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1 INTRODUCTION

The surface of a shallow water flow is never flat. There has been strong evidence which suggests
that the roughness pattern of the water surface of this type of flow is linked unambiguously to the
underlying hydraulic processes. This area of research is new and there have been little or no
systematic efforts to understand this link. The main interest of this paper is to investigate the
interaction of airborne acoustic waves with dynamic roughness patterns and predict the key
statistical and spectral characteristics of the water surface. It is proposed to use boundary integral
equations approximated by Kirchhoff method! to recover profile and statistics of randomly rough
surface that is described by random process in time. In particular this numerical approach allows
studying acoustic scattering from inhomogeneous roughness that supports multiple scales.
Stationary phase method is suggested here to approximate the numerical solution and recover the
profile of the surface. This method however is limited to the particular scale of the surface
roughness but can be potentially used to retrieve non-stationary process observed on the dynamic
surface in time.

2 FORWARD SCATTERING FROM THE WATER FREE-
SURFACE

2.1 Scattering from a rough surface

Consider semi-infinite space with the boundary composed of rough surface S which mean-plane So
coincides with Oxy plane in Cartesian coordinate system. In order to simplify the numerical
calculations it is assumed that surface is cylindrical and acoustic source is the directional line
source which directivity pattern A(r) is specified later in this paper. This makes problem two
dimensional. The main axis of the far-field directivity pattern is inclined at angle ¥ to Ox axis. The
coordinates of source and receiver are defined by (x;,z;) and (x,, z,) respectively.

In this paper the scattering from rough surface is approximated by the reflection from the plane
tangential to the surface. The approximation is based on Kirchhoff method and principles of
geometrical optics?, and is valid if local curvature radius a of the rough surface is much greater than
the acoustic wavelength A = 2rr/k. For the diffraction on a sphere, this condition can be stated in

the following form
1
siny » 37— , €Y)
ka
where k is wave number of the acoustic wave and « is a radius of the sphere locally inscribed in

rough surface. The condition in eq. (1) can be relaxed? to
1

Sinlp>ﬁ , (2)

so that the Kirchhoff approach remains accurate for the incident angles far from the low grazing
angles. In this paper condition (2) is used in the numerical simulation to define surface.
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Assuming that the distances from the source R; and receiver R, to a fixed point on the rough
surface are much greater than the acoustic wavelength and using the Kirchhoff method, the
scattered acoustic pressure can be approximated by?3

p(x2,22) = — ﬁ 5% j%eXp[ik(Rl + Ry) —ig,{(x)] [qz - q%] dx, 2
where {(x) is surface elevation and
¢, =k(Z+2) ®)
q = k(B +22)

R, = V(x—x1)2+212,
R, = /(x —x,)2 + z2.

Assuming that surface is smooth V{(r) <« 1 equation (2) can be simplified to®

i A . .
Pz ) = — 5 fy, T explik(Ry + Ry) ~ iq,{ ()] g, @

If the profile of surface {(x) is known than integral in equation (4) can be solved numerically.
However the surface comes into the integral as unknown and it is acoustic pressure in the left hand
side which is known. This states inversion problem where variables {(x) has yet to be recovered.

2.2 Discretization of integral equation

To be able to invert equation (4) it is proposed to use well known numerical approach to solve
boundary integral equations. For this purpose the integral in (4) is discretized over the surface S,
with the set of Ax,,, = x,,, — x,,_1,m = 1.. M elements, so that scattered acoustic pressure at point M
can be approximated by

AQxy)

i
p(xy,2z,) = — Z exp[ik(le +R;, ) —iq, m{(x )] Qzm DX, (5)
27Tk ~ \/m m m zm m zm m

where all terms with index m are defined at points x,,, m = 1.. M. Equation (5) can be rewritten in
form of scalar product of two vectors

p(XZJZZ) =V. E! (6)
with
V= [_ i AGm)
21tk \J/R1imRam

E = [exp[_iqz,mq(xm)]]mzluM-

Equation (6) can be converted into the matrix form for the array of receivers defined by the
coordinates (xz‘n, zzrn),n = 1..N. In order to isolate unknown elevation of the rough surface {(x) at
the point x,, it is assumed that variability of g, with respect to the positon of the receiver is negligible
and q, mn{(x;,) ~ 1. This gives

exp [ik(Rl,m + Rz,m)] qz,mAxm] ’ (7)

m=1.M

PT = MET, (8)
with
M = |- 28 b lik(Rymn + Romn)| Gzmndx ]
21tk /Ry mnRamn p 1,mn 2,mn )] 4zmn m '
’ ’ m=1.M,n=1.N
and E is given by equation (7) with g, defined by the mean value taken over all receiver positions.
The number M of unknown points on the surface is assumed to be greater than the number of
receivers N (M>N). This leads to undetermined linear system of equations which solution can be
found using the Moore-Penrose (MP) matrix inverse method*. This yields
ET = M PT, 9
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where M is defined by the MP matrix inverse. The argument of each element of vector E provides
information about the surface elevation. To be able to retrieve this argument from matrix equation
(9) we apply natural logarithm which branch cut is assumed to be along g, ,,{(x,,) = m. This gives
{" = =3[Ln(M PT)], 9
where vector { = [qz m{(xm)] and operator Ln is applied to each element of complex valued
’ m=1.M
vector M P”.

2.3 Stationary phase approximation

3 INVERSION OF SYHNTHETIC DATA

To illustrate the application of methods developed in the previous sections of this paper it is
proposed to data synthesized with the help of Finite Difference Time Domain (FDTD) method. The
FDTD results were computed for source with directivity pattern defined by
J1lkasin(¢)]
A(p) =——— =
ka sin(¢)

where a = 0.02 m is the radius of the aperture. The frequency of the source is f = 43 kHz.

In Figure 1 the results obtained with FDTD method are compared against the scattered acoustic
wave-field computed with Kirchhoff integral (4). It is observed that the approximation with the
tangential plane gives adequate prediction of the acoustic waves scattered by the rough surface
which satisfies the conditions (2).
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Figure 1. Scattered acoustic wave-field obtained with Kirchhoff integral (3) (solid line) and FDTD method
(dashed line). (a) flow conditions 1, (b) flow conditions 2, (c) flow conditions 3, (d) flow conditions 4.

Figure 2 demonstrates the application of the PM inverse method to the equation (8) in order to

retrieve the profile of rough surface.
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Figure 2. Exact surface (dashed line) against retrieved surface with PM inverse method. (a) flow conditions 1,
(b) flow conditions 2, (c) flow conditions 3, (d) flow conditions 4.
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4 CONCLUSIONS

In this paper we demonstrate two inversion methods based on approximations of the boundary
integral equation.
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