessarily constrained to have modulus less
than one.

7 In the univariate case, stationarity requires that the series Y oo, |cs| be convergent.
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4 Multivariate Stochastic Processes

Example 4.4. Consider the bivariate process {y;, z;}:

Yy = =04y + x40 + et
Ty =x—1 — L2y—1 + 1,

where {e;, n;} is a white noise process.
The determinantal polynomial equation becomes:

(1+04L)1—L)+12L=0 = 1-0.6L+08L*=0.

This quadratic equation has complex roots:

3
—ii—\/ﬁ,
8 8

which lie outside the unit circle. This can be seen since the squared modulus of the roots

1S
2 2
B\ (VTL) _9ETL_80 o
8 g 64 64

Therefore, the process is stationary in covariance.

Example 4.5. The two previous examples suggest a generalization of the bivariate model
with symbolic (unspecified) coefficients:

{ Y =aYp—1 + Ty—1 + & (4.17)

Ty =T + by +

where {g;, 1;:} is a white noise process.

The purpose of this generalization is to determine the admissible region for the parameters
a and b such that the bivariate process is stationary in covariance.

Using the matrix representation, we have:

1—al —L Yt i &t
oL 1—L| |z| |n|
The determinantal polynomial equation becomes:

(1—al)(1-L)-bl*=0 = 1—(a+1)L—(b—a)l?=0.

We recall that the stationarity condition for a univariate AR(2) process requires the roots
of the characteristic equation
1—0(1L—C¥2L2:0
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4.1 Multivariate Stationary Process

to lie outside the unit circle. This condition defines the following triangular region in the
(o1, ag) plane (see § 2.5.1):

as +ap <1

g —ap <1

—1l<as<l1

By setting a; = a + 1 and oy = b — a, the inequalities become:

b—a+(a+1)<1
b—a—(a+1)<1 . (4.18)
—1<b—a<l1

Rewriting these conditions in terms of a and b, we obtain:

b<0
b<2(1+a)
b<a+1
b>a—1

(4.19)

Curves for stationarity admissible region

blk

—D=2+423  wm—b=-0.25a"2+0.53-0.25 b=a+1 b=a-1

Figure 4.2: Curves for determining the stationarity region

In the (a, b) Cartesian plane:

- The second inequality in (4.19) defines the region below the line b = 2(1 + a) (blue
line in Figure 4.2).

- The third and fourth inequalities correspond to the region between the lines b = a+1
and b = a — 1 (grey and yellow lines).
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4 Multivariate Stochastic Processes

- When b = 0, the third inequality of (4.18) implies —1 < a < 1.

- The third inequality of (4.19) is redundant since it conflicts with both the first and
second inequalities and does not further restrict the admissible region.

The discriminant of the second-order polynomial is given by:
A=(1+a)+40b—a)=a*—2a+4b+ 1.
Solving for b in terms of a, we obtain the parabola:

1 1 1
b= ——a*+ -a— -.
TR R
This parabola is concave and reaches its maximum at the point (1, 0).

The discriminant is positive (real roots) when:

1 1 1

b>——a*+ -a— -

1Ty
i.e., above the red parabola in Figure 4.2. The origin lies below this curve. By combining
the first, second, and fourth inequalities from system (4.19), the admissible stationarity

region is the triangular area shown in Figure 4.5.

Admissible region for statjonarity

D YR~ < N I 0100 @ 1<, 11 7t 0100 © 1y 1 4t T 2 © P et Ny 1)

® (1,05~ 05
=
§

&
& s, e

-4.5

—b=2+2a b=-0.25a"2+0.5a-0.25 b=a+1 b=a-1

Figure 4.3: Stationarity admissible region for bivariate process (4.17)

In conclusion, for the bivariate process to be stationary in covariance, the values of the
parameters a and b must lie strictly within the triangular region shown in Figure 4.35.
The values chosen in Ezamples 4.3 and /./ are consistent with this result. In particular:

- The point (—1, —0.5) lies above the parabola and inside the admissible region (real
roots).

- The point (—0.4, —1.2) lies below the parabola but still inside the admissible region
(complex roots).
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4.2 Covariance Function of the VARMA Process

4.2 Covariance Function of the VARMA Process
We consider the VARMA (p, q) process defined in (4.10), which can be rewritten as:

p q
Xt — Z Ath_j = Z Bjet—j‘ (420)
j=1 J=0

Taking the transpose of (4.20), multiplying it on the left by the lagged process, and then
computing the expected value, we obtain:

q
EX; X} — E | X¢p ZX =F X Y & B, (4.21)
=0
Recalling from (4.6) that T'y = Cov(Xy, Xy1x) = [Cov(Xyi_k, Xy)], we rewrite:
P q
Fk: - Z E (thkX/t7j> 1A,‘7 - Z E (Xt,kslt,j) B
=1 =0
D ¢ [oo (4.22)
Fk — Z Fk—jA/j = Z (Z CsEfft_k_SEIt_j) B/j s
j=1 7=0 \s=0

where, on the right-hand side of the second line, X;_, has been replaced by its dual
MA(00) representation, as in (4.15). Since X is the variance matrix of the white noise
process, the expectation in the right-hand side takes specific values:

- For j =0
> CoXBj, ifk=0,s=0
> CuBleri By =4 0T
s 0, otherwise
- For j =1:
CoXB), ifk=1 s=0
ZCEetksst B =S CZB,, ifk=0,s=1
s=0 0, otherwise
- For j =¢:

(CoXB), ifk=gq, s=0
- CXB,, ifk=q-1 s=1
ZCSE[Et_k_SE,‘;_q]B; =4

s=0 C,IB,, ifk=0,s=g¢q

0, otherwise

\
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4 Multivariate Stochastic Processes

The total sum over j becomes:

;Z:O CJZB;, ]{7 =0
;]:1 CJEB;, - 1
9
C()EB;, k= q
L0, otherwise

Substituting into equation (4.22), we obtain the expression for the covariance function:

C,4ZB), 0<k<
I‘k_ZI‘k AL+ {Ozak j=k k;q_q (4.23)

Equivalently, by changing index s = 5 — k:

q—k
B <k<
Fk—zrk A+ {Z 0 CsZBi Z;Z—q (4.24)

The analogy with the univariate case is evident. As in the univariate case, the covariance
function depends on the process parameters. This relationship is particularly useful when
the theoretical I';, are replaced with estimated values I'; to obtain approximate estimates
of the process parameters.

In the simpler case of a vector MA(q) process, the covariance function (4.24) reduces to:

(4.25)

k
r, — Zq C,EB.,,, 0<k<gq
0, k>q

Also in the multivariate case, the covariance function is an indicator of the order of the
process, since its values are null for & > q.
This is not the case for a VAR(p) process, for which the covariance function is given by:

DTy A4S, k=
R 120

T jA' k>0

In this case, I';, tends to zero only as k — oc.
In econometric applications, VAR models are widely used.
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5 Dynamic Properties of Steady-State Systems

A particular formulation of linear dynamic systems, represented through Autoregressive
Distributed Lag (ADL) models, allows the analysis of steady-state equilibrium and dynamic
properties.

An ADL(p,q) model is defined as:

a(L)yy = B(L)z+ e
a(l) = 1—a;L—---—aqplLP (5.1)
B(L) = Bo+BL+ -+ B, L1

The following assumptions are made:

- E(e|zy, x4-1,...) = 0, which implies F(g;z5) = 0 for all s < ¢, i.e., the strict
exogeneity of xy;

- The polynomial equation (L) = 0 has all roots outside the unit circle. This
condition is referred to as the stability condition®® of the ADL model, and allows
the model to be rewritten as a function of the exogenous variable only, by inverting
the polynomial a(L):

ye = (L) B(L)a + a(L) e (5.2)

The polynomial ratio a(L)~'3(L) is referred to as the transfer function.

- The coefficient fy is not necessarily equal to 1, as it would be in the case of ARMA (p,
q) processes, since (L) multiplies the exogenous variable z; rather than the error
term. Moreover, [y is not necessarily zero, thus allowing x; to have a contempora-
neous effect on ;.

Model (5.2) can be interpreted as a linear economic system, where the process x; repre-
sents the input flow and y; the output flow. In general, such an input-output system can
be graphically represented using a block diagram, as shown in Figure 5.1.

input output

Figure 5.1: Input-Output System

In Figure 5.1, the block S represents the system that transforms the input into the output.
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5 Dynamic Properties of Steady-State Systems

Xt Y

— | a' s > —s

a(L)™!

Figure 5.2: Block diagram of system (5.2)

The block diagram of system (5.2) has a more complex structure, as shown in Figure 5.2:
System (5.2) has two inputs: the exogenous variable x; and the disturbance &;, which are
combined to produce the output.

Based on this formulation, two key features of the dynamic ADL(p, ¢) system are typically
analyzed:

a) Long-run coefficients (total multipliers);
b) Impulse response functions (dynamic multipliers).

Both the long-run coefficients and the impulse response functions are properties of the
steady state of the system, which we now define formally.

Definition 5.1. (Steady-State System)

A dynamic system described by model (5.2) is said to be in steady state if the input x,
and the output y; take constant values over time and no further shocks affect the system
(i.e., disturbances are set to zero for the purpose of defining the steady-state relation).
In steady state, the dynamic structure of the model remains unchanged, but all transient
dynamics have died out, so that the output remains constant as long as the input remains
constant.

5.1 Long-run Coefficients

Consider a steady-state system, where the constant input and constant output are de-
noted by x and y, respectively. Even in steady state, the system’s structure remains
unchanged, and the input and output still follow the relations described by the model.
The steady-state condition implies a situation of quiet or equilibrium, and for this reason,
the disturbance term is set to zero to avoid perturbing the output. Hence, in steady state,
system (5.2) becomes:

a(l)y = p(1)z. (5.3)

Note the similarity with the stationarity condition of ARMA processes; however, the term “stability
condition” is preferred here since the model may involve non-stationary variables.

58
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5.1 Long-run Coefficients

In (5.3), the operator L is replaced by 1, since®® Lc = ¢ for any constant c.
Solving equation (5.3) yields:

B(l) ;‘1:0 ﬁz

~al) T 1- e

e

(5.4)

The ratio f(1)/a(1) is referred to as the long-run coefficient, and it represents the long-
run change in output resulting from a unit change in the input, when the system is at
steady state. Letting y* denote the new output following a unit increase in the input, we

have:
LGNy

s = P
_ @H@ (5.5)

a(l) a1

_ e
a(1)
Thus, the long-run coefficient quantifies the ultimate effect on the steady-state output of
a unit shock to the steady-state input.®
If y; and x; are stationary processes, the econometric interpretation of the long-run coef-
ficient and steady-state relationship is straightforward.

In the case of non-stationary processes, we must assume that a linear long-run relation
such as (5.3) characterizes the equilibrium configuration of the system, namely

_ pQ)

a(l)

In this situation, the deviation

1
50),
a(1)

must represent a stationary process with zero mean. In other words, although the indi-
vidual variables may be non-stationary, their long-run combination remains stable around
a constant mean. This can be illustrated by considering the simple representation

Y = @mt + Uy, (5.6)

a(l)

This involves an abuse of notation since the lag operator L is treated as a numeric value, but this
substitution is operationally valid.

60" Tt is important to note that the long-run coefficient is sensitive to the measurement scales of z and
y. Therefore, the unit increase should be interpreted according to the scale of the input variable and not
as a 1% increase. Likewise, the corresponding change in output is not to be interpreted as a percentage
variation but in terms of the output’s measurement scale.

Ut = Yt —

59
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5 Dynamic Properties of Steady-State Systems

where u; is stationary with E(u;) = 0. The term u; measures the short-run deviation
from the long-run equilibrium.

When the variables are stationary, this relation simply characterizes the steady-state
configuration of the dynamic system. In the case of non-stationary variables, additional
conditions are required for this relation to represent a valid stochastic equilibrium, as
discussed in Chapter 8.

5.2 Impulse Response Function

In a steady-state system, if the input experiences a unit increase at a specific point in
time, does the output immediately reach the new steady-state value?
If not, how long does it take for the output to reach the new steady state?
To answer these questions, we consider again the transfer function in equation (5.2), which
can be rewritten as:
v = (L) 'B(L)zy + a(L) e
= h(L)ﬁt + Oé(L>_1€t

If we are interested in the dynamic effects of a unit shock to the exogenous variable on
the transition to a new steady state, we neglect the effect of the white noise term and
consider the system in the absence of random disturbances:

(5.7)

yi = h(L)(z +1)

= h(L)x; + h(L) (58)

The polynomial h(L) may be of finite or infinite order. The latter occurs when (L) # 1,
i.e., when the system has feedback effects. In that case:

h(L) = i hy L. (5.9)

The polynomial h(L) expresses the dynamic effects on the output caused by a unit shock
at each lag of the exogenous variable. The coefficients h; describe how a unit shock at
time ¢ — k (k > 0) propagates to affect the current and future values of the output.

The sequence {hg, k =0,1,2,...} is called the impulse response function, and it can be
represented graphically for each lag k.

The cumulative impulse response function is defined as:

k
H,=> by, (5.10)
§=0

which measures the cumulative effect of a unit shock to the input at time ¢ on the output
over the lags {xy, z41,..., Tk}
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5.2 Impulse Response Function

Taking the limit of the cumulative effect yields:

lim Hy = Zohj = h(1). (5.11)
J:

Note that h(1) = % is the long-run coefficient. Therefore, the long-run coefficient is

the asymptote of the cumulative impulse response function (or the integral function in
continuous time).

The sequence {hy, k =0,1,2,...} can be computed assuming that the coefficients of the
polynomials are known (or estimated). This is done by solving the identity:

(1—a;L—oyl?—- - —a, LP)(ho+h L+hoL*+- ) = Bo+ B L+ o L+ -+ 3,L9. (5.12)

This equality holds if the coefficients of each power of L on both sides of the equation are
identical. The hj coefficients can therefore be obtained recursively:

hg + mL + hoL?  + hsl?® +  hyL*+---
— agholL - ayhy L? - arhoL? — aqhsl* —---
— ashoL? — agh L? — aghol* — - --

= fo +5L +6:L* +pBsLP +B LY -

From which:

ho = Bo
hy —athy = Bi=h = +ah
hoy —aihy —ashy = Ba = hy = By + arhy + azhy
hg — Oélhg — Oéghl — Oégho = 53 = hg = 53 + Oéth + a2h1 + Oégho
k
hy = pBr+ 21 ajhy_;
i=

Orders p and ¢ of the polynomials must be taken into account, so the final formulation
of the recursive algorithm becomes:

ho = Bo
hey = Be+ > ajhi—;, k=1,...,¢; m=min(k, p)
i—1

J

(5.13)
h, = Z Oéjhk_j, k>q
j=1
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5 Dynamic Properties of Steady-State Systems

Example 5.1. Let the following model ADL (2, 1) be defined by:
Y = 0.4 Yt—1 + 0.1 Yi—2 —+ 21} —0.5 Ty 1+ Et. (514)

The long-run coefficient is 3, since:

q
B(1) ;05 2-05
LT R B B R
0% I_Zai . .
=1

By using the recursive algorithm (5.13), we calculate the hy, k£ =0,1,2,--- values of the
impulse response function and the Hy, k = 0,1,2,--- values of the cumulative response
function.

The values of these two functions are shown in Table 5.1 for the first 12 lags. Figure 5.3
and Figure 5.4 show their graphs.

kK 0 1 2 3 4 ) 6

hi 2 03 0.32 0.158 0.0952 0.0539 0.0311

H, 2 23 262 2778 28732 29271 2.9582
k 7 8 9 10 11 12
hi 0.0178 0.0102 0.0059 0.0034 0.0019 0.0011
Hi 29760 29862 2.9921 29955 2.9974 2.9985

Table 5.1: First 12 values of hy and Hj of the model (5.14)

Impulse Response

250
2.00
1.50

1.00 \
0.50 \\-—\

0 1 2 3 4 5 6 7 8 9 10 11 12

0.00

—— Impulse response (h)

Figure 5.3: Impulse response of y; with respect to variable x; in the model (5.14)

The values of the impulse response function rapidly converge to zero, while those of the
cumulative response converge to the value of the long-run coefficient.
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5.2 Impulse Response Function

Cumulate Response

3.50

3.00

2.50

2.00

1.50

0 1 2 3 4 5 6 7 8 9 10 11 12
—— Cumulate response (H)
——Long-run coefficient

Figure 5.4: Cumulative response of y, with respect to variable z; in the model (5.14)

The transition from one steady state to the next can be illustrated using the same model

(5.14).

Suppose, in the first phase, that the system has reached a steady state for both input and
1

output with values z = 3 and y=3x - =1.

3

In the second phase, at time kg, the input receives a unit step (permanent) shock. Con-

W T

sequently, the new steady-state input becomes zx = 3 + 1 = =, and the steady-state

4
output should eventually reach yx = 3 x = =4 at time kp.

However, this new value is not attained immediately at time kg but only after a sequence
of dynamic adjustments described by the impulse and cumulative response functions.
The autoregressive structure of the output induces a feedback effect that dies out only
asymptotically as the lag increases. In other words, the entire infinite history of the
input is required for the output to complete its transition to the new steady state. By
contrast, in the absence of an autoregressive component in the ADL representation—that
is, when a(L) = 1 and the model does not embed feedback dynamics—the new steady
state is reached within a finite number of periods, since h(L) = ((L) is then a finite-
order polynomial. When feedback effects are present (i.e. a(L) # 1), the adjustment
typically unfolds over an infinite horizon and convergence to the new steady state occurs
only asymptotically, provided that the system is stable. This distinction will become
particularly relevant when non-stationary variables are considered (Chapter 8).

From time ky onward, the red curve traces the path of the output as it moves from the
initial steady state to the new one. This trajectory corresponds exactly to the cumulative
response curve depicted in Figure 5.4. Theoretically, the output reaches the new steady-
state value of 4 only as k — oo (i.e., as the horizon increases after the shock).

In Figure 5.5, the unit impulse to the input at ky = 5 increases its level from 1/3 to 4/3
(blue curve). The immediate impact on the output is given by adding the cumulative
value Hy = 2 (from Table 5.1) to the pre-shock steady-state output y = 1, resulting in a
new level of 3 (red curve).
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5 Dynamic Properties of Steady-State Systems

Transition between two steady states

35 /"‘
3

o 1 2 3 a4 5 6 7 8 9 10 11 12 ke
by =5 by —> 0

Figure 5.5: Transition between two steady states for model (5.14)

Remark 5.1. In concluding this chapter, it is useful to clarify that the notion of a
steady-state system does not imply that the underlying processes (input and output) are
stationary. The stability condition imposed on the dynamic system is compatible with the
presence of non-stationary variables. Stability is therefore a necessary, but not sufficient,
condition for the existence of a steady state. This distinction will become particularly
relevant in Chapter 7.

According to Definition 5.1, the statement that the dynamic structure of the model re-
mains unchanged means that the system reacts to shocks through a dynamic adjustment
mechanism. The effects of a shock are not exhausted instantaneously, nor does the sys-
tem jump directly to its final long-run outcome. Instead, dynamics describe the smooth
transition path through which the system converges to its new steady state, as captured
by impulse response functions and cumulative responses.
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6 Prediction

Forecasting®! methods are manifold. We do not aim to provide an exhaustive overview,
but rather highlight some aspects, with particular attention given to quantitative meth-
ods.%?

A useful distinction can be made between adaptive methods and regression-based fore-
casting methods.

Adaptive methods are characterized by simplicity and immediacy, and they are often used
as benchmarks for more complex methods such as those based on regression.

Among adaptive methods, examples include the so-called naive methods and exponential
smoothing.

As for regression-based forecasting methods, we include predictions derived from econo-
metric models and those based on stochastic processes. The Kalman filter can also be
classified among regression-based methods, as it refers to models formulated in state-space
form.

Example 6.1. (Naive method)
Let z; be the predicted value at time t for the variable x;, such as a company’s sales. This

value may be defined as:
',jjt = Tt—4 e s (61)
Ti—5

where:

x¢_4 represents the sales from the same quarter of the previous year;

Ti—1

Lt—5
between the previous quarter and the same quarter of the previous year.

is an adjustment factor applied to z;_4 under the assumption of proportionality

Example 6.2. (Exponential Smoothing)

The exponential smoothing method is based on the hypothesis that recent values of z;

have a stronger influence on #; than more distant ones%:

Ty =ari g +all — o)z o+ a(l —a)?r, 3+

=> ol - a)k:vt_k_l
k=0

61
62

Here, we use the terms forecast and prediction interchangeably.

For a general overview of forecasting methods, see for instance the open-access textbook Hyndman
and Athanasopoulos (2021).

For a more quantitative approach, see: Chatfield (2000).

63 This model is widely known in the literature by the acronym EWMA (Exponentially Weighted Moving
Average).
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6 Prediction

This formula represents a weighted arithmetic average with exponentially decreasing

weights. The value of o must lie in the open interval (0, 1), ensuring:
- !

l—a)f= —— =1.
kz afl —a)’ =1 1-a)

0

Observe that:

o0

Tyq = Za(l — ) 4,

k=0

and multiplying both sides by (1 — «/) gives:

(1— )iy = Za(l — a)kH:Ut,k,Q,

k=0
thus, the difference yields:
f—1—a)t = Sall—a) 'z g —3 a(l—a) ey
k=0 k=0

o0

= a1+ > a(l—a)" M r s — S a(l —a)!
k=0

k=0
= QT

therefore:
Ty =ari 1+ (1 — )iy .

Y

Li—k—2

(6.2)

This latter expression defines a recursive relationship between predicted values and oper-

ates under the initial condition Z; = ;.

The choice of « is crucial. In fact, if « = 1, then Z; = 2;_;. On the other hand, as @ — 0,

more weight is given to the entire history of the x; process.

Forecasting via exponential smoothingis not in contrast with prediction based on stochas-
tic models: it coincides with the prediction of an ARIMA(0,1,1) model, i.e., a random
walk model with a first-order moving average component. The ARIMA(0,1,1) model is

defined as:
ACE’t =&+ 05,5_1 s

where ¢; is a white noise process.
The optimal linear predictor® is:

Ty = B(x4|S¢1) = 201 + 041,

where ;1 denotes the available information set on the process x; up to time ¢ — 1.

64

97

The concept of optimality refers to the minimization of the prediction-error variance. See §6.3.1.



6.1 Prediction for Econometric Models

From the definition of the optimal predictor, we obtain with a few algebraic steps:
Ty — Ty =&y,
and therefore:
i’t =Ty 1+ Q(.Tt_l - i't—l) = (1 + g)l’t_l — Qli't_l .

By defining o = 1 + 6, we finally obtain:

.i't = QT+ (1 — Oé)i’t_l .

6.1 Prediction for Econometric Models

Consider the single-equation regression model:
y=XB+e,

where € ~ WN(0, ¢°I).

It is well known that, under the stated assumptions on €, the best linear unbiased estimator
(BLUE) of the parameters f is obtained via the ordinary least squares (OLS) method. We
denote these estimates as B . The best-fitted regression curve is thus given by: y = X,B .
Now suppose that the future values of the explanatory variables X are known and denote
them by X;. If the model assumptions continue to hold in the future, we may assume
that the future values of the dependent variable follow the same probabilistic structure:

yr=XiB +ey, (6.3)

where £; ~ WN(0, 02I) is the theoretical prediction error.

Operationally, the values of B and €, are unknown.

Since, in general, forecasts are given by the conditional expected value with respect to
the available information set, the optimal theoretical prediction% is:

E(ysIS) = X8,

where § = {X, X} is the information set®, and E(e¢|S) = 0 by assumption.
Replacing the unknown parameter 8 with its OLS estimate 8, the practical prediction
becomes:

V= X8,

65
66

Optimality refers to the minimization of the prediction-error variance. See §6.3.1.
Here, the information set has a stacked data structure rather than a time-sequential one, and therefore
it is not indexed by t.

98



6 Prediction

which is unbiased in the sense that®7:

E(€s[S) = E(ys — ¥4I9) = E(Xfﬂ +ep—X,BIS )
= B(es]9) + E [X,(8 - B)IS] = X, E(B - BI9) =

The last equality holds due to the unbiasedness of the OLS estimator.
The computed prediction error £ consists of two components:

& =X;(B-B)+ey.

The first term reflects the error introduced by using estimated instead of true parameters;
the second is the inherent stochastic disturbance.
The prediction error covariance matrix is:

B(€8)|9) = E [(Xfw ~B)tes) (X, (8-B)+es) \%]
= B [X;(8-B)(B - BYX)| +F [ese)]
= o? (Xy(X'X)" X, +1)
Cross-product terms vanish under the assumption E(e€}|S) = 0, since:
B—B=(XX)Xy—-B=XX)"'X(XB+¢e)— B = (XX)'X%e,
and thus:

E [Xf(ﬂ - B)s’f|%] — X(X'X) "' X'E(ee}[3) = 0.

6.2 Prediction Intervals

Focusing on a single-step-ahead forecast , let x; denote the column vector of the future
values of the explanatory variables. The associated prediction error is:

ér =y —Xtp,
with variance:
o (x'p(X'X) 'xp 4+ 1) .
Assuming normally distributed errors, the standardized prediction error
yr —X'eB
a\/x'f(X’X)*le +1

(6.4)

67  Note that the predictor ¥ ¢ is unbiased not because it matches the future value y¢, but because the

expected prediction error is zero.
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6.2 Prediction Intervals

follows a standard normal distribution.

Since o is unknown, it is replaced by its estimator &, which alters the distribution of the
above ratio. It no longer follows the standard normal, but rather a Student’s t-distribution
with 7' — k degrees of freedom (here k represents the number of estimated parameters).
This result stems from the fact that the quantity

(T — k)62

o2

follows a chi-squared distribution with T — k degrees of freedom and is independent of
the standard normal variable in (6.4).

Given that 7
tr_k = ,  with Z ~ N(0,1),
X/ (T = k)
and considering:
J— , A
a\/x’f(X’X)—le +1
(T — k)o?
b) 2 XQT_k,

we obtain:

y; — x'tB
B 0\/Xf (X'X) 1xf+1

A

7](/-: 2
XT—k T k
VT -k T k)

_ Yy — X’f,é
&\/X/f(X/X)_1Xf -+ 1
Let a be the probability that the random variable ¢r_j falls outside the interval
[—ta /2 ta /2}. Then, the prediction intervals at the (1 — a) confidence level are:

Pr |:X/fB — ta/26\/x’f(X’X)_1Xf +1<yy

A (6.5)
S X/fﬂ + ta/ga'\/x/f(X/X)*le —+ 1] =1—0.

Unlike confidence intervals —in which only the bounds of the inequality are random
—prediction intervals also treat the value y; as a random variable, since it contains a
stochastic error component, as defined in equation (6.3)%®

68 Prediction intervals for univariate regressions in the Error Correction Mechanism (ECM) form are

discussed in §8.10.
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6.3 Prediction for Stochastic Linear Processes

Let us define:
x;: a discrete stochastic process, stationary in covariance;
Zyip: a continuous random variable characterized by a probability density function;
Zy1p: the expected value of the variable ;. at time ¢ for horizon h;
3y: the information setavailable at time ¢ (typically &y = {z;—;; 7 =0,1, ..., N}).

Suppose that the conditional probability density function of x;,, given the information
set &, is known and defined by:

Pr{r <z <x+de |} = fin(zr)de,

then, in general, all its moments are also defined. For example, the first moment is given
(over the domain D of the random variable x;,) by:

Ey@ran) = E(zpon | S) = /D v fonlz) da.

The definition of the variance of x;,, follows accordingly.

6.3.1 Optimal Prediction

To obtain an optimal prediction, it is useful to introduce the concept of a Loss Function
(or Cost Function)®, which is a function of the prediction error.
Let the prediction error be denoted by:

ét+h = Ti+h — i’t—i—h .
The loss function C(é;,4) is assumed to satisfy the following properties:
a) C(0)=0
b) C(éiny) = C(Evan,) if Eriny > Erin, >0
c) C(éiny) = Clérany) if Epany, < Epgn, <O

Note that the loss function always takes non-negative values and is not necessarily sym-
metric, as illustrated in Figure 6.1.
In the literature, a quadratic loss function is often chosen due to its useful analytical
properties. It is defined by:

C(&) =ké* k>0,

101



6.3 Prediction for Stochastic Linear Processes

C@)

=

Figure 6.1: Loss Function

é

C(2)

NS

-

F

Figure 6.2: Quadratic Loss Function

and its graph is a parabola, as shown in Figure 6.2.
This function is symmetric and satisfies properties a), b), and c). The following decision
rule is adopted:

We choose the prediction that minimizes the loss function.

The prediction that satisfies this rule is called the optimal prediction.
In the case of the quadratic loss function, the optimal prediction satisfies:

Ey [k(xt+h - £t+h>2] =min, k>0, (6.6)
Ey [(l’t+h - it+h>2] = min . .

The second condition follows from the fact that the minimum of the expectation does not
depend on the positive constant k.
We now show that Ey(z,.5) satisfies this condition. Consider:

By [wern — Ef(@en) + Bl(@esn) — Zen)’ = By [Ten — Bi(win)]”
+ B [By(win) — Torn)
+ 2B (w140 — E(wiin)) (Be(Ten) — Tegn)] -

Now,

Ei[(wern — Ee(en)) (Be(Tern) — Zevn)| = (Bi(Tegn) — Tegn) By [2e0n — Ee(240)] = 0,

69 This section follows the setting of §4.2 in Granger and Newbold (1977).
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6 Prediction

because the factor (Ey(x1p) — Z444) does not depend on the expected conditional operator
and Ey (x4, — Ey(z40)] = 0 is true by the property of the mean.
Hence,

Ey [(#r4n — Er(zen))?] + B [(Be(zeen) — Zein)’]

is minimized if and only if Z;,, = Ey(z4+p), since the second term is zero and the first is
the minimum variance attainable for a random variable.

Therefore, if the loss function is quadratic, the optimal predictor is the conditional expec-
tation of the variable given the past of the process.

Granger (1969) demonstrates that this result holds even for many non-quadratic loss
functions, provided both the loss function and the probability distribution of ;. are
symmetric.

In general, Fy(x,4) is not necessarily a linear function of the values in Sy, but it is if the
stochastic process is Gaussian.

When the process is not Gaussian, linearity may be imposed, leading to sub-optimal
predictions™.

6.3.2 Linear Prediction with Minimum Mean Square Error

Suppose that the random variable x;,, depends linearly on the past k values of the process
up to time t:
Tpyn = QoTy + 1 Tp—1 + * + Ty + Etqh k-

The linear predictor is defined by:
Tiph ke = Qo + 1 + -+ + QpTy_y .
The coefficients ¢&;, for j = 0,1,...,k, are chosen to minimize the mean square error:
ngn By [(weyn — Ton1)?] = moin Et[é?+h,k] :

These coefficients”™ generally depend on:
e the time index t;
e the forecast horizon h;

e the number of regressors k.

70 According to the Wold decomposition theorem , a predictor that is linear in past values can always

be constructed for a covariance-stationary process with an arbitrarily small approximation error.
7L We refer to the theoretical coefficients that minimize the expected squared error, not to estimated
parameters.
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6.3 Prediction for Stochastic Linear Processes

It is interesting to observe the asymptotic behavior of the forecast error when & — oo for
a covariance-stationary process.
Denoting the limit forecast and forecast error by Z;,, and &, respectively, we write:

k

i't+h = kh—glo E OAéjl‘t_j s so that Ttyrh = f%t—i-h + ét+h .
J=0

The variance of the forecast error in the limit is:
Var(éiyn) = By [($t+h - j1t+h)2} = klggo Ey (éerh,k) > 0. (6.7)

For covariance-stationary processes, we introduce the following definitions”:

o Purely deterministic (or singular) process if Var(é,1) = 0, in which case the process
is perfectly predictable;

e Purely non-deterministic stochastic process if Var(é,,) > 0, meaning that the fore-
cast error retains a nonzero variance even with access to the infinite past.

6.3.3 Optimal Prediction for Purely Non-Deterministic Linear Processes

According to the Wold decomposition theorem , a purely non-deterministic stochastic
process can be written as:

Ty = Zﬂﬁt—j = Zﬂijgt = 5(L)5t7 Bo=1, (6-8)
j=0 J=0

where ¢; is a white noise process with zero mean and variance o?2.

Assuming the polynomial 5(L) is invertible, we define the infinite-order polynomial a(L) =
BHL) = Z?io a; L7 with ag = 1, so that the process admits the autoregressive represen-
tation:

a(L)xy = ¢ .

For a given forecast horizon h, the assumption of linearity and optimality leads to a linear

predictor of the form:
(0]

Typ = Z cjry—j = c(L)xy, (6.9)

=0
such that:
S =F [(x44n — c(L):z:t)Q} = min .

72 See also the Wold Decomposition Theorem in §3.1.
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6 Prediction

Using the definition of the process in (6.8), we can express the predictor as:

Ty = c(L)B(L)er = d(L)e, = Z djer—j (6.10)
=0
so that: )
=E Zﬁjgt—&-h—j - Zdjét_j = min . (6.11)
=0 =0

If the coefficients [3; are known, the coefficients d; of the linear predictor can be deter-
mined.

For h = 0, the minimum of (6.11) is clearly attained when j; = d; for all j.

For h > 0, the process can be decomposed as:

[e%S) h—1 %)
Tein =Y Bierin-y = ) Bigtrn—g + Y Birnciy- (6.12)
7=0 J=0

J=0

Substituting into the expression for S gives:
2
5= E[S e+ 3 s 3]
Lj=0
o . 9
=L Zﬁjgtﬁ-h—j Z (Bjan — dj)er- ]] (6.13)
j=0 =0

h—1 0o
=o2Y Bi+02Y  (Bjn—d;)° = min .
=0 =0

The cross-products cancel out because the autocovariances of white noise are zero. The
expression (6.13) is minimized if and only if:

d; = Bjin (6.14)

2
+FE

Thus, the optimal linear predictor is:
jt,h = Z/Bj+h€t*j . (615)
=0

Using the decomposition in (6.12), the forecast error becomes:

h—1
€th = Ttrh — xt h = Zﬁﬁwh —j Zﬁ]+h5t —j Zﬁﬁwhfj . (6-16)
j=0

7=0
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6.3 Prediction for Stochastic Linear Processes

This shows that the forecast error follows an M A(h — 1) process. Its mean and variance
are:

E(ét,h) - O,
h—1
6.17
Var(é,,) =02y 57 (6.17)
=0

For h = 1, the one-step-ahead forecast error reduces to:
Ei1 = Typ1 — Tyl = Epa, (6.18)

that is, a white noise process with zero mean and constant variance. Even with infinite
past information, the forecast error variance cannot be reduced further for h = 1.
As the forecast horizon increases, the variance of the forecast error increases:

Var(éipi) — Var(éen) = afﬂi >0, (6.19)

which shows that the sequence of forecast error variances is monotonically non-decreasing.
Moreover,

lim Var(é.) = o: Zﬁ2—a

h—o00

i.e., for h — oo the unexplained variance c01nc1des with the total variance of the process.
The covariance between forecast errors can be computed in two ways:

a) For errors at the same horizon but from different starting points:

E<ét,hét+k,h) =F

h—1 h—1
Z 5j5t+h—j Z Bi€t4htk—i
7=0 =0 (6.20)

h—1
=023 BiBj+x, k>0
=0

b) For errors from the same starting point but with different horizons: forecast horizons
and equal time origin:

E(éinétnir) =

h+k—1
Z /Bjet-f—h —J Z 615t+h+k 7
(6.21)

B]-HC k>0

These results highlight that forecast errors are generally correlated across time; this may
cause predictions to systematically overestimate or underestimate actual values.
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Since prediction is a conditional expectation F (z44,|S¢), the variance of the process at
time ¢ + h is always at least as large as the variance of the prediction. In fact:

Var(xin) = Var(Te, + cp) (6.22)
= Var(Zin) + Var(ép) +2Cov(Zp, Erp) -

For h > 0, we have:

00 h—1
Cov(Zyn,éen) = E <Z Bj+net—j - Z 5j€t+h—j> =0,
=0 =0

because the two sums involve uncorrelated white noise terms.
Therefore:
Var(zeen) > Var(zy), (6.23)

with equality only if Var(é,,) =0, i.e., in the purely deterministic case.
If we further assume that the white noise process ¢; is Gaussian, then:

Lit+h — .@nh ~ N(O, Var(ét,h)) . (624)

As a result, the prediction interval is given by:

o 1/2
Topn(£) = Typ £ Za/Q{Z 5]2} O, (6.25)
=0

where 2,5 is the (1 — a/2)-quantile of the standard normal distribution.

Example 6.3. (Prediction intervals for an AR(2) stationary process)
Consider the AR(2) process:

Ty = 0'21‘7?—1 — 0.35$t_2 + &4 s Et ~ ].\II])(O7 4) .
The process is stationary in covariance since the roots of the characteristic equation
1-02L+0.35L% =0

are —10/7 and 2, both of which lie outside the unit circle™.
The f3; coefficients can be computed using the following recursive formula:

Bj =aoifj1+aBi—a, j=2,3,..., (6.26)

with initial conditions 5y = 1 and ; = a;.
Table 6.1 reports the first 30 computed values of the 3; coefficients.

7 In this case, since the roots are real (rather than complex), it suffices to verify they lie outside the

unit interval (—1, 1).
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6.3 Prediction for Stochastic Linear Processes

Table 6.1: (; coefficients for the AR(2) process of Example 6.3

B; Coefficients

J B; J B; J Bi

0 1 11 -0.00281 21 -9.3E-06
1 0.2 12 -0.00111 22 7.07E-06
2 -0.31 13 0.000763 23 4.66E-06
3 -0.132 14 0.000541 24 -1.5E-06
4 0.0821 15 -0.00016 25 -1.9E-06
5 0.06262 16 -0.00022 26 1.51E-07
6 -0.01621 17 1.14E-05 27 7.09E-07
7 -0.02516 18 T7.9TE-05 28 8.88E-08
8 0.000642 19 1.19E-05 29 -2.3E-07
9 0.008934 20 -2.5E-05 30 -7.7TE-08
10 0.001562

Given the stationarity of the process, the values of §; decrease rapidly and tend to zero
as J increases. This behavior is clearly visible in Figure 6.3, which displays the first 50
values.

The calculated j3; coefficients allow for the construction of theoretical prediction intervals
using formula (6.25) for a chosen confidence level a.. These are shown in Figure 6.4.

We observe that the 95% prediction intervals are wider than the 90% intervals. Further-
more, the intervals widen as the forecast horizon increases. For instance, when h = 1,
the difference between the two interval widths is 15.68 — 13.2 = 2.48. When h = 11, the
difference increases to 17.49 — 14.81 = 2.78.

Example 6.4. (Prediction intervals for an AR(2) process with a unit root)™
It is interesting to analyze how the presence of a unit root, i.e., non-stationarity, affects
prediction intervals.
Consider the process:
(1-L)1+al)x;=¢,

which expands to:
1-(1-a)L—al?|z =c,

or:
r=1—a)ry 1 +ar,o+e;.

7 This example is included for coherence with the topic of prediction and anticipates concepts that will

be formally introduced in Chapter 7. The reader may skip this example and return to it after reading
that chapter.
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Figure 6.3: (; coefficients for the AR(2) process of Example 6.3
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Figure 6.4: Prediction intervals for the AR(2) process of Example 6.3

The presence of a unit root is evident. The second root is —1/«, which lies outside the
unit interval for |a| < 1.

The coefficients ; can be calculated using the recursive formula (6.26). In this case,
the sequence does not converge to zero, but instead to a constant value, which can be
computed theoretically™.

75 For an AR(p) process with a unit roots, the behavior of the impulse response coefficients {/3;} differs
sharply from the stationary case. If the process has one unit root, then {3;} converges to a constant,

equal to so that shocks have permanent but bounded effects. If the process has two unit

1
IRt
roots, then {3;} grows linearly with j, implying that shocks generate effects that increase without bound
over time.

See Hamilton (1994), p. 50, Beveridge and Nelson (1981), p. 154, and Proietti (2006), p. 2235 for formal
derivations and discussions of the long-run effect of shocks in the presence of one or two unit roots.
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6.3 Prediction for Stochastic Linear Processes

From the recurrence:

fo=1,

pfr=1-a,
Bo=1—a+a?,
fs=1—a+a*—a?,

k

B = Z(—Oé)j ,

j=0

we see that as k — 0o, the sum converges to:

oo ; 1
Z(—a) T lta’

J=0

For example, with o = 0.4, the AR(2) process with a unit root becomes™:

Ty = O.6.Tt_1 + O.4.Tt_2 + & .

1
In this case, the 3; sequence converges to the limit — ~ 0.625 as j — oo. The con-

vergence is illustrated in Figure 6.5, where a good approximation of the limit is reached
around j = 30.
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Figure 6.5: Coefficients §; for j — oo

Figure 6.0 illustrates the prediction intervals for the AR(2) process with a unit root,
clearly showing the substantial widening of the prediction intervals caused by the presence
of the unit root.

76 This process is referred to in §7.2 as an ARIMA(2,1,0) process.
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ARIMA(2,1,0) process - prediction intervals
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Figure 6.6: Prediction intervals for the AR(2) process with a unit root

6.3.4 Prediction Memory

For a stationary stochastic process, it is important to define the memory of its predictor™.
As shown in equation (6.7), as the number of regressors increases, the variance of the
forecast error tends to a non-zero lower bound if the process is purely non-deterministic
(or regular).

For convenience of notation, we define:

Vi = By [l’t+h - @t+h,k]2 ;
Vh = lim Vh,k (627>
k—o0

Here, V}, 1 is the variance of the forecast error at horizon h obtained when the predictor
uses the history of the process from time ¢ back to ¢t — k. Note that the information set
{%¢—k,..., 2} may be a truncated subset of the full conditional information set ;. For
example, for an M A(1) process, we have §; = {x_w, ..., 24}, while the predictor might
use only a truncated past up to t — k.

Definition 6.1 (Backward é-memory). Given a small number § > 0, the backward 6-
memory s the integer My such that:

Vig—=V1<4d, Vk=>M; (6.28)

This means that extending the information set beyond M;s does not significantly improve
the one-step-ahead forecast.

In Figure 6.7, we see that for an AR(p) process, Ms < p for any 6 > 0, and My = p. On
the other hand, for an M A(q) process, My = oo since the dual representation is AR(00).
However, for 6 > 0, a finite value of Ms may still be found.

In conclusion, a one-step-ahead forecast reaches its maximum accuracy with a finite num-
ber of lags if the process belongs to the AR class, whereas the entire infinite past is required
if it belongs to the MA class.

7T This section is inspired by Granger, C.W.J. and Newbold, P. (1977), Forecasting Economic Time

Series, Academic Press, New York, p. 115.

111
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backward 3-memory

0,45
0,35 \
0,25

0,15
R

o
B
—

One step ahead variance
)
N
=
=

L

o
w

0,05
0 —p k
0 2 4 6 8 10 12 14 16 18 20

Vik = = Vlt+delta

V1

Figure 6.7: Backward-memory for an AR(6) process

Definition 6.2 (Forward é-memory). Given a small number § > 0, the forward j-memory
is the integer My such that:

Ve = Vi< 6, Vh>M; (6.29)

The forward d-memory provides a measure of the reliability of an h-step-ahead forecast.
As discussed, the forecast error variance increases with the forecast horizon and converges
to the variance of the process, denoted V. The value h = Mj thus corresponds to the
maximum acceptable imprecision, where V,, — V}, < 4.

If Voo— V), = 0, then for an M A(q) process we have My = ¢, while for an AR(p) process we
get My = oo. This reflects the well-known duality between these two classes of processes.
In conclusion, the forecast error variance converges to the variance of the process over a
finite horizon for MA processes, while it takes an infinite horizon for AR processes.

For clarity, we summarize:

o An AR process requires only a finite number of past values equal to the process order,
but it loses predictive power only over an infinite forecast horizon.

o An MA process requires the entire infinite past for forecasting, but its predictive
power vanishes after a finite forecast horizon equal to the process order.

In the case of non-stationary processes, forward J-memory is not meaningful because V,
is not finite. However, the definition of backward d-memory remains applicable.

Example 6.5. (Forward §-memory for both AR and MA processes)
Consider the following processes, already seen in Ezample 2.6:

AR(4) . Xt = 0.2Xt,1 — 0.1Xt,2 — O.QXt,3 — 0.4Xt74 + &, E¢ WN(O, 4)
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Figure 6.8: Forward §-memory for an MA (6) process

MA(4) : }/;5 = O-3€t—1 — O.2€t_2 + O.5€t_3 + O.lEt_4 + Ety, &~ WN(O, 4)

The AR process is stationary and the MA process is invertible. Their theoretical variances
are:

Var(X;) ~ 5.0755, Var(Y;) = 5.56

forward 8-memory
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Figure 6.9: Forward §-memory for AR(4) and MA(/}) processes

In Figure 6.9, the prediction-error variance for the MA(4) process reaches Var(Y;) = 5.56
when h = 4. In contrast, the error variance for the AR(4) process is still far from its
asymptotic value Var(X;) = 5.0755, which is attained only as h — oc.

A similar plot could be drawn to illustrate the behavior of the backward d-memory for
these two models.
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6.3 Prediction for Stochastic Linear Processes

The memory behavior of AR and MA processes with respect to their past and future
completes the picture of their duality, already discussed in terms of autocorrelation and

partial autocorrelation functions.
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7 Non-stationary Processes

7 Non-stationary Processes

Many economic time series exhibit persistent growth or decline. It is therefore essential
to study processes that violate stationarity. The simplest example of a non-stationary
process arises when the stationarity condition is violated in a first-order autoregressive
process. Consider the AR(1) process:

X, =aX; 1 +e, &~WN(,0?), (7.1)
If we set a = 1, equation (7.1) becomes:
X;=X; 1 +e, & ~WN(0,02), (7.2)

which is no longer stationary.

This process is known in the literature as a random walk (RW)™. The process is assumed
to originate from an initial value X, which may be either a deterministic constant or a
random variable. In the latter case, it is assumed that X, has mean py and variance 08 ,
both finite.

By repeated substitution, we obtain:

X1 = X0—|—€1
Xy = Xi+e=Xo+e +6
: (7.3)
Xy = Xpat+ea=Xoter+eat+-+e
¢
= Xo+ D ¢j
j=1

The expected value of the process is:

t > - . . .
X X det ¢ I
E(Xt) =F| Xo+ E g |l = 0 Zf 0 ZS‘ a aertermainis zc‘ value (7.4)
= o if Xo is a random variable

For simplicity, it is common to assume that the mean is zero in both cases. Then equa-
tion (7.3) becomes:

t
X =) ¢ (7.5)
j=1

Equation (7.5) shows that the random walk is the sum of ¢ white noise terms. As with
continuous-time stochastic processes, where integration replaces summation, this is re-
ferred to as an integrated process.

8 Sometimes vividly described as a drunkard’s walk. The term "random walk” was first introduced by

Pearson (1905).
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From equation (7.5), the variance is:

t
Var(X;) = Var (Z 53> = ZV&r(aj) = to? (7.6)
j=1

Since the variance increases with time, we have lim Var(X;) = oo.
t—o0

For non-stationary processes, the covariance function no longer satisfies the even func-
tion property, as both variances and covariances may depend on time. As a result, the

autocovariance function must be computed separately for positive and negative lags.
For k£ > O:

t t+k
CO’U(Xt, Xt+k) =F Z Ej Z g | = 1))

j=1 " i=1

jé:lfj (Z €+ tif €s>]

s=t+1

7=1 =1 j=1 s=t+1

¢ t t+k (7.7)
:E<Z£jzgi+28j > 5S> = to?

Also for £ > 0:

1

Cov(Xy, Xy k) = (Z £; tzkez> =F

B B . i (7.8)
=F (Z @Zai Es 5i> = (t — k)o?
j=1 "~ i=1 s=t—k+1 =1
The corresponding autocorrelation functions are:
to? Vi [t
Corr(X;, X = = - = = 7.9
(Xt Xevr) = prp Tag /—(t R0 /—(t Y P (7.9)
(t —k)o? t—k t—k
Corr( Xy, Xo_k) = pr—r = - = = 7.10
Y Y (ST oo
In an alternative formulation, assuming s # ¢, we have:
in(t in(t
Corr(Xi, Xs) = prs = min(t, s) _ min(t, ) (7.11)

Vivs  Wits

For any finite lag k, it holds that thm pt,+r = 1. This implies that the random walk
— 00

process remains highly autocorrelated even at very long lags.

Figure 7.1 displays the theoretical autocorrelation values of the random walk process for
the first 20 lags and for various values of time ¢. As time increases, the autocorrelation
curve tends to remain close to 1.
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7 Non-stationary Processes

Figure 7.2 illustrates the simulation of a random walk process starting from a zero initial
value, where the error terms are i.i.d. with zero mean and variance equal to 4. The
simulation is extended over 2000 observations to show that the process diverges from its
theoretical mean (which is zero), and it becomes impossible to identify the turning points

of the curve or to determine when the process returns to its mean™.
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Figure 7.1: Autocorrelation function of a RW process
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Figure 7.2: Simulation of a RW process: X; = X;_1+¢¢, & ~ N(0, 4) with initial value Xy = 0

Applying the first difference to the random walk process yields a stationary process,
specifically, a white noise process. In fact:

Xt — thl = &t. (712)

This transformation can be described using the first difference operator, denoted by the
symbol A.

7 1In the financial literature, this behavior is often referred to as a non-mean-reverting process.
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The A operator is a linear operator and is defined in terms of the lag operator L as follows:
A=1-1L (7.13)
Rewriting expression (7.12) using the first difference operator, we obtain:
AX; = ¢, (7.14)

where ¢; is a white noise process.
The first difference operator can be applied to any stochastic process. For instance, if we
apply it to a stochastic process Z;, we obtain:

AZt = Xt7

where X, is not necessarily stationary—it could be, for example, a random walk. In such
a case, to obtain a stationary process, the differencing operator must be applied to X,
itself. Applying the operator again to both sides yields:

A(AZ) = AX, = ¢,
which implies:
ANZ,=(1—LY?Z;=(1-2L+1*Z = Z; — 27y 1+ Zy o = & (7.15)

The process Z; is said to be integrated of order 2, since two applications of the differencing
operator are required to obtain a stationary process. The notation Z; ~ I(2) is used to
indicate this.

In general, the letter d denotes the order of integration, and the general notation for
integrated processes is I(d).

The random walk is an integrated process of order 1. From equation (7.13), we obtain:

(1 —L)Xt = &t.

Hence, the characteristic equation is (1 — L) = 0, from which it follows that there is
a single root, which is a unit root. This observation motivates the statement that the
random walk is a process with a unit root. By contrast, the process Z; from the previous
example has two unit roots, as it can be written as (1 — L)(1 — L)Z; = &, with the
associated characteristic equation (1 — L)* = 0.

In general, an integrated process with d unit roots is denoted as I(d). A process of
type I(0) is said to be without unit roots and is therefore stationary®®. In empirical
econometrics, integration orders commonly encountered are 0 or 1, while time series of
order 2 are rarely observed.

80 In the literature, there is no unanimous agreement on the definition of an I(0) process. For example,

James Davidson, in one of his recent papers (http://people.exeter.ac.uk/jehd201/WhenisIO.pdf),
lists five different definitions from various authors and adds a sixth of his own.
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7 Non-stationary Processes

Random Walk
Sample: 1200
Included observations: 200

Autocorrelation  Partial Correlation AC PAC Q-Stat Prob

0.968 0.968 190.37 0.000
0.926 -0.181 365.49 0.000
0.885 0.017 526.19 0.000
0.845 -0.010 673.45 0.000
0.802 -0.078 806.75 0.000
0.762 0.043 927.63 0.000
0.725 0.015 1037.7 0.000
0.691 -0.003 1138.1 0.000
0.663 0.090 1230.9 0.000
0.632 -0.093 1315.9 0.000
0.603 0.020 1393.7 0.000
0.579 0.064 1465.9 0.000
0.559 0.005 1533.4 0.000
0.543 0.061 1597.3 0.000
0.527 -0.020 1657.9 0.000
0.501 -0.180 1713.0 0.000
0.468 -0.073 1761.4 0.000
0.440 0.090 1804.4 0.000
0.411 -0.075 1842.2 0.000
0.376 -0.060 1873.9 0.000
0.344 0.044 1900.6 0.000
0.314 -0.028 1923.0 0.000
0.295 0.173 1942.9 0.000
0.281 -0.001 1961.1 0.000
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Figure 7.3: Correlogram of a simulated RW with 200 observations.

Figure 7.3 shows the correlogram for the first 200 observations of the time series depicted in
Figure 7.2. The autocorrelation pattern is typical of non-stationary processes, displaying
a slow decay in autocorrelation values and a partial autocorrelation at lag 1 close to unity.
This latter feature may be interpreted as an indication of the presence of a unit root8!.

7.1 Random Walk in Finance

The random walk process plays an important role in finance. Many financial and macroe-
conomic time series appear to be well represented by this process, such as stock prices
and certain macroeconomic indicators.

From a forecasting perspective, the random walk is not attractive, since the optimal fore-
cast® is given by: F;(X;,1) = X;. For example, if X; represents the time series of a stock
price, then the best possible forecast for tomorrow’s price is today’s price—information
that is already available to all economic agents, and thus useless for any profitable trading
strategy.

Based on this empirical evidence, the so-called “Random Walk Theory” emerged. The
principal advocate of this theory is Burton Malkiel (2003), of Princeton University, who
authored the book A Random Walk Down Wall Street” in which he argues that investors

81 One should avoid the temptation to attribute this type of correlogram to a stationary AR (1) process

merely because the estimated autocorrelation coefficient is less than one, i.e., &1 = & = 0.968 < 1.
In Section 8.3, the estimated value of & will be compared to the true value of the a parameter using
appropriate unit root tests.

82 See Section 6.4.
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7.2 ARIMA(p,d,q) Processes

are better off holding an index fund tracking a broad market index than attempting to
pick individual stocks or actively manage mutual funds.

This theory is closely linked to the Efficient Market Hypothesis (EMH). An “efficient”
market is defined®®, as a market in which numerous rational economic agents maximize
profits and actively compete by attempting to predict the future market value of indi-
vidual securities. In such a market, relevant current information is almost freely and
simultaneously available to all participants.

As a result, competition among many rational agents leads to a situation in which, at
any given moment, current stock prices reflect the effects of all past and expected future
events. In other words, in an efficient market, the actual price of a security at any given
time is a good estimate of its intrinsic value.

The "Non-Random Walk Theory” is supported by those—investors, economists, and aca-
demics—who believe that the market exhibits some degree of predictability, in contrast
to the Random Walk Theory.

Among the most prominent exponents of this view are Lo and Lo and MacKinlay (2002),
who compiled a collection of previously published studies in their book A Non-Random
Walk Down Wall Street. In this work, they cite numerous authors to argue that the
Random Walk Hypothesis is neither a necessary nor a sufficient condition for the rational
pricing of financial assets. In other words, price unpredictability does not imply a well-
functioning financial market with rational investors, and price predictability does not
imply the opposite. Their book presents a series of methods for detecting predictability
and evaluating its statistical and economic significance, as well as the prospects for future
methodological developments.

7.2 ARIMA(p,d,q) Processes

Given that Z; ~ I(d), by definition we have:
AZ, = X, ~ 1(0) (7.16)
Since X; is a stationary process, it can be represented® as belonging to the ARM A(p, q)

family:
a(L)Xy = B(L)ey .

Substituting from equation (7.16), we obtain:
a(L)AZ, = B(L)e;, (7.17)
which defines the general form of an Autoregressive Integrated Moving Average

- (ARIMA(p,d, q)) - process, where p is the order of the autoregressive polynomial a(L),
d is the order of integration, and ¢ is the order of the moving average polynomial 5(L).

83 The definition used here is taken from Fama (1965).
84 Asnoted in Section 3.1 (Remark 3.5), the ARMA class does not exhaust all stationary linear processes,
although it represents an extremely broad class.
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7 Non-stationary Processes

ARIMA models constitute a highly general framework for modeling non-stationary
stochastic processes.

Before estimating an ARIMA model, it is necessary to determine the order of integration
of the time series, apply differencing accordingly, and then estimate the corresponding
ARMA process.

7.3 Cointegrated Processes

It has been noted that many economic time series can be modeled as (1) processes.
However, there are cases in which a linear combination of such processes results in an
I(0) process. In this case, the component processes of the linear combination are referred
to as cointegrated processes.

More specifically, let X, be a vector of stochastic processes sharing the same integration
order, for instance X; ~ I(d). The vector X; is said to be cointegrated if there exists a
coefficient vector a and an integer b > 0 such that the following linear combination holds:

Y, =a'X, ~ I(d—b) (7.18)

Expression (7.18) implies that there exists a linear combination which reduces the degree
of integration with respect to the individual processes involved.

Remark 7.1. In empirical applications, cointegrating relationships may include determin-
istic components, such as an intercept or a linear time trend. Accordingly, cointegration
can be classified into different cases depending on the deterministic specification of the
long-run equilibrium relationship. Common cases include:

(i) cointegration without deterministic terms, when the equilibrium relation has zero
mean;

(ii) cointegration with an intercept, when the equilibrium relation fluctuates around a
non-zero constant;

(iii) cointegration with a linear time trend, when the equilibrium relation includes a
deterministic trend.

These distinctions are important because they affect both the specification of cointegration
tests and the form of the corresponding error correction representation.

Example 7.1. Let {;} and {n:} be two white noise processes that are stochastically
independent and identically distributed with equal variance. Define two new processes
{Y;} and {X,} as follows:

{ Y; = }/;5—1 + €t (7 19)

X=X+ 1
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7.8 Cointegrated Processes

By construction, {Y;} and {X;} are two independent random walk processes. Since they
are stochastically independent, they are not cointegrated: there exists no linear combina-
tion aY; + bX; = Z; such that Z; ~ 1(0).

Example 7.2. Consider the following bivariate process®:

Uy = P1U1e—1 + &
Ugg = Polgs—1 + M,

2
where | < [~ nNiD [ V), [ Il
T]t O ’y 0-77

If we assume that p; = 1 and |ps| < 1, then the process uy; is a random walk, while ugy,
is stationary.
Now consider the following linear combinations:

(7.20)

Y, + aX; = uyy
Y, —ﬁXt = Ugt

What is the order of integration of the processes {Y;} and {X;}?
The system in equation (7.20) can be written in matrix form as:

1 « | ue
1 - B 'U/Qt’

By inverting the coefficient matrix, we obtain:

Y,
X

vl v |77 T [
Xt o+ 6 1 1 Ut
)¢ (-8 )
= —Buy — au
t a4+ /8 1t 2t
X L )

= Ut — U
t a+ /6 2t 1t

Hence, both processes are X; ~ I(1) and Y; ~ I(1), as they are obtained from a linear
combination of an I(1) process (uj;) and an I(0) process (ug). However, the vector

85 TInspired by the example in Engle and Granger (1987).
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7 Non-stationary Processes

Y,
[ ‘ ] is cointegrated, since there exists a linear combination Y; — fX; = uy with a
t

stationary error. The corresponding cointegrating vector is a’ = [ 1 —p }

From an interpretive standpoint, the second equation in system (7.20) can be rewritten
as:

Y, = BX; + uy, (7.21)

which represents a regression of process Y; on process X; with a stationary error term. It
can thus be interpreted, for instance, as an Autoregressive Distributed Lag — ADL(0,0)
representation®. In other words, the process Y; exhibits a unit root because it is induced
by the combination of a conditioning process X; (which itself has a unit root) and a
stationary component wusg;.

In general, economic variables are expressed in levels of measurement, i.e., their observed
value at a given point in time—for example, the level of prices, wages, or income. The
analysis of such series is directly linked to their long-run behavior. The long run is a
theoretical concept used in economics to describe the equilibrium relationship between
variables®”. This concept stands in contrast to the short-run, during which dynamic fluc-
tuations and market disequilibria may occur. Typically, short-run dynamics are described
in terms of incremental or decremental changes, or rates of variation®®.

From an economic viewpoint equilibrium is well-defined; econometrically this corresponds
to stability of certain linear combinations of the involved stochastic processes.

The concept of cointegration, introduced by Clive Granger (1981), had a major impact
on the development of econometric models. In the statistical literature on multivari-
ate ARIMA models, estimation has traditionally been conducted by differencing non-
stationary series to achieve stationarity, as in equation (7.16). However, this approach
removes a substantial portion of the original series’ variability—sometimes as much as
99%. Economists, in contrast, are often interested in the relationships between variables
in levels—that is, precisely in the part of variability eliminated by differencing.

The idea of cointegration has the advantage of restoring the analysis to focus on the
relationships between variables expressed in levels. Moreover, it allows for a distinction
between long-run and short-run behavior by linking the latter to the dynamics of the
former.

In Chapter 8 we will see how cointegration underpins the ECM representation, linking
long-run equilibria to short-run dynamics.

86 See Chapter 5.

87 In Chapter 5, the concept of the steady-state system is discussed.

88 TFor further discussion on the long-run concept and equilibrium relationships between variables, see
Banerjee et al. (1993).
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7.4 Trend-Stationary (TS) versus Difference-Stationary (DS) Processes

7.4 Trend-Stationary (TS) versus
Difference-Stationary (DS) processes

Up to this point, M A(q) and AR(p) stochastic processes have been considered under the
assumption of zero mean. The process can be generalized by allowing the theoretical mean
to differ from zero. Two examples, based on the AR(1) process, are presented to highlight
the role of the autoregressive coefficient « in the presence of deterministic, non-stochastic
components such as a constant term or a time trend.

Remark 7.2. In empirical econometrics, it is common to distinguish between evolution-
ary patterns that are interpreted as deterministic trends (trend-stationary, TS processes)
and those interpreted as stochastic trends (difference-stationary, DS processes), that is,
as integrated processes. In finite samples, however, this distinction is often difficult to
establish.

The distinction has both interpretative and econometric implications. From an interpre-
tative perspective, describing a time series as driven by a deterministic trend is a very
strong assumption, since it implies that the long-run evolution of the series will never
change direction and will follow a predetermined path. Such an assumption may raise
doubts as to whether truly deterministic trends exist in economic time series, or whether
the inclusion of a deterministic trend should instead be regarded as an econometric device
aimed at improving the fit of the model.

By contrast, interpreting a series as driven by a stochastic trend is more consistent with
the idea that economic time series are subject to persistent but potentially reversible
changes in their long-run trajectory. This interpretation allows for shifts in the direction
of evolution as the result of accumulated shocks.

From an econometric standpoint, the distinction between TS and DS behavior deter-
mines the appropriate transformation of the data and the validity of statistical inference.
Over-differencing a stationary process may inflate variance and induce unnecessary serial
correlation, while under-differencing a non-stationary process leads to spurious regression
results.

Example 7.3. (Process with intercept or drift)

A process with intercept is defined as follows:

X;=c+aX, 1+e; c¢#0, g ~WN(0,o?), (7.22)
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7 Non-stationary Processes

where X, # 0 is the initial value of the process. By iterated substitution, we obtain:

X1 = C—{—CYXo—FEl
Xy = c+aXy+es=c+ac+a’Xy+aec; + ey

2 2
Xy = Y dd+a*Xo+ Y ey
. ~

j=0 J
(7.23)

-1 -1

Xy = ¢y dd+a'Xo+ > ale
=0 =0
1—at -1

= 2 +a'Xo+ > ey

11—« =0

In expression (7.23), the first term derives from the formula for the sum of a geometric
progression. As time increases, the parameter « plays a critical role. We consider two
cases: |a] < 1 (stationary, i.e., I(0) process) and o = 1 (unit root process).

a) If o] < 1, then the process converges to:

c =, .
Xo= 10—+ Z; ol . (7.24)
j:

In this case, the limit process has the following features:

1) The AR(1) process can be expressed as an M A(oco) process with E(X;) =
c

l—oz;

2) The initial condition X, is asymptotically irrelevant.

The variance is:

Var(X;) = Var (1 ‘ + > ajgt_j> =Var (Z ajgt_j>
=0 =0

— —

& k5 (7.25)
= o) oV = £
J=0

1 —a?

b) If @ = 1, expression (7.23) is no longer valid, and it is preferable to proceed by
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7.4 Trend-Stationary (TS) versus Difference-Stationary (DS) Processes

iterative substitution:

X1 = C+X(]+€1
X2 = C+X1+€2:20+X0+51+€2

3
X3 = 3c+Xo+ ) &
’ ’ J;l 7 (7.26)

t
Xt = Ct+X0+Z€j.
=1

J

In this case, we obtain an /(1) process whose mean depends on time. Moreover, the
process retains memory of its initial value X, as F(X;) = ¢t + Xy and Var(X;) =
to?. Therefore, the limiting process has both infinite mean and infinite variance.

It is evident that the level process defined in equation (7.26) has a deterministic trend
when ¢ # 0. Applying the first difference operator yields:

t t
AXt = A(Ct—i—Xo—i—Zﬁj) :CAt+AX0+A<Z€j>

J=1 Jj=1

J=1 J=1

= cft-=(F-1D]+0+ <i sj—t_zlgj) (7.27)
= c+eg.

The differenced process is stationary and, as such, loses memory of its origin. The original
process in levels is thus called an I(1) process with drift.
In the previous case a), involving a stationary process, applying the first difference oper-
ator yields:

AX; = aAX; 1+ Aey, (7.28)

since the difference of constant terms is zero. The differenced process remains stationary,
but over-differencing may lead to increased variance compared to the original stationary
process. Indeed:
AXt = OéAXt,1 -+ AEt
(1 — OéL)AXt = Agt
AXt = ioz O{jAgt_j .
=0

1=

(7.29)

The process Ae; = (1 — L)g, is stationary but not invertible, since it can be interpreted
as an M A(1) process of the form e, — 0,1 with parameter § = —1 (boundary case). As
a consequence, Ag; is no longer white noise. Therefore, although AX; is stationary, it is
a linear combination of error terms that are not white noise.
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7 Non-stationary Processes

Note that Var(Ae;) = 202 is constant over time, and thus:

Var(AX:y) = Var(Xy) +Var(Xi—1) —2Cov(Xy, Xi—1)
20?2 20002 202 (7.30)

3 3 3

1—a? 1—042:1—1—04'

Given the stationarity condition |a| < 1, the result in equation (7.30) is always positive.
It can be noted that if —1 < a < 0.5, then:

Var(AX:) > Var(Xy).

Indeed:
202 o? 20 o?
>0
l+a 1—a? %—E(&l 1)—a22
oi(l—a)—o
= 61—0{2 >0 = o2(1-2a)>0

1

= a< -

“=3

In conclusion, over-differencing a stationary process is not always advisable, for at least
two reasons: it introduces autocorrelation in the error term and may increase the process’s
variance.

Example 7.4. (Process with intercept and trend)
An AR(1) process with intercept and trend is given by:

Xi=fo+ Bit+aX, 1 +e; & ~WN(0, o?). (7.31)
Assume that the initial value is Xy # 0. The iterated substitution procedure gives:
X1 = BotfitaXot+e
Xo Bo+ 281 +aXi +e2 = Bo + 261 + a(Bo + Si + aXo +e1) + &2

= (1+a)B+ 2+ a)p +a?Xy + ag + &9
Xy = Po+301+aXy+e;

2
= I+a+a?)bo+ B+2a+a?)p +a’Xo+ Y ales; (7.32)
7=0
t t , t—=1
X = o' Xo+ B> P+ 8 >4+ > ddey
j=1 j=1 j=0
By evaluating the sums, we obtain:
1—af Al tl—a)—a <A
X, =o' Xy + Bo T + 5 (1(—a)2> —i—Zoﬂet,j. (7.33)
§=0
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7.4 Trend-Stationary (TS) versus Difference-Stationary (DS) Processes

The third term arises from the known summation formula®’:

—_ , a-na"+(n—1)a"
-

(1—-a)?
=0

Setting n =t and i = ¢t — k in the third term of equation (7.33), we obtain:

t t t
SN t—-kaF = S tatF -3 kat*
k=1 k=1 k=1

)

a—tat + (t —1)at™?
(1—a)’

Thus:

¢ ¢ gt o\t
S kath = ¢y qt-h_2 ta’ + (¢ 21)a
k=1 k=1 (1—a)

t=1 p a4 — tat + (t — 1)at™!

k=0 (1-a)®

tl—at a—ta' + (t —1)a'*!
1—a (1—a)2

t(1—a) —a+a't?
(1-a)’

If |o| < 1, the stationarity condition ensures that the process gradually loses memory of
its initial value. Nevertheless, the trend component remains in expression (7.33), so as
t — 0o, we also have E(X;) — co. However, an approximate evaluation of its value can

be provided for finite time intervals®.
If @ = 1, the presence of a unit root transforms equation (7.32) into:
t t ] t—1
X = Xo+Bo1+b1 i+ 2 ey
j=1 = =0

Jj=1 J

t—1
= Xo+ Bot + B [(t + 1)%] + ;)&—j

t—1
= Xo+ (ﬁo+@—1)t+%t2+zoet_j,
]:

89 See Graham, Knuth, and Patashnik (1990), formula (2.26), p. 33.
90 See Appendiz 7.A.
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7 Non-stationary Processes

where, as time increases, the presence of a parabolic trend and the retention of memory
of the initial value become evident.

By applying the difference operator to equation (7.34), the unit root is removed, and the
process becomes:

AX, = (Bo+3)+ Bt +er. (7.35)
which is consistent with the expression in (7.31).

The estimator of the regression coefficient in a trend-stationary process is said to be
superconsistent”.
To motivate this result, consider the slope coefficient in the following model:

Xy =bBo+ Bt +uy,  u ~WN(O, ‘73) . (7.36)

Equation (7.36) defines an I(0) process with a deterministic trend.
The OLS estimator of ; is given by:

i(t — )X,

b =5 : (7.37)
> (t—1)?
t=1
with expectation and variance:
E(BI,T) = B
~ 0'2
VCLT(BLT) == T—u . (738)
> (t—1)
=1

The sum in the denominator of the variance is:

S0 =S T T(T + 1)6(2T+ 1) _T(T2+ 1>2 _ T(le— o) (739)

Applying the central limit theorem yields the following result:

lim [\/ﬁ re 51)] 5 N(0, 1202) . (7.40)

T—o00

By multiplying the difference between the estimator and the parameter by the factor v 173,
the limiting variance does not approach zero but tends to the finite value 1202. Indeed:

91 See § 8.5.
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7.4 Trend-Stationary (TS) versus Difference-Stationary (DS) Processes

limp_o Var [\/ T3 (Bl,T - 51)} = limgp_o T2 - Var(BLT)
1352
- hmT—)oo T =

2t =1

(7.41)
T3

If, instead, the scaling factor were v/T or T, then the limiting variance would tend to
zero, and the transformed distribution would degenerate asymptotically.

In conclusion, the presence of a trend implies a higher degree of superconsistency than the
presence of a unit root, for which a T factor is sufficient to avoid asymptotic degeneration
of the distribution??.

We can summarize the convergence rates for consistency by considering the multiplicative
factor (mf) used to avoid degeneracy of the estimator’s asymptotic distribution:

- I(0) process mf = T2
- I(1) process mf="T
- Trend-stationary process  mf = T°/?

This result aligns with the intuitive behavior of time series. When errors are autocorre-
lated, the estimators converge slowly to their theoretical values, with convergence speed
measured by v/T. The speed increases in the presence of unit roots, being proportional
to T'. In stationary series, the process fluctuates within confidence bands centered around
a constant mean.

By contrast, unit root processes drift away from their unconditional mean along persis-
tently increasing or decreasing paths, with confidence bands widening over time due to
variance growing toward infinity.

Finally, for trend-stationary processes, the behavior fluctuates around a deterministic
linear trend. The estimator of [ rapidly captures the trend direction, as the series
does not deviate from its deterministic path. Hence, the estimate is highly precise, and
convergence to the true parameter is exceptionally fast.

Remark 7.3. In the presence of autocorrelated residuals, the rate of convergence of
estimators becomes particularly relevant. Autocorrelation typically reduces the efficiency
of ordinary least squares estimators, making faster convergence rates desirable in order
to mitigate this loss of efficiency.

92 See also §8.5 for superconsistency in the presence of unit roots.
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7 Non-stationary Processes

However, combining estimators with different rates of convergence within the same spec-
ification may be problematic. Since estimators are generally correlated, the presence of
slowly convergent estimators can act as a brake on faster convergent ones, potentially
undermining the benefits of superconsistency. For this reason, model specification should
take into account not only consistency, but also the relative convergence rates of the
estimators involved.
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Appendix 7.A

Appendix 7.A

(Approximate Theoretical and Sample Mean in Trend-Stationary Processes)

Considering the model of Fzample 7.4, it has been seen that, starting from an initial value
Xo and using iterated substitutions, the expression (7.33) is obtained.
If |a| < 1, for sufficiently large values of ¢, we have:

Fo 4 b« | (7.A1)

B(X) ~ —a {—ap

1—

where the symbol ~ denotes approximation to the true value, obtained by neglecting
terms that vanish exponentially as t — co.

Evidently, as t — oo, E(X;) — oc.

Expression (7.A1) is useful for approximating the expected value E(X;) over a finite time
interval.

For values of ¢ such that o' is negligible, the approximation in (7.A1) also applies to the
sample mean of X;, provided that the sample size is sufficiently large and the variance of
the error term is finite.

Rewriting (7.33) as:

1—at 't +t(l—a)—a
Xt—OéX0+50 +51 1—a) ‘i‘ZO‘gtm

we observe that the mean of the cumulative error is negligible, since it tends to zero (more
quickly if the error variance is small). B
Therefore, the approximate sample mean, denoted by X, r, can be written as:

)

Bo + Bltzzlt . ba
l—a Tl-a) (1-a«a)?

6() 4 51(1 +T)T/2 _ 610{
11—« T(1 —«) (1—a)?

Bo n Al+T)  fa
l—a 2(1-a) (A-a«a)?

L

= 1
Xa,T ~ ?Z{

t=1

As we can see, the approximate sample mean is a linear function of the sample size T
If 5, = 0, the estimated approximate sample mean coincides with the asymptotic mean
of the process X; without trend.

132



Appendiz 7.A

When $3; # 0, the sample mean X, r diverges from E(X;). Their difference, a function of
t and T, is given by:

_ o Bo A1+ T) fra
Xa,,T_E(Xt) o 1_a+ 2(1—0{) _(]_—(1)2

s ()]

_ B n 5T Bt
C 2(1-a) 2(1-a) 1-a
b BNT—2ﬂ'

2(1 — «) 2(1 — «)
If the sample size coincides with the time index ¢ (i.e., T' = t), the difference becomes:
> b1 Bt —2t)
Xor — FE(Xy) =
r = B(X) 2i—a) " 2(1=a)
B Pt

20—a) 20—a)

Thus, the discrepancy between the approximate sample mean and the theoretical mean
follows a linear trend, with intercept equal in absolute value and opposite in sign to its
slope.
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8 Effects of the Presence of Unit Roots in Regression
Estimations

In this chapter, we examine some key aspects essential for the correct specification of
regression models.

The first aspect concerns spurious regression also known as nonsense regression, due to the
fact that empirical results on time series can lead to accepting the presence of relationships
between stochastic processes actually inexistent (§ 8.1).

The second aspect is closely linked to the first and concerns the estimation of autore-
gressive coefficients in an AR process using OLS, as a way to test for the presence of
unit roots in the data-generating process. (§ 8.2). The usual Student’s t-statistic is not
the appropriate statistic in detecting the presence of unit roots; its use leads the test to
decide in favor of their absence when this is not true. Therefore, it is necessary to refer
to non-standard distributions to correct the testing procedure (§ 8.3).

The third aspect is equally relevant and concerns the reduction of estimation errors in
regressions between cointegrated processes in the presence of unit roots (§8.5) In the
subsequent paragraphs (from § 8.6 to §8.12) we introduce a particular form of regression,
known as regression with Error Correction Mechanism (ECM), proposed in the literature
to overcome some critical issues analyzed in the previous sections.

8.1 Spurious Regression

A spurious regression happens when performing a regression between time series generated
by two stochastically independent processes Y; and X, , regression such as:

K:Oé—i-ﬂXt—i—Ut, (81)

where w; is assumed to be white noise, and we obtain significant estimates for the [
coefficient and R? values substantially above zero.

This result happens very often when the series have unit roots, but there can be a spurious
regression also for stationary time series, as is evident from the simulations reported below.

Consider the simulations of time series using the following data-generating process (DGP):

{ Yi=aY,_1 +¢

, 8.2
X =bXi 1+ 8.2)

where ; ~ NID(0, 0.49) is stochastically independent of the process n; ~ NID(0, 0.25).
The condition of independence between errors implies stochastic independence between
Y, and X;.

The following examples simulating data generated by the model (8.2) and applying the
regression (8.1) seem to contradict this evidence.
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8 Effects of the Presence of Unit Roots in Regression Estimations

Example 8.1. (a =b= 0.8, n = 10,000 simulations, sample size T=150)

Having generated 10,000 series of {X;, Y;} pairs from the model (8.2), regressions are
carried out according to the model (8.1) and for each regression, the significance of the
OLS estimates of the § parameter is assessed. Since the processes {Y;} and {X;} are
stochastically independent, the value of parameter estimates should be not significant in
any regression except for a small percentage of samples not representative of generating
processes. The test is performed using the Student’s t-statistic by calculating the ratio

se(f)

If a significance level of 5% has been fixed, the critical region w, corresponding to the
random variable £, consists of the interval w = {: [t| > t; /2 } , where g are the degrees
of freedom and #1458 0,025 = 1.976. Out of 10,000 regressions, the null hypothesis Hy : 8 =0
should be rejected about 500 times, obtaining R? values near zero.

The test is bilateral, therefore the following regions are defined:
- acceptance region: if ¢ belongs to the (—tg.a/2s tga/2) interval;
- rejection region: if ¢ belongs to the (—00, —t,4/2) OF (t,4/2, 00) interval.

The correct acceptance region for the null hypothesis should be determined by the the-
oretical distribution that reflects the empirical behavior of the Bl estimates (blue curve
in Figure 8.1). However, in econometric practice it is common to rely on the standard
Student’s ¢ distribution (red curve in Figure 8.1), which does not capture the actual dis-
tribution of the test statistic in this context. This discrepancy explains why the test tends
to reject the null hypothesis too often.

Density
o

-10 -8 -6 -4 2 0 2 4 6 8 10 12

—— Empirical Distribution
—— Theor. t-Student Distr.

Figure 8.1: Comparison between empirical and theoretical distribution (T=150, n=10.000,
a=b=0.8)

With the simulation, we obtain the following results:
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8.1 Spurious Regression

- The values for which ‘f‘ > t1s,0025 = 1.976 are 1,828, corresponding to 18.28% of
the cases, a percentage well above the 5% threshold.

- The comparison between the empirical distribution of ¢ values and the standard
theoretical distribution of t145 is shown in Figure 8.1. The empirical distribution
exhibits heavier tails than the theoretical one, which explains the exceedance beyond

5%.

- The average value of all R? indices, calculated for each regression, was equal to
0.028828.

In this example, based on the R? index, it can be concluded that the time series are
independent: the index is only marginally affected by the independence between the
series. Conversely, based on the Student’s t-test, the hypothesis of linear dependence
between the series is incorrectly accepted in a non-negligible number of cases.

Example 8.2. (a =b=1, n = 10,000 simulations, sample size T = 150)

By setting a = b = 1, two stochastically independent random walk processes are gener-
ated.

With the simulation, we obtain the following results:

- The values for which ‘f} > t1480.025 = 1.976 are 4,047, corresponding to 40.47% of
the cases, a percentage greatly exceeding the expected 5%.

- The comparison between the empirical distribution of ¢ values and the standard
theoretical t145 distribution is shown in Figure 8.2. The empirical distribution is
considerably flattened along the real axis compared to the standard theoretical Stu-
dent’s t-distribution.

- The average value of all R? indices, calculated for each regression, was equal to
0.245165. This value is significantly different from zero.

In conclusion, it can be said that, based on both the Student’s t-statistic and the R?
index, the hypothesis of linear dependence between series is erroneously accepted in an
excessive number of cases.

If we compare the two examples, we observe that spurious regression can arise even in
the stationary case, but it becomes particularly evident when time series originate from
processes with unit roots.

The authors who most notably brought the issue of spurious regression in the presence
of unit roots to the attention of econometricians and applied economists were Granger
and Newbold (1974). In their work, they highlighted this issue using simulations in a way
similar to what has been done in Example 8.2 above.
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Density
o
S
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—— Theor. t-Student Distribution

Figure 8.2: Comparison between empirical and theoretical distribution (T = 150, n = 10,000, a

However, important theoretical results are due to Phillips (1986), who developed an
asymptotic theory of regressions concerning integrated processes in general, including
the cases of spurious regression considered by Granger and Newbold.

Phillips starts from the observation that an appropriate transformation of a random walk
has an asymptotic distribution as a process in continuous time, known as the Wiener
process?, and demonstrates a series of results.

The first result concerns the behavior of the Student’s t-statistic, which does not have
an asymptotic limit distribution and diverges as the sample size increases. Consequently,
in asymptotic terms, there are no correct critical values for the usual significance levels
(e.g., 5%). The significance levels continue to increase with the sample size.

A second result shows that the OLS estimators & and B of the regression coefficients
n (8.1) do not converge in probability to a constant as T — oo. In particular, the
limit distribution as T" — oo of & diverges, and that of B does not degenerate. Phillips
identifies the reason for this behavior in the fact that such time series originate from
stochastic processes that are not ergodic; therefore, the sample moments of these time
series and their relative sample moments do not converge to constants, as they should
for time series from ergodic processes. If the processes had no unit roots, both & and B
would converge in probability to zero.

A third result concerns the asymptotic behavior of the Durbin-Watson (DW) statistic?
and the coefficient of determination R2. As the sample size increases, the probability limit
DWr — 0, while R% has a non-degenerate limit distribution. For this reason, in cases of
spurious regression, we can expect low values of the DW statistic and moderate values of
the R% coefficient.

93 For an introduction to the Wiener process, see Appendiz 8.A.

9 For an explanation of the DW test, see for example Verbeek (2017), §4.7.2, pp. 120-121 .
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8.1 Spurious Regression

Another interesting consideration is the following.
Acceptance of the hypothesis 5; = 0 would reduce model (8.1) to:

Y;& = o+ U (83)

Since Y; ~ I(1) by hypothesis, from (8.3) it would necessarily follow that u; ~ I(1).
This outcome violates the maintained hypothesis u; ~ I(0) and therefore contradicts
the assumption underlying model (8.1). This shows an internal inconsistency in the
usual hypothesis testing procedure: it is irreconcilable that 5, = 0 and u; ~ I(0) hold
simultaneously.

One reason for the biased behavior when using the Student’s t-statistic is that the process
generating Y; is a random walk, but in estimating regression (8.1) a twofold specification
error is made, given that the DGP comes from (8.2):

a) The relevant variable Y;_; is omitted;

b) The irrelevant variable X; is included.

From econometric theory, error (a) has more serious consequences than error (b). The
consequences of (a) are biased parameter estimates and a biased estimate of the regression
error variance, and therefore also a biased Student’s t-statistic.
A different simulation was conducted, maintaining the generation of the series with the
models defined in (8.2), but modifying the estimated regressions with the following alter-
native specification:

Yi=a+pYi1 + BX; + (8.4)

In this way, specification error (a) is eliminated, but not error (b).

In any case, the presence of unit roots leads to an OLS estimate of the p parameter that is
less than one in a significant number of cases (see §8.2), which also biases the estimate of /3,
since these estimators are correlated. However, eliminating the most serious specification
error allows us to obtain the distributions shown in Figure §8.3:

Davidson and MacKinnon also carried out simulations, summarized in Figure §8.4.

In this figure, the term “Valid regression” refers to the estimation of parameters using
specification (8.4). The horizontal axis shows the number of observations (n) from 20 to
20,000, while the vertical axis shows the proportion of times that the Student’s t-statistic
for 5 = 0 rejected the null hypothesis at the 5% level, as a function of n.

The graph presents four curves corresponding to the following cases:

- Estimated model: Spurious regression; DGP: random walk (a = b = 1.0) Simulation
using model (8.2) with a = b = 1.0, while estimation uses model (8.1). Figure 8.4
(curve: Spurious regression, random walk) shows that, as the sample size increases,
the rejection frequency of the null hypothesis does not tend to zero but approaches
one. One explanation, given by the authors, is that it is easy to reject a false
hypothesis (the model in (8.1) is false) when the alternative is also false.
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Figure 8.3: Comparison between empirical and theoretical distribution (T = 150, n = 10,000)
using model (8.4)
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Figure 8.4: Rejection frequencies for spurious and valid regressions (n = 1,000,000)

Estimated model: Spurious regression; DGP: AR(1) (a = b = 0.8) Simulation using
model (8.2) with a = b = 0.8 (stationary series, no unit roots), while estimation
uses model (8.1). Here, Figure 8.4 (curve: Spurious regression, AR(1) process)
shows that the rejection frequency does not tend to one, but remains substantially
higher than 0.05. This is mainly due to model specification error: in (8.1), neither
the constant nor X; have explanatory power for the dependent variable. Moreover,
under the null hypothesis, the model error is not white noise but an AR(1) pro-
cess, preventing OLS from providing correct estimates of the variance—covariance
matrix of the estimators (especially of ) and, consequently, of the Student’s t-
statistic. In such cases, it is preferable to estimate the covariance matrix using the
Newey-West procedure?, also known as HAC' (Heteroscedasticity and Autocorrela-

95

Newey and West (1987).
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tion Consistent) estimates. Stationarity, therefore, does not rule out the possibility
of a spurious regression.

- FEstimated model: Valid regression; DGP: random walk (¢ = b = 1.0) Simulation
using model (8.2) with a = b = 1.0, while estimation uses model (8.4). Here, the
rejection frequency no longer tends to one but remains substantially higher than
0.05. This behavior must be attributed to unit roots, whose presence alters the
asymptotic distribution of the Student’s t-statistic for 5 = 0.

- FEstimated model: Valid regression; DGP: AR(1) (a = b = 0.8) In this case, the
rejection frequencies tend to converge to 0.05 as the sample size increases.

Conclusions
Spurious regression can occur both in the presence and in the absence of unit roots. In
both cases, the Student’s t-statistic is affected by:

a) Testing a false null hypothesis against an equally false alternative;
b) The need to correct the covariance matrix of the estimators (HAC estimates).

Moreover, the presence of unit roots alters the Student’s t-statistic even when the regres-
sion is correctly specified, because its distribution is theoretically non-standard (Figure
8.3 is an empirical example).

In the past, many authors have highlighted the absurdity of certain regressions, such
as the proportion of Church of England marriages to all marriages (1866-1911) and the
standardised mortality per 1,000 people in the same period in England®.

However, only with the work of Granger and Newbold (1974) did the community of
econometricians and applied economists fully recognise the relevance of the problem. In
the absence of unit roots, it is not easy to identify a spurious regression; we must rely on
procedures that lead to a correct specification, assuming that economic theory supports
a meaningful relationship between dependent and explanatory variables. In the presence
of unit roots, the risk of spurious regression is very high: we can find apparent linear
relationships even when none exist. To avoid this incorrect conclusion, it is not always
necessary to eliminate the unit roots from the series, as shown by the case of cointegration
between stochastic processes (and, consequently, between their realisations?).

8.2 Unit Root Tests: An Inappropriate Test

Another important aspect that should be underlined is the following. Consider the AR(1)
model: Y; = pY;_1 + &4, where &; is a white noise process. In the presence of unit roots,

9 Cited in Yule (1926).
97 See §8.6.
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8 Effects of the Presence of Unit Roots in Regression Estimations

it has been shown that the Student’s t-statistic for testing the hypothesis p = 1 does not
converge in distribution to the standard normal distribution. Furthermore, the Student’s
t-statistic is not appropriate for testing the presence of unit roots. Consider the following
example.

Example 8.3. Generation of 10,000 replications of Y; with 150 observations, using the
model:
Yi=pY,1+¢e, &~ NID(,0.25) (8.5)

The hypotheses to be tested are:

H1Ip<1 .

The null hypothesis Hy indicates the presence of a unit root, while the alternative hy-
pothesis H; refers to its absence.

The distribution associated with the p = 1 test considers the transformation 7'(p — p) and
should therefore be centered at zero. Indeed, from Figure 8.5 we can see that, compared
with the theoretical distribution of the Student’s t-statistic with 148 degrees of freedom,
the empirical distribution of the p estimates is clearly shifted to the left.

6

5

Density
w

—— Empirical Distribution
—— Theor. t-Student Distribution

Figure 8.5: Regression of ¥; (random walk) on Y;_; (150 observations, 10,000 simulations).

For example, if we choose a 5% significance level, the corresponding critical region w =
t148 < —1.655 would be used to test the hypothesis p = 1 against the alternative p < 1.
In this simulation, however, the null hypothesis is rejected 4,541 times instead of the
expected 500 times, that is, with a frequency about nine times higher. In fact, in this
case the significance level should be no lower than 45.41%.

In conclusion, the test is biased in favor of the alternative hypothesis of absence of a unit
root (stationarity). Figure 8.5 clearly shows this bias, as the empirical curve is shifted to
the left with respect to the theoretical curve. Furthermore, in this case we are dealing
with a one-sided (left-tail) test, so the critical regions are:
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8.8 Unit Root Tests: DF, ADF

- Acceptance region for Hy: (—t,,00)
- Rejection region for Hy: (—o0, —t4)

Therefore, also in this case, the use of the standard test (red curve) leads to a narrower
acceptance region than that which would be determined by the theoretical distribution

consistent with the empirical curve®.

8.3 Unit Root Tests: DF, ADF

The econometric literature has produced several proposals for testing the presence of unit
roots in time series. As seen in the previous section on spurious regression, one of the
reasons for test failure is assuming that Hj is true when it is actually false, together with
an alternative hypothesis H; that is also false.

For the moment, we will assume that either the null hypothesis Hj is true or the alternative
hypothesis H; is true.

Dickey—Fuller (DF) and Augmented Dickey—Fuller (ADF) Tests

To avoid the failure of the Student’s t-statistic test for the hypothesis system (8.6), based
on regression (8.5), Dickey and Fuller (1979) proposed modifying expression (8.5) as
follows.

In expression (8.5), subtract Y;_; from both sides, obtaining:

Y=Y = pYia—Yi+eg
AY; = (p—1)Yia+e (8.7)
AY, = oY +e

where o = p — 1.
The hypothesis system becomes:

HoiOé:O (88)
Hi:a<0. '

If the test favors Hy, we accept the presence of a unit root in the stochastic process
generating the series. If we reject Hy in favor of Hy, we accept the absence of a unit root.
Note that if Hy is true, regression (8.7) has a dependent variable I(0) and an explanatory
variable that remains I(1). This is an unbalanced regression, which becomes balanced un-
der the alternative hypothesis. This balance allows analysis of the asymptotic distribution
of the test, as shown by Dickey and Fuller using the Wiener process”. Their test is no

98 A theoretical explanation of the failure of the test in the presence of a unit root is in Hamilton (1994),

p. 488.
99 See, for example, Fuller (1995), Corollary 10.1.1.2, p. 554.
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8 Effects of the Presence of Unit Roots in Regression Estimations

longer referred to as a Student’s t-statistic but as a 7-statistic, although it has the same
functional form: .

. o)

T=—"7x, (8.9)
se(@)
where se(&) is the standard error of @. This statistic has a well-defined asymptotic
distribution, which is no longer normal and is asymmetric.
The asymptotic distribution is derived assuming no autocorrelation in the disturbances

of (8.7). If the OLS residuals are autocorrelated, the number of regressors is increased:
AY, =aY, 1+ BAY, 1+ + BAY, ) + &, (8.10)

where lag p must be large enough to remove autocorrelation in the residuals but not so
large as to reduce test power.

The test statistic remains (8.9) but is now referred to as the ADF test. The choice of p
may depend on data frequency: for quarterly data, p = 4 or a multiple of 4 may be chosen
to capture possible residual seasonality (even if seasonally adjusted). A general-to-specific
strategy can then be applied, removing non-significant lagged differences AY;_; (starting
from the largest lag) based on Student’s t-tests, and stopping when the residuals show no
evidence of autocorrelation (e.g., when the Durbin-Watson statistic is close to 2 and/or
the Ljung—Box test!? fails to reject the null of no autocorrelation).

When deterministic components such as a constant or linear trend are present, the DF
reference regressions are:

a) AY; =co+ a1 +é (8.11)
b)AYt:CO—{—Clt—I—O[Y;_l—i—gt, ‘

where ¢ is the intercept and c;t the trend.

Deterministic components affect the asymptotic distribution of the ADF statistic!?!.

Dickey and Fuller simulated the critical values for (8.9) under (8.7) and (8.11), reported

in Table 8.2. The corresponding test cases are summarized in Table 8.1°2.

For example, with 7" = 100 observations and a regression including a constant and trend,

the 1%, 5%, and 10% critical values are —4.04, —3.45, and —3.15, respectively.

Some software (e.g., EViews) also report an approximate p-value Pr(r > 7) based on

MacKinnon’s (1996)'% response surface estimates. This allows testing without fixing a

100 For the Durbin—-Watson statistic see, for example, Verbeek (2017), §4.7.2, pp. 120-121. and for
Ljung-Box test, see §8.7.3, p.319.

101 Tn some special cases, the distribution is unaffected, leading to similar tests (distribution independent
of nuisance parameters). See Banerjee et al. (1993), p. 104.

102 See Hamilton (1994), p. 502.

103 MacKinnon, J.G. (1996), “Numerical Distribution Functions for Unit Root and Cointegration Tests”,
Journal of Applied Econometrics, 11, 601-618.
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8.8 Unit Root Tests: DF, ADF

Case 1
Estimated regression: AY; =aY,_; +& a=p—1
DGP of process: Y, =Y, 1+ e, ~NID(0, 02)
" DF critical values are described under Case 1 in Table 8.2
Case 2
Estimated regression:  AY,=c¢o+aY, 1+ a=p—1
DGP of process: Y,=Yi4e e, ~ NID(0, 02)
" DF critical values are described under Case 2 in Table 8.2
Case 3
Estimated regression: AY;, =co+aY,1+& a=p—1
DGP of process: Y, = ¢ + Y1 + &~NID0, 0%

In this case, the asymptotic distribution of the DF 7-statistic is the
same as in Case 2 (i.e., the presence of drift in the DGP does not
change the DF critical values when a constant is included in the
test regression).

Case 4
Estimated regression: AY, = ¢y + ot + a=p—1
aYy_ 1+
DGP of process: Yi=co+ Y, +te  Veo, & ~

DF critical values are described under Case 4 in Table 8.2

Table 8.1: Summary of Dickey-Fuller Test for unit roots in the absence of serial correlation

significance level in advance: the closer the p-value is to zero, the more Hy (unit root) is
rejected; the closer to one, the more it is accepted.

The values in Table 8.2 are unchanged when moving from DF to ADF tests, i.e., in
regressions:

p
AYi=aY, 1+ > BiAY: j+ &
i=1

J

p
A}/t =y + OéYt_l + Z ﬁjAYt_j + &¢ (8.12)
=1

J

P
AY,=co+ it +aY, + Y BAY,; +&
j=1

In practice, the researcher may not know whether Hy or H; is true, and in many cases
both may be false. There is no universally accepted rule for choosing among the different
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8 Effects of the Presence of Unit Roots in Regression Estimations

Sample Size  propability that  + = 5!/5'6(0?) is less than the value shown in the cells
’ 0.01 0.025 0.05 0.10 090 095 0975 0.99
Case 1
25 -2.66 -2.26 -1.95 -1.60 0.92 1.33 1.70 2.16
50 -2.62 -2.25 -1.95 -1.61 0091 1.31 1.66 2.08
100 -2.60 -2.24 -195 -1.61 090 1.29 1.64 2.03
250 -2.58 -2.23 -1.95 -1.62 0.89 1.29 1.63 2.01
500 -2.58 -2.23 -195 -1.62 0.89 1.28 1.62 2.00
© -2.58 -2.23 -1.95 -1.62 0.89 1.28 1.62 2.00
Case 2
25 -3.75 -3.33 -3.00 -2.63 -0.37  0.00 0.34 0.72
50 -3.58 -3.22 -2.93 -2.60  -0.40 -0.03 0.29 0.66
100 -3.51 -3.17 -2.89 -2.58  -0.42 -0.05 0.26 0.63
250 -3.46 -3.14 -2.88 -2.57 -0.42  -0.06 0.24 0.62
500 -3.44 -3.13 -2.87 -2.57  -0.43 -0.07 0.24 0.61
© -3.43 -3.12 -2.86 -2.57  -0.44 -0.07 0.23 0.60
Case 4
25 -4.38 -3.95 -3.60 -3.24 -1.14 -0.80 -0.50 .-0.15
50 -4.15 -3.80 -3.50 -3.18  -1.19 -0.87 -0.58 -0.24
100 -4.04 -3.73 -3.45 -3.15 -1.22 -090 -0.62 -0.28
250 -3.99 -3.69 -3.43 -3.13 -1.23 -092 -0.64 -0.31
500 -3.98 -3.68 -3.42 -3.13 -1.24  -0.93 -0.65 -0.32
© -3.96 -3.66 -3.41 -3.12 -1.25 -094 -0.66 -0.33

Table 8.2: Critical values for Dickey—Fuller (DF) and Phillips—Perron (PP) unit root tests, based
on the OLS t-statistic.

(The probabilities marked at the head of each column are the left-tail probabilities at the indicated
critical values)

specifications. A commonly adopted general-to-specific procedure proceeds as follows:

1. Start from the most general model (Case 4), which includes both a constant and a
deterministic trend.

2. Test the significance of the trend coefficient (c;). If it is not statistically significant,
re-estimate the model without the trend term (Case 2).

3. Then test the significance of the constant term (cg). If it is also not significant,
estimate the model without it (Case 1).

Including irrelevant deterministic terms reduces the test’s power and increases the risk
that both Hy and H; are misspecified.

Several other tests for unit roots are implemented in econometric software. For example,
EViews includes:
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8.4 Multiple Unit Roots

Dickey—Fuller Test with GLS Detrending (DFGLS);

Phillips—Perron (PP);

Kuwiatkowski—Phillips—Schmidt-Shin (KPSS);

FElliot, Rothenberg, and Stock Point Optimal (ERS);

e Ng-Perron (NP) Tests.

If the ADF test result is uncertain, a second test (e.g., PP) can be used to confirm or
reject the presence of a unit root and possible deterministic components.

8.4 Multiple Unit Roots

The case in which the test favors the Hy hypothesis may occur even if the series is
characterized by the presence of multiple unit roots. It is relevant for econometric analysis
to verify whether the generating process of the series is (1) or I(2). For this reason, it
is suggested to repeat the ADF test on the first differences of the original series to test
whether AY; is I(1).

If the original series exhibits a deterministic trend, the differenced series will remove it
only if the trend is linear. If the trend is a polynomial of degree k > 1, first differencing
reduces it to a polynomial of degree k — 1 (for example, a quadratic trend becomes linear
after first differencing). Similarly, if the original series contains only a constant term, first
differencing will remove it entirely; if it contains both a constant and a trend, the constant
will disappear but the trend component may remain and must be treated accordingly.
The presence of multiple unit roots in economic time series is very rare, and therefore
conclusions in favor of a double presence must be drawn with caution.

It is also advisable to examine the correlogram of the differenced series to assess whether
applying the second-order differencing operator leads to excessive over-differencing of the
series'%4,

8.5 Superconsistency

The presence of unit roots can have some advantages from the point of view of regres-
sion estimation. An advantage, outside the cases of spurious regression, is known as
superconsistency. This property is illustrated in the following example.

104 As shown in Chapter 7, over-differencing can lead to an increase in the variance of the process and
may induce a non-invertible MA component in the model.
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8 Effects of the Presence of Unit Roots in Regression Estimations

Example 8.4. Consider the generation of Y; data based on the following model:

}/;5 =1 + 2Xt + Ug,
Uy = O.7Ut_1 + M, Ny ~ N]D(O, 04), (813)
Xt = O.6Xt_1 + Et, E¢ N.[D(07 225),

and a second series of data based on the alternative model:

S/;f =1 + 2Xt + Ut,
Uy = 0.7ut_1 + N, N ~ N].D(O, 04), (814)
Xt = Xt—l + &, &~ N[D(O, 225),

where in both models ¢; and 7; are normally distributed, stochastically independent errors.
In (8.13) the Y; and X; processes are both I(0), while in (8.14) they are /(1) and cointe-
grated!%?,
If the model is specified as:

Y = Bo + 51 Xi + uy, (8.15)

and Y, is regressed on Xj, the residuals will be autocorrelated whether the data come from
(8.13) or from (8.14). In both cases, the regression will yield inefficient OLS estimates of
(8.15), particularly for the slope parameter (.

Figure 8.6 shows the average value of (Bl — 2) as the sample size increases, computed over
300 simulations for each sample size from T =1 to T' = 500. The bias converges quickly
to zero when the processes are cointegrated with unit roots, but much more slowly when
the processes are stationary.

We now provide a theoretical explanation of this result.
To simplify the notation without loss of generality, replace (8.15) with:

}/t = 51Xt + Ug. (816)
The OLS estimator of 3 is:
T
- Y; X
Bir = —Zt;l — (8.17)
D1 X
Substituting (8.16) into (8.17):
A EtT—l u X
bir =0+ T (8.18)
Y X7

105 Tn this example, Y; and X; are cointegrated because there exists a linear combination that is an 7(0)
process, i.e., without a unit root. This combination is, by construction, u; = Y; — 1 — 2X;, which is
stationary. In model (8.14) the unit root in Y; is induced by that in X;.
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Figure 8.6: Regression of Y; on X, with autocorrelated errors. Average bias (Bl —2) from 300
simulations.

Thus: .
5 WX
Pir — b = % (8.19)
t=1~*t
If u; is stationary and X; is also I(0), then!'%:
A 1 — p?
2 = VT (Bir — B) ﬁ N(O, o2 GZP ) 7 (8.20)

since the variance of the AR(1) process is 02 /(1—p?). In (8.13), Example 8.4, this variance

equals:
2.25

1 —0.62
If p =1, as in (8.14), VT(f1r — 1) converges in probability to zero. This is useless for
significance tests that require non-degenerate distributions.
Referring to the Wiener process, it can be shown!"” that a non-degenerate distribution is
obtained by considering T(BIT — B1). This is the well-known Superconsistency Theorem

of Stock (1987).

= 3.5156.

106 Relation (8.20) follows from the general convergence in distribution of an OLS estimator:
zr =T (,BT — ﬁ) PN (0, 022;;) ,
T—o0
where 023! is the asymptotic variance of the regressors.
For simplicity, this asymptotic result is stated under standard regularity conditions (including weak

dependence of u; and appropriate exogeneity of X;).
107 See Hamilton (1994), p. 483.
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8 Effects of the Presence of Unit Roots in Regression Estimations

In the presence of a unit root, the convergence rate is T rather than v/7. Hence, for
integrated and cointegrated processes, the estimators are called superconsistent.

This important property will be used in the next section on the Engle-Granger two-step
estimation approach.

8.6 ADL(1,1) and ECM Model: Engle-Granger Two-Step Es-
timation Procedure

The third aspect discussed in the previous section concerning superconsistency allows a
more in-depth analysis of the static and dynamic relationships between stochastic pro-
cesses. It is useful to illustrate this through a simple dynamic model of the ADL(1,1)
class:

Yy =aY 1 + B Xy + 51X + &4, (8.21)

where g, ~ WN(0, ¢2) and X; ~ I(1).
Under the stability condition || < 1, it is possible to find an equivalent transformation
of (8.21). First, subtract Y;_; from both sides:

Y=Y =Y =Y + B Xe + 51 Xeo1 + &4
AY, = (a = 1)Yio1 + Bo Xy + 51 X1 + &

Next, add and subtract $yX;_; on the right-hand side:
AY; = BoAXy + (o = 1)Y,1 + (Bo + (1) X1 + €.

Factor out (o — 1):

AY; = foAX; + (a = 1) {Yt 1+5°+51Xt 1] + .
Finally, by changing the sign inside the brackets:
_|_
AY; = BoAX; + (o — 1) {Y;tl - 6f A X 1} + &t (8.22)

The model in (8.22) is an equivalent transformation of (8.21) and is called the error
correction mechanism (ECM) form.

Why consider the ECM form (8.22) instead of the original ADL form (8.21)%

The main motivation is the following.
As discussed in §8.1, if Y} ~ I(1) and X; ~ I(1), then estimating the ADL form(8.21) does
not guarantee that significant OLS estimates are not the result of a spurious regression.
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8.6 ADL(1,1) and ECM Model: Engle-Granger Two-Step Estimation Procedure

Under the same assumptions, the ECM form (8.22) reduces the risk of spurious regression
because the regression is performed with first-differenced variables, which are stationary.
However, in the ECM specification, other issues must be addressed.

The process

U1 = Yiq —

defined by the term in square brackets, is a new regressor. Equation (8.22) can be rewrit-
ten as:

AYZ = BOAXt + (CY — 1)ut,1 + E¢.

Remark 8.1. The u;_; process is a linear combination of Y; and X;. From an integration
standpoint, is w1 ~ I(1) or uz—q ~ 1(0)?

For the ECM to represent a balanced regression, it is necessary that u;—y ~ I(0).

This condition ensures that the steady-state relation introduced in Chapter 5 corresponds
to a valid stochastic equilibrium.

How do we verify the integration order of u;_1 ¢

Remark 8.2. The ratio
_ Bo + B

& 11—«

is the long-run coefficient when the system (8.21) is in equilibrium (steady state), with
constant inputs and outputs X and Y respectively. In the absence of shocks, substituting
the equilibrium values into (8.21) yields:

Y =aY + X + 51 X,
from which:

:50+ﬁ1

11—«

Y X = kX. (8.23)

Using the definition u;_1 = Y;_1 — kX;_1, we can write:
Yio1 = kX1 + un,

and for any ¢:
Y, = kX + wy. (8.24)

Equation (8.24) is the static regression of Y; on X;, with u; as the error term. If the
system is stable and the equilibrium relation holds, then from (8.23), the steady-state
values satisfy Y - kX = 0. From (8.24) we have Y; — kX; = u;, and thus u; must have
unconditional mean zero. If also F(u;|X;) = 0, then u; can be interpreted as the deviation
of Y, from the equilibrium value kX, = E(Y;| X}).
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8 Effects of the Presence of Unit Roots in Regression Estimations

Remark 8.3. The meaning of k is completely different from that of 3y, even though both
multiply X;. The coefficient estimated via static regression should be interpreted as k,

the long-run coefficient of X;, and not as Sy, which would be biased due to omission of
Y,_1 and X;_;.

Remark 8.4. The component u;_; is unobservable because the coefficient (3y+01)/(1—«)
is unknown. If we estimate k£ by OLS from (8.24), the residuals 4; may be autocorrelated,
violating standard regression assumptions. This is evident in the equivalent form of (8.21):

{ Yt = /BOXt + Ut (8 25)

u = oY1+ S Xy + e

If the DGP follows (8.25) and we use static regression, we omit « and [, so u, retains
information that often leads to autocorrelation in 4;. However, if X; ~ I(1) and Y; ~ I(1)
are cointegrated, then k from (8.24) is superconsistent, converging quickly to k. In this
case, kX; can be interpreted as the expected equilibrium value. This is one of the results of
the Engle-Granger Theorem in §8.9, which proposes a two-step estimation: (1) estimate
(8.24) and check that a; is 1(0); (2) estimate the ECM (8.22) replacing u;—; with @;_;.
Monte Carlo studies show that in small samples the bias in the estimated cointegrating
relation may be substantial, unless R? is close to unity without artificial inclusion of
regressors!®8.

Remark 8.5. In general, the OLS estimator of the cointegrating parameter has a non-
standard distribution, so inference based on its t-statistic may be misleading.
A favourable case occurs when X is strictly exogenous in (8.24), i.e.

E(AX;_ju)) =0, —oo<j < o0.

In this case, the estimator’s distribution is asymptotically mixed normal, and standard
inference is asymptotically valid. Given that residuals are typically autocorrelated, robust
standard errors can be obtained using a heteroskedasticity and autocorrelation consistent
(HAC) estimator'®. If (8.24) is interpreted as the long-run relationship between Y; and
X;, the ECM (8.22) represents the short-run relationship between AY; and AX;, with
short-run dynamics also depending on deviations of Y; from its expected path. These
deviations contribute to explaining changes in Y; via the adjustment parameter (o — 1),
which measures the proportion of disequilibrium corrected each period.

The stability condition |« < 1 implies —2 < (o — 1) < 0. Thus, as the system ap-
proaches instability, the proportion of disequilibrium affecting AY; remains large, even
when deviations from the equilibrium path are substantial.

108 See Banerjee et al. (1993), op. cit., §7.4.
109 See Davidson (2013).
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8.7 ECM Model as a Transformation of the ADL(p,q)

In the previous section, we considered the transformation of the ADL(1,1) model with only
one exogenous variable into its equivalent ECM form. We now extend the transformation
to an ADL(p,q) model with more general dynamics.

Consider the model:

OJ(L))/t = B(L)Xt +e, & WN(O, 0'62),
a(l)=1—a;L —asl?— - —q,L?, (8.26)
B(L) = fo+ BiL + fol? + - + B, L°

To obtain the equivalent ECM form, it is convenient to use the following polynomial
decomposition (Beveridge—Nelson decomposition):

a(L) = a(1)L + o*(L)A,

(8.27)
p(L) = AL+ 57 (L)A,
where:
A=1-1L,
o (L) =ay—ajL—a3l? —--- —ai_ [P, (8.28)

B*(L) = 5+ BiL+ B3L2 + -+ + B L7

The relationships between the coefficients of o*(L) and $*(L) and those of a(L) and §(L)
are given in Table 8.5.

Table 8.3: aj and 3}, in terms of oy and §, coefficients.

The Beveridge-Nelson decomposition avoids lengthy algebraic manipulations when trans-
forming an ADL model into ECM form. For example, consider «(L) of order p = 3:

(L) =1—a;L — ayL? — azL?. (8.29)

10 See Beveridge and Nelson (1981).
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By repeatedly adding and subtracting equal terms on the right-hand side, we obtain:

a(L) = 1—oL—ayl? —asl? + azL? — azL?

a()L+(1—L)+ (g +as)L(1 — L) + asL*(1 — L)
a(1)L + A+ (ag + az) LA + azL*A
a(l)L + o*(L)A.

Thus:

a*(L) = O{S - O{TL - a;Lgv O[S = ]-7 O‘T = _(OQ + 053)7 a; = —(Qs3.

These values are easily obtained using the Beveridge-Nelson decomposition.

In general, replacing (8.27) into (8.26) yields:

a(1)LY; + o"(L)AY; = (1) LX, + " (L)AX; + &4,
and therefore the ECM form:

a*(L)AY; = B(L)AX; — a(1) [Yio1 — kXya] + &,
with the long-run coefficient:

BO) _ PotBite+fy

al) l1—-ag—-—q

k:

Expanding a*(L) in (8.31) gives:

AY, = afAYi i+ 03AY, g+ 40 AV
+ BpAXy + TAX 1+ -+ B 1 AX g
— Oé(].) [Yt—l — ]CXt_l] + &;.

As in the ADL(1,1) case:

1— oL — (ag+ a3)L? + azL?(1 — L) + (g + a3)L — (g + a3) L
1— (g +as+a3)L+ (g +a3)L(1 — L)+ azl*(1— L)+ L—L

(8.30)

(8.31)

(8.32)

(8.33)

(1) The ECM representation in (8.33) yields a balanced regression only if u; = Y; — kX;

is 1(0).

(2) Table 8.3 provides the a; values given aj. The inverse relationship is also useful:
given o} and a(1), one can recover ay for the original ADL(p, ¢) form. This allows
moving from the OLS estimates of the ECM parameters to those of the ADL(p, q)

coefficients.

With some algebraic manipulation (starting from 8.29), the inverse relationships are given

in Table 8.4.
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ag =1 Bo = B

ag=1—a(l)+of B = o)k + 57 — B (8.34)
aj=0o; -y, j=2,...,p—1 5j=ﬁ;— S J=2,,0—1 .
ap = —a, 4 By = =P

Table 8.4: oy, and 3, in terms of the coefficients o and 3]

8.8 ECM Model with m Exogenous Variables

In this section, the ECM model is generalized considering a number m > 1 of exogenous
variables. The ADL(p,q) model is given in this case by:

a(L)Y, = Bi(L) X1t + -+ + Bon(L) Xome + €1 - (8.35)

Using the polynomial decomposition we obtain:

a*(L)AY, = Bi(L)AXy + -+ B (L) AKX (8.36)
— a)[Yir =k Xy = =k X & ‘
1 1
with long-run coefficients k; = Bl ), vk, = fm(1) )
a(l) a(l)
Explicitly, the (8.36) can be rewritten as follows:
AY, = Y MYy + YL BAKuy + - b T BA ey g gy

—a(D) Y — k1 Xy — - — b Xoa—1] + &

In the model (8.37) we assume, for simplicity, that all the polynomials are of the same
degree q¢ — 1.

8.9 Engle-Granger Representation Theorem

The Superconsistent Theorem of J. H. Stock mentioned in §8.5 and the representation in
ECM form of the cointegrated processes led Engle and Granger to formulate the following
theorem::

Theorem 8.1. (Engle-Granger, 1987)'"!

11 See Engle and Granger (1987). A sketch-proof of Engle-Granger Theorem (Bivariate Case) is found
in Banerjee et al. (1993), p. 159.
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8 Effects of the Presence of Unit Roots in Regression Estimations

The two-step estimator of a single equation of an error-correction system with one co-
integrating vector, obtained by taking the estimate k of k from the static regression in place
of the true value for estimation of the error-correction form at a second stage, will have
the same limiting distribution as the maximum-Ilikelithood estimator using the true value

of k.

Least-squares standard errors in the second stage will provide consistent estimates

of the true standard errors.

The result of the theorem allows us to implement the following estimation procedure.

)

For each of the variables in the specification of the model, it is necessary to verify
whether they are I(0), I(1), or I(2) with an appropriate test (for example the
ADF test). The specification of the model depends on the determination of this
preliminary analysis.

If it happens that all the variables are (1), then the first step of the E-G procedure
suggests estimating (with the OLS method) the coefficients of the static regression:

Y% =C _|‘ k]_X]_t -+ kZXZt + -+ kamt + Ut (838)

In this way, we obtain:

Y, =+ ki Xy + ko Xoy 4 + ki Xony + G (8.39)

It is essential to test whether the residuals 4, can be thought of as the realization
of the I(0) process (e.g., using an ADF test)..

If the residuals are 1(0), then the {Y;, X1, -+, X, } variables are cointegrated and
the regression obtained in (8.39) avoids the possibility of being a spurious regression.
In addition, the ECM model is consistent in the sense that all the variables that
enter the equation (8.37) are 1(0).

All the variables in the first difference are I(0), and the residual variable, which
is used to replace the unobservable regressor ;1 is also I(0). Therefore, we can
proceed to the second step of the E-G procedure which provides for the estimate of
the parameters of the equation (8.37) with the OLS method.

The model specification becomes:

p—1 q—1 q—1

AY, =D alAY i+ BLAXyj+ o+ Y B AX s + vl + &, (8.40)
j=1 =0 =0

where 7 = —a(1) represents the error correction coefficient. For the stability of the

model, this coefficient must be inside the interval''? (—2,0).

p—1

112 The stability of the model requires that Y «; < 1 as a necessary (but not sufficient) condition. This

j=1

is the same condition already seen in §2.5.1 regarding the stationarity of a stochastic process.
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8.10 Forecasting with ECM models

3) If the test on the 4;—; residuals rejects the hypothesis of 7(0) behavior, then the
specification of the model in ECM form no longer makes sense.

Suppose we do not want to give up the analysis of the variables in levels. In that
case, we can try to change the model specification, for example, inserting further
explanatory variables in the regression.

Alternatively, the analysis of the variables in levels must be renounced and the
relationship between the dependent and the explanatory variables with a simple
model in the first differences can be studied, that is:

p—1 q—1 q-1
AY; = Z QjAY;_j“‘ ZﬁleXlt_j + -+ Z ijAth—j + €t (841)
j=1 §=0 J=0

8.10 Forecasting with ECM models

In this section, we consider forecasting with ECM models through a simulation example.
Consider the following ADL(1,1) and the corresponding ECM models:

ADL(L 1) . Y;g =c+ O[Y;_l + /BoXt + 51Xt_1 + &
ECM AYt = 60AX15 + (Oé - 1) D/t—l - kXt—l] + &
Bo + b1

l—«

(8.42)

k:

with e, ~ WN(0,02).

The advantage of a simulation exercise lies in the knowledge of the theoretical parameter
values of regression coefficients and the variance of the errors. Holding the realization
of X; fixed and exogenous in (8.42), these theoretical values can be changed to see their
effects on estimations and forecasts.

Furthermore, since the Y; variable is generated conditionally on the X; ~ I(1) variable
using the model ADL(1,1), there is no need to verify the cointegration between X; and
Y;. The Y, variable inherits a unit root from the X, variable and the two processes are
cointegrated.

The estimation applied here is Engle-Granger’s two-step procedure.

In the first step, we estimate the static equation:

by OLS. The k is the long-run coefficient and the estimation is superconsistent. The
residuals constitute the variable to be included, lagged one period, in the second-step
dynamic equation:

AY;, = BoAX; + a1+, oF=a—1. (8.44)
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8 Effects of the Presence of Unit Roots in Regression Estimations

Some software (for example EViews) allows the use of the explicit difference that defines
Uy, that is:

AY, = BoAX, +a* [V, — l%XH] Yey. (8.45)

Both specifications (8.44) and (8.45) give the same estimation results. This is not true
for forecasting. Therefore, it is convenient to refer to (8.44) as dynamic regression with
Implicit Error Correction Mechanism (I-ECM) and to (8.45) as dynamic regression with
Explicit Error Correction Mechanism (E-ECM).

We distinguish in-sample forecasts from out-of-sample forecasts.

In-sample forecasting uses the first subset of available sample data (training set) for
estimation. The last part of the available sample data (validation set) is used to compare
actual and forecast values. The validation set refers to a virtual future, which is a useful
device to test the forecast capabilities. In-sample forecasting also has the advantage of
using the actual “future” values of the exogenous variables as if they had been foreseen
without any prediction error (perfect foresight).

On the other hand, out-of-sample forecasting uses all available sample data without par-
tition into sub-periods and does not implement any comparison. In this case, the values
of the exogenous variables must also be provided, usually with statistical models in the
class of the ARIM A(p, d, q) models.

For out-of-sample forecasting, errors concerning the endogenous variable contain more
components, such as:

1. Model specification errors;

2. Errors in estimating the regression coefficients;

3. Errors in estimating the variance of the regression error;

4. The three previous errors referring to the forecast of the exogenous variables.

A further distinction concerns one-step (or static) and multi-step (or dynamic) forecasts.
In the one-step forecast, only one period is foreseen and in the subsequent period we
update the forecast by taking into account the actual value of the endogenous variable
(and of the exogenous variables if we are considering the out-of-sample forecast). In the

one-step forecast, the AY ¢ differences have the following decomposition:
AY,=Y,— Y., t=2.3,... (8.46)

fromwhichf/g :Y1+Z§\/2, }73 :YQ+Z§\/3, and so on.

In a multi-step forecast, at each step we use the forecast value of the previous period. In
the case of out-of-sample forecasting, even for the exogenous variables the replacement
takes place at each step with the values forecasted for the whole future period instead of
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8.10 Forecasting with ECM models

actual values. In the multi-step forecast, the AY ¢ differences have the following decom-
position: - o
AY, =Y, -Y, 4, t=2,3,... (8.47)

from which f/z =Y, + Z}\/g, f/g, = 572 + 23\/3, and so on, with initial value Y; =Y,

Note that 372 = %, while in general fft #+ 1?; for t > 2.

This section refers only to the in-sample forecast.

For the model in ECM form, it is possible to calculate the one-step and multi-step forecasts
of both the Y; levels and the AY, differences.

The multi-step forecast is not possible if the regression does not contain the lagged en-
dogenous variable.

For example, regarding the model (8.44), OLS estimation can be written!!3:

AY, =+ BoAX, + & iy, t=2,...,T (8.48)

If the forecast concerns the variable in differences, i.e. AY;, then only the one-step forecast
is possible because in (8.48) the lagged variable of AY; does not appear.
The forecast values of the differences for the h time horizons are given by:

E/Tﬂ =C+ BOAXT+1 + &*tr, (one-step only) (8.49)

On the other hand, if the forecast concerns the variable Y; in levels, then both one-step and
multi-step forecasts can be computed. This is possible because the differences obtained
from decomposition (8.46) in the first case, or (8.47) in the second, can be used.
To highlight the difference between level forecasts of Y}, let Y; denote the I-ECM forecast
and Y; the E-ECM forecast. Consider the following.
For the I-ECM forecast, we refer to specification (8.48), so the level forecasts are obtained
from: -

AY, =Y, — Vi1 = BoAX 4+ &ty + ¢, 4 =a—1. (8.50)

Solving for Y; gives:

Y, = Y+ BoAX, + @i + ¢
= Y+ BoAX, + &Y, — &kX, —atd+ ¢ (8.51)
= Y +aY + BoXt + BlXt—l —a*d + c,

ot _(Bo + Bl), and d is the estimated intercept of the long-run

~

where a*k = (@—1)

relationship.

113 Unlike the model (8.44), in the model (8.48) the estimated constant is inserted to obtain OLS residuals
with zero sum.
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8 Effects of the Presence of Unit Roots in Regression Estimations

For the E-ECM forecast, we use specification (8.45), in which the deviation from the
long-run equilibrium is included directly in the dynamic regression (all variables lagged
one period). Here, Y;_; is replaced by its forecast Y;_;, yielding:

AY, =Y, Vi1 = BoAX, + & [Vig — kX, 1 —d+¢, " =da—1. (8.52)

Solving for Y, gives:

~ ~ ~ ~ ~ ~

Vi = Y+ BAXy + &Y — &k Xy —&7d + ¢

. . . L (8.53)
= aYi 1+ BoXi + 5 Xey —atd+c.

The difference between the I-ECM and E-ECM forecasts is:

V-V, = Vi +6Y + BoXs + /i Xe — ard+é
_df/tfl - BOXt - Blthl +ard+ ¢
= Y +a&Y, —aY, (8.54)
= Y+ (G- 1)V —aY,
= a(Yio = Yi) — (Yo — Yia).

Thus, the two forecasts coincide only if & approaches unity, i.e., when the error correction
mechanism becomes completely ineffective. The characteristics of the two forecasts differ
significantly. In the E-ECM forecast, replacing the lagged dependent variable with its
predicted value ensures the effectiveness of the error correction mechanism, keeping the
forecast trajectory close to the long-run equilibrium curve — the curve defined by the
static regression.

Writing both recursions in a compact form clarifies the difference:

}:/t B }:/tfl Tt (8.55)
Yi=aY 1+ 1y,

where r, = BOXt + BlXt_l —a*d +e.
By iterative substitution, the I-ECM forecast accumulates past values of the dependent

variable:
=Y, +a ZY +er (8.56)

where Y is an arbitrary initial value.
Consequently, Y; behaves like a unit-root type accumulation and does not necessarily
converge to the long-run equilibrium curve.
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8.10 Forecasting with ECM models

The E-ECM forecast admits the compact representation

N ’r‘t

(1—dL)f}:rt, hence Y, = A

(8.57)

If |&| < 1 the inverse can be expanded as the convergent power series

oo
=Y alry,

Jj=0

which highlights the stabilizing autoregressive effect of the E-ECM recursion.
Since the processes X; and Y; are cointegrated, the equilibrium property also applies to
the steady-state forecast Y::

YV = 50+/81X+d+

1 —Q 1—a (8.58)

Thus, the E-ECM forecast shares the same steady-state solution as the Y; process, up to
a constant term whose relevance increases only if & is close to one.

In conclusion, while the stochastic process Y; fluctuates around the long-run curve, the
error-correction mechanism ensures that this curve acts as an attracting reference path.
In contrast, E-ECM forecasts are explicitly driven back toward the long-run equilibrium.
The distinction between I-ECM and E-ECM clarifies why, in practice, the E-ECM spec-
ification is generally preferred for forecasting purposes, as it ensures convergence toward
the long-run equilibrium.

Example 8.5. (Simulated example)

We consider a numerically simulated example with 200 observations. For the in-sample
forecast, the estimation sub-sample is set to T" = 150, while the forecast horizon covers
periods 151 to 200.

First, we generate the exogenous variable X; ~ I(1) using the following AR(4) model:

X, =0.85X,_1 + 0.35X,_5 + 0.05X, 5 — 025X, 4 +1,, n ~WN(0,16).  (8.59)

Simulation of the X; series requires assigning four initial values. For simplicity, we set
them all to zero. In the AR(4) model, no constant term is included. Adding a non-zero
constant would allow the simulation of a deterministic trend component.

The Y; process is generated as a function of X, using the following ADL(1,1) model:

}/;g = O.?Y;‘/,l -+ 25Xt — 3.6Xt,1 + Et, Et WN(O, 81) s (860)

where the error process ¢, is stochastically independent of the 7, process for all ¢, s.
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Figure 8.7: Simulation of cointegrated realizations from model (8.60). The vertical line separates
the estimation sample from the forecast period.

We generate 200 observations from (8.60). The estimation sample includes the first 7" =

150 data points, while the last 50 are used to compare actual and forecasted data.'
The theoretical static regression is:
Y, = kX;+ wy,
' e (8.61)

= —3.667X, +uy, u~I(0).

First step: we estimate the static regression by OLS. The results are reported in Table
8.5.

The conditions in Remark 8.5 are satisfied, so the standard normal approximation is
asymptotically valid. We use the HAC estimator to obtain consistent standard errors for
the coeflicients.

As expected, the intercept is not statistically significant.!'® Regarding the null hypothesis
Hy : k=0, the estimate k is highly significant. For the null Hy : £k = —3.667, the result
is not significant, with Pr (—0.327 < z < 0.327) = 0.256, where z ~ N(0, 1).

The Durbin—Watson statistic is 0.474, indicating at least first-order autocorrelation, as
confirmed in Figure 8.8.

Since the bivariate vector (X;, Y;) is cointegrated by construction, testing the residuals for
unit roots is unnecessary. Nevertheless, the DF test statistic equals —4.525, supporting

114 The generated series initially contains 250 data points. The first 50 are discarded to reduce the
impact of the arbitrary initial values, although unit-root processes never completely lose the memory of
their initial state.

115 Given the parameters in the ADL(1,1) process, the constant should not appear in the static model.
However, in OLS estimation, including the intercept ensures that the residuals sum to zero.
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Dependent Variable: Y

Method: Least Squares

Included observations: 150

HAC standard errors & covariance (Bartlett kernel, Newey-West fixed
bandwidth = 5.0000)

Variable Coefficient Std. Error t-Statistic Prob.

C 0.875126 21.00684 0.041659 0.9668

X -3.546401 0.367842  -9.641107 0.0000
R-squared 0.694978 Mean dependent var -195.5082
Adjusted R-squared 0.692917 S.D. dependent var 70.11766
S.E. of regression 38.85576  Akaike info criterion 10.17083
Sum squared resid 223446.0 Schwarz criterion 10.21098
Log likelihood -760.8125 Hannan-Quinn criter. 10.18714
F-statistic 337.2107 Durbin-Watson stat 0.473736
Prob(F-statistic) 0.000000 Wald F-statistic 92.95094

Prob(Wald F-statistic) 0.000000

Table 8.5: OLS estimates for the static regression (8.61).

the alternative hypothesis of stationarity!*°.

The estimated long-run curve is displayed in Figure 8.9.

Second step: The theoretical form is:
AY; =25AX; —0.3[Y;1 +3.667 X 1] + ;. (8.62)

The positive sign within the square brackets is due to the negative long-run coefficient.
The dynamic regression for model (8.62) is reported in Table 8.6.

Thus, the short-run regression in I-ECM form of model (8.62) is:

(t statistics in parentheses)

AY, = —1.799 +2.564 AX, — 0.302 iy,
(—2.56) (14.06) (—16.55)

Theequivalent E-ECMformis''™ : AY, = —1.799 + 2.564 AX,— 0.302 |Y;_; + 3.546 X,_,
(-2.56)  (14.06) (—16.55) (—9.64)

(8.63)
The positive sign inside the square brackets is due to the negative long-run coefficient k.
As previously noted, both I-ECM and E-ECM provide identical estimation results.
The Durbin—Watson statistic is 2.05, indicating no first-order autocorrelation. Figure
8.10 shows a correlogram consistent with a white noise process.

116 The Dickey—Fuller statistic reported here refers to the specification with a constant (Case 2 in Ta-
ble 8.1). Comparing the value —4.525 with the simulated critical values reported in Table 8.2 for that
case, the statistic is more negative than the usual 5% and 1% critical values (approximately —2.9 and
—3.5, respectively). Therefore, the null hypothesis of a unit root is rejected at conventional significance
levels.

17 Note that —3.667 is the theoretical long-run coefficient used to generate the data, whereas —3.546 is
the OLS estimate obtained from the sample (Table 8.5).
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Sample: 1 150
Included observations: 150
Autocorrelation Partial Correlation AC PAC Q-Stat Prob
| [ | [ 1 0.757 0.757 87.727 0.000
| = 2 0641 0.158 151.01 0.000
N o 3 0.504 -0.059 190.37 0.000
| ol 4 0371 -0.086 211.88 0.000
| il 5 0.314 0.086 227.35 0.000
I o 6 0.220 -0.065 235.01 0.000
= a 7 0.161 -0.017 239.16 0.000
i N 8 0.128 0.034 241.80 0.000
L sl 9 0.133 0.102 24465 0.000
i rl 10 0.127 -0.007 247.26 0.000
=) ay 11 0.140 0.040 250.48 0.000
i iy 12 0.160 0.058 254.72 0.000
= C 13 0.191 0.076 260.79 0.000
= i 14 0.185 -0.053 266.55 0.000
! r 15 0.207 0.069 273.78 0.000
s o 16 0.150 -0.119 277.64 0.000
Y o 17 0.068 -0.144 278.42 0.000
. ' 18 0.012 -0.034 278.45 0.000
N N 19 -0.034 0.042 278.65 0.000
o C I 20 -0.022 0.082 278.74 0.000
N i 21 -0.036 -0.027 278.97 0.000
i g 22 -0.055 -0.049 279.50 0.000
N r 23 -0.027 0.083 279.64 0.000
i [l 24 -0.059 -0.127 280.26 0.000

Figure 8.8: Correlogram of residuals from the static regression.

Residuals are also normally distributed, as indicated by the Jarque-Bera test in Figure
8.11.

The short-run curve is shown in Figure §.12.

The regressions (8.61), (8.62), and (8.63) are then used to produce different forecasts.
Their comparison is illustrated in Figure 8.15.

A broader comparison, from 7" = 2 to T' = 200, is given in Figure 8.14. The vertical line
separates the estimation sample from the forecasting period.

Undoubtedly, the best forecast is provided by regression (8.62) or equivalently (8.63),
corresponding to the one-step dynamic prediction procedure. In this case, the actual
value of Y; at each time step acts as an anchor, preventing the forecast from deviating
significantly.

The comparison between the I-ECM and E-ECM forecasts is noteworthy. While the latter
closely follows the path of the actual values, the former appears entirely disconnected from
the actual curve.

We also compare each forecast curve with the actual values using the Theil’s U inequality
coefficient. As is well known, the closer this coefficient is to zero, the nearer the forecasts
are to the actual values. The coefficients are shown in Table 8.7.

To explore the behavior of the curves along the entire time span, forecasts are computed
from T'= 2 to T' = 200. The representation is shown in Figure 8.14.
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Figure 8.9: Estimated long-run curve from the static regression in Table 8.5.

The predictive path is thus divided into two segments. In the first, from 7" = 2 to T = 150,
we compare both static and dynamic interpolations, where the I-EFCM curve amplifies its
deviations from the actual path. In the second, from 7" = 151 to T" = 200, we present the
in-sample forecast, which coincides exactly with the representation in Figure 8.13.

The Theil’s U inequality coefficients, reported in Table 8.8, again confirm the superiority
of the one-step forecasting procedure. Furthermore, all curves except I-ECM track the
actual path.

An important point concerns the dynamic I-ECM interpolation.

This curve, despite diverging considerably from the actual series within the sample period
(t=1,...,150), converges towards the actual values at the end of the sample, satisfying
?150 = Yi50. By contrast, in the out-of-sample period (¢t = 151,...,200), a substantial
and permanent divergence emerges.

The reason for this convergence at T' = 150 is linked to the properties of OLS estimation.
The relationship between the actual and fitted values in the sample period can be written
as:

A}Q:E/t‘i'ét,

where AY ¢ is the fitted curve and é; the residuals. Summing over the sample period gives:

YA =Y AV + Y e

By the OLS property, when an intercept is included in the regression, we have:

Zét:(),
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Dependent Variable: D(Y)

Method: Least Squares

Sample (adjusted): 2 150

Included observations: 149 after adjustments

Variable Coefficient  Std. Error t-Statistic Prob.
C -1.798995 0.703211  -2.558259 0.0115
D(X) 2.564240 0.182410 14.05753 0.0000
ECM(-1) -0.301841 0.018237  -16.55071 0.0000
R-squared 0.746110 Mean dependent var -1.059504
Adjusted R-squared 0.742632 S.D. dependent var 16.87868
S.E. of regression 8.562799 Akaike info criterion 7.152660
Sum squared resid 10704.94 Schwarz criterion 7.213142
Log likelihood -529.8732  Hannan-Quinn criter. 7177233
F-statistic 214.5260 Durbin-Watson stat 2.050036

Prob(F-statistic) 0.000000

Table 8.6: Dynamic regression for model (8.62).

Long-run I-ECM E-ECM One-step
0.00040012  0.00097633 0.00015031 0.00011153

Table 8.7: Theil’s U inequality coefficients for different forecasting curves.

and therefore: -
Y AY, =) AY,.

Expressed in terms of mean values:

A_}/;:Z}\/t.

This equality constitutes a constraint that the fitted curve must satisfy in the sample
period, regardless of how large its deviations from the actual series path are. In other
words, AY'; values are free to differ from AY; except for one value that ensures the equality
of the means (or sums). It can be said that AY’; loses one degree of freedom due to this
constraint.

8.11 Introduction to Multivariate Cointegration

Starting from §8.8, we introduce a more compact representation of the ECM form. Given
the vectors:

7y = Y Xy oo th]
ML) = [ ar(L) —Bi(L) - —Ful) |
P(1) = [a() A1) - =) |
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Sample: 1 150
Included observations: 149
Q-statistic probabilities adjusted for 2 dynamic regressors

Autocorrelation Partial Correlation AC PAC Q-Stat Prob*

-0.027 -0.027 0.1113 0.739
-0.005 -0.005 0.1147 0.944
0.139 0.139 3.0994 0.377
I 0.020 0.028 3.1624 0.531
I . 0.092 4.3706 0.497
I -0.031 -0.046 4.5210 0.607
I 0.021 0.013 4.5891 0.710
I 0.122 0.099 6.9574 0.541
I 0.083 0.100 8.0596 0.528
I 10 0.061 0.062 8.6558 0.565
I
I
I
I
I
I

WOONDO WK =
o
o
[o2]
[e+]

11 0.070 0.055 9.4534 0.580
12 0.099 0.076 11.077 0.522
13 -0.062 -0.094 11.720 0.551
14 -0.019 -0.050 11.779 0.624
15 0.083 0.050 12.943 0.607
16 0.060 0.069 13.548 0.632
| 17 0.124 0.125 16.190 0.510
! 18 -0.024 -0.031 16.286 0.573
! 19 0.020 -0.030 16.357 0.633
! 20 0.171 0.097 21.482 0.369
! 21 0.071 0.089 22.366 0.379
[

[

[

I 5 B — R ey — 1 ) R Ny ) I

_-____.._

22 -0.050 -0.045 22.816 0.412
23 0.008 -0.026 22.829 0.471
24 -0.037 -0.092 23.072 0.516

*Probabilities may not be valid for this equation specification.

Figure 8.10: Correlogram of residuals from regression model (8.62).

Table 8.8: Theil’s U inequality coefficients for forecasting curves from 7' = 2.

where z; ~ (1), we can rewrite model (8.35) as:
7T/(L) AZt = —7TI(1) Zi_ 1+ & (864)

Expression (8.64) is perfectly equivalent to (8.36); it simply provides a more compact way
of writing the ECM model. Within the vector z; we can still distinguish between the
endogenous variable Y; and the exogenous variables { X, j = 1,...,m}.

If we drop the hypothesis of exogeneity for the X variables, then representation (8.64)—based
on a single equation—must be generalized to a system of n = m + 1 equations, adding m
further equations, one for each now-endogenous X.

In this case, a suggestion from the econometric literature is to consider a VAR(p) repre-
sentation:

H(L) Z; — &, (865)
NN

nxn nx1
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24

! - Series: Residuals
Sample 2 150
20+ Observations 149
164 Mean 2.68e-17
Median 0.181010
Maximum 25.80650
12 Minimum -27.66584
Std. Dev. 8.504745
8l I Skewness -0.080926
Kurtosis 3.645153
4+ Jarque-Bera  2.746685
Probability 0.253259
o T y U ’_!
-30 -20 -10 0 10 20

Figure 8.11: Empirical distribution of residuals from regression model (8.62).
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Figure 8.12: Short-run curve estimated from the dynamic regression.

where
II(L) :I—HlL—H2L2—~--—Hpr.

If we assume that z; ~ I(1), then some roots of |[II(L)| = 0 lie on or outside the unit circle.
Following Banerjee et al. (1993)'!®, the VAR in levels can be rewritten in error-correction
form as:

AZt = HTAZt—l + H;Azt_g + s —'— H;_lAZt—p-‘rl

+IIz,; + ¢
p
I =— ) IL, i=1...p-1 (8.66)
j=i+1

H—iﬂj—l
j=1

118 See Banerjee et al. (1993), p.147 fF.
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Figure 8.13: Graphical performance of different forecasting procedures.

Note that IT = —II(1). If we define the polynomial matrix
(L) =1-ILL - ILY — - — 11 P71
expression (8.66) can be rewritten as:
IT*(L) Az; = —TI(1) Lz + &, . (8.67)
From (8.67) and (8.65) we can write:
[TU(L) A + (1) L]z, = TI(L) 7 = &, , (8.68)

showing that the square bracket contains a decomposition of II(L) similar to the Bev-
eridge—Nelson decomposition in the univariate case.

The matrix IT(1) plays a crucial role in cointegration analysis for systems of equations.
Each element of —II(1)z;—; is a linear combination of I(1) processes. Row by row, we
can check whether these linear combinations are 7(0) or I(1).

If all are I(1), then (8.67) is unbalanced: on the LHS we have /(0) combinations while on
the RHS they are I(1). In such a case, applying decomposition (8.68) yields a meaningless
representation.

The decomposition becomes relevant if some elements of —II(1)z;_ are I(0)—that is, if
there are cointegration relationships among the processes.

If z; has dimension n = 2, there can be only one cointegration relationship; for n > 2,
there may be multiple cointegrating vectors, i.e., multiple equilibrium relationships among
the endogenous variables.

If the number of equilibrium relationships is r < n, then r is exactly the number of
linearly independent cointegrating vectors. Engle and Granger (1987) show that in this
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e=——Actual ——I-ECM s+ E-ECM  ----L-Run One-step

Figure 8.14: Comparison of curves over the full sample (T' = 2 to T" = 200). Vertical line
separates estimation and forecast periods.

case rank (II(1)) = r < n, so that II(1) can be factored as:

—H(l)nxn:&\ﬁ/’/, (8.69)

nXr rxn

where a and (3 are (n x r) matrices of rank r (the cointegration rank). The rows of 3’
form a basis for the r cointegrating vectors, while the elements of «, called the matrixz
of adjustment coefficients, are the factor loadings in the Vector Error Correction Model

(VECM):
IT* (L) Azt = ﬁ/ Zi_ 1+ €t s (870)

where IT*(L) measures the transitory effects.
We consider two particular cases:

1) If rank[II(1)] = 0, then IT(1) = 0, implying z; ~ I(1) and not cointegrated. In this
case, model (8.67) reduces to:

H*(L> Azt = &, (871)
meaning that stability must be assessed on the processes in first differences only.

2) If rank[II(1)] = n, then z; cannot be I(1) but is stationary, i.e. z; ~ [(0). In this
case, II(1) is invertible and we can write:

(1) ' (L) Azy = — 2,1 + TI(1) g,
Since the LHS is 7(0), the RHS must also be 1(0).
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8.11 Introduction to Multivariate Cointegration

Notice that the factorization in (8.69) is not unique. For any non-singular r x r matrix
Q: ,

af =(@Q)(Q'f)=a'8", (8.72)
which creates an identification problem. Uniqueness requires imposing restrictions on the
VECM representation.

Example 8.6. Consider the bivariate VAR(1) model for

Y,

Zy =
Xi

)

so that:
H(L) Z; — &4, (I—HlL)Zt = &¢.

Assume z; ~ (1) and cointegrated. The VECM form is:
AZt = —H(l) Zi— 1+ €4,

or, equivalently:
AZt = (H1 — I) Zi 1+ E¢.

If z; is cointegrated with one cointegrating vector, then rank[II(1)] = 1, and:

~T(1) = af = H ENCAE

(8%

Since the factorization is not unique, we impose f; = 1 and fy = — [, giving:

1
52[_6] = Bz=Y, - X, ~I10).
The normalization suggests the long-run equilibrium:

}/IfzﬁXt—'—ut)

and the VECM form:
AY; = oy (Yier — BXi1) + €t
AXy =0y (Yo — BXeo1) + e

Stability requires u; ~ I(0), which imposes constraints on a and 3. Since u; = 3 z; and:
B'zy=pTlz,1+0 e,
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substituting IT; = I —TI(1) = I + a 3’ yields:

Bz, = 1+ aB)z+ e
Bz + B aB'z_, +FB¢e
(1+B'a)B'z 1+ Be;

or
U = OUs_1 + 14
§=(1+pa)
v =P

The stability condition || < 1 implies:
|1+(O[1—BO[2)| <1.
If 5 > 0, this is equivalent to:

011—|—2
ﬂ .

aq
—2<a; <0 and — <oy <

B

Alternatively, to use a VAR(p), we may start with a Moving Average representation:
AZt = C(L) E¢, (873)

where C(L) is a polynomial matrix satisfying:
> ilGill <o, C(0)=T1,,
j=1

and &, is multivariate white noise.
The matrix C(L) can be decomposed similarly to the univariate case in (8.30). For ¢ = 2:
C(L)=1,+ C,L+ CyL?. (8.74)
Adding and subtracting CsL:
CL)=L,+(C,+Cy)L—-CyL(1—-1L). (8.75)
Adding and subtracting C; + Cs:

C(L) = I,+(Cy+ Cy)L — CaoL(1— L)+ (Cy + Cy) — (C; + Cy)
= L,+C +C,— (Ci+Cy)(1 - L) — CoL(1 - L)

Cl)+C;1—-L)+CiL(1—1L)

C(1) +C*(L)A,

(8.76)
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8.12 Johansen’s Methodology for Modelling Cointegration

where:
C*(L)=Cj+ CiL
Cy=—(Ci+Cy)=1,-C(1)
CT = —C2

In general''®, for ¢ — oo:

C(L) = C(1)+ C*(L) A, (8.77)
with:
C;=1,—C(1)
Ci=-> C;, i>1 (8.78)
§>i

Stock and Watson (1988) apply this decomposition assuming Az; has a Wold representa-
tion:

Az, = C(L) e, (8.79)

so that:
Azt = C(l) E + C*(L) AEt . (880)

Integrating both sides (under the assumption that z, ~ I(1)) gives the trend—cycle de-
composition:

Z; = C(l) Z Et—j + C*(L) Ey =T+ C, (881)
=0

where 7 is the stochastic trend and ¢, is the transitory (cyclical) part.

According to Vahid and Engle (1993): “If C(1) has full rank, the trend is a linear combi-
nation of n random walks and no linear combination of z is stationary. If rank[C(1)] =
r <n, C(1) can be factored into two matrices of rank r, and the trend reduces to r random
walks rather than n.”

In the framework of Stock and Watson (1988), if rank[C(1)] = r < n, then z; has r
common trends (random walks) and possibly (n — ) common cycles.

Further discussion is provided in Vahid and Engle (1993).

8.12 Johansen’s Methodology for Modelling Cointegration

In this section, we follow the Johansen procedure to model cointegration and to test the
number of cointegrating vectors.
Johansen’s procedure can be summarised as follows:

1. Specification and estimation of the unrestricted VAR (p) model (8.65).

119 See Vahid and Engle (1993).
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8 Effects of the Presence of Unit Roots in Regression Estimations

Recalling expression (8.67), we can rewrite it as:

I (L)Az, = -II(1)Lz + &
Az; = 1Az +---+ 10 Az g — TI(1)z, 1 + & (8.82)
(1-L)z, = Az 1+ +1L Az —TI(1)z, 1 + &
z, = WAz + - +1I0_ Az + [I-TI(1)]2,-1 + &
The II; and IT; matrices are linked by the equalities:

II, =1-11(1) + I}
I =15, -11; ,, j=2,....,p—1 (8.83)
Hp = _Hzfl )

which represent the multivariate version of the left panel of Table 8.4 in the univariate
case.

Using OLS, the equalities in (8.83) ensure that the fitted values obtained from (8.67) and
(8.82) coincide.

We can now discuss the properties of the estimators.

Following Hamilton!'?°, IT* converge to IT! at rate 7'/?, and moreover TV/2(IT; — IT}) is
asymptotically normal. Similarly, II; for j = 2,...,p — 1 converge to II; at rate T"/2,
and TV 2(fI]- — I1,) is asymptotically normal as well, since they are linear combinations
of the ﬂ; parameters.

A problem arises with the estimation of the II(1) parameter. In the presence of unit
roots, superconsistency ensures that II(1) converges to II(1) at rate 7. Its asymptotic
distribution is non-normal, but this faster rate of convergence implies that IT; = I—TT(1)+
ff{ also converges at the T2 rate to an asymptotically normal distribution, because the
coefficients with the slower convergence rate dominate.

Consequently, the presence of unit roots does not prevent the use of conventional ¢- and
F-tests in VAR(p) levels as long as the restrictions do not involve I-TI(1) = IT; +- - - +1II,,.
Determining the order p of the VAR model is crucial for the next step.

2. Estimation of VECM and tests of the cointegrating rank.

Without going into detail, we refer to the concise explanation of Hamilton!?!, which
summarises the maximum likelihood (ML) procedure proposed by Johansen'?2.

The maintained hypothesis is that the vector z, follows a VAR(p) in levels, which admits
an error correction representation as in (8.66). More precisely:

120 See Hamilton (1994), Ch. 18.2.
121 See Hamilton (1994), Ch. 20.2, pp. 635 ff.
122 Johansen (1991).
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8.12 Johansen’s Methodology for Modelling Cointegration

AZt =M + HTAthl + e+ H;;flAtherl + HOthl + &

I, = II(1) = —af’ (8.84)
{ e: ~ NID(0, Q)

In the first step, we consider the multivariate regression:

p—1
Az =6+ T;Az_;+1, (8.85)

=1

where T'; denotes an (n x n) matrix of OLS coefficient estimates and 1, the (n x 1) vector
of OLS residuals.
The second step is to estimate the multivariate regression:

p—1
Zi_1 — 0 -+ Z @j AZt,]’ + Vt s (886)
j=1
where Vv, are the residuals.
From regressions (8.85) and (8.86), we compute the covariance matrices:

T
~ 1 Y
S =7 R (8.87)
t=1
L I
< _ = A A
Suw =7 >, (8.88)
t=1
S = 237, 0V,
) rem (8.89)
EUU = ng
From these covariance matrices, we extract the ordered eigenvalues 5\1 > 5\2 > e > j\n
of:
DI D Finbs SN (8.90)
Associated with the r largest eigenvalues are the (n x 1) eigenvectors Bl, . ,BT.
Johansen suggested normalizing each eigenvector so that B;ivvﬁi =1,i=1,---,r.

The ML estimate of the (n x r) matrix 3 is given by:

N

B= BBy B, (8.91)

and the ML estimate of the (n x ) matrix « is:

A A~

a=3.0. (8.92)
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8 Effects of the Presence of Unit Roots in Regression Estimations

Other ML estimates are given by!%3:

~ ~ N
1_IO = Euvﬁxg

A A

I = I, —I,6, . (8.93)

[:\L - S—ﬂgé

Hamilton justifies the first step in terms of auxiliary regressions involving a concentrated
likelihood function'?*. The second step is motivated by the concept of canonical correla-
tion!?.
The maximum value of the log-likelihood function subject to the constraint of r cointe-
grating relations is:
L(r)= — @log(%r) _In
7 7 (8.94)

-3 log |2,u| — 5 S log(l—\).

If the rank r is known, ML estimates can be obtained from (8.94). If instead r is unknown,
inference is based on the log-likelihood in the unrestricted case:

L(n)= — % log(27) —7% (8.95)

- %log |2uu| ) > iy log(1 =)

Both (8.94) and (8.95) provide the essential ingredients for testing whether the rank is
r < n through a likelihood ratio test, namely Hj,: rank = r against H,4: rank = n, which
is carried out by:

L£(n) — £(r) = —g 3 tog(1 4. (8.96)

If the hypothesis involved only 7(0) variables, we would expect twice the log-likelihood
ratio, that is

2(L(n) — L(r)) = ~T Z log(1— ;). (8.97)

This is known as the trace statistic, and testing proceeds sequentially to check whether
the rank r is equal to zero, equal to one, up to r = n — 1. The sequential procedure is:

123 By definition, IIy = —a/3’. Since the ML estimator of the adjustment coefficients is & = Soe ,é',
it follows that ITy = 3, ,@,@l The positive sign is therefore consistent: the estimator incorporates the
direction of adjustment through &, while the theoretical restriction introduces the negative sign in the
definition of ITj.

124 See Gourieroux and Monfort (1995), §7.2.4, p. 170.

125 See Mardia, Kent, and Bibby (1979), Ch. 10, p. 281 ff..
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8.12 Johansen’s Methodology for Modelling Cointegration

1. Hy:r=0vs. H :r>0
If Hy is not rejected, then » = 0 (no cointegration). If rejected, continue to r = 1.

2. Hy:r<1lvs. H :r>1
If Hy is not rejected, then r = 1 (only one cointegration relation). If rejected,
continue sequentially up to r =n — 1.

Formally, the nested hypotheses are:
HO)cC---CH(r)C---C H(n), (8.98)
where:

e 7 = 0: no I(0) linear combinations of z, exist, so the model must be built only on
Azy;

e  =n: all variables in z; are stationary 7(0);
e 0 <r < mn: up to r cointegration relations (3'z; exist.

Johansen!?® also proposed the mazimal eigenvalue test for testing:
Hy:r vs. Hy:r+1, (8.99)

given by:

LRpax(r) = =Tlog(1 — A1) . (8.100)
It is well known that both the trace test and the maximal eigenvalue test do not fol-
low standard x? asymptotic distributions under Hy, but instead non-standard ones (see
Johansen (1995)).
The econometric literature has discussed their finite-sample power. In particular, the
asymptotic distributions of these tests depend on whether a deterministic trend is included
in the data-generating process.
Since researchers are often uncertain about the presence of a linear trend, Harvey et a.
suggest that applying both versions of the test (with and without a deterministic trend)
is a sound strategy.

| 127

126 See Johansen (1995).
127 D. 1. Harvey, Leybourne, and A. M. R. Taylor (2009).
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Appendix 8.A (Wiener Process (Brownian Motion))

The Wiener process'?®, also known as Brownian motion'??| is a continuous-time stochastic

process defined on the interval [0, 1] (and more generally on [0, 00)). It can be viewed as
the limit of a discrete-time random walk!3°.

In the literature, several constructions of the Wiener process have been proposed'3!. Here
we follow the result due to Donsker'2. His theorem, known as the invariance principle
(or functional central limit theorem), shows that a discrete-time random walk defined
on [0, T] converges in distribution to a Wiener process when properly rescaled to the
continuous interval.

Let X7 be a random walk defined as:

T
Xr=Y ¢, (8.A1)
j=1

where {e;, j =1,...,T} is an i.i.d. process with Pr(¢; = £1) = 1.
A direct calculation gives Ele;] = —1-3+1-2 =0, and Var(e;) = E(e?) =1-1+1-1 = 1.
Hence, E(Xr) =0 and

Var(Xr) =Var (Z 5]-) = Z Var(e;) =T,

since the covariances are zero.
By the Central Limit Theorem:

Xr
that is, as T" — oo, the normalized partial sum converges in distribution to the standard
normal law.
The discrete interval [0, T] can be mapped onto the fixed interval [0, 1]. For instance, if
T = 1000, we define the discrete variable r = ¢/T € [0, 1], t = 0,1,...,1000. This divides
the unit interval into 7"+ 1 parts: 0,1/7,2/T,...,1. Hence, r takes 1001 values in [0, 1]
and represents the time points at which the rescaled process X7/ VT is evaluated on the
real line.

128 The name refers to the American mathematician Norbert Wiener (1894-1964).
129 From the Scottish botanist Robert Brown (1773-1858).

130" A good introductory book on the Wiener process is Mikosch (1998).

131 See, for example, Schilling and Partzsch (2012).

132 From the American mathematician Monroe David Donsker (1924-1991).
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Defining [T | as the integer part of T, the process

_ Xy
VT

is therefore a step function, constant between successive jump points.

To make this construction more explicit, consider the following numerical example.
Suppose T' = 200, while the unit interval [0, 1] is represented on the same fixed fine grid
of 1001 equally spaced points introduced above. Since the process Xr/ VT has only 201
distinct values, it must be extended to this finer grid by keeping each value constant until
the next jump.

For example, if » = 0.009, then T = 1.8 and |rT'| = 1, while at r = 0.01 we have rT = 2
and |rT'| = 2. Consequently,

RT(T’)

X, X,
V200 V200’

with X7 = ¢; and X5 = €1 4+ &5. The values of X; and X, depend on the underlying +1
sequence.

Thus, for all » € [0.005, 0.009], the process Rogo(r) remains constant at X;/4/200, then
jumps at r = 0.01 to Xg/\/ﬁ, and remains constant until » = 0.014. A new jump occurs
at r = 0.015, where [rT'] = 3.

Figure 8.A1 shows realizations of the process Ry (r) for r € [0, 1] when the unit interval
is divided into 1001 parts, for T" = 50, 200, and 1000.

Ra00(0.009) =

Rgoo(0.0l) =

1.5

Wiener Process

——T-50 ——T=200 ——T=1000
Figure 8.A1: Realizations of the step process Ry (r) on [0, 1] for different values of T'
As T increases, the steps become narrower, and it is natural to ask what happens in the

limit: does the discontinuous step function converge to a continuous one? This is the
motivation for the following theorem:
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Theorem 8.A1. (Donsker) Suppose £, is an i.i.d. sequence with E(g;) = 0 and Var(e;) =
1, and define the partial sums X; = Zz’:l g; and the rescaled process Ry(r) = T2 X 1)
forr € [0,1]. Then, as T — oo,

Br(t) 5 W),

where W is a Wiener process'33.

Proof. See Billingsley (1999), p. 91. O

Properties of the Wiener process

Intuitively, the Wiener process can be regarded as a continuous-time version of the scaled
random walk on [0, 1]. Although continuous, its sample paths fluctuate erratically over
any subinterval.

From its construction as the limit of a random walk, the Wiener process has the following
important properties. Before listing them, we recall two definitions:

Definition 8.A1. (Stochastic process with independent increments)
Given an index set T C R, a process Z = {Z;, t € T} has independent increments if, for
any ty <ty < --- < t,, the random variables

Zt2 - Zt17 Zts - th: SRR Ztn - Ztn—l
are mutually independent.

Definition 8.A2. (Stochastic process with stationary increments)
A process Z = {Z;, t € T} has stationary increments if

D

Zy — L Zivh — ZLsths

for all s,t € T and shifts h such thatt + h, s+ h € T. The symbol 2 means equality in
distribution.

Note that a process with stationary increments is not necessarily stationary.
Following Mikosch, the convergence in distribution of Rr(t) to W; has two complementary
aspects:

1) The finite-dimensional distributions of Rr(t) converge to those of W;. That is,
PI'(RT(t1> < z,... ,RT(tn) < xn) — Pr(th <ZTy,..., th < xn) R

for all t; € [0, 1], z; € R, j=1,...,n and any n > 1.

133 The notation Ry (-) 4 W (-) indicates convergence in distribution of stochastic processes, not merely
convergence at each fixed r € [0,1].
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2)

It can be shown that the partial sum processes Ry (t) are indeed tigh

“But the convergence of the finite-dimensional distributions is not sufficient for the
convergence in distribution of stochastic processes. Finite-dimensional distribution
convergence determines the Gaussian limit distribution for every choice of finitely
many fized instants of time t;, but stochastic processes are infinite-dimensional ob-
jects, and therefore unexpected events may happen. For example, the sample paths
of the converging Rr(t) processes may fluctuate very wildly with increasing T, in
contrast to the limiting process of Brownian motion which has continuous sample
path”134,

To prevent such irregular behavior,

a tightness (or stochastic compactness) condition must also be satisfied.

t135

In summary, the properties of the Wiener process are:

a)

Independence

W, — W, is independent of the past {W, : 7 < s}'%6 and has the same distribution
as Wi_,.

Independent and stationary increments

For 0 < s < t, the increment W; — Wy is independent of the past, that is, of all
values {W, : 7 < s}.

Gaussianity

W; is a Gaussian process with mean E(W;) = 0 and covariance E(W;W,) =
min(t, s).

Continuity

W} is a continuous function of ¢ with probability 1 (almost sure continuity). In other
words, the points of discontinuity have probability zero.

Some comments on these properties are in order.

Independence and independent increments follow from the fact that

t+h
Xt+h—Xt=Z€j, 0<t<t+h,

j=t+1

134 Mikosch (1998), p. 47.

135 For a clear explanation of tightness and stochastic compactness, see Billingsley (1999), §7, p. 80 ff.
136 Formally, independence is understood with respect to the o-algebra generated by {W, : 7 < s},
which represents the information available up to time s.
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is independent of X; and is distributed as X5 — X; = X}, since {¢;} is an i.i.d. process.
Consequently, taking Wy = 0 and using Gaussianity (explained below), it can be shown
that
D
Wt+h - Wt - Wh 5 <8A3)

that is, the increment follows N(0,h). In this way, the variance of the increment is
proportional to the length of the interval [t, ¢t 4+ h|: the larger the interval, the larger the
fluctuations of the Wiener process. It is important to note, however, that (8.A3) does not
imply that the trajectory generated by W, ., — W; is identical to that generated by Wj.

Gaussianity follows from the fact that if ¢ € [0, 1] is fixed, then

X X tT
er) X [tT] » L 2VE 2 N(0.),

MO T VT T

where Z ~ N(0,1).

Since Ryp(t) 4 W, and tightness (stochastic compactness condition) holds, we also have:
EW;) =0, Var(Wy) =t.
The covariance is obtained as follows. Suppose 0 < s < ¢, then
Cov(W;, W) = EWW,)=E[W,+ (W, — W))W,
= E[WZ2+ (W, — Wy)Wj]
= s+ E[(W, — Wy)W,]
= s,

since Wy and the increment (W, — W) are independent.
If 0 <t <s, then clearly Cov(W;, W,) = t. In general, therefore,

Cov(Wy, Wy) = min(t, s).
In summary, a stochastic process with these properties can be considered a Wiener
process. This motivates the following definition:

Definition 8.A3. (Wiener Process or Brownian Motion)
A stochastic process {Wy, t € [0,00)} is called a Wiener process or Brownian motion if
the following properties hold:

1. Its starting point 1s zero: Wy = 0.

2. It has independent and stationary increments.
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3. For each t >0, W, ~ N(0, ).
4. It has continuous realizations (sample paths), i.e., the probability of jumps is zero.

Since a Gaussian stochastic process is fully characterized by its mean and covariance
function, an alternative definition of the Wiener process is:

Definition 8.A4. The Wiener process (or Brownian motion) is a Gaussian stochastic

process with
E(W;) =0, Cov(Wy, Wy) = min(t, s).

Further properties of the Wiener process, such as the non-differentiability of its trajecto-
ries and their infinite variation, can be found in the introductory text by Mikosch (1998).
These striking properties highlight the irregularity of Brownian paths despite their conti-
nuity.

The Wiener process is also linked to concepts that are central in stochastic calculus for
finance, such as martingales (of which the Wiener process is an example) and the [t6
formula. The discussion of these topics, however, lies beyond the scope of this Appendix.
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9 Dynamic Systems in State-Space Form

9.1 Introduction

As discussed in Chapter 5, the dynamic properties of stochastic models allow them to be
regarded as systems. Univariate processes belonging to the ARMA(p, q) class can also be
interpreted in this way. Consider, for example, the simplest case of an AR(1) model:

Xt = O[Xt_l + & (91)

Interpreting ; as the system input (and « as known), the process X; represents the
system output determined by that input. This is the interpretation assigned to (9.1) when
simulating a realisation of X; based on random draws of ;. Such a generation mechanism
has a different meaning from the usual econometric interpretation. In econometrics, the
realisation of the stochastic process X; is assumed to be observed, and inference is carried
out to determine the characteristics of the system that generates it: the class of models
to which it belongs and, within that class, the specific parameter values. Moreover, since
the input component ¢, is unobservable, inference is based solely on the system output,
under certain assumptions on the process generating the input.

For the determination of the values of X, in the input—output interpretation of (9.1), an
arbitrary initial value X is assigned and the system is solved by iterated substitutions:

X1 = OéX() + &1
Xg = OéX1+€2 :CY(OéX0+€1)+€2 :Oé2XQ+O£€1+€2
: 9.2)

t—1
X, = o' Xo+ > adey .
j=0

From a mathematical point of view, (9.2) is the solution of the finite stochastic difference
equation (9.1). The first term, o'Xy, is the general solution of the homogeneous part,
while the second term, Zz;g aJe,_j, is the particular solution of the inhomogeneous part.
If the input &; is assigned, the solution of the finite difference equation identifies a family
of output processes, each depending on the choice of the initial value X,. If the condition
|| < 1 holds, then lim; o &/ = 0 and the process loses memory of its initial value. Under
this condition, the effect of the initial value vanishes asymptotically and the solution is
stable; in the AR(1) case this coincides with covariance stationarity.

Counsider now the multivariate case:

Xy = A X1+ € . (93)
(kx1)  (kxk) (kx1)

where g, is a vector of state disturbances (or system shocks), assumed to be a zero-mean
white noise process.
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Given an initial vector x( of arbitrary values, the solution of the system is:

t—1
Xt = AtXO + Z Ajé"t,j . (94)

J=0

The stability of the solution is less immediate in this case. Assume that A is diago-
nalizable, which holds if all its eigenvalues {\;; j = 1,...,k} are distinct'3". If A is
diagonalizable, it can be written as:

AC =CA, (9.5)
where:
A = diag(A1, Ao, ..., A) is the k X k diagonal matrix containing the eigenvalues;
C is the matrix of eigenvectors of A.

Since the eigenvectors are linearly independent, C is invertible. From (9.5):

A =C'AC, (9.6)
or, equivalently,

A =CAC!. (9.7)

Relations (9.6) and (9.7) are referred to as similarity transformations. An important
property is:
A? = (CAC™ )2 =CA’C™!, (9.8)
By iteration:
A' = CA'C!. (9.9)

Substituting (9.9) into (9.4) yields:

t—1
x; = CA'C 'xg+ » CAC'e,_;. (9.10)

J=0

The process x; loses memory of its initial value x, (asymptotic stability) if and only if all
eigenvalues satisfy'®® |\;| < 1,7 =1,... k.

137 Distinct eigenvalues are only a sufficient condition. A matrix may be diagonalizable even with re-

peated eigenvalues, provided it has a full set of k linearly independent eigenvectors; equivalently, the
geometric multiplicity of each eigenvalue must equal its algebraic multiplicity. In particular, when
rank(A — \;I) = k — 1 the eigenvalue \; has geometric multiplicity one.

138 Equivalently, the spectral radius p(A) = max; |\;| must satisfy p(A) < 1.
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Consider now the case of an AR(2) process:
Xt = althl + CYQXt,Q + E&¢. (911)

The interpretation of (9.11) as the solution of a finite-difference equation is less straight-
forward than in the AR(1) case. We can proceed by iterative substitutions, noting that it
is necessary to start from two initial conditions, denoted X, and X ;. Thus, we obtain:

X1 = a1X0 + 052X71 + &1
X2 = a1X1 + OéQXO + &9 = (Oé% + OCQ)XO + OélcYQX,l + 161 + &2

X3 =1 Xo+ anX| + &3 = (0 + 20100) X + (3 + @) X4 (9.12)
—|—(Oé% + 042)51 + 1€ + €3

The continuation of the substitutions is omitted, but it is evident that this procedure
generates an increasing number of additive terms involving the coefficients of the initial
conditions and the input shocks, as well as their powers. This makes the final solution
far more complex than in the AR(1) case.

The complexity of the final solution becomes unmanageable in the case of AR(p) processes
with high order p. For this reason, it is preferable to adopt an alternative formalization
of AR(p) models that reduces them to the case of single-lag models. This formalization
is obtained by redefining the output variables of the system and is motivated by the
multivariate formulation in (9.3)—(9.10), which provides the general stability criterion for
first-order vector systems.

For simplicity, consider again the AR(2) process. We define two new variables:

{ 1= Ao (9.13)

Zor = Xyq )

so that 23 ;-1 = Xi_o.
With these substitutions, the difference equation (9.11) can be rewritten as:

21t = 012111 + Q229 -1 + &¢. (914)

The expression (9.14) shows that we have returned to a relationship with only a one-period
lag.

The price to be paid for this simplification is the introduction of a new variable zo;
however, since

22t = Z1,t—1, (9~15)
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both (9.14) and (9.15) can be considered jointly in the following system:

21t = 121,41 + Qia2g 41 + & (9.16)
22t = 21,t—1,
or, in matrix form:
21t 21,t—1 1
[ ] _ [al a2] [ T (9.17)
2ot L0 29, 4—1 0
Defining
Zy = th? F = o a27 G = 17
2ot 1 0 0
we can rewrite the system (9.17) as
Zy — FZt,1 + GEt . (918)

Equation (9.18) is interpreted as a first-order stochastic difference equation.

The last important step in this formal transformation of the second-order stochastic equa-
tion (9.11) into the first-order form (9.18) concerns making explicit the link between the
scalar process X; and the new vector process z;. This link is given by:

22t

&:Poﬂmrﬂm. (9.19)

In conclusion, the dynamic system (9.11) can be equivalently represented by the following

system of equations:
Xt = HZt
(9.20)
Zz; = FZt_l + GEt,

which is known as the state-space representation of the system. Here z, is called the state
of the system, and its components are referred to as state variables.

The first equation in (9.20) is generally called the measurement (or output) equation, while
the second one is the transition (or state) equation. The matrix F is called the transition
matriz.

Remark 9.1. The state—space representation of a stochastic dynamic system is not

unique. Different formulations may arise from alternative definitions of the state vec-
tor, all leading to dynamically equivalent systems.
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In particular, the formulation adopted by Harvey'®® corresponds to a different choice of
state variables. While in (9.18) the state vector is defined as

Xy
Z;y = )
Xt

Harvey defines the state vector by interchanging the roles of the lagged components, which
leads to the representation

Xt = HZt

(9.21)
zZ; = F/thl -+ GEt,

where the transition matrix F’ is numerically equal to the transpose of the matrix F
in (9.18).
In explicit form, this yields

Xt = [1 Oi| Z

21t ap 1 21,t—1 1 <9'22)
= + Et .
29t (6%) O ZZ,t—l O

The appearance of the transposed transition matrix should not be interpreted as a trans-
position of the system dynamics. It simply reflects a different linear transformation of the
state vector. Both formulations share the same characteristic polynomial, eigenvalues,
and stability properties, and therefore describe the same underlying stochastic process.

Remark 9.2. The iterative substitutions highlighted in (9.12) can be performed more
easily in the state-space form. Denoting the initial state as

_|*10
Zy = 3
220
t—1

z=F'zg+» FGej. (9.23)

=0

and using (9.4), we have

At step t = 3 this becomes
2
Z3 = F3Z0 + Z F]G Et—j,
j=0
that is,
Z3 = F3Z0 + F2G Et_2 + FG €1t GEt,

139 A. C. Harvey (1993), p. 84.
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with: )
F2 _ a1 Qof| |ap Qs _ oz% + a9 Qo
1 0 1 0 o ay |’
B _ Al +ay aras| | am _ ad + 2000 QB+
o Qg 1 0 a% + ay Q9 ’
FG — a1 Qo 1 _ (03]
1 0110 1]’
G — af +ax anon| |1| _ |af+az
(03] (6] 0 aq
Hence,
213 CYLI% + 20[10&2 OZ%OZQ + Oé% 210 Oé% + Qo (03]
= 9 + €1 + E9 + £3.
293 aq + Qo 109 2920 aq 1 0
Using the first equation of (9.22) and renaming the initial conditions z;9 = X, and

290 = X_1, we obtain:

X3 = [1 Oi| Z3
213
(a3 + 20100) X + (2 + a2) X1 + (2 + ag)ey + areg + €3,

which coincides with (9.12).

Remark 9.3. The dimension of the state coincides with the number of initial conditions
required for the uniqueness of the solution of the finite difference equation. The initial
state of the dynamic system coincides exactly with the set of initial conditions.

Remark 9.4. The system dynamics summarised in the state dynamics represent a first-
order autoregressive (or Markovian) vector process.

9.2 Formalization of the State-Space System
From a formal point of view, the state-space system is based on two definitions.

Definition 9.1. (State Variables)
The state variables of a system consist of a minimum set of parameters that completely
summarise the system’s status in the following sense.

If at any initial time to € T the values of the state variables {z1zy, ..., 2Ky} are known,
then the output X;,, where t1 denotes the final time, and the values {z1,, ..., 2k, } can be
uniquely determined for any time t; € T, t1 > to, provided that {ey,, ..., &4 } is known.
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9  Dynamic Systems in State-Space Form

Definition 9.2. (State-Space System)

The state-space system at any time ty € T is a set of the minimum number of parameters
that allows a unique output segment { Xy, ..., X} to be associated with each input segment
{€tgs- -, et} for every ty € T and for allt > ty, t € T.

The two definitions can be interpreted in terms of spaces to which the input, output, and
state belong, indicated respectively with £, X', Z.
At each t, let g, € €, X; € X, and the vector state

!
Zy = |z, -, Zwt| €2,

then given:
1) (to, t1) €T,
2) {etg,....en,} = {ee}it €€,
3) z, € Z,
we consider the transformation f that maps the elements
(to, tr, Zegs {21 1)
from the Cartesian product 7 x T x Z x £ into a unique element in Z, that is:
zy, = f (to,tl,zto, {st}ié) ) (9.24)
In addition, a second transformation h must be given, mapping the elements
(t1, 24,5 €1,)
from the Cartesian product 7 x Z x £ into a unique element in X, that is:
Xy, = h(t1,2e,,61,) - (9.25)

Therefore, a causal dynamic system can be represented by the triad of 7 x Z x & spaces
with associated f and h functions that satisfy the following properties:

1) h represents an instantaneous, or memoryless, transformation.

2) f represents a nonanticipative (for this reason also called causal) transformation
such that:

f (t()? t(]? Zt07 {gt}ig) == Ztg; Vt() € T (926)
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9.2 Formalization of the State-Space System

Property (9.26) indicates that f becomes the identity transformation when its time ar-
guments coincide. This property has full meaning if 7 is continuous, while it is trivially
satisfied if it is discrete.

Moreover, if two input trajectories {e;};} and {n:};\ in € coincide for all t € [to, 1], then:

f (th t1, Zty 5 {Et}i(l]) = f (tOv l1, Zyy, {nt}ié) : (927)

This property is known as the state transition property and indicates that z; does not
depend on inputs prior to ¢, except for the past already summarised in z;,, and does not
depend on inputs after ¢;. In other words, the state at time ¢; depends only on the initial
state z;, and on the input trajectory restricted to the interval [to, 1], thus expressing the
causal nature of the transformation.

If (to,tl,t2> €T and tog < 11 < to, then:

Zi, = f (th la, Zy, {Et}%)
f (tla t27 Ziy, {gt}ii) (928)
= f(tl,t% f (t0>t1,Zto, {gt}%) 7{€t}2>-

This is the semigroup property, which states that it is indifferent whether z,, is obtained
directly from z;, and {&;}{?, or indirectly by first computing z,, from z,, and {e,};!, and
then using it with {&,};2.

In the case of linear systems, f and h are linear transformations. In the general case where
there is a vector x; of stochastic processes of order IV, the model with state variables takes
the form:

Xt = Ht z; + St >

(Nx1) (N xm) (Nxn) t=1.2.....T (9.29)
ze = Fy z.9+ Gymy ' R

(mx1) (mxm) (mxg)

The system (9.29) generalises previous representations in the state space by allowing
matrices in the state and measurement equations to vary over time.

€

1

— S, l
n Z Z Xy

— G, —»@—» F, H, —»@——>

Figure 9.1: Block diagram of the dynamic state-space system (9.29).
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The model (9.29) satisfies the stated properties of f and h. Using the iterative replacement
procedure, we obtain:

z1 = Fizo+Giny,
zo = FoFizo +FoGiny + Gan,,

Z3 = F3F2F1Z0 + F3F2G17]1 + F3G2n2 + G3’l73,
(9.30)

Z; = H;:l FjZ() + ZZ:I (szk_H F]) Gknk
= @07tZ0 + 22:1 (I)k,tGknka

where ®;,, = szk“ F,, for k <t and ®¢; = H;zl F;.

Assuming the existence of the inverse matrices Fj’1 for k < j < t, we can define by

convention:
t S
j=k+1 j=1

Furthermore, for £ =t we conventionally assume:
Qk,k — @mt - I (932)

Thus, the matrix ®;, is the transition matrix that satisfies all the properties listed pre-
viously:

].) @t,t - I

2) (Pt7k‘1)k7s = ¢t75, Vs S k S t.
Equivalently, ®; | = (@) "' = 1@, = 8, xPps = Dy
Property 2 also holds in the alternative direction: ®5; = ®,,®;,, Vs <k <Ht.

3) ® = <I>,;%, whenever Fj_1 exist for all £k < 5 <t.

The second property is the semigroup property. The third property is called the temporal
wnwversion property and allows us to use the first two properties for any temporal direction.
In fact, using the convention introduced above we can write:

B, Po; = By = 1.
The inversion property for the F; matrices is not always required, as will be seen later.
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9.2.1 ARMA Process in State-Space Form

A univariate or multivariate ARMA(p, q¢) model can always be represented in the state-
space form. For example, the model:

Xy = Xy 1+ o Xiomte+bigi1+ -+ Bm-18t—my1, m = max(p, g+1), (9.33)

has a representation, in the form suggested by A. Harvey, obtained by defining a state
vector of size m as follows:

( B . T
g
= 1
Qg 1 Ly
o B
Z; = o Zi1 + . €t
: (9.34)
ﬁmfl
oy, 0
Xt = [1 0o --- 0 Z
\ i

This form can be applied even to moving-average models. For example, for the M A(1)
model we have:

0 1 1
Z; = 00 Zi—1 + 3 Et |
X = |1 0|z
that is,
21t = Zo4-1 1 €y
2y = Pey,
Xy = zu,

In the state-space representation of the M A(1) model, the transition matrix F =

1
0
is constant and not invertible. The non-invertibility of the transition matrix constitutes

the mathematical ”cost” incurred for a process that has a dual representation in terms of
an autoregressive process of infinite order, while in the state-space form it is represented

as an AR(1) model.

9.3 Properties of State-Space Representation

This section discusses the properties of dynamic systems in state-space form that are
important in the model-building procedure'*.

140 See the synthesis presented in the volume Casals et al. (2016). See also Antsaklis and Michel (2006),
Ch. 3.
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Definition 9.3. (Stability)

A discrete-time state-space model is stable if all eigenvalues \; of the transition matrix
F satisfy |Ni| < 1, that is, if all roots of det(F — AI) = 0 lie inside the unit circle.
FEquivalently, all roots of the characteristic equation det(I — pF¥) = 0 lie outside the unit

circle, since the roots satisfy p = /\il_, where \; are the eigenvalues of F'.

If inputs are held constant (and disturbances are set to zero), stability implies that the
state vector converges asymptotically to a steady state.

The stability property is widely treated in the theory of dynamic systems and in control
theory with reference to linear and nonlinear, continuous and discrete systems. In this
regard, for example, the definitions of equilibrium point of the system; stability in Lya-
punov’s sense; global and local asymptotic stability; bounded and unbounded stability, etc.,
are important but will not be treated here!4!.

Definition 9.4. (Observability)

The state-space model is observable if, given the information on inputs and outputs, the
matial state can be determined uniquely.

To make this aspect evident, consider the model (9.29), where, for simplicity, we take
S; = 0 and the output x, € RY. If any k < t is fixed, we have:

xo = Hyz
x; = Hyz; = HiFiz2p + HiGiny

xg = Hozo = HoFoF12¢ + HoFo Gy + HoGan, (9.35)

k—1
Xg—1 = Hp1 ®o 120+ Y, Hy 19k 1G;n;
=1

(N><m) (m)(m) 1=

11 For a thorough discussion of the concept of stability and its multiple definitions, see for example
Michel and Hou (2008).
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Hence: )
X0
X = .
(ENx1)
| XE—1
- H,
H,®,
= . Z
Hi 1®o;
- —~ ” (9.36)
(kN xm)
[0 0 0 |
hy 0 0 KE
n
+ | ho hy, 0 ‘2 ,
: -
_hk:—l,l hy 1o - hk—Lk—l_ Hk,iz
~ ~~ ~ [(k—1)gx1]
[ENx (k—1)g]
where

h,‘j = Hz (I)j,i Gj

(Nxg)  (NXm) (mxm) (mxg)
Expression (9.36) shows that, given the input sequence {n,}¥~!, the output vector depends
only on the initial state zg.
The observability property concerns the possibility of determining z, from the system
when the input {n,}¥~ and the output {x,}¥~" are known.

If we define:
( H,
H,®
RO, k—1)=| .
[kN xm)] : n
1
Hi® 1
kLo, k-1 ] -
0 0 0 ) n = . )
hll O 0 [(k—l)gxl}
T = | hx hyy 0 Mt
[N x(k—1)g] .
{ | hp1n heao o hypoggor
then (9.36) can be written compactly as:
x =R(0, k — 1)zo + Tn. (9.37)
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Since 1 is known, we do not lose generality by taking 7 = 0. Therefore, expression (9.37)
reduces to:

x =R(0, k—1)z. (9.38)

The T matrix becomes irrelevant for the definition of state observability; only the R(0, k—
1) matrix remains important. Therefore, the observability property is referred to the
R(0, £ — 1) matrix rather than to the system (9.29).

Proposition 9.1. (Observability)
The state-space system (or equivalently, the pair (F,H)) is observable if and only if:

rank{R(0, k — 1)} =m. (9.39)
where R(0, k — 1) is the associated observability matriz.

Consequently, we have:
R(0, k — 1)’x = R(0, k — 1)R(0, k — 1)z,

from which:
20 = [R(0, k — 1)R(0, k — 1)] 'R(0, k — 1)'x.

Application to invariant systems
For invariant systems, we have:

t t
&, =[[F=F, @®.,= ] F=F""

j=1 j=k+1
hence!4?:
R(0, k — 1) = [H FH - (F/)’HH/] .
In the case of invariant systems, the T matrix is the triangular Toeplitz matriz:
[ 0 0O -+ 0]
h, 0O --- 0
T—=| hy h, --- 0
bt b o by

A matrix is said to be Toeplitz if each element (i, j) depends only on the difference (i — j).
Consequently, its entries are constant along each diagonal, and the matrix is completely
specified by the elements in its first column.

142 Gee also Aoki (1990), p. 39.
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Definition 9.5. (Constructibility)
Constructibility requires that it be possible to determine zy (instead of zo) from the system,
when both the input {n,}7~ and the output {x,}E~' are known.

Constructibility is a concept very close to that of observability.
Given the system (9.29), fixing a value p < k, in general we can write:
z, = Fpzp1 + Gemy
= FiFrazp o+ FrGroimyy + Geny
FpFyp1Fpozp—3 + FrFp1Grony_y + FrGroinyy + Gny, (9.40)

_ p—1
= Py pZr—p+ D50 Prj kG-

Assuming that the inverse matrix Fj_1 exists for k —p < j < k, then multiplying both
sides of (9.40) by the matrix ®; ;_, we obtain:

p—1
D pZk = Zpp + Z Dk pPhj 1 Gr M- (9.41)
=0
Using equality (9.41), the following system is obtained for p =1, 2, ..., k:
-kalq)k,kfl- [ Mk |
Xk—1
: MNk—1
x=| : | = z +L| |, (9.42)
H1‘I’k,1 :
X0
Ho®; o L T
with L = {lz]} and lij = _(I)k,k—iq)k—j—i-l,k-
Also in this case we can define:
H, 1®y 11
R(k,0) = | ° :
[(k4+1)N xm) H ®;,
Ho® 0
so that we rewrite (9.42) as follows:
x = R(k —1, 0)z;, + L, (9.43)
where
n = [n; 77/1]'

As for constructibility, similarly to observability, the conditions relating to the R(k—1, 0)
matrix are relevant; the following proposition states this:
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Proposition 9.2. (Constructibility)
The state-space system is constructible if and only if

rank{R(kz -1, O)} =m,
where R(k — 1, 0) denotes the associated constructibility matriz.

Consequently, assuming for simplicity n = 0 and multiplying both sides of expression
(9.43) by R(k — 1, 0)/, we obtain

R(k— 1, 0)'x = R(k — 1, 0)R(k — 1, 0)z,

from which .

z, = [R(k—1,0)R(k—1,0)] R(k—1,0)x. (9.44)

Application to invariant systems
In the case of invariant systems, assuming that F is nonsingular, the constructibility
matrix can be written as:

R(k—1,0)=[(F)'H (F)’H --- (F)*H']. (9.45)
Some remarks are important:
1) Constructibility does not imply observability, as the following example shows.

Example 9.1. The following matrices are defined!*3:

11
11|

11
2 2|
In terms of the system, we have:
| 11 210
221 a I 1] |22 ’

Xo = 210 + 220,

X1 = 210 + 220 + 210 + 220 = 2(210 + 220)-

H=[1 1], F—

Then the observability matrix is singular:

H
HF

R(0, 1) =

and

143 This Ezample is suggested by Kailath (1980), p.98.
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Only the sum 219+ 299 is observable, not 215 and 25 individually. For constructibility,
the matrix R(1, 0) cannot be calculated because F~! does not exist; however, we

can write
zio| |1 1) [z,
220 11 22,1

If X_, is available, since X_; = 2; 1 + 22,1 we obtain

21,1+ 22,1

21,1+ 22,1

210 = X_1, 290 = X_1.

2) If F~! exists in invariant systems, then constructibility and observability are equiv-
alent. Indeed, with i, _; =0 (0 < j < p), the relations derived from (9.41) reduce
to

Zi — Fka_p g F_ka = Zg—p.

3) Observability implies constructibility.

4) The concept of observability can be translated into econometric terms as parametric
identification.

Definition 9.6. (Reachability)
The reachability property describes the possibility of reaching any state from the origin in
finite time by a suitable choice of the input sequence.

Reachability is often referred to as controllability from the origin. The state of the system
is reachable if, by appropriately choosing the input 7n,, any state vector can be reached
starting from the null state condition zy, = 0.

Considering expression (9.40), if we set p = k, then:

k—1

Z) = <I>0’kzo + Z (I)kfj,kafjnk—j'
§=0

In matrix form (with zg known), this becomes:

- =/ - -

Gy, Nk

‘I’kq,kaq N1
zr, — Po k20 =

‘I)l,kGl n

To analyze reachability, we consider the effect of inputs starting from the origin (zo = 0);
equivalently, we focus on the forced component of the state, defined as zj, = z; — ®¢ 12o.
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Defining
Q(k, 0) = [ Gr ®4-1,kGr1 - P1xGy |,
z), = 71, — Po, 120,
/
M = [nz M1 = 77’1] ,
we obtain:
z, = Q(k, 0) .- (9.46)

To allow the transition from 0 to zj it is necessary to determine the sequence of inputs;
hence the following proposition is relevant.

Proposition 9.3. (Reachability)
The state-space system (or equivalently, the pair (F,G)) is reachable if and only if

rank{Q(k, 0)} = m. (9.47)
As a consequence of Proposition 9.3, we can write:

m; = Q(k, 0)'[Q(k, 0)Q(K, 0)'] 'z}, (9.48)

where
1

Q(k, 0)[Qk, 0)Q(k, 0)]”
is the right inverse of Q(k, 0).144

Application to invariant systems
In the case of invariant systems,

Q(k,0)=[G FG --- F*'G]. (9.49)

Definition 9.7. (Controllability)
The system is controllable if any initial state can be driven to the origin in finite time by
a suitable choice of the input sequence.

If F is nonsingular, controllability can be equivalently characterized through the time-
reversed dynamics, leading to a controllability matrix involving powers of F~! (see Fig-
ure 9.2).

In the case of invariant systems, if F' is nonsingular, we have:

F*Q(k, 0)=[F*G F"'G --- F'G]. (9.50)

144 Recall that if a matrix A is m x n with m < n and rank m, the pseudo-inverse A, = A’(AA’)~! is
a right inverse since AA, = L.
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9.8 Properties of State-Space Representation

Remark 9.5. Reachability (controllability from the origin) implies controllability (to the
origin), whereas the converse is not true in general. If F' is nonsingular, the two properties
are equivalent.

Example 9.2. The following matrices are defined!*5:
1 11
G=||, F= .

Consequently,

1
is singular, so an arbitrary state (e.g. [1] ) cannot be reached from the zero state regardless

of the input.

On the other hand, any initial state can be returned to zero. Indeed, let

=, 290 =0, M= —(04 + 5)-

SR

If F is nonsingular, reachability and controllability are equivalent.

Then

Following Kailath¥®, Figure 9.2 gives a useful summary of the above properties.

145 See Kailath (1980), p. 96.
146 Kailath (1980), Figure 2.3-5. p.100.
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F nonsingular

[Controllabilityj < Reachability

[F*G PG - PTG (G FG --- FF1G]

Observability > Constructibihty]

HF

F nonsingular

HFk—l
Figure 9.2: Relations among controllability, reachability, observability, and constructibility in
linear discrete-time state-space systems.

Example 9.3. [Observability and Reachability in a Trend-Cycle Model] Consider a simple
unobserved-components representation for a macroeconomic time series y; (e.g., log real
GDP), decomposed into a permanent component (trend) and a transitory component

(cycle):
Zt = [Tt] s Yy = HZt, H = |:1 1] .

Cy

The state equation is

2 = Fz + Gy, F =

where

collects a permanent shock €] and a transitory shock ef.

This model corresponds to the standard unobserved-components representation commonly
used in macroeconometrics!47.

The permanent component 7; follows a random walk, while the cyclical component ¢,
follows a stationary AR(1) process with parameter p. The econometric question is whether
the latent components are uniquely identifiable from the observed series and whether the
structural shocks are sufficiently rich to generate the whole state space.

147 See A. C. Harvey (1989).
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9.8 Properties of State-Space Representation

Observability. The observability matrix is

H
HF

R(0, 1) =

11

1 p|’

If p # 1, the determinant of R(0, 1) is p — 1 # 0, so the matrix has full rank. Therefore,
the state vector (74, ¢;) can be uniquely recovered from the observed data (given the
parameters). In econometric terms, the trend and the cycle are separately identifiable

components.
If instead p = 1, the observability matrix becomes

b

which has rank one. In this case only the sum 7; + ¢; is observable, and the decomposition
into permanent and transitory components is not uniquely identified. This illustrates how
lack of observability translates into lack of identification of latent components.

Reachability. The reachability matrix for the invariant system is
Q@ 0) = |G FG|.

Since G = Iy, the reachability matrix has full rank. Both components of the state vector
are directly affected by structural shocks. Therefore, starting from the origin, any state
vector can be generated by an appropriate sequence of structural shocks.

In econometric terms, the model allows shocks to affect all components of the system: the
permanent and transitory components are both driven by independent innovations. The
model allows for sufficiently rich dynamics to reproduce any combination of trend and
cycle.

Suppose instead that the trend is assumed deterministic, so that

!

Q2. 0) = [0 0] ,

G:

The reachability matrix becomes

L p

which has rank one. In this case, the permanent component cannot be generated by
shocks starting from the origin. The model restricts the dynamics by excluding permanent
innovations.
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9  Dynamic Systems in State-Space Form

Econometrically, this corresponds to imposing the absence of permanent shocks. Such
a restriction may be theoretically motivated, but it reduces the dynamic richness of the
system. In this case, structural shocks do not affect all components of the state vector,
and some directions of motion are excluded by construction.

This example illustrates the econometric interpretation of the structural properties dis-
cussed in this section. Observability is closely related to identification of latent compo-
nents, while reachability concerns the ability of structural shocks to generate movements
in all components of the state vector.

In empirical macroeconomic modelling, lack of observability leads to non-identification,
whereas lack of reachability corresponds to restrictive assumptions on the role of structural
shocks in the system.

Definition 9.8. (Minimality)
The state of a system is said to be minimal if there is no alternative representation that
produces the same output X, with fewer states.

It can be demonstrated that a model is minimal if and only if it is both observable and
controllable.

To illustrate the importance of minimality, consider the following simple example.
Example 9.4. Consider the non-stochastic finite difference equation:
A%y, =a, a € R, aconstant parameter. (9.51)

This equation could represent the acceleration of penetration of a new product in the
market. Once the parameter a is fixed, the sequence y; of the new product can be
determined. A solution can be found using the inverse truncated (or partial) sum operator
defined!*® as:

A =>"LF, (9.52)

where d represents a time instant linked to the initial values of the operator argument.
Its introduction is due to the fact that for finite time series, as in Ezample 9.4, d - oo.
Some properties of the operator A;l are reported below:

1) Ale=(d+1)c, c€R, cconstant

148 Recall that A =1 — L, where L is the lag operator. In general, we can refer to the inverse indefinite
summation operator A~1 for discrete processes, which is the equivalent of integration for continuous
processes. If AY; = gy, then A~ly, = Y;. The application of the inverse operator to the time series
requires the definition of an arbitrary initial value, e.g. y4—q—1, so that A7 ' Ay, = y; — Ye—a—1.
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9.8 Properties of State-Space Representation

d d d d—1
A;lA:ZLk_ZLkH _ 1+2Lk_ (ZLk+1+Ld+1)
k=0

k=0 = k=1 k=0
2) d d
k=1 s=1
=1-— L

These properties are used to obtain the solution for 4, through inverse iterative operations
in two steps.

Step 1: The A;l operator is applied to the starting equation (9.51), obtaining:

A;lAQyt = A;la,
AT'A(Ay;) = (d+ 1)a,
(1= L™ Ay, = (d+ 1)a,
Ayt — Ayt—d—l = (d + 1)@,

that is:
Ay = Ay g1+ (d+1a. (9.53)

When an arbitrary value of Ay, 4 1 is assigned, the system output in terms of Ay,
for all ¢ is uniquely determined. However, we want to find the solution in terms of
Yi, S0 we proceed to the second step.

Step 2: The A, operator is applied again to (9.53), obtaining:

A;lAyt = A;l [Ayt_d_l + (d + 1)@]
(1= L™y, = (d+1) [Ayt—g-1 + (d + 1)a]
Yo — Yo—ar = (d+ 1D Ay_q_1 + (d+ 1)%a,

from which:
Y = Yr—a—1+ (d+1)Ay_a1 + (d+1)%a. (9.54)

The solution in (9.54) shows the need to assign a new arbitrary initial value y;_4_;. This
value, together with Ay, 4 1 previously set, uniquely determines the system solution in
terms of y; for all t.

The previous derivation highlights that two independent initial conditions are required to
determine the trajectory of y; uniquely.

The y; variable cannot represent a state of the system because the assignment of the
initial 4, 41 value is not sufficient to uniquely determine ;. It is necessary to assign an
initial value also to Ay, 4 1. Not even the set {A2%y;, Ay;, y¢} can constitute the state of
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9  Dynamic Systems in State-Space Form

the system since it is not the minimal set for the determination of v, the variable A2y,
being superfluous.
In fact, a representation in the state space can be given by defining:

U
7 = Ayt )
for which:
1 d+1 N (d+1)*
Z; = Zi g
o1 | e |
Yy = [1 0} Zs.

This state-space representation synthesizes both equations (9.53) and (9.54), and shows
that the minimal state vector is given by z; = (y;, Ay;)’, which contains the essential
information without redundancy.

9.4 Kalman Filter

The State-space model (9.29) is the basis of a recursive algorithm known as the Kalman
filter (KF).
For completeness, we restate model (9.29) in probabilistic terms as follows:

Xt = Ht Z: + St Et, Ep ~ N.[D(O, R)
(kx1) (kxm) (kxn)
t=1,2,....,T (9.55
ze = Fy ze.+ Goomy, n, ~ NID(0, Q) (959)
(mxm) (mx9)

where €; and 7, are stochastically independent for all ¢, s.

For simplicity, when deriving the Kalman filter we do not time-index the matrices F, G,
H and S. The resulting formulas remain valid in the time-varying case by allowing these
matrices to depend on t.

The distribution of the initial state is assumed to be known: zy ~ N(Zg, Py).

Starting from this initial state, the aim is to derive a recursive algorithm valid for each
time ¢, conditional on the information available at ¢ — 1. The information set up to time
t — 1 is denoted by Z;_;.

Prediction step. The one-step-ahead state predictor is defined as:

Zijt—1 = E[Zt ’ Zt—l]
= FE[Zt,1 | thl] + GE[nt ‘ thl] (956)

= Fz;_ 1.
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9.4  Kalman Filter

Remark 9.6. Since z, ; C Z; 1, we have E[z; 1 |Z; 1] = z,_;. For convenience, we
denote z;_1—1 = E|z4—1 | Z—1].

The relation between the state and the system output error is described by the vector
Yt = .
€

E [z Z; 1] | Ze—1
E[et|zt_1]]‘[ 0 ] 90

Its conditional mean is

E [Yt|zt—1] =

since Fle; | Z;—1] = 0 by independence of the errors.
The corresponding conditional variance is

Zi — Zyjt—
Var [Ytlzt—l] = E{ ! e ] [ (Zt _Zt|t—1), e’y } |Zt—1}
€t
_ E(Zt - Zt|t71)(zt - Zt|t71),‘zt—1 0 <9 58)
0 R '
_ | Py O
0 R

where Py;_; is the variance matrix of the state prediction error and stochastic indepen-
dence between model errors implies that

E(&ft&f,tlzt,l) = E(&ft&,t) =R.

The variance of the state prediction error can be expressed in terms of the variance
updated at the previous step ¢ — 1. Indeed, we can write:

Zy — Zyjt—1 = 2zt — Fzg_131
=Fz,1 +Gn, —Fz,_1,4 (9.59)
= F(zt_l — thl\t71> + Gn,.
which leads to

Var [(Zt — zt|t_1)|Zt,1] = Var { [F(Zt,1 — Zt—l\t—l) + Gnt] |Zt,1}
— FP,_,,_,F' + GQG’ ‘

Hence, the prediction error variance recursion is

Py 1 = FP, ,, ,F + GQG’, (9.60)
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9  Dynamic Systems in State-Space Form

known as the Riccati recursion.

Relations (9.56) and (9.60) represent the first two formulas of the Kalman filter. They
express, respectively, the prediction of the state at time ¢ — 1 for the following time ¢ and
the prediction error variance. To complete the formulation of the prediction component
of the filter, we consider the further transformation that relates the state and the output

at the same time ¢:
I 0
W, = “ = = |*|. (9.61)
H 1 E¢ Xt

For the vector w, we compute the mean and variance conditional on the information set
Z, 1, obtaining:

Zy
HZt + &

I 0 Zi|t—1 Zi|t—1
1=F Z, 1| = = 9.62
Wit—1 [Wt| t 1] [H I [ 0 ] [Hzt|t1] ) ( )
and _
I 0 Pt|t—1 O I H/
V 7, 1| =
artwe [ Zea] =1y 1] g R] [0 I]

(9.63)
Py Py, H
HP,,_, HP,,_ \H +R

Update step. At time t, the new observation x; becomes available and allows us to
update the distribution of the state variable conditional on the new information. We
define:

Zyy = Elzy | x¢,Z41] Py = Var(z, | x,, 2]

The determination of these quantities is based on the standard result for the conditional
distribution of a multivariate normal random vector (Proposition 9.4).

Proposition 9.4. (Conditional normal distribution).

el

« | /8 ~ N(“’a + 20@32531(/6 - Hﬁ); Eaa - Eaﬁzgglzﬁa>-

Moreover, defining

Eaa Zaﬁ
Yga  Xps

Mo,
g

Y

) . with Xz nonsingular.

Then

we have the orthogonality Cov(u, 3) = 0.

207



9.4  Kalman Filter

Applying this result with o = z; and 3 = x;, we obtain:

Zy | Xy, Ly 1~ N (Zt|ta Pt|t>
Zyy = Zejp—1 + Py H (HPt|t71H/ + R)il (Xt — HZt|t—1) . (9.64)
Py =Py — Py H' (HPt\t—lH/ + R)_IHPt\t—l

The Kalman filter is therefore characterized by formulas (9.56), (9.60), and (9.64). In
this way, the Kalman recursions can be viewed as repeated applications of the conditional
normal update.

To highlight some important features of the filter, let us introduce the following definitions:

1

K, =P, H(HP;_H+R) (9.65)

Vg = Xt — HZt|t—1 (966)

Expression (9.65) defines the Kalman gain Ky, while (9.66) defines the innovation, i.e.
the one-step-ahead prediction error of the observation equation. The innovation measures
the discrepancy between the actual observation x; and its prediction H;z,,—; and is the
quantity used to update the state estimate.

Using these definitions, the update equations in (9.64) can be rewritten in compact form:
Zyjt = Zg—1 + Ky

. (9.67)
Py = Py—1 — KiHPy

Summary of the algorithm. In conclusion, the Kalman filter algorithm is summarized
by the following set of recursive formulas:

1 Y — th71|t71

P11 = FP 1 F + GQG

w N

)
)
) K, = Py H(HP, H +R)" . (9.68)
)
)
)

e

= X _Hzt|t—1
5 Zip = Zy—1 + Ky

6 Py, = Py — KiHPy;
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9.5 OLS Method versus Kalman Filter Method

Considering a model with constant parameters, we compare the Kalman filter—which
processes data sequentially—with the OLS method, which is a batch estimation approach
in which all observations are processed jointly.

We refer to the regression model:

k
Y = Zﬁlet -+ Ut, Tt = 1 Vt, U ~ NID(O, 0'2) . (969)
i=1

This regression model can be rewritten in the state-space form (9.55). To this end,
define!4?:

Xt = [yt}v
Zy = [511&; Baty -+ 51#},;
Ht = |:1a Loty -« vy xkt]a

S, =1,

F, =1, (9.70)
G, =0,

€ = [ut}a

R = 02],

Q=0

Note that F; = I imposes the constraint z, = z;_1, i.e. the constancy of the regression
coefficients. To apply the Kalman filter, we start from an arbitrary prior for the initial
state, zg ~ N(zg, Py). The algorithm becomes:

1) z10 = Zoj0 = Zo,

Py = Py = Py,

w N

vi =x; — Hyzy0 = x1 — HiZ,

)
)
)
) cp =HPyoH| +¢* = HiPH + 02, (9.71)
)
)
)

S

K, = PyoH} (H,PyoH] +0?) " = PoH, (H,PoH, + 0%) ",

(=)

z11 = Z1)0 + Kyvy,

7) Py =Py — KiH{Pyp = (I-K.H,)P,.

149 Here x; denotes the (possibly vector-valued) output in the state-space form; in this example it is
scalar, hence x; = [y;]. The regressors in the original regression are denoted by x;;.
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9.5 OLS Method versus Kalman Filter Method

At step t =T, steps 6) and 7) become:

6*) zrir = zrr—1 + Koy,

(9.72)
7*) PT\T == (I - KTHT) PT|T—1-

Are the results obtained in 6*) and 7*) comparable with those produced by OLS?

To answer this question, it is useful to express 6*) and 7*) in a non-recursive form, in
terms of the initial values zy and Py.

Equivalently, we consider the posterior distribution of the parameter vector 8 given all
observations yi, ¥a, ..., Yr.

Suppose that 3 ~ N(8,, X) is the prior (initial) distribution of the parameters.

How does the distribution change after observing y; ¢

We can proceed by observing that: y; with x'18 ~ N(x'13,, x'1Xx;). The unconditional
value of y; is obtained using the law of iterated expectations and is:

E(yl) = EX’lﬁEyl\xﬁﬁ(X/l/@ + 51) = Eleﬁ(xllﬁ) = X,1/60'

Similarly, the unconditional variance of ¥ is:

Var(y) = Eyi — (Eyn)* = Ex,pEy 10, 57) — X1808 0%t
= x13x; +0?+ X188 0x1 — X188 vx1 = X'12x; + o?

The calculation of the Cov(y;, B) is given by:

Cov(y1,B) = E(By,) — EB)E(y)
= Ex/lﬁEyl\x/lg(ﬁyll) - EX’lﬁEyl|x/15(ﬁ>EX’1[3Ey1|x/1f}<yl),
= Ex’lﬁ(/gﬁ,xl) - EX’1ﬁ<ﬁ>EX’1B(ﬁ,X1)
= (24 BBo)x1 — BB ox1
= 3¥xq

Therefore, the joint distribution of the regression coefficients and the first observation is:

B Bo
BEEATEE

Using Proposition 9.4 we obtain:
fg, = By + Ix1 (X(Tx1 +0%) 7 (11 — x18,), (9.74)

B | Y~ N(“ﬁ|y1’ Eﬁlyl) )
Say, =2 — Xx (X1 Xx; + o?) x| 3.

b)) EXl

x| x(¥x; + o?
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By taking zg = B, and Py = X, formulation (9.74) coincides with steps 6) and 7)
in (9.71). Extending this procedure to all observations, the joint distribution of 3 and
Bo
XBy |

Yy = (yla cee 7yT)/ is:
) . (9.75)
Bly ~N(kgy: Zaly)

Pl

y

Hgy = By + X (XEX' +0%1) ' (y — XBy), (9.76)
Sy = % — TX/ (XEX' + 02) ' XX,

Now consider the OLS estimator and its variance matrix:

b)) X/
XY XXX+

Hence:

A

— ! -1~/
Aﬁols - (X X) X Yy, (977)
Var(ﬁols) = 02 (X/X) - :

To compare (9.77) with (9.76), it is useful to reformulate the latter through appropriate
matrix transformations based on the following Proposition 9.5.

Proposition 9.5. Let P, R, and M be n x n, m X m, and m X m matrices, respectively.
If both P and R are positive definite, then the following equalities hold*>°:

I-PM'(MPM +R)"'™M = (I+PMR ™M), (9.78)
PM'(MPM’' +R)™' = I+ PM'R'M)'"PM'R ™, (9.79)
P - PM'(MPM' +R)"'MP = (P! + M'R™'M). (9.80)

By setting P = 3, M = X, and R = 0?1, these equalities become:

I-XX'(XEX' +01) ' X =1+ 0 2ZX'X) !, (9.81)
EX/(XEX 40 ) 7 = (I + 022X X) 12X 072, (9.82)
Y- EX/(XEX 4 ) IXE = (27 o2 XX) L (9.83)

Hence:
oy = Bo+IX(XIX +0%) " (y — XB,)
By + IX/(XIX' + 02I) 'y — IX/(XIX' + 021) ' X 13, (9.84)
- [1-=xxExX+ 021)_1X] By + IX/(XEX' + 02T) 'y

150 See Jazwinski (1970), p. 262.
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Using equality (9.81) for the matrix multiplying B, and equality (9.82) for the matrix
multiplying y, we obtain:

[+025X'X) "6y + I+ 0 2EX'X) 15X 02y

gy (
I+ 02ZX'X) (B, +072XX"y)

= (I+022X'X)" 18218, + 0 2EX'y) . (9.85)
(7 4022 IEX'X) (218, + 0 2= 15X y)

(2—1 + U—Qx/x)—l(z—lﬁo + O'_QX/y)

Furthermore, by using equality (9.83) we obtain:

0

. o\ —1 o —1 -2
Soy = B-EX(XIX +02) X = (87 +0XX) (9.86)

— 0.2(0.2271 + X/X)il
The matrix transformations yield the following relevant results:

1) An equivalent form of the conditional mean, which can be interpreted as a weighted

average. The weights reflect the precision of the observed estimate 3,, and the
degree of prior belief in the initial parameter 8,. From (9.85) we obtain:

(T 407X X)(E718) + 0 Xy)

= (T o2 X'X) (2B + 0 XX B,,) (9.87)

where the weights associated with 3, and B are X' and 07 2X'X, respectively.

ols

The former reflects the degree of prior belief in the value of 3, while the latter
represents the precision of Bols as a synthetic measure of the unknown parameter
B. By substituting the expression of B into (9.87), one exactly recovers the last
equality of (9.85).

ols

2) A second result follows from (9.86). In the positive definite ordering sense, it is
evident that
gy <o’ (X'X)7,
since:
(P XX) < (XX) 7L (9.88)

However, this inequality does not imply that the Kalman filter is more efficient in
the usual (frequentist) sense, because the posterior mean Kgly is generally a biased
estimator of 3:

E(pgy) # B. (9.89)

In contrast, the OLS estimator is unbiased.
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9  Dynamic Systems in State-Space Form

Equality between pg, and BOZS is achieved when X' = 0. This condition is
intuitive: assigning very large values to the prior variance matrix 3 is equivalent
to having no prior preference for the initial values 3, thereby allowing the Kalman
filter to “learn” exclusively from the data.
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Glossary

Glossary of Acronyms and Abbreviations

ADF Augmented Dickey—Fuller

ADL Autoregressive Distributed Lag
AR Autoregressive

ARMA Autoregressive Moving Average

ARIMA Autoregressive Integrated Mov-
ing Average

DF Dickey-Fuller

DS Difference-Stationary

ECM Error Correction Mechanism
GLS Generalized Least Squares

i.i.d. Independent and Identically Dis-

tributed
I(0) Integrated of order zero

I(1) Integrated of order one

L Lag
MA Moving Average

NID Normally and Independently Dis-
tributed

OLS Ordinary Least Squares

PACF Partial Autocorrelation Function
PP Phillips-Perron

RW Random Walk

TS Trend-Stationary

VAR Vector Autoregression

VARMA Vector Autoregressive Moving
Average

VECM Vector Error Correction Mecha-
nism

WN White Noise
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ADL model, 149, 152
ADL(1,1), 149, 152, 153, 156
ADL(2,1), 93
ADL(p,q), 88, 89, 154
Admissibility region
of AR(2), 22, 55
AR process
AR(1) process, 66, 67, 183, 185, 192
AR(2) process, 19-21, 55, 68, 69, 83,
107, 108, 110, 185
AR(3) process, 71
AR(o0) representation, 32, 34
AR(p) process, 16, 23, 24, 26-28, 31,
62, 65, 185
ARIMA process
ARIMA(0,1,1), 97
ARIMA(2,1,0), 110
ARIMA(p,d,q), 120, 121, 123, 157
ARMA process
ARMA(2,1) process, 79, 80
ARMA(p,q) process, 65, 66, 80-82,
88, 120, 121, 183
Autocorrelation function, 5-7
AR(1) process, 19
AR(2) process, 25
i.i.d. process, 9, 48
recursive formula, 28
stationary process, 9, 14, 15
Autocovariance function, 5, 6
i.i.d. process, 10
recursive formula, 28
stationary process, 13, 16, 27, 28, 31,
38-40, 46
Autocovariance matrix, 39

Beveridge—Nelson decomposition, 152
Brownian motion, see Wiener process

Cauchy-Schwarz inequality, 8
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Characteristic equation, 18, 20, 21, 26,
33
Cointegration, 123, 140, 156, 168, 176
bivariate, 154, 161, 170
Johansen methodology, 172-176
multivariate, 165
rank, 168-170, 172, 173, 175
tests, 143
Complex numbers, 52-54
Conditional normal distribution, 207
Constructibility, see State-space
constructibility
Continuous-time stochastic process, 1
Controllability, see State-space
controllability
Covariance-stationary process, see
Stationary process

Deterministic non-stochastic component,
71,75
DF test, see Unit root test
Difference operator
Delta, 117, 118, 126, 129
Discrete-time stochastic process, 1
Durbin-Levinson algorithm, 31, 47
Dynamic multipliers, see Impulse
response function
Dynamic properties
ADL(p,q) process, 89
steady-state systems, 88

ECM (Error Correction Mechanism),
100, 134, 149-156, 158, 165, 166
ECM as transformation of ADL, 152
ECM forecasting, 156-165
ECM with exogenous variables, 154
Engle-Granger
representation theorem, 154
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two-step procedure, 149, 151, 155, cumulative, 91-94
156 definition, 91
Ensemble average, 37, 40-45 Input-output system, 88
Ergodicity, 36-46 Inverse truncated (or partial) sum
ergodic process, 40, 41, 137 operator, 203
ergodic property, 40 Invertibility condition, 33-35
ergodic theorems, 36, 37, 40
EViews Kalman filter, 205208
simulation of ARMA process, 59 Kolmogorov extension theorem, 3
Feedback effects, 91, 94 Lag operator

L, 13, 16, 18, 24, 51

Finite stochastic difference equation, 183
Linear economic system, 88

Finite-dimensional family of

distributions, 4, 6 Ljung-Box test, 48
Forecast, see also Prediction Long-run coefficients, 89, 90, 92, 93
error. 104-106. 111 Long-run equilibrium, 89
error variance, 106, 112 MA process

h-step-ahead, 112
horizon, 103, 104, 106, 108, 112
one-step-ahead, 99, 106, 111
Forecasting
E-ECM (Explicit ECM), 157, 159,
160, 162, 163, 165, 166
ECM forecasting, 156
[-ECM (Implicit ECM), 157-159,
162-166
in-sample, 157
multi-step, 157, 158
one-step, 157, 158, 163, 164
out-of-sample, 157
perfect foresight, 157
Forecasting methods, 96
exponential smoothing, 97
Functional central limit theorem, 177

MA(1) process, 13, 33, 34

MA(4) process, 15

MA (00) representation, 19, 24,

26-28, 32, 35

MA(q) process, 12-15, 32-34, 65, 66
Matrix

diagonalizable, 184

similarity transformations, 184

Toeplitz, 195
Measurement (or output) equation, 186
Minimality, see State-space minimality
Multivariate distribution, 3
Multivariate stochastic process

covariance function, 76, 87

definition, 76

multivariate white noise, 77

stationarity, 77

General Linear Stationary Process VAR(p), 87
(GLSP), 65 VARMA(p,q), 78
VECM, 169, 170, 173

Harmonic process, see Periodic process _
Non-stationary process

i.i.d. process, 9 autocorrelation function, 116, 119
Impulse response function, 89, 91, 93 autocovariance function, 116
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random walk, 115118
random walk in Finance, 119-120

Observability, see State-space
observability

Partial autocorrelation function
(PACF), 29, 31, 34, 35, 47, 48
Periodic process, 11, 12, 40, 43, 45, 67
Prediction
as a conditional expectation, 107
econometric models, 98
error, 66, 68, 71, 98, 99, 101
error covariance, 99
error variance, 66, 97, 98, 113
information set, 97, 98, 101, 111
intervals, 99, 100, 107, 108, 110, 111
linear prediction, 103
loss function, 102
memory, 111
optimal prediction, 97, 98, 101, 102,
104, 105
quadratic loss function, 102
stochastic linear processes, 101
stochastic processes, 97
sub-optimal predictions, 103
with minimum MSE, 103

Reachability, see State-space
reachability
Realization (sample path), 1, 2
Riccati recursion, 207
Roots
of quadratic equation, 52
outside the unit circle, 54

Sample space €2, 1
Shock
unit shock, 90, 91
Spurious regression, 134-142, 146, 149,
150, 155
Stability condition, 88
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State variables, 188
State-space
constructibility, 196
controllability, 199
form, 183
formalization, 188, 189
minimality, 203
observability, 193
properties, 192-205
reachability, 198
representation, 186, 205
representation of ARMA (p,q) model,
192
representation of MA(1) model, 192
system, see State-space
formalization
Stationarity
strict stationary, 6
weakly stationary, see Stationary
process in covariance
Stationarity condition, 17-19, 21, 22,
24-27, 33-35
necessary condition, 23
sufficient condition, 24
Stationary process
Covariance stationarity, 6, 7, 10-14,
16, 19, 25, 38-40, 45, 46, 48
Difference-stationary (DS) process,
124, 126
Steady-state
condition, 89
equilibrium, 150, 193
input, 90, 94
output, 90, 94
solution, 160
system, 89, 91, 123
transition, 91, 94
Stochastic process, 1-7
with independent increments, 179
with stationary increments, 179
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Strictly stationary process, 10, 11
i.i.d. process, 9, 10, 37, 48, 49
Superconsistency, 131, 146-149, 173

Time average, 36, 37, 40-42, 45, 46
Time-invariant moments, 9
Total multiplier, see Long-run
coefficients
Trace statistic, 175
Transfer function, 88, 91
Transition
matrix, 186, 191, 192
property, 190
Transitory effects, 169
Trend-Stationary (TS)
deterministic trend, 124, 126130

Unit root, 24, 134, 136-142, 144, 146,
147, 149, 156, 173
multiple unit roots, 146
unit root tests, 146

222

Unit root test
ADF test, 142-145, 146, 155
DF test, 142, 143, 161
KPSS test, 146
Phillips-Perron test, 143, 146
Unit roots and regression estimation,
134-140

Weak law of large numbers (WLLN), 36,
37
White noise process, 10, 12, 14, 16-19,
33, 47-49
Wiener process, 177-182
Wold decomposition theorem, 11, 12,
65-75, 103, 104
regular process, 65, 66, 71, 75, 104,
111
singular process, 65-67, 69, 71, 104,
107

Yule-Walker equations, 30
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