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1. Introduction

This survey paper collects, in a unified setting, various results (primarily by the authors them-
selves) on the use of deterministic infinite-dimensional Optimal Control Theory to study applied
models arising in Economics. The main aim is to explain, through several examples, the typical
features of such models (such as state constraints, non-Lipschitz data, non-regularizing differential
operators) and the methods to handle them, which require developing the existing theory in infinite
dimesnion (see, e.g., the book Li and Yong, 2012) in specific and often nontrivial directions. Given
the breadth of this area, we mainly focus on the Dynamic Programming Approach and its application
to problems where explicit or quasi-explicit solutions of the associated Hamilton–Jacobi–Bellman
(HJB) equations can be obtained. We also provide ideas and references on how to address cases
where such explicit solutions are not available.

1.1. Motivation and some ideas on examples. Mathematical models are a very useful tool in
economics, as they provide a solid background for a deeper understanding of economic phenomena.
By making a rough, yet potentially useful, simplification, one may say that the art of mathematical
modeling lies between two opposing thrusts: on one hand the need to be closer to real phenomena,
and on the other hand the need to retain some tractability of the model. This is particularly true
when studying optimal control models in economics and social sciences due to the high complexity
of phenomena arising from human decisions. In this context, a large portion of the related literature
studies cases where the state variables are finite dimensional, i.e., their evolution is governed by
Ordinary Differential Equations (ODEs) in Rn.

However, when one deals with economic phenomena related to heterogeneity1 or path-dependency
of the state/control variables (capital, labor, consumption, investment, population, etc.), it becomes
natural and somehow unavoidable, that the state equations become Partial Differential Equations
(PDEs) or Differential Delay Equations (DDEs). As typical examples of this type we mention three
cases below.

1For example, by heterogeneity in space, we mean that the economic variables do depend not only on time, but also

on the spatial position.
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(i) Models of spatial growth (e.g., Brito (2004), Boucekkine et al. (2013), Boucekkine et al. (2019a))
or transboundary pollution (e.g., Boucekkine et al. (2022a), De Frutos and Martin-Herran
(2019)), where the economic variables depend both on time s and space θ, and the state
equation becomes a parabolic second order PDE. As an example, we may mention the model
for pollution

∂p

∂s
(s, θ) =

∂

∂θ

(
σ(θ)

∂p

∂θ
(s, θ)

)
− δ(θ)p(s, θ) + η(θ)i(s, θ), ∀(s, θ) ∈ R+ × S1,

p(0, θ) = p0(θ), ∀θ ∈ S1,

(1.1)

where p(s, θ) denotes the pollution density at time s and location θ, i(s, θ) denotes the in-
vestment effort in economic activities (generating pollution), and σ, δ, η denotes given data
depending on location with proper physical meaning (see the complete example in Subsection
5.2).

(ii) Models with age structure, i.e., models where the economic variables depend on time t and age
a, such as optimal investment with vintage capital (e.g., Barucci and Gozzi (2001), Barucci
and Gozzi (1998), Faggian and Gozzi (2010a)), models of forward interest rates (e.g., Carmona
and Tehranchi (2006)), economic-epidemiological models (e.g., Fabbri et al. (2021)). The state
equation here is a first order PDE of transport type. As an example, we may mention the
model: 

∂z(s, a)

∂s
+
∂z(s, a)

∂a
= u1(s, a), (s, a) ∈ (0,∞)× (0, ā],

z(s, 0) = u0(s), s ∈ (0,+∞),

z(0, a) = z0(a), s ∈ [0, ā],

(1.2)

where z(s, a) denotes the capital stock of age a at time s, u0(s) denotes the investment in new
capital goods at time s (a boundary control), u1(s, a) denotes the investment in goods of age
a at time s (see the complete example of Subsection 5.4.

(iii) Models with path dependency, i.e., when the state/control variables at time s depend on their
values at times before s (e.g., Boucekkine et al. (2002), Fabbri and Gozzi (2008b), Federico et al.
(2010, 2011), Federico and Tacconi (2014)). The state equation becomes a delay differential
equation (DDE). As an example, we may mention the model

k′(s) = i(s)− i(s− T ), s ≥ 0,

i(s) = i0(s), s ∈ [−T, 0),
k(0) =

∫ 0

−T
i0(s) ds,

(1.3)

where k(s) denotes the capital stock at time s, i(s) denotes the investment in new capital goods
at time s, i0 represents the past pipeline stream of investments, and T denotes the average
duration of the investments.

1.2. Plan of the survey. As previously mentioned, the main aim of this survey paper is twofold:

(1) providing an introduction to Optimal Control Theory in infinite dimension, mainly viewed
from the angle of the tools needed for its applications to economic models;

(2) developing various examples where this theory is successfully used to solve satisfactorily such
models.

To accomplish carefully such tasks, one would need the space of an entire book. Our choice is
therefore to devote the core of the paper to the examples of application where explicit solutions of
the HJB equations can be found. Indeed, while such cases are still very interesting for economic
applications, the theory needed to develop them is more accessible to casual readers and can be
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exposed in a reasonable amount of page — but still retaining the main features of infinite dimensional
optimal control.

Given the considerations above, the plan of this survey paper is the following.

– Section 2 is devoted to present, in a concise and precise way, the formulation of Optimal Control
Problems in infinite dimensional Hilbert spaces. Part of this section is devoted to explain how
to deal with the case when the control operator is unbounded (typically arising in the case of
boundary control or delay in the control), a case which is quite frequent in applications, even in
our examples. It is divided in four subsections, three of them devoted to the main ingredients of our
setting (state equation, admissible controls, objective functional) and the last one to the infinite
horizon stationary problems with discount, which are the most frequent in economic applications.

– In Section 3, we expose the basic theory on the Dynamic Programming approach to our family of
problems in the case when classical solutions of the HJB equations are available. It is divided in
three subsections; the first one is devoted to the HJB equation, the second one to the verification
theorem in the finite horizon case, and the last one to the verification theorem in the infinite
horizon stationary case, including a sharp treatmente of the so-called transversality condition at
infinity.

– Section 4 provides some ideas, on the qualitative side, on what can be done in the cases when
classical solutions of the HJB are not available. It contains a subsection that illustrates the concept
of viscosity solution and another one that illustrates the concept of strong solution, both them
used extensively in the literature.

– Section 5 presents some core examples arising in economic modeling, most of which are published in
economic theory journals. All of them refer to cases where the explicit solution of the HJB equation
can be found, hence solving completely the optimal control problem. They concern classical and
novel problems in the field of Economic Theory, such as spatial growth, environmental economics,
vintage capital, time-to-build.

– Section 6 presents some other, more complex, examples arising in economic modeling, where
explicit solutions of the HJB equation are not available. Here, we only give an idea of what one
can do in applied examples like those.

– Finally, Appendix 6.3.3 contains some basic material on operator and semigroups which are used
throughout the paper.

2. Formulation of optimal control problems in Hilbert spaces

In this section, we give a precise formulation of a class of optimal control problems in Hilbert
spaces which includes the delicate cases when the control operator is possibly unbounded (e.g., in
the cases of boundary control or delay in the control).

Regarding time, we consider two settings: the finite-horizon case, where the time set is [0, T ] with
T ∈ (0,∞), and the infinite-horizon case, where the time set is [0,∞). To streamline notation, we
will allow T = ∞, in which case [0, T ] = [0,∞); the same convention applies to intervals of the form
[t, T ].

2.1. The state equation. Assume thatX and U are given real separable Hilbert spaces, X referred
to as the state space and U as the control space. When the context is clear, we denote by ⟨·, ·⟩ the
inner product and | · | for the norms on these spaces, specifying them with subscripts only when
necessary. Given t ∈ [0, T ), x ∈ X, and2 u(·) ∈ L1

loc([t, T ];U), we consider the following controlled

2Note that, when T < ∞, we just have L1
loc([t, T ];U) = L1([t, T ];U).
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evolution equation (called state equation) in the space X:{
y′(s) = Ay(s) + f(s, y(s), u(s)), s ∈ [t, T ),

y(t) = x,
(2.1)

where A : D(A) ⊆ X → X is a (possibly unbounded) linear operator; f : [0, T ] ×X × U → X is a
measurable function. In many relevant examples one simply has f(s, u, x) = Bu, where B : U → X
is a linear operator.

We call the function u(·) the control (or decision) variable and the function y(·) the state variable
of the system.

We introduce the following assumptions for A and f , which guarantee existence and uniqueness
of a solution (in a proper sense) to (2.1), as Proposition 2.3 will show.

Assumption 2.1
(i) A is a closed and densely defined linear operator on X generating a C0-semigroup of linear

operators etA in L(X).
(ii) f : [0, T ]×X ×U → X is measurable and Lipschitz-continuous with respect to x, uniformly in

(t, u), i.e., there exists L > 0 such that

|f(t, x, u)− f(t, x̂, u)| ≤ L|x− x̂|, ∀t ∈ [0, T ], ∀u ∈ U, ∀x, x̂ ∈ X.

and
|f(t, x, u)| ≤ L(1 + |x|+ |u|), ∀t ∈ [0, T ], ∀x ∈ X, ∀u ∈ U.

Note that, according to Proposition A.3, there exists constants M > 0 and ω ∈ R such that

|etA|L(X) ≤Meωt, ∀t ≥ 0. (2.2)

We rely on the concept of mild solution3 for the state equation a (2.1).

Definition 2.2 Let (t, x) ∈ [0, T )×X and u(·) ∈ L1
loc([t, T ];U). We say that y ∈ C([t, T ];X) is

a mild solution to (2.1) if the integral equation

y(s) = eA(s−t)x+

∫ s

t

e(s−r)Af(r, y(r), u(r)) dr

holds for all s ∈ [t, T ].

If needed, we point out the dependence of the solution on t, x, u(·) denoting it by yt,x,u(·).

Proposition 2.3 Let Assumption 2.1 hold true. Then, for every (t, x) ∈ [0, T ) × X and every
u(·) ∈ L1

loc([t, T ];U), the state equation (2.1) admits a unique mild solution y(·). The latter satisfies,
for some C := C(L, ω,M) > 0,

|y(s)| ≤ C(1 + |x|+ |u(·)|L1([t,s];U))e
C(s−t), (2.3)

|y(s)− x| ≤ C(1 + |x|+ |u(·)|L1([t,s];U))
(
eC(s−t) − 1

)
. (2.4)

Moreover, the mild solution y(·) := yt,x,u(·)(·) is also the unique weak solution (in the sense of
(Bensoussan et al., 2007, Def. 5.1 (v), p. 129)) to (2.1).

Proof. This is a straightforward application of known results, see e.g. (Pazy, 1983, Chapter 6,
Theorem 1.2) or (Li and Yong, 2012, Ch 2, Proposition 5.3) for the existence and uniqueness of mild
solutions and for the estimates (2.3)–(2.4).

3Clearly other notion of solution can be used, in particular strict, classical, strong and weak solutions, see e.g.

(Bensoussan et al., 2007, Definition 3.1, p.129) but we do not need to use them in the present context.
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The proof of existence and uniqueness is based on the classical contraction fixed point theorem in
the space C([t, T ];X), possibly endowed with an auxiliary norm. Moreover the estimates (2.3)–(2.4)
follow from an application of Gronwall’s Lemma. □

In view of Proposition 2.3, Assumptions 2.1 will be in force from now on, and will not be stated
again.

We now need a chain rule for mild solution to our state equation, which would apply to sufficiently
smooth functions. Precisely, given O ⊆ X open and t ∈ [0, T ), let

S([t, T )×O) :=
{
φ : [t, T )×O → R : φ ∈ C1([t, T )×O) and Dφ ∈ C([t, T )×O;D(A∗))

}
,

and

S(O) :=
{
φ : O → R : φ ∈ C1(O) and Dφ ∈ C(O;D(A∗))

}
. (2.5)

where D(A∗) is endowed with the graph norm. We have the following.

Proposition 2.4 The following chain’s rules hold true.

(i) Let T < ∞, (t, x) ∈ [0, T ) × X, u(·) ∈ L1([t, T ];U). Set y(·) := yt,x,u(·)(·), and assume that
y(s) ∈ O for every s ∈ [t, T ]. Then, for every φ ∈ S([t, T )×O) and r ∈ [t, T ]

φ(r, y(r)) = φ(t, x) +

∫ r

t

(
φt(s, y(s)) + ⟨y(s),A∗Dφ(s, y(s))⟩+ ⟨f(s, y(s), u(s)), Dφ(s, y(s))⟩

)
ds.

(2.6)

(ii) (Stationary case) Let T = ∞, f(s, y, u) = f0(y, u), x ∈ X, u(·) ∈ L1
loc([0,∞);U). Set y(·) :=

y0,x,u(·)(·), and assume that y(s) ∈ O for every s ∈ [0,∞). Then, for every φ ∈ S(O) and
r ∈ [0,∞),

e−ρrφ(y(r)) = φ(x) +

∫ r

0

e−ρs
(
− ρφ(y(s)) + ⟨y(s),A∗Dφ(y(s))⟩+ ⟨f0(y(s), u(s)), Dφ(y(s))⟩

)
ds.

(2.7)

Proof. See, e.g., Li and Yong, 2012, Ch.2, Proposition 5.5. □

2.1.1. The case of unbounded control operator. We now look at the cases, which often arise in
applied economic modeling, when the control function u(·) appears in the right hand side of the
state equation through a linear term Bu(·)4 where the operator B (which we will name the “control
operator” from now on) is unbounded in the sense that it is continuous from U into X where X
is a Hilbert space such that X ⊊ X with a continuous inclusion. Our aim here is to explain how
to extend the above theory to this case. Before to proceed with this task, we provide a concrete
example where the need of considering unbounded control operators arises.

Example 2.5 We consider for given initial time t ≥ 0 and for given maximum age a > 0, a
controlled system of the following type (which a special case of the one of Section 5.4)

∂z(s, a)

∂s
+
∂z(s, a)

∂a
= 0, (s, a) ∈ (t,∞)× (0, ā],

z(s, 0) = u(s) s ∈ (t,+∞),

z(t, a) = x(a) s ∈ [0, ā],

(2.8)

4This does not exclude that the control also appears in possibly nonlinear map f as in the previous subsection, see

the example of Section 5.4.
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where u(·) ∈ L1
loc(t,+∞;R) is a given boundary control (representing the investments in new capital

goods in the example of Section 5.4). A natural reformulation in abstract terms is given here below
choosing, as state space, the separable Hilbert space X = L2(0, ā;R), as control space U = R, and
calling y(s) the map z(s, ·) : [t, T ] → X:{

y′(s) = Ay(s) + Bu(s), s ∈ [t, T ),

y(t) = x,
(2.9)

Here the operator A is the first order operator (with zero boundary Dirichlet condition) defined in
Example A.10 which generates the so called translation semigroup. Moreover the control operator
B is, formally, written as

Bu = uδ0

where δ0 is the Dirac delta in r = 0. The above (2.9) is obtained following the approach developped,
e.g., in (Da Prato and Zabczyk, 1996, Section 13.2)(see also (Li and Yong, 2012, Ch.9, Section 1.1).
Heuristically speaking, we can say that B = AN where N is the Dirichlet type operator N : R → X
defined as Nu = w iff w(0) = u and w′(a) = 0 for all r ∈ [0, a].

Clearly, B is unbounded in the sense that it takes its values out of the naturally chosen state
space X = L2(0, ā;R). More precisely B is a continuous linear operator if we take as arrival space
C([0, ā];R)′ (i.e. the space of Radon measures on [0, a]), but also if the arrival space is H−1(0, ā;R)
or D(A∗)′. □

In the framework and notation given at the beginning of the Subsection 2.1 we now consider the
following state equation in the space X:{

y′(s) = Ay(s) + Bu(s) + f(s, y(s), u(s)), s ∈ [t, T ),

y(t) = x,
(2.10)

where A and f are as in equation (2.1) while B is a continuous linear operator from the control space
U to another Hilbert space X, with X ⊊ X with continuous inclusion. In many relevant examples
one simply has f(s, u, x) = 0.5

Our main focus here is to give sense to the notion of mild solution to (2.10) as given in Definition
2.2, i.e. the solution, in C([t, T ];X) of the following integral equation

y(s) = eA(s−t)x+

∫ s

t

e(s−t)ABu(r)dr +
∫ s

t

e(s−r)Af(r, y(r), u(r)) dr (2.11)

Here the difference with respect to Definition 2.2 is the presence of the term
∫ s

t
e(s−t)ABu(r)dr. To

give sense to the above term, and consequently to the mild solution equation we have two natural
ways which are of course intertwined. One is to consider such integral equation in X and prove that,
under suitable assumptions, the above convolution term is well defined and lives to X; another is to
extend the state space X to the larger space X (extending also the semigroup etA on X) where the
control term is well defined and prove the existence of solution in that space.

We start first showing how to perform the extension of the semigroup.6 First of all, we recall,
along Definition A.8 and Corollary A.9, that the adjoint A∗ generates the adjoint semigroup etA

∗
=

(etA)∗ which is still a strongly continuous semigroup in X. We consider the subspace D(A∗) of X
endowed with the graph norm, and its dual space D(A∗)′. Clearly we have the natural Gelfand
triple D(A∗) ⊂ X ≡ X ′ ⊂ D(A∗)′.7 The inclusions are proper when A∗ is not bounded. If we

5There are also examples where the unbounded term in the state equation is non linear. This case can be treated
with similar ideas, see e.g. (Lunardi, 1995, Chapter 7).
6This can be seen as a particular case of the notion of extrapolation space and Sobolev towers, treated, e.g. in (Engel

and Nagel, 2000, Section II.5); see also (Bensoussan et al., 2007, Section II.3.1).
7We recall that we cannot identify contemporarily a proper subspace V of X with its dual V ′.
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endow D(A∗) with the graph norm, then A∗ is a continuous linear operator from D(A∗) into X.
Since changing the topological structure of the spaces we change indeed the operator itself we call
A∗

1 such “version” of A∗ and write A∗
1 ∈ L(D(A∗), X).

Now we take the adjoint of A∗
1. Using (A.2), we see that it must be, since we identify X with its

dual X ′,
(A∗

1)
∗ ∈ L(X,D(A∗)′).

We call A−1 this operator. Using that A∗∗ = A (see e.g. (Yosida, 1980, Theorem VIII.1) or (Reed
and Simon, 1980, Theorem I.3.11)) and the theory developed in (Engel and Nagel, 2000, Section
II.5.1, Theorem II.5.5) (see also (Bensoussan et al., 2007, Section II.3.1), one can easily prove that

A−1 : D(A−1) = X ⊂ D(A∗)′ → D(A∗)′

is an extension of the operator A. Moreover, still using (Engel and Nagel, 2000, Theorem II.5.5) we
can prove that A∗

−1 generates the strongly continuous semigroup etA−1 on D(A∗)′ which extends

the semigroup etA, i.e. etA−1 |X = etA for all t ≥ 0.

Now we show how to extend the previous setting and results, namely Propositions 2.3 and 2.4 to
the present setting. In the following, we intend D(A) endowed with the Hilbert structure induced by
the inner product ⟨x, y⟩D(A) := ⟨x, y⟩X + ⟨Ax,Ay⟩X and D(A)′ endowed with the Hilbert structure
provided to it as dual of the Hilbert space D(A).

Assumption 2.6
(i) B ∈ L(U ;D(A∗)′);
(ii) For each t ∈ [0, T ) and R ∈ [t, T ], the convolution

(SB) : [t, R] → X, r 7→ (SB)(r) :=
∫ r

t

e(s−t)ABu(s)ds

belongs to L(L1([t, R];U);C([t, R];X)). Moreover, there exists CSB > 0 such that

∥SB∥L(L1([t,R];U);C([t,R];X)) ≤ CSBR. (2.12)

Now we observe that, under Assumption 2.6-(i), we can directly apply the above Proposition 2.3
to the state equation 2.10 simply substituting X with D(A∗)′. This provides well posedness of the
state equation 2.10 for all initial data x ∈ D(A∗)′.

However, in many case this may not be satisfactory, as often one would like to know if and in
which cases the mild solution still lies in X. This is true if we also add Assumption 2.6-(ii) since this
guarantee that the right hand side of (2.11) lies in X and that the contraction mapping theorem
can be applied in X itself.

Hence we have the following

Proposition 2.7 Let Assumptions 2.1 and 2.6(i) hold true. Then, for every (t, x) ∈ [0, T ) ×
D(A∗)′ and every u(·) ∈ L1

loc([t, T ];U), the state equation (2.1) admits a unique mild solution y(·)
in the sense of Definition 2.2 where X must be substituted with D(A∗)′. Such a solution satisfies,
for some C := C(L, ω,M) > 0,

|y(s)|D(A∗)′ ≤ C(1 + |x|D(A∗)′ + |u(·)|L1([t,s];U))e
C(s−t), (2.13)

|y(s)− x|D(A∗)′ ≤ C
(
1 + |x|D(A∗)′ + |u(·)|L1([t,s];U)

) (
eC(s−t) − 1

)
. (2.14)

Moreover, the mild solution y(·) := yt,x,u(·)(·) is also the unique weak solution (in the sense of
(Bensoussan et al., 2007, Definition 5.1(v) p.129)) to (2.1).

Finally, if also Assumption 2.6-(ii) holds, then the above solution also belongs to C([t, T ];X) for
every initial datum x ∈ X and the estimates (2.3) and (2.4) hold.
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Proof. The result, except the last statement is exactly an application of the previous Proposition 2.3
when X is substituted by D(A∗)′, thanks to Assumption 2.6-(i). The last statement follows applying
the Contraction Mapping Principle to the integral equation (2.11) in the space C([t, T ];X), which
is made possible by Assumption 2.6-(ii). □

Now we state and prove the analogous of Proposition 2.4.

Proposition 2.8 Let Assumptions 2.1 and 2.6 hold true. The following chain’s rule holds.

(i) Let T < ∞, (t, x) ∈ [0, T ) ×X, u(·) ∈ L1([t, T ];U). Set y(·) := yt,x,u(·)(·), and assume that
y(s) ∈ O for every s ∈ [t, T ]. Then, for every φ ∈ S([t, T )×O) and r ∈ [t, T ]

φ(r, y(r)) = φ(t, x) +

∫ r

t

(
φt(s, y(s)) + ⟨y(s),A∗Dφ(s, y(s))⟩ (2.15)

+ ⟨u(s),B∗Dφ(s, y(s))⟩+ ⟨f(s, y(s), u(s)), Dφ(s, y(s))⟩
)
ds.

(ii) Let T = ∞, f(s, y, u) = f0(y, u), x ∈ X, u(·) ∈ L1
loc([0,∞);U). Set y(·) := y0,x,u(·)(·), and

assume that y(s) ∈ O for every s ∈ [0,∞). Then, for every φ ∈ S(O) and r ∈ [0,∞),

φ(y(r)) = φ(x) +

∫ r

0

e−ρs
(
ρy(s) + ⟨y(s),A∗Dφ(y(s))⟩ (2.16)

+ ⟨u(s),B∗Dφ(y(s))⟩+ ⟨f0(y(s), u(s)), Dφ(y(s))⟩
)
ds.

Proof. The proof goes exactly as the on of Proposition (2.6) (see, e.g., Li and Yong, 2012, Ch.2,
Proposition 5.5) once we use that, thanks to Assumption 2.6-(ii), the mild solution of (2.10) lies in
X and that, thanks to Assumption 2.6-(i), the term B∗Dφ make sense and is continuous. □

2.2. The set of admissible controls. The set of admissible controls is chosen to take account of
the structure of the specific problem and to avoid useless technical problem like non well-posedness
of the state equation or infinite integrals in the objective functional. This means the typically such a
set is strictly smaller than L1

loc([t, T ];U). To take care of control and state constraints, we consider
two measurable sets: C ⊆ U (control constraint) D ⊆ X (state constraint). Then we define

Û(t, x) :=
{
u(·) ∈ L1

loc([t, T ]; C) : yt,x,u(·)(s) ∈ D, ∀s ∈ [t, T ]
}
.

Clearly, if x /∈ D, then the above set is empty. The set of admissible controls U(t, x) in each

specific problem will be a (not necessarily proper) subset of Û(t, x), which taking account of further
restrictions on the control strategies, like stronger integrability properties (e.g u(·) ∈ Lp

loc([t, T ]; C)
for some p > 1).

2.3. The objective functional. We introduce now the objective functional of our family of prob-
lems. Differently from what happens in many books on optimal control in the mathematical litera-
ture, here the objective functional has to bemaximized and not minimized over the set of admissible
controls. We choose to do this since this is the most common attitude used in the economic literature
to which our examples refer to.

(T <∞) Let (t, x) ∈ [0, T )×X and u(·) ∈ U(t, x). Given measurable functions g : [0, T ]×D×C → R
and ϕ : D → R, the objective functional to be maximized is

J (t, x;u(·)) :=
∫ T

t

g
(
s, yt,x,u(·)(s), u(s)

)
ds+ ϕ

(
yt,x,u(·)(T )

)
.



10 G.FABBRI, S. FAGGIAN, S. FEDERICO, AND F. GOZZI

(T = ∞) Let (t, x) ∈ R+ × D, u(·) ∈ U(t, x). Given a measurable function g : R+ × D × C → R, the
objective functional to be maximized is

J (t, x;u(·)) :=
∫ ∞

t

g
(
s, yt,x,u(·)(s), u(s)

)
ds.

In both cases, we define the value function as

V (t, x) := sup
u(·)∈U(t,x)

J (t, x;u(·)).

In the case T <∞, we set
V (T, x) := ϕ(x).

The above definition of J may raise well-posedness issues, especially when T = ∞ and the
functional is given by an improper integral. Depending on the problem, one may require stronger
integrability conditions on the functions in U(t, x) depending on the growth of g(s, ·, ·) and ϕ in
the finite-horizon case; on the growth and the asymptotic behavior of g(s, ·, ·) as s → ∞ in the
infinite-horizon case. To avoid cumbersome formulations and overly restrictive conditions that may
be unsuitable in relevant applications, we simply assume that the problem is well-posed and finite.8

Assumption 2.9

(i) The family {U(t, x)}(t,x)∈[0,T )×D satisfies the following two properties:

(P1) For every s ∈ [t, T ), x ∈ D, we have

u(·) ∈ U (t, x) =⇒ u(·)|[s,T ] ∈ U(s, yt,x,u(·)(s)).

(P2) For every s ∈ [t, T ), x ∈ D, let

u1(·) ∈ U (t, x) , u2(·) ∈ U(s, yt,x,u1(·) (s)),

and set

u(r) :=

{
u1(r), if r ∈ [t, s),

u2(r), if r ∈ [s, T ],

Then, u(·) ∈ U (t, x) .

(ii) J (t, x;u(·)) is well defined and finite for every (t, x) ∈ [0, T )×D and u(·) ∈ U(t, x).
(iii) The value function V (t, x) is finite for every (t, x) ∈ [0, T )×D.

Remark 2.10 Roughly speaking (P1) can be rewritten saying that the tail of an admissible control
is itself admissible; similarly, (P2) can be rephrased saying that the concatenation of two admissible
controls yields another admissible control. As we will show, these two properties are essential for the
time-consistency of the control problems under exam, enabling the use of Dynamic Programming.□

2.4. The infinite horizon stationary case. An important class of infinite horizon problem arising
in many application is when the system is autonomous, which allow to reduce the problem by getting
rid of the time variable. This is the case when

f(s, x, u) = f0(x, u), g(s, x, u) = e−ρsg0(x, u),

where ρ > 0 is a discount factor. In view of the structure of f and by (P1), the sets of admissible
controls

{
U(t, x)

}
(t,x)∈[0,T )×D are readily seen to verify the following property:

u(·) ∈ U(0, x) ⇐⇒ ut(·) := u(· − t) ∈ U(t, x).

8Typically, dealing with concrete problems, one performs a preliminary analysis and identifies sets of admissible

controls in such a way that such assumption is verified.
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Then, it is straightforward to see that

J (t, x;ut(·)) = e−ρtJ (0, x;u(·)),
which leads to

V (t, x) = e−ρtV (0, x).

In this case, with abuse of notation we denote,

yx,u(·) = y0,x,u(·), U(x) = U(0, x), J (x;u(·)) = J (0, x;u(·)), V (x) = V (0, x).

Remark 2.11 To ensure conditions (ii) and (iii) of Assumption 2.9 (with t = 0), it is typically
necessary that the discount factor be sufficiently large relative to the growth of f0 and g0.

3. Dynamic Programming in the smooth case: classical solutions and verification

In this section, we develop the main tools of the Dynamic Programming approach for our optimal
control problem. We will establish the connection between the value function V and the Hamil-
ton–Jacobi–Bellman (HJB) equation, and present verification theorems for classical solutions of the
HJB equation. Assumption 2.9 will be standing in the rest of the section.

3.1. Dynamic Programming Principle and Hamilton-Jacobi-Bellman equation. The Dy-
namic Programming method to approach optimal control problems relies upon the so called Dynamic
Programming Principle (DPP), which can be stated as follows.

Proposition 3.1 (Dynamic Programming Principle) For each (t, x) ∈ [0, T ) × D and each
r ∈ [t, T ], we have

V (t, x) = sup
u(·)∈U(t,x)

[∫ r

t

g(s, y(s), u(s)) ds+ V (r, y(r))

]
. (3.1)

Proof. The proof does not suffer the dimension of the state space and relies, as in the finite dimen-
sional case, on the time consistency of the problem, i.e. on the properties (P1)–(P2) of the sets of
admissible controls U(t, x) for (t, x) ∈ [0, T ) × D (Assumption 2.9(i)). We omit it and refer to Li
and Yong (2012). □

The formal passage to the limit of DPP (putting everything on one side, dividing by r − t and
sending r → t+) leads to consider the following PDE (Hamilton-Jacobi-Bellman, HJB) associated
to V :

−vt(t, x) = ⟨Ax,Dv(t, x)⟩+H(t, x,Dv(t, x)), (t, x) ∈ [0, T )×D, (3.2)

where
H(t, x, p) := sup

u∈C
Hcv(t, x, p;u), (t, x) ∈ [0, T )×D, p ∈ X, (3.3)

and
Hcv(t, x, p;u) :=

〈
f(t, x, u), p

〉
+ g(t, x, u), (t, x) ∈ [0, T )×D, p ∈ X, u ∈ C.

Note that, in (3.2), the term ⟨Ax,Dv(t, x)⟩ is defined only when x ∈ A. To overcome this issue, one
may deal with the following concept of solution.9

Definition 3.2 Let O := Int D. We say that a function v ∈ S([0, T ) × O) solves HJB (3.2) in
classical sense at (t, x) ∈ [0, T )×O if

−vt(t, x) = ⟨x,A∗Dv(t, x)⟩+H(t, x,Dv(t, x)). (3.4)

9Of course other concepts of solution are possible, see Section 4 for an introduction to them.
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We provide the link between V and HJB (3.2).

Theorem 3.3 Let O := Int D and assume that C is compact and that V ∈ S([0, T )×O). Then,
V solves HJB (3.2) in classical sense at each (t, x) ∈ [0, T )×O.

Proof. Step 1. Let (t, x) ∈ [0, T )×O. We are going to show that for every ū ∈ C,
−Vt(t, x) ≥ ⟨x,A∗DV (t, x)⟩+Hcv(t, x,DV (t, x), ū). (3.5)

By arbitrariness of ū, this entails one inequality to be proved, that is

−Vt(t, x) ≥ ⟨x,A∗DV (t, x)⟩+H(t, x,DV (t, x)).

Let γ > 0 be such that B(x, γ) ⊆ O, fix ū ∈ C, let ȳ(·) := yt,x,u(·)≡ū, and set

r̄ := inf{s ∈ [t, T ) : y(s) /∈ B(x, γ)} ∧ T > t.

By using (3.1) and (2.6), we get, for every constant r ∈ (t, r̄),

V (t, x) ≥
∫ r

t

g(s, ȳ(s), ū) ds+ V (r, ȳ(r))

=

∫ r

t

g(s, ȳ(s), ū) ds+ V (t, x)

+

∫ r

t

(
Vt(s, ȳ(s)) + ⟨ȳ(s),A∗DV (s, ȳ(s))⟩+ ⟨DV (s, ȳ(s)), f(s, ȳ(s), ū)⟩

)
ds.

Diving by r − t, letting r → t+, considering that ȳ(s) → x as t ≤ s ≤ r → t+, and considering
the continuity properties of the functions involved in the integral, we get by mean integral theorem
(3.5).

Step 2. We are going to show that

−Vt(t, x) ≤ ⟨x,A∗DV (t, x)⟩+H(t, x,DV (t, x)). (3.6)

Assume, by contradiction, that

−Vt(t, x) > ⟨x,A∗DV (t, x)⟩+H(t, x,DV (t, x)). (3.7)

Since U is compact, the Hamiltonian H is (finite and) continuous. By continuity of H and by the
smoothness properties of V , there exist δo, εo > 0 such that

0 ≥ δo + Vt(s, y) + ⟨y,A∗DV (s, y)⟩+H(s, y,DV (s, y)) (3.8)

≥ δo + Vt(s, y) + ⟨y,A∗DV (s, y)⟩+Hcv(s, y,DV (s, y);u), ∀(s, y) ∈ [t, t+ εo]×B(x, εo), ∀u ∈ U.

Now, take ε ∈ (0, εo), let u(·) ∈ U(t, x) be arbitrary, and set y(s) := yt,x,u(·)(s) and

rε := inf
{
s ≥ t : y(s) /∈ B(x, ε)

}
∧ T.

Clearly, rε depends on u(·). However, due to the fact that C is compact (hence bounded) and due
to (2.4), we have the existence of αo ∈ (0, 1) such that

rε ≥ t+ αoε, ∀u(·) ∈ U(t, x). (3.9)

Hence, due to (3.8), we have

V (t, x)− V
(
t+ αoε, y(t+ αoε)

)
= −

∫ t+αoε

t

(
Vt(s, y(s)) + ⟨y,A∗DV (s, y(s))⟩+ f(s, y(s);u(s))

)
ds

= −
∫ t+αoε

t

(
Vt(s, y(s)) + ⟨y,A∗DV (s, y(s))⟩+Hcv(s, y,DV (s, y(s));u(s))− g(s, y(s), u(s))

)
ds

≥ δoαoε+

∫ t+αoε

t

g(s, y(s), u(s)) ds.
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On the other hand, by DPP, for every ε > 0, we may take uε(·) ∈ U(t, x) such that, defining yε
accordingly, we have

V (t, x)− V (t+ αoε, y(t+ αoε)) ≤
∫ t+αε

t

g(s, yε(s), uε(s)) ds+ ε2.

Combining the two inequalities above, we get ε2 ≥ δoαoε. Since ε was arbitrary, we get a contradic-
tion and conclude. □

Remark 3.4 We now comment on the assumption of compactness of C in the result above. A
closer examination of the proof reveals that this assumption plays a role only in the second part (the
proof of the subsolution property), specifically in ensuring: (i) the continuity of H; (ii) the uniform
bound (3.9).

However, these two conditions can be established under significantly weaker assumptions. Fur-
thermore, we emphasize that in certain cases, even (3.9) may be unnecessary, provided the proof is
appropriately adapted.

For simplicity, we assumed the compactness of C purely for convenience, avoiding unnecessary
complications. It is worth noting that in many of the examples presented in Section 5, this as-
sumption does not hold. Nevertheless, Theorem 3.3 is introduced here mainly to motivate the HJB
equation. The solution approach follows a verification-type method, which is carefully detailed in
the next subsection. This approach does not require compactness of C. □

Remark 3.5 We now look at what changes in the case presented in Subsection 2.1.1, i.e. when
in the state equation appears an additional term Bu where is is unbounded (i.e. B : U → X with
X ⊊ X). In such a case the HJB equation (3.2) contains an additional term inside the Hamiltonian
H. Indeed we have, formally,

Hcv(t, x, p;u) :=
〈
Bu, p

〉
+
〈
f(t, x, u), p

〉
+ g(t, x, u), (t, x) ∈ [0, T )×D, p ∈ X, u ∈ C. (3.10)

Note that the term
〈
Bu, p

〉
may not be well defined for all p ∈ X. However, under Assumption

2.6-(i) we have that B ∈ L(U,D(A∗)′, hence, for p ∈ D(A∗), such term can be rewritten as
〈
u,B∗p

〉
.

Moreover, under Assumption 2.6-(ii) the state trajectory still lives in X.
Now, in the HJB equation (3.2) p = DV (t, x) and, under the assumptions of Theorem 3.3 we
have V ∈ S([0, T ) × Int D), so A∗DV is well defined and continuous. This means that the term〈
u,B∗DV (t, x)

〉
is well defined for (t, x) ∈ [0, T ) × X. This, together with the fact that the state

trajectory still lives in X allows to say that the statement of Theorem 3.3 holds true also in this
case with the same proof. □

3.2. Verification theorem – finite horizon case. In this subsection, we prove the verification
theorem for classical solutions to HJB (3.2) in the finite horizon case, i.e. when T <∞.

Theorem 3.6 (Verification Theorem — Finite horizon) Let O := Int D and v ∈ S([0, T ) ×
O)∩C0([t, T ]×O) be a classical solution to HJB (3.2) at all (t, x) ∈ [0, T )×O such that v(T, ·) = ϕ.
Then, given (t, x) ∈ [0, T )×O, we have the following statements.

(i) v(t, x) ≥ V (t, x).
(ii) If there exists u∗(·) ∈ U(t, x) such that, setting y∗(·) := yt,x,u

∗(·), one has

Hcv(s, y
∗(s), Dv(s, y∗(s));u∗(s)) = H(s, y∗(s), Dv(s, y∗(s))), for a.e. s ∈ [t, T ],

then v(t, x) = V (t, x) and u∗(·) is optimal for the control problem starting at (t, x).
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Proof. (i) Let (t, x) ∈ [0, T ) × O and u(·) ∈ U(t, x) and set y(·) := yt,x,u(·). By Proposition 2.4,
using the definition of Hcv, we have for each r ∈ [t, T )

v(r, y(r)) = v(t, x)

+

∫ r

t

(
vt(s, y(s)) + ⟨y(s),A∗Dv(s, y(s))⟩+Hcv

(
s, y(s), Dv(s, y(s));u(s)

)
− g(s, y(s), u(s))

)
ds.

Rearranging and using the fact that v solves HJB (3.2), we get

v(t, x) = v(r, y(r)) +

∫ r

t

g(s, y(s), u(s)) ds (3.11)

+

∫ r

t

(
H
(
s, y(s), Dv(s, y(s))

)
−Hcv

(
s, y(s), Dv(s, y(s));u(s)

))
ds.

Letting r → T− and using the fact that v(T, ·) = ϕ and that the integrand above is nonnegative
by definition, we get v(t, x) ≥ J (t, x;u(·)). By arbitrariness of u(·), we get the claim.

(ii) Assume that u∗(·) satisfies the requirement of the claim. Then the integral in the second line
of (3.11) vanishes. Arguing as before, we get v(t, x) = J (t, x;u∗(·)). Combining with item (i),
we get the claim. □

As for the construction of optimal controls u∗(·) according to part (ii) of Theorem 3.6, this is
typically done by relying on the concept of feedback map and feedback control passing through the
so called closed loop equation. We illustrate these concepts. A feedback map is simply a measurable
map ϕ : [0, T ]×D → C. Given a feedback map ϕ and (t, x) ∈ [0, T )×D, we can associate to ϕ the
closed loop equation

y′(s) = Ay(s) + f(s, y(s), ϕ(s, y(s)), y(t) = x. (3.12)

By mild solution to (3.12) we intend a function y : [t, T ] → D such that, for every r ∈ [t, T ],

y(r) = e(r−t)Ax+

∫ r

t

e(r−s)Af(s, y(s), ϕ(s, y(s))) ds.

Definition 3.7 A feedback map ϕ : [0, T ]×D → C is said

(i) admissible starting at (t, x) ∈ [0, T ) × D if (3.12) has a unique mild solution yϕ(·) and the
associated feedback control defined by uϕ(s) := ϕ(s, yϕ(s)), s ∈ [t, T ], belongs to U(t, x);

(ii) optimal starting at (t, x) ∈ [0, T ) × D if it is admissible and the associated feedback control
defined by uϕ(s) is optimal for the control problem starting at (t, x).

Corollary 3.8 Let D = O := Int D. Under the assumptions of Theorem 3.6, assume further
that the supremum is achieved in (3.3), with p = Dv(t, x); that is (changing the labels to the variables
to avoid confusion in what follows), for all (s, y) ∈ [0, T ]×O, there exists ϕ(s, y) such that

Hcv(s, y,Dv(s, y);ϕ(s, y)) = max
u∈C

Hcv(s, y,Dv(s, y);u). (3.13)

Let (t, x) ∈ [0, T )×O. If ϕ is an admissible feedback map starting at (t, x), then it is optimal starting
at (t, x).

Proof. By construction the feedback control uϕ(·) fulfills the requirement of part (ii) of Theorem
3.6. So, uϕ is an optimal (feedback) control and ϕ is an optimal feedback map starting at (t, x). □

Remark 3.9 We observe that verification Theorem 3.6 and its Corollary 3.8 remain true also in
the case of Subsection 2.1.1, i.e. when in the state equation appears an additional term Bu where is
is unbounded.
Indeed in such a case the proof simply uses that:

• the term ⟨u,BDV ⟩ is well defined (which is guaranteed by Assumption 2.6-(i));
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• the trajectory y(·) associated to any admissible control strategy remains in X (which is
guaranteed by Assumption 2.6-(ii));

• the chain rule of Proposition 2.8 holds.

□

3.3. The infinite horizon stationary case. In this subsection, we discuss the results provided
above in the infinite horizon stationary case described in Subsection 2.4. Considering that in this
case Vt(t, x) = −ρe−ρtV (0, x), the HJB equation associated to V (x) := V (0, x) reduces to

ρv(x) = ⟨Ax,Dv(x)⟩+H(x,Dv(x)), x ∈ D, (3.14)

where
H(x, p) := sup

u∈C
Hcv(x, p;u), x ∈ D, p ∈ X,

and
Hcv(x, p;u) :=

〈
f0(x, u), Dv(x)

〉
+ g0(x, u), x ∈ D, p ∈ X, u ∈ C.

Definition 3.10 Let O := Int D. We say that a function v ∈ S(O) solves HJB (3.14) in classical
sense at x ∈ O if

ρv(x) = ⟨x,A∗Dv(x)⟩+H(x,Dv(x)). (3.15)

As for the finite horizon case, the following result holds true; the proof is exactly the same.

Theorem 3.11 Let O := Int D and assume that C is compact and that V ∈ S(O). Then, V
solves HJB (3.14) in classical sense at each x ∈ O.

Then, similarly to the finite horizon case, we have the following verification theorem.

Theorem 3.12 (Verification Theorem — Infinite horizon stationary case) O := Int D and
let v ∈ S(O) be a classical solution to HJB (3.14) at all x ∈ O. Then, given x ∈ O, we have the
following statements.

(i) Assume that, for all u(·) ∈ U(x), there exists û (·) ∈ U(x) such that J (x; û (·)) ≥ J (x;u (·))
and such that, denoting ŷ(·) := yx,û(·),

lim sup
r→∞

e−ρrv(ŷ(r)) ≥ 0. (3.16)

Then, v(x) ≥ V (x).
(ii) In addition, assume that there exists u∗(·) ∈ U(x) such that, setting y∗ := yx,u

∗(·), one has

H0
cv(y

∗(s), Dv(y∗(s));u∗(s)) = H0(y∗(s), Dv(y∗(s))), for a.e. s ∈ R+, (3.17)

and
lim inf
r→∞

e−ρrv(y∗(r)) ≤ 0. (3.18)

Then, v(x) = V (x) and u∗(·) is optimal for the control problem starting at x.

Proof. (i) Let x ∈ O and set

Û(x) := {û(·) ∈ U(x) : (3.16) holds}.
Clearly,

V (x) = sup
û(·)∈Û(x)

J (x; û(·)). (3.19)
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Now, given û(·) ∈ Û(x), set ŷ(·) := yx,û(·). Arguing as in the proof of Theorem 3.6(i), we use
the stationary chain rule (2.7) getting

e−ρrv(y(r)) = v(x)

+

∫ r

t

e−ρs
(
− ρv(y(s)) + ⟨y(s),A∗Dv(y(s))⟩+Hcv

(
y(s), Dv(s, y(s));u(s)

)
− g0(y(s), u(s))

)
ds.

Now we use the fact that v solves the HJB equation (3.15), getting the analogous of (3.11) in
this case:

v(x) = e−ρrv(y(r)) +

∫ r

t

g0(y(s), u(s)) ds (3.20)

+

∫ r

t

(
H
(
y(s), Dv(s, y(s))

)
−Hcv

(
y(s), Dv(s, y(s));u(s)

))
ds

which implies

v(x) ≥ e−ρrv(ŷ(r)) +

∫ r

0

e−ρsg0(ŷ(s), û(s)) ds. (3.21)

Letting r → ∞ and using (3.16), we get v(x) ≥ J (x; û(·)). By arbitrariness of û(·) and by
(3.19), we get the claim.

(ii) Assume that u∗(·) satisfies the requirement of the claim. Then the integral in the second line
of (3.20) vanishes. Arguing as in the proof of Theorem 3.6(ii), we get v(t, x) ≤ J (t, x;u∗(·)).
Combining with item (i), we get the claim. □

Remark 3.13 The limiting conditions (3.16)–(3.18) are known as transversality conditions, and
they commonly arise in infinite-horizon optimal control problems. The conditions we have provided
are fairly sharp. One sufficient condition ensuring both is

lim
r→∞

e−ρrv(y(r)) = 0 ∀u(·) ∈ U(x).

Unfortunately, the above condition is typically too restrictive in applications, requiring one to work
instead with (3.16)–(3.18).

As for the finite horizon case, the construction of optimal controls u∗(·) according to part (ii)
of Theorem 3.12 relies on the concept of feedback map and requires the study of the closed loop
equation. In this case, a feedback map is simply a measurable map ϕ : D → C; given a feedback map
ϕ and x ∈ D, we can associate to ϕ the closed loop equation

y′(s) = Ay(s) + f0(y(s), ϕ(y(s)), y(0) = x. (3.22)

By mild solution to (3.22) we intend a function y : R+ → D such that, for every r ∈ R+,

y(r) = erAx+

∫ r

0

e(r−s)Af0(y(s), ϕ(y(s))) ds.

Definition 3.14 A feedback map ϕ : D → C is said

(i) admissible starting at x ∈ D if (3.22) has a unique mild solution yϕ(·) and the associated
feedback control defined by uϕ(s) := ϕ(yϕ(s)), s ∈ R+, belongs to U(x);

(ii) optimal starting at x ∈ D if it is admissible and the associated feedback control defined by
uϕ(s) is optimal for the control problem starting at x.

Corollary 3.15 Let D = O := Int D. Under the assumptions of Theorem 3.6, assume further
that the supremum is achieved in u 7→ Hcv(x, p;u), with p = Dv(x); that is (changing the labels to
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the variable to avoid confusion in what follows), for all y ∈ O, there exists ϕ(y) such that

Hcv(y,Dv(y);ϕ(y)) = max
u∈C

Hcv(y,Dv(y);u). (3.23)

Let x ∈ O. If ϕ is an admissible feedback map starting at x such that (3.18) is satisfied by the
feedback strategy uϕ, then the latter is optimal starting at x.

Proof. By construction the feedback control uϕ(·) fulfills the requirements of part (ii) of Theorem
3.12. So, uϕ is an optimal (feedback) control and ϕ is an optimal feedback map starting at x. □

Remark 3.16 As in Remarks 3.5 and 3.9 we observe that Theorems 3.11 and 3.12 and its Corollary
3.15 remain true also in the case of Subsection 2.1.1, for the same reasons. □

4. Dynamic Programming in the nonsmooth case: weaker concepts of solutions

The theoretical results presented in Section 3, while quite elegant from a theoretical standpoint,
have a limited range of applicability. Indeed, Theorem 3.3 is mainly heuristic, because the assump-
tion that V ∈ C1 is essentially uncheckable beforehand. The verification approach (see Theorem
3.6) relies on the existence of a classical solution v ∈ C1 to the HJB equation: although it surely
covers some important applications (see Section 5), it is only practical when the model is specifically
designed to have explicit solutions; indeed, as a matter of fact, a systematic theory for classical
solutions of first-order HJB equations is not available. We should note that this difficulty is intrinsic
and not only due to the infinite-dimensional setting, although that certainly adds complexity. In
this perspective, the scope of this section is to provide a quick informal introduction to weaker no-
tions of solutions to HJB equations and more refined techniques that are applicable in more general
situations.

4.1. Viscosity solutions. Back in the early 1980s, the concept of viscosity solutions to PDEs in
finite dimension was introduced (see the seminal paper Crandall and Lions, 1983). This notion
was particularly well-suited to address the well-posedness of HJB equations and proved to be very
flexible since it allows to establish good comparison results for a wide class of equations, including
HJB ones but not limited to them. From a control theory perspective, viscosity solutions have been
very successful because, relying on the Dynamic Programming Principle but replacing the value
function with smooth test functions, the value function V naturally appears as a candidate viscosity
solution to the associated HJB equation. This is possible without any smoothness assumptions (even
continuity is not needed). The analytical comparison results, often based on the so-called doubling
of variables method (see, e.g., among many others, Crandall et al., 1992), then help to characterize
the value function as the unique solution of the HJB. Also numerical schemes, starting from the
seminal paper Souganidis (1985), were successfully developed afterwards. An extensive description
of all these aspects in the deterministic, finite dimensional, framework can be found, e.g. in the
monograph Bardi et al. (1997).

Afterwards, the theory was successfully extended to infinite dimensional spaces in a series of
papers — see Crandall and Lions (1985, 1990, 1991, 1994) — and applied to optimal control theory
in Hilbert spaces — see the book Li and Yong (2012) for an overview. The complete technical
exposition of this matter goes out of the scopes of this survey; nonetheless, we provide a heuristic
exposition of its main ideas in order to be able to discuss some examples without explicit solution
in Section 5.

We may say that the heuristic idea behind the notion of viscosity solution is to treat separately
the “convex singularities” (i.e. the ones where the superdifferential is empty) and the “concave
singularities” (i.e. the ones where the superdifferential is empty). To do this one splits the HJB
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equation into two inequalities, one for the “convex singularities” and one for the “concave singular-
ities”. More precisely, one inequality is required to hold on the elements of the subdifferential and
the other on the elements of the superdifferential. This is equivalent to ask that such inequality hold
when tested against functions that touch the candidate solution from below or from above. For the
sake of brevity, we illustrate this concept only for the infinite horizon stationary case and requiring
continuity for the solution.

Definition 4.1 (Viscosity solution) Let O := IntD.

(i) We say that v ∈ C(D) is a viscosity supersolution (resp., subsolution) to (3.14) at x ∈ O if,
whenever φ ∈ S(O) is such that 0 = v(x) − φ(x) = min(v − φ) (resp., 0 = v(x) − φ(x) =
max(v − φ)), we have

ρφ(x) ≥ ⟨x,A∗Dφ(x)⟩+H(x,Dφ(x)), (4.1)

(resp.,
ρφ(x) ≤ ⟨x,A∗Dφ(x)⟩+H(x,Dφ(x))). (4.2)

(ii) We say that v ∈ C(D) is a viscosity solution to (3.14) at x ∈ O if it is both a viscosity
supersolution and and a viscosity subsolution at x.

As mentioned, the strength of this approach in optimal control theory is that, under fairly general
assumptions, the value function V can be shown to be a viscosity solution of the HJB equation —
see, e.g., Li and Yong, 2012, Ch. 6, and the references therein. Combining this with comparison
principles for viscosity solutions provides a powerful way to characterize V , and numerical schemes
can be employed to approximate it. Nonetheless, from the perspective of solving optimal control
problems, this approach is not entirely satisfactory. Ideally, one would like to eventually construct
optimal controls using sufficient optimality conditions, in the spirit of Theorem 3.12(ii). Verification
theorems in the non-smooth setting — particularly within the framework of viscosity solutions —
have been developed both in finite and infinite dimensions; see, for example, Zhou (1993), and, for the
infinite dimensional case Li and Yong, 2012, Ch. 4, Th. 5.4, p.262, and Fabbri et al. (2007). However,
in practice, applying these results can be quite challenging. The main difficulty lies in producing
a suitable candidate for the optimal feedback control and verifying the optimality conditions. A
more promising middle ground involves leveraging some a priori regularity properties of the value
function V , such as (semi)convexity or (semi)concavity. Textbooks like Bardi et al., 1997, Ch. II, and
Cannarsa and Sinestrari (2004) focus on how these features can be exploited in finite-dimensional
settings.

More precisely, if we can establish this kind of regularity beforehand and use the viscosity property
of V , we can attempt to:

(i) Either construct implementable optimal feedback controls via nonsmooth verification theorems
(see, e.g., in finite dimension Federico et al., 2024, Th. 5);

(ii) Or prove that V is differentiable at least along certain directions, and then build optimal
feedback controls using ad hoc verification theorems that leverage both the viscosity solution
framework and the partial regularity of V .

Both approaches can be extended to infinite-dimensional problems. In Section 6, we will present
some examples where the second method has been successfully applied.

4.2. Strong solutions. Similarly to viscosity solutions, strong solutions generalize the concept of
a classical solution, although satisfying stronger regularity requirements. More precisely a strong
solution v is such that its gradient Dv exists in classical sense so that the feedback map of Corollaries
3.8 and 3.15 is well defined (which does not happen in general in the case of viscosity solutions).
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Roughly speaking, a strong solution is the limit, in a suitable sense, of classical solutions (not to
the original equation, but) to approximating HJB equations. For finite horizon, for example, one
considers (3.2)

−vt(t, x) = ⟨x,A∗Dv(t, x)⟩+H(t, x,Dv(t, x)),

assumes suitable hypotheses on H : [t, T ] ×X ×X ′ → R, (such as continuity and growth bounds),
and defines a sequence of Hε : [t, T ]×X ×X ′ → R so that: (1) Hε converges to H, as ε→ 0, in an
appropriate sense; (2) the approximating equations

−vεt (t, x) = ⟨x,A∗Dvε(t, x)⟩+Hε(t, x,Dvε(t, x))

have classical solutions vε; (3) the sequence {vε} converges uniformly to a function v and the
gradients {∇vε} converge to ∇v. Then v is called a strong solution to (3.2).

There are indeed few variants of such concept of strong solution, on this one can see the book
Barbu and Da Prato (1983) and, e.g., the papers Gozzi (1991); Faggian (2005); Faggian and Gozzi
(2010b).

We will give in more detail in Section 6.3 the definition of strong solution that adheres to that
case.

5. Examples with explicit solutions arising in economic theory

5.1. Spatial growth models. A first class of examples of economic models to which optimal control
techniques in infinite-dimensional spaces apply is that of a series of growth models where, instead of
considering only a one-dimensional aggregate variable to represent capital, its spatial distribution is
taken into account. The aim is to be able to formulate counterparts of benchmark growth models
such as those by Solow or Ramsey. One possible idea to achieve this goal is the one initially
introduced by Brito (2004), where the author, following an idea borrowed from classical economic
geography (see for example Beckmann and Puu, 1985, Isard et al., 1979), assumes that capital tends
to move from regions with greater capital intensity to regions with lower capital intensity.

5.1.1. The economic problem. Let us assume, to begin with, that we represent the spatial structure
as the unit circle S1 in the plane:

S1 :=
{
(sin θ, cos θ) ∈ R2 : θ ∈ [0, 2π)

}
. (5.1)

The fact that the chosen spatial structure is not particularly realistic may not be very relevant in
an initial analysis, since the purpose of ”benchmark” models is not to faithfully reproduce specific
measurements, but rather to investigate qualitative behaviors and possible economic mechanisms.
In any case, as we will show generalizations of this structure are possible.

We denote any point in the space by θ ∈ [0, 2π) and, as usual, any time by t ≥ 0. In a linear
specification of the model, which generalizes the classic AK model of endogenous growth (see Ace-
moglu, 2009) to a world with spatial heterogeneity, we can, for example, postulate that for all time
t ≥ 0 and any point in the space θ ∈ [0, 2π), the production is a linear function of the employed
capital:

Y (t, θ) = A(θ)K(t, θ),

where K(t, θ) and Y (t, θ) represent, respectively, the capital and output at the location θ at time t,
while A(θ) is the exogenous location-dependent technological level. For each location, we suppose
there is a budget constraint in the form

Y (t, θ) = I(t, θ) + C(t, θ) + τ(t, θ)

where C, I, and τ are respectively the consumption, investment, and trade balance, which depend
on the location and time. If we include a location-dependent depreciation rate δ(θ), we get the
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following law of capital accumulation:

∂K

∂t
(t, θ) = I(t, θ)− δ(θ)K(t, θ) = (A(θ)− δ(θ))K(t, θ)− C(t, θ)− τ(t, θ).

We can incorporate the depreciation rate δ(θ) into the coefficient A(θ) (that we suppose to be a
bounded function of θ), thus omitting the term δ in the subsequent discussion. According to Brito
(2004), the aim is to develop further the term τ(t, θ) by assuming that the flow rate of capital from
left to right at a point is the negative derivative of the capital level at that point. By ensuring that
the net trade balance of the region (θ1, θ2) ⊂ [0, 2π) matches the capital outflow at the boundaries
θ1 and θ2, we get ∫ θ2

θ1

τ(t, θ)dθ =
∂K

∂θ
(t, θ1)−

∂K

∂θ
(t, θ2). (5.2)

Thus,

τ(t, θ) = −∂
2K

∂θ2
(t, θ).

Combining everything, if for each (t, θ) we express the total consumption C(t, θ) as the product of the
(equally distributed) per-capita consumption c(t, θ) and the time-independent exogenous (density
of) population N(θ) (that we will suppose to be bounded), we obtain the state equation.

∂K

∂t
(t, θ)=

∂2K

∂θ2
(t, θ)+A(θ)K(t, θ)−c(t, θ)N(θ), t > 0, θ ∈ S1,

K(0, θ) = K0(θ), θ ∈ S1,

(5.3)

where K0 ∈ L2(S1;R+) is the initial capital distribution.

We assume that the policy maker aims to maximize the following “Benthamite” functional (con-
sidering trajectories that ensure capital and consumption remain positive):∫ ∞

0

e−ρt

(∫ 2π

0

c(t, θ)1−σ

1− σ
N(θ)dθ

)
dt, (5.4)

where ρ > 0 represents the time-discount factor and σ ∈ (0, 1) ∪ (1,∞) serves as both a measure of
(the inverse of the elasticity of) intertemporal substitution and the planner’s aversion to inequality.

5.1.2. Formal rewriting of the problem in Hilbert space. We can represent (5.3) as an abstract dy-
namical system in infinite dimensions. Here, we will quickly show how to reduce the described
problem to the general situation outlined in Section 2. We will work in the Hilbert space

X := L2(S1;R) :=
{
f : S1 → R measurable :

∫
S1

|f(x)|2 dx <∞
}
, (5.5)

endowed with the usual inner product ⟨f, g⟩ :=
∫ 2π

0
f(θ)g(θ) dθ, inducing the norm |f | =(∫ 2π

0
|f(θ)|2 dθ

)1/2
, and specify the generator of the semigroup with

Au :=
∂2u

∂θ2
+A(·)u, D(A) =W 2,2(S1)

where the latter is the Sobiolev space

W 2,2(S1) :=
{
f ∈ H : f is twice weakly differentiable, and f ′, f ′′ ∈ X

}
.

The operator A is defined as the sum of the Laplacian operator on S1 and the operator on H
defined by u 7→ A(·)u, which is bounded under the assumption that the function A(·) is bounded.
The Laplacian operator is closed on the domain D(A) and generates a C0-semigroup on the space
X (see Theorem 4.9, page 115 of Grigor’yan (2012)). Therefore (Theorem 1.1 page 190 of Kato
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(1980)), we conclude that A is also closed on the domain D(A) and generates (Theorem 3.5 page
73 of Engel and Nagel (2000)) a C0-semigroup on the space X.

Finally, to reduce the considered example to the setting of Section 2, we define U = X = L2(S1;R)
and call t 7→ y(t) ∈ X the trajectory of the system and t 7→ u(t) ∈ X a generic control by formally
identifying

y(t)(θ) = K(t, θ) and u(t)(θ) = c(t, θ).

In this way, we can formally rewrite (5.3) as an abstract dynamical system in the space X (see
Proposition 3.2, page 131 of Bensoussan et al., 2007):{

y′(t) = Ay(t)− u(t)N, t ∈ R+,

y(0) = x ∈ X.
(5.6)

Now, consider the positive cone in X, i.e. the set

X+ :=
{
y ∈ X : y(·) ≥ 0

}
, (5.7)

and X+
0 := X+ \ {0}. We consider as set of admissible admissible strategies10

U(x) :=
{
u ∈ L1

loc(R+;X+) : yx,u(·)(t) ∈ X+
0 ∀t ≥ 0

}
.

Notice that X+
0 is not open in X.

Then, we can formally rewrite the original optimization problem in the infinite dimensional setting
as the optimal control problem consisting in maximizing the objective functional

J(x;u) :=

∫ ∞

0

e−ρtU(u(t)) dt, (5.8)

over all u(·) ∈ U(x) where

Ψ : X+ → R+, Ψ(u) :=

∫ 2π

0

u(θ)1−σ

1− σ
N(θ)dθ.

In the following, we call (P) this problem and we define the associated value function as

V (x) := sup
u(·)∈U(x)

J(x;u(·)). (5.9)

5.1.3. The infinite-dimensional HJB equation and its explicit solution. We begin by recalling some
spectral properties of the operator

Af := f ′′ +A(·)f, f ∈ D(A).

The operator A is self-adjoint, i.e. A = A∗, and has a compact resolvent. Its spectrum consists of
a decreasing sequence of real eigenvalues

λ0 > λ1 ≥ λ2 ≥ · · · → −∞
with associated orthonormal eigenfunctions {en}n≥0 (see Chapter 7 and Chapter 8, Section 3, in
Coddington and Levinson (1955)). The principal eigenfunction e0 is strictly positive and can be
normalized so that ∥e0∥L2 = 1. Moreover

1

2π

∫ 2π

0

A(θ) dθ ≤ λ0 ≤ sup
S1

A(θ),

so that λ0 > 0 whenever A(θ) ≥ 0 and A ̸≡ 0.

10In this formulation we require the slightly sharper state constraint yx,u(t) ∈ X+
0 in place of the wider (original) one

yx,u(t)(·) ≥ 0 almost everywhere. This is without loss of generality: indeed, if yx,u(t) ≡ 0 at some t ≥ 0, the unique

admissible (hence the optimal) control from t on is the trivial one u(·) ≡ 0, so we know how to solve the problem once

we fall into this state and there is no need to define the Hamilton-Jacobi-Bellman equation at this point. The reason
to exclude the zero function from the set X+ and considering the set X+

0 is that in this set our value function is well

defined and solves the Hamilton-Jacobi-Bellman equation, while this does not happen in X+.
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In a certain sense, in the model, λ0 plays the role of total factor productivity A in a one-sector AK
growth model. Therefore it is not surprising that the standard assumption ensuring the finiteness
of the objective functional takes the form

Assumption 5.1 ρ > λ0
(
1− σ

)
.

It is not difficult to prove that, if this condition fails, there exist admissible trajectories along
which the value functional is infinite, and the theory developed in the previous sections does not
apply.

Recalling the state dynamics (5.6) and the objective functional (5.8), the stationary infinite-
horizon HJB equation can be written, in line with (3.15), as

ρv(x) = ⟨x,ADv(x)⟩+ sup
u∈X+

{
Ψ(u)− ⟨uN,Dv(x)⟩

}
, x ∈ X+, (5.10)

where X+ is the positive cone introduced in (5.7).

We now proceed to search for an explicit solution to (5.10). According to Definition 3.10, a
solution can be defined on an open set O of H. In this case, we choose as O the set

X+
e0 :=

{
y ∈ X+ : ⟨y, e0⟩ > 0

}
.

We now have all the ingredients to describe the explicit solution to the HJB equation:

Proposition 5.2 Let Assumption 5.1 hold. Define

α0 :=

(
σ

ρ− λ0(1− σ)

∫
S1

e0(η)
1− 1

σN(η) dη

) σ
1−σ

, and β(θ) := α0 e0(θ)

so that β ∈ H and β(θ) > 0. The function

v(x) =
⟨x, β⟩ 1−σ

1− σ
, x ∈ X+

e0 , (5.11)

belongs to C1(X+
e0) and solves (5.10) on X+

e0 in the sense of Definition 3.10.

Proof. We directly check that the proposed function is a solution in the sense of Definition 3.10.
The function v is Fréchet differentiable on X+

e0 and its gradient is

Dv(x) = ⟨x, β⟩−σ β.

Since β is regular and belongs toD(A), all the regularity requirements in Definition 3.10 are satisfied.

For fixed x ∈ X+
e0 , the supremum in (5.10) is achieved by the unique optimizer

u∗(x) = (Dv(x)(θ))
−1/σ

= ⟨x, β⟩β(θ)−1/σ.

We plug v and its gradient into the HJB equation, we compute each term:

⟨x,ADv(x)⟩ = ⟨x,A(⟨x, β⟩−σβ)⟩
= ⟨x, β⟩−σ⟨x,Aβ⟩
= ⟨x, β⟩−σλ0⟨x, β⟩
= λ0⟨x, β⟩1−σ,

since Aβ = λ0β (by definition of the principal eigenfunction).
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For the utility term, using the explicit maximizer:

Ψ(u∗(x)) =

∫
S1

(u∗(x)(θ))1−σ

1− σ
N(θ) dθ

=
1

1− σ
(⟨x, β⟩)1−σ

∫
S1

β(θ)1−
1
σN(θ) dθ.

Similarly,

⟨u∗(x)N,Dv(x)⟩ =
∫
S1

u∗(x)(θ)N(θ)Dv(x)(θ) dθ

= ⟨x, β⟩1−σ

∫
S1

β(θ)−
1
σN(θ) · β(θ) dθ

= ⟨x, β⟩1−σ

∫
S1

β(θ)1−
1
σN(θ) dθ.

Combining all terms and factoring out ⟨x, β⟩1−σ gives

ρv(x) = λ0⟨x, β⟩1−σ +
1

1− σ
⟨x, β⟩1−σ

∫
S1

β(θ)1−
1
σN(θ) dθ

− ⟨x, β⟩1−σ

∫
S1

β(θ)1−
1
σN(θ) dθ

= ⟨x, β⟩1−σ

[
λ0 +

σ

1− σ

∫
S1

β(θ)1−
1
σN(θ) dθ

]
.

Simplifying the term ⟨x, β⟩1−σ this is equivalent to

ρ

1− σ
= λ0 +

σ

1− σ

∫
S1

β(θ)1−
1
σN(θ) dθ

but using the definition of α0, we easily obtain∫
S1

β(θ)−
1−σ
σ N(θ) dθ =

ρ− λ0(1− σ)

σ
.

If we substitute this expression in the previous equation we can complete the proof that v is a
classical solution of (5.10). □

5.1.4. Verification and optimal feedback control. Using Theorem 3.12, we can finally exploit the
explicit solution of the model obtained in the previous section to characterize the optimal control
for the problem. The candidate optimal feedback map is provided by

u∗(x) = ϕ(x) := ⟨x, β⟩β−1/σ ∈ X+. (5.12)

While it is easy to show that starting from any initial datum x ∈ X+
0 the trajectory governed

by this feedback remains in X+
e0 , it is typically to show (see (Calvia et al., 2021, Sec. 5)) that the

trajectory remains in X+
0 (note that X+

0 ⊊ X+
e0), hence that the feedback control is admissible11.

This condition is necessary to apply Theorem 3.12. If we take it as an assumption (that can be
verified in some situations, for instance near steady states) we get the following result.

Theorem 5.3 Let Assumption 5.1 hold. Let x ∈ X+
0 and let y∗(·) be the solution to (5.6) when

the system is controlled through the feedback (5.12), i.e., the unique mild solution to the closed loop
equation {

y′(t) = Ay(t)− ϕ(y(t))N = Ay(t)− ⟨y(t), β⟩β−1/σN, t ∈ R+,

y(0) = x.
(5.13)

11This is actually, in general, false, see Ricci (2024)



24 G.FABBRI, S. FAGGIAN, S. FEDERICO, AND F. GOZZI

Assume that y∗(·) ∈ X+
0 and therefore that the control

u∗(t) = ϕ(y∗(t)) = ⟨y∗(t), β⟩β−1/σ

is admissible. Then u∗(·) is an optimal control and ϕ is an optimal feedback at x. Moreover,
v(x) = V (x).

Proof. It follows from Theorem 3.12 (the transversality condition can be easily checked thanks to
Assumption 5.1). □

5.1.5. Variants and Literature. The formulation we have used in this section is essentially the one
used by Boucekkine et al. (2019b) where a rather general “AK” version of a spatial model with
“diffusive” capital spillover is analytical solved. As already mentioned, spatial models with diffusive
terms (in the case of neoclassical production function specification) was first introduced by Brito
(2004). After Brito (2004), a series of papers used variations of the same idea. In this stream, we can
cite the articles by Camacho et al. (2008); Brock and Xepapadeas (2008); Boucekkine et al. (2009);
Ballestra (2016), which, at least partially, offered methodological contributions and highlighted
some technical difficulties emerging from the model proposed by Brito. In the mentioned articles,
the authors found necessary conditions for optimality via a version of the Pontryagin maximum
principle, but none of them provided a complete solution to the model. Some of them proposed
simplifications to approach the problem: Brito (2004) focuses on traveling waves type solutions,
Boucekkine et al. (2009) look at the linear utility case, and Brito (2012) studies the local dynamics
of the system. To overcome the technical difficulties described above, a number of authors, including
Quah (2002) and Brock et al. (2014b), used immobile factors of production (knowledge or capital)
and modeled the interaction between different geographic regions through spatial externalities. The
article by Boucekkine et al. (2013) is the first to explicitly solve a model of spatial growth with
mobility and capital accumulation with a continuous spatial dimension. More recently, we mention
Xepapadeas and Yannacopoulos (2016); Camacho and Pérez-Barahona (2022); Brito (2022), the
stochastic extension by Gozzi and Leocata (2022), the network versions by Fabbri et al. (2023);
Calvia et al. (2024); Albeverio and Mastrogiacomo (2022), extensions with population mobility
by Camacho and Pérez-Barahona (2019); Ballestra (2022, 2024), studies about the role of the
social welfare function by Boucekkine et al., 2021a, and more technical contributions (Santambrogio
et al., 2020; Ricci, 2024).12 A particular mention goes to the contribution by Xepapadeas and
Yannacopoulos (2023), where the authors, taking a more challenging perspective, propose a model
where capital moves toward locations where the marginal productivity of capital is relatively higher.

We finally spend some more words on a generalization of the proposed structure that is presented
by Fabbri (2016), where the role of geographical structure in the growth process is taken into account.
The analysis by Fabbri (2016) is carried out through a model which, in several aspects, is similar
to the one that we described in the previous subsection, but in a simplified setting where A and N
are constant (say, equal to 1). In this case, the spatial structure (the geography) is modeled as an
n-dimensional compact, connected, oriented Riemannian manifold M , with metric g and without
boundary (S1, like any Sn, are obviously particular examples of this structure).

The structure of the model is very similar to the proposed one. To obtain the expression for τ ,
instead of (5.2) and the following equations, we now have∫

B

τ(t, x) dx = −
∫
∂B

∂K(t, x)

∂n̂
dx = −

∫
B

∆xK(t, x) dx,

where we used the divergence theorem (see Lang (1995), Theorem 3.1, page 329), so that, for almost
every x ∈M ,

−τ(t, x) = ∆xK(t, x), (5.14)

12See also Juchem Neto (2023); Ureña and Vargas (2023).
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where ∆x is the Laplace-Beltrami operator and the partial differential equation onM that describes
the evolution of the capital density K(t, x) when we consider a spatially homogeneous productivity
A, is now 

∂K(t, x)

∂t
= ∆xK(t, x) +AK(t, x)− c(t, x)

K(0, x) = K0(x).

(5.15)

and the policy maker chooses the consumption c(·, ·) to maximize

J(c(·, ·)) =
∫ +∞

0

e−ρt

∫
M

(c(t, x))
1−σ

1− σ
dxdt. (5.16)

The rewriting of the problem as a dynamic optimization problem in a Hilbert space, in line with
the formulation presented in Section 2, now relies on the operator A on L2(M) defined as follows13{

D(A) :=W 2,2(M)

A(f) = ∆xf.

A is the (self-adjoint) generator of the heat semigroup on L2(M), which is a C0 semigroup on L2(M)
(see Section 4.3 of Grigor’yan, 2012). The state equation (5.15) can be rewritten as an evolution
equation in the Hilbert space L2(M) as:{

y′(t) = Ay(t) +Ay(t)− u(t)

y(0) = x
(5.17)

while the functional (5.16) can be rewritten similarly to (5.8).

5.2. Dynamic models with transboundary pollution dynamics. We illustrate a class of mod-
els in which production is associated with the emission of pollutants (typically atmospheric pollu-
tants) that exhibit spatial dynamics. These models focus on “local” pollutants that can be emitted
during production processes, such as particulate matter (see Tiwary and Colls, 2010), nitrogen diox-
ide (European Environment Agency (EEA), 2020), or sulfur dioxide (Smith et al., 2011). This type
of model, which describes localized spatial dynamics, is not suitable for representing the effects of
pollutants such as carbon dioxide (and greenhouse gases in general), which induce undesirable effects
at a global scale, depending on their global concentration.

5.2.1. The economic problem. The structure of the state equation is closely related to those presented
in the previous Subsection 5.1 since we will have again a parabolic state dynamics. Following the
structure in Boucekkine et al. (2022b), we suppose again to use S1 defined in (5.1) as a space
support and denote, respectively, by c(t, θ), i(t, θ), and Y (t, θ) the consumption, investment (input)
and production at location θ and time t. At each location, the output is fully allocated between
consumption and local investment, with no trade between locations. This is formalized by the
equality

c(t, θ) + i(t, θ) = Y (t, θ). (5.18)

We suppose that the production Y (t, θ) is linear in the input, i.e.

Y (t, θ) = a(θ)i(t, θ) (5.19)

for some location-specific productivity factor a : S1 → (1,+∞). The sole link between locations
is transboundary pollution. Specifically, the spatial profile of pollution evolves according to the

13The Sobolev space W 2,2(M) is defined, for example, in Section 4 of Grigor’yan (2012).
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following parabolic partial differential equation (PDE):
∂p

∂t
(t, θ) =

∂

∂θ

(
σ(θ)

∂p

∂θ
(t, θ)

)
− δ(θ)p(t, θ) + η(θ)i(t, θ), ∀(t, θ) ∈ R+ × S1,

p(0, θ) = p0(θ), ∀θ ∈ S1,

(5.20)

where p0, δ, σ, η, w : S1 → R+, γ : S1 → (0, 1) ∪ (1,+∞), p(t, θ) represents the pollution stock at

location θ and time t, ∂
∂θ

(
σ(θ)∂p∂θ (t, θ)

)
is the diffusion term, δ(θ)p(t, θ) is the natural regeneration

capacity of the environment, η(θ)i(t, θ) the flow of new emissions accounting for the impact of
pollution per unit of input used.

Note that

(i) Setting η(θ) = 1 implies that emissions are equal to the input use;
(ii) With η(θ) = a(θ)ϕ(θ), emissions are proportional to output, as η(θ)i(t, θ) = ϕ(θ)Y (t, θ);
(iii) The spatial heterogeneity in η(θ) reflects differences in regional production technologies.

The diffusion term
∂

∂θ

(
σ(θ)

∂p

∂θ
(t, θ)

)
introduces spatial variability at the location dependent dif-

fusion speed σ(θ): some studies, such as Tiwary and Colls (2010), highlight the role of local geo-
graphical and meteorological factors in shaping the dispersion of pollution.

An initial spatial distribution p0(θ) on S
1 is required to define the dynamics of the pollution. The

state variable p(t, θ) then evolves according to the PDE in (5.20), introducing infinite-dimensional
complexity into the optimization problem.

We suppose that the instantaneous utility at location θ and time t combines a CES utility from
consumption and a linear disutility from pollution:

g
(
c(t, θ), p(t, θ)

)
=
c(t, θ)1−γ(θ)

1− γ(θ)
− w(θ)p(t, θ),

where γ(θ) measures the (location-specific) inverse of the elasticity of intertemporal substitution, and
w(θ) reflects local environmental awareness. From (5.18) and (5.19) we have c(t, θ) = (a(θ)−1)i(t, θ)
and then, if we consider a Benthamite planner with a discount rate ρ, she maximizes the following
functional:

J(p0; i) =

∫ ∞

0

e−ρt

(∫
S1

[(
(a(θ)− 1)i(t, θ)

)1−γ(θ)

1− γ(θ)
− w(θ)p(t, θ)

]
dθ

)
dt. (5.21)

5.2.2. Rewriting the problem in a Hilbert space setting. As in Subsection 5.1, to reformulate the
problem in an infinite-dimensional setting, we use the Hilbert space X := L2(S1;R), defined in
(5.5), endowed with the natural norm | · | and the inner product ⟨·, ·⟩. The nonnegative cone X+ is
defined in (5.7). Additionally, we introduce the Sobolev space:

W 2,2(S1;R) :=
{
f ∈ L2(S1;R) : f is twice weakly differentiable, and f ′, f ′′ ∈ X

}
.

We assume that δ ∈ C(S1;R+) and σ ∈ C1(S1; (0,+∞)). Then, the operator A : D(A) ⊂ X → X
defined as

D(A) =W 2,2(S1;R), (Aφ)(θ) = (σ(θ)φ′(θ))
′ − δ(θ)φ(θ), φ ∈ D(A)

is a closed, densely defined, self-adjoint, unbounded linear operator on the spaceH (see, e.g. Lunardi,
1995, p. 71-75, Sections 3.1 and 3.1.1). Hence, A generates a strongly continuous contraction
semigroup (etA)t≥0 ⊂ L(H) and the state dynamics is formally reformulated in H as

y′(t) = Ay(t) + Ξu(t), y(0) = x,
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where y(t) = p(t, ·), Ξ = η(·), u(t) = i(t, ·) and x = p(0, ·). We can then consider the following set
of admissible controls

U(x) ≡ U :=

{
u ∈ L1

loc(R+;X+) :

∫ ∞

0

e−ρt|Ξ(t)u(t)| dt <∞
}
.

If we suppose that w ∈ C(S1; (0,+∞)), that the function γ : S1 → (0, 1) ∪ (1,+∞) is measurable
and bounded with values in a compact subset of (0, 1) or of a compact subset of (1,+∞), and that
a(t, θ) and η(θ) are bounded, then, setting A := a(·), Γ := γ(·), 1 the indicator function of S1, and[(

(A− 1)u(t)
)1−Γ

1− Γ

]
(θ) :=

(
(a(θ)− 1)i(t, θ)

)1−γ(θ)

1− γ(θ)
, θ ∈ S1,

the functional (5.21) is rewritten in this formalism as

J(x, u) =

∫ ∞

0

e−ρt

[〈(
(A− 1)u(t)

)1−Γ

1− Γ
,1

〉
− ⟨w, y(t)⟩

]
dt. (5.22)

5.2.3. The infinite-dimensional HJB equation and its explicit solution. The stationary infinite-
horizon HJB equation associated with our problem, following the general formulation in (3.15),
can be written as:

ρv(x) = ⟨x,ADv(x)⟩ − ⟨w, x⟩+ sup
u∈X+

{Ψ(u) + ⟨Ξi,Dv(x)⟩} , (5.23)

where x ∈ X+ is the state (the pollution stock), Dv(x) is the Fréchet derivative of v at x, and Ψ(I)
is the utility from consumption, which is given by

Ψ(I) =

〈
((A− 1)I)1−Γ

1− Γ
,1

〉
.

Inspired by the structure of the problem, we seek a solution to the HJB equation that is affine in
the state x. Let us first define an auxiliary function α ∈ D(A) as the unique solution (Theorem 8.3
in Gilbarg and Trudinger, 2001) to the following elliptic equation:

(ρ−A)α(θ) = w(θ), ∀θ ∈ S1. (5.24)

Given that w(θ) > 0 and ρ > 0, it can be shown (Theorem 8.19 in Gilbarg and Trudinger, 2001)
that α(θ) > 0 for all θ ∈ S1. This function α(θ) can be interpreted as the discounted total future
disutility generated by a unit of pollutant emitted at location θ.

We can now state the explicit solution to the HJB equation.

Proposition 5.4 Assume that δ ∈ C(S1;R+) and σ ∈ C1(S1; (0,+∞)), that γ : S1 → (0, 1) ∪
(1,+∞) is measurable and bounded with values in a compact subset of (0, 1) or in a compact subset
of (1,+∞), and that a : S1 → (1,∞) and η, w : S1 → R+ are measurable and bounded.

Let α ∈ D(A) be the solution to (5.24). Define the constant q as

q :=
1

ρ

∫
S1

sup
u(θ)≥0

{
((a(θ)− 1)u(θ))1−γ(θ)

1− γ(θ)
− η(θ)u(θ)α(θ)

}
dθ. (5.25)

The function
v(x) = −⟨α, x⟩+ q, x ∈ H, (5.26)

is a classical solution to the HJB equation (5.23) on X.

Proof. We verify that the affine function (5.26) solves the HJB equation (5.23). The differential of
v is constant with respect to x and is given by

Dv(x) = −α.
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Since α ∈ D(A), the regularity requirements are met. Substituting v(x) and Dv(x) into the HJB
equation, the left-hand side becomes:

ρv(x) = −ρ⟨α, x⟩+ ρq.

For the right-hand side, using the fact that A is self-adjoint, we have (the secondequility follows
from (5.24)):

⟨x,ADv(x)⟩ = −⟨x,Aα⟩ = −⟨x, ρα− w⟩ = −⟨x, ρα⟩+ ⟨x,w⟩
The supremum term in the HJB equation becomes:

sup
u∈X+

{Ψ(u) + ⟨Ξu,Dv(x)⟩} − ⟨w, x⟩ = sup
u∈X+

{Ψ(u)− ⟨Ξu, α⟩} − ⟨w, x⟩.

The maximization problem can be solved pointwise for each θ ∈ S1:

sup
u(θ)≥0

{
((a(θ)− 1)u(θ))1−γ(θ)

1− γ(θ)
− η(θ)i(θ)α(θ)

}
.

The first-order condition yields the optimal investment function i∗(θ), which is independent of the
state x:

u∗(θ) =
1

a(θ)− 1
(η(θ)α(θ))

− 1
γ(θ) . (5.27)

Plugging this back, the value of the supremum is precisely ρq by definition (5.25); so,

sup
u∈X+

{Ψ(u) + ⟨Ξu,Dv(x)⟩} − ⟨w, x⟩ = −⟨w, x⟩+ ρq.

Combining all parts, the HJB equation becomes:

−ρ⟨α, x⟩+ ρq = −⟨x, ρα⟩+ ⟨x,w⟩ − ⟨w, x⟩+ ρq

which is an identity. This completes the proof. □

5.2.4. The solution of the model. The explicit solution of the HJB equation allows us to characterize
the optimal policy for the planner. A key feature of this model, stemming from the affine structure
of the value function, is that the optimal control is determined in an open-loop fashion; it does not
depend on the current state of the system, the pollution stock.

If we express back the optimal control and the optimal trajectory in terms of original formula-
tion/notation we have the following result.

Theorem 5.5 Suppose that the assumptions of Proposition 5.4 are verified and that p(0, ·) ∈ X+.
Then, the optimal control (the investment/input level) is constant over time and it is given by i∗(·)
where

i∗(θ) =
1

a(θ)− 1
(η(θ)α(θ))

− 1
γ(θ) , ∀θ ∈ S1. (5.28)

The optimal (pollution) trajectory p∗(t, θ) is the solution to the linear non-homogeneous PDE:
∂p

∂t
(t, θ) =

∂

∂θ

(
σ(θ)

∂p

∂θ
(t, θ)

)
− δ(θ)p(t, θ) + η(θ)i∗(θ), ∀(t, θ) ∈ R+ × S1,

p(0, θ) = p0(θ), ∀θ ∈ S1,

(5.29)

Furthermore, the optimal welfare for an initial pollution stock p0 is given by

−⟨α, p0⟩+ q,

where q is the constant defined in (5.25) and α is defined by (5.24).

Proof. The candidate optimal control i∗ is derived directly from the maximization of the Hamil-
tonian in the proof of Proposition 5.4. It is admissible : (i) it is positive (ii) the integral in de
definition of J is bounded since i∗ is time-independent (iii) By the maximum principle for parabolic
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equations p remains positive since it is the solution of a parabolic equation with a positive source
term (η(θ)i∗(θ) ≥ 0 for all θ) with non-negative intiial condition.

The result then follows by applying Theorem 3.12. The transversality condition required by the
theorem is satisfied due to the discounting factor ρ > 0. □

5.2.5. Variants and Literature. We followed here the structure of the model presented by Boucekkine
et al. (2022b), which generalizes the approaches of Boucekkine et al. (2021b, 2019a), emphasizing
the role of location-dependent parameters in shaping optimal strategies. The model draws on a
classical idea in theoretical ecology, where pollutant diffusion is captured via parabolic equations
that describe the spatial and temporal spread of contaminants Jacob (1999); Thibodeaux (1996).

Previous contributions in the same spirit include Anita and Capasso (2015), which examined
a spatially structured economic growth model that incorporates pollution diffusion and optimal
taxation, focusing on the long-term behavior of the system, and the series of papers De Frutos and
Martin-Herran (2019); de Frutos and Mart́ın-Herrán (2019); De Frutos et al. (2021); de Frutos
et al. (2022), where the problem is addressed in the (more complex) context of a differential Nash
game instead of the case of social optimum (and thus optimal control).

In a certain sense, pollution can be thought of as the ”opposite” of a natural resource (the natural
resource being clean air or water). In this perspective, these types of models can be interpreted as
being closely related to optimal exploitation models of natural resources with a spatial dynamic,
which makes them, in this specific sense, akin to optimal fishery management models: in the the-
oretical economics literature, optimal fishing models often contain an intertemporal optimization
problem with a parabolic equation describing the spatio-temporal dynamics of the resource (see,
e.g., Smith et al., 2009; Brock et al., 2014a).

5.3. Vintage capital: delay differential equation approach. In this section, we will examine
an optimal growth problem in the context of a vintage capital model. The model will feature a state
equation with delay, which gives it a structure distinct from the models described earlier. Vintage
capital models, first introduced by Johansen (1959) and Solow (1960), are models in which the
stock of capital, at any point in time, is described as a heterogeneous set of different generations of
machines. One of the intuitions behind this approach is the idea that technical progress is embodied
in capital goods: a new technology influences the production process only if new machines use
that technology. This leads to distinguish generations of machines that are replaced over time,
emphasizing the importance of stratification by age of capital14

5.3.1. The economic model. In this subsection, we describe a model presented by Boucekkine et al.
(2005), characterized by a one-hoss shay depreciation hypothesis, where capital loses its value
abruptly: it is assumed that, at any time t, only investments made during the interval (t−T, t) con-
tribute to production, while those older than the exogenous and constant scrapping time T become
unproductive. In other words, the equation linking the evolution of capital dynamics to the flow of
investments is:

k(t) =

∫ t

t−T

i(s) ds. (5.30)

The rest of the model mirrors a standard AK model: production linear and given by Ak(t) where the
total factor productivity A is constant and exogenous. A planner decides how to allocate production
between investment and consumption, according to the budget relation Ak(t) = i(t) + c(t), in order

14We refer the interested reader to Boucekkine et al. (2011b) for the (fascinating) history of the debate on the
embodiment hypothesis and the subsequent developments in the growth literature within the context of vintage capital

models.
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to maximize an aggregate social welfare functional:∫ ∞

0

e−ρt c(t)
1−σ

1− σ
dt, (5.31)

for some positive σ ̸= 1. If we rewrite (5.30) more formally, including an initial investment da-
tum ῑ(·) ∈ L2(−T, 0) over the interval [−T, 0), the problem is characterized by the following state
equation: 

k′(t) = i(t)− i(t− T ), t ≥ 0,

i(s) = ῑ(s), s ∈ [−T, 0),
k(0) =

∫ 0

−T
ῑ(s) ds,

(5.32)

where i(t) for t ≥ 0 is the control variable. Substituting the budget constraint c(t) = y(t)− i(t) into
(5.31), we can write the functional to maximize as:

J(ῑ(·); i(·)) =
∫ ∞

0

e−ρt (Ak(t)− i(t))1−σ

1− σ
dt,

over the set:
Iῑ =

{
i(·) ∈ L2

loc([0,+∞);R+) : i(t) ∈ [0, Ak(t)] ∀t ∈ R+
}
.

Note that the constraint i(t) ∈ [0, Ak(t)] in the admissible control set includes the usual non-
negativity constraints c ≥ 0 and i ≥ 0, which are inherent to the age structure (a negative amount
of any specific vintage is not feasible). This, in turn, implies k, y ≥ 0. The choice of Iῑ ensures that
k(·) ∈W 1,2

loc (0,+∞;R+) for every i(·) ∈ Iῑ, and, in particular, k(·) is continuous (as is evident from
the integral form of (5.30)).

5.3.2. Rewriting the problem in a Hilbert space setting. We introduce the infinite-dimensional space
in which we reformulate the problem. It is defined as:

X := R× L2(−T, 0;R).
A generic element x ∈ X is denoted as a pair x = (x0, x1). The scalar product on X is the one
defined for the product of Hilbert spaces, i.e.,

⟨(x0, x1), (z0, z1)⟩ := x0z0 + ⟨x1, z1⟩L2 ,

for every (x0, x1), (z0, z1) ∈ X. We define the operator A on X, which will be the adjoint of the
generator of the C0 semigroup that appears in the state equation of our problem:{

D(A) := {(ψ0, ψ1) ∈ X : ψ1 ∈W 1,2(−T, 0;R), ψ0 = ψ1(0)},
A : D(A) ⊆ X → X, A(ψ0, ψ1) := (0, d

dsψ
1).

(5.33)

We also define the following three operators:{
B : D(A) → R,
B(ψ0, ψ1) := ψ1(0)− ψ1(−T ),{

F : L2([−T, 0);R) → L2([−T, 0);R),
F (z)(s) := −z(−T − s),

(5.34)

and {
R : L2([−T, 0);R) → R,

R(z) :=
∫ 0

−T
z(s)ds.

It will be useful to relax the relationship between ι and the initial datum of k (we will use this
for defining the solution of the HJB equation on an open set). Specifically, we will not necessarily

impose k(0) =
∫ 0

−T
ῑ(s)ds. The restriction will be re-introduced when we will come back to the
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applied problem. To achieve this, given (k0, ῑ) ∈ X and i(·) ∈ L2
loc([0,+∞);R+), we define:

kk0,ῑ,i(t) = k0 −
∫ 0

(−T+t)∧0

ῑ(s)ds+

∫ t

0

i(s)ds. (5.35)

Following Vinter and Kwong (1981), we introduce now the structural state of the system, which
connect the system’s dynamics as a delay equation with the dynamics of a suitable evolution equation
in X:

Theorem 5.6 Assume that ῑ ∈ L2([−T, 0);R+), i ∈ L2
loc([0,+∞);R+), and k0 ∈ R, with y =

(k0, F (ῑ)). Then, for every T > 0, the structural state

yy,i(t) = (y0y,i(t), y
1
y,i(t)) = (kk0,ῑ,i(t), F (i(t+ ·)|[−r,0])

is the unique solution in

Π :=

{
f ∈ C(0, T ;X) : f ′ ∈ L2(0, T ;D(A)′)

}
, (5.36)

to the equation: {
y′(t) = A∗y(t) +B∗i(t), t > 0,

y(0) = x = (k0, F (ῑ)),
(5.37)

where A∗ and B∗ are the adjoints of the operators A : D(A) → X and B : D(A) → R.

See Theorem 5.1, p. 258 of Bensoussan et al. (2007) for a proof.

5.3.3. The infinite-dimensional HJB equation and its explicit solution. To find the solution to the
optimal control problem, we formulate the associated Hamilton-Jacobi-Bellman (HJB) equation in
the infinite-dimensional space X. The analysis requires two key hypotheses that parallel those found
in standard growth models. The first ensures that sustained growth is possible, while the second
guarantees the finiteness of the value function.

To this end, let ξ be the unique strictly positive root of the characteristic equation

z = A(1− e−zT ).

Such a root exists if and only if the following condition holds.

Assumption 5.7 AT > 1.

The root ξ represents the maximum possible asymptotic growth rate of the capital stock when all
output is reinvested. The second assumption ensures that the planner’s discount rate ρ is sufficiently
high to prevent the utility integral from diverging.

Assumption 5.8 ρ > ξ(1− σ).

This is the counterpart of the standard finite-utility assumption in a one sector AK model

The HJB equation for the value function V (y) associated with the structural state y = (k, F (ῑ)) ∈
X is:

ρv(x) = sup
i∈[0,Ax0]

{
(Ax0 − i)1−σ

1− σ
+ ⟨Dv(x),A∗x+B∗i⟩X

}
. (5.38)

We try now to look for an explicit solution of this equation.

First, we define the functional Γ0 : X → R, which acts as a scalar “equivalent capital” stock:

Γ0(x) := x0 +

∫ 0

−T

eξsx1(s) ds, (5.39)
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where x = (x0, x1) is a generic element of X. The solution to the HJB equation can be defined on
the open set

O :=

{
x = (x0, x1) ∈ X : Γ0(x) > 0 and Ax0 > ν−1/σ

(
A

ξ

)1/σ

Γ0(x)

}
.

Proposition 5.9 Suppose that Assumptions 5.7 and 5.8 are verified. Define v : O → R as the
function

v(x) = ν
[Γ0(x)]

1−σ

1− σ
, (5.40)

where

ν =

(
ρ− ξ(1− σ)

σ

)σ (
A

ξ

)1−σ

.

Then v is a classical solution to the HJB equation (5.38) on the open subset O.

Proof. We directly check that, for some positive ν that we will characterize, we can find a solution
of the form (5.40).

If v is in the form (5.40) then it is continuously Fréchet differentiable on the open set O and its
differential is given by

Dv(x) = ν[Γ0(x)]
−σDΓ0(x), (5.41)

where
DΓ0(x) = (1, {s 7→ eξs}) ∈ X.

One can easily prove that DΓ0(x) ∈ D(A) (defined in (5.33)) and then the gradient Dv(x) also
belongs to D(A) for all x ∈ O and Dv is continuous from O to D(A) (endowed with the graph
norm) satisfying the regularity requirements for a classical solution.

Since the function id concave, the maximizer of the Hamiltonian, which gives the candidate
optimal control i∗(x), is found by taking the first-order condition with respect to i in the expression
inside the supremum of (5.38):

0 =
∂

∂i

[
(Ax0 − i)1−σ

1− σ
+ iB(Dv(x))

]
= −(Ax0 − i)−σ +B(Dv(x)).

This gives the condition (Ax0 − i)−σ = B(Dv(x)). Since B is the evaluation map B(ψ) = ψ1(0)−
ψ1(−T ), its application to the gradient yields:

B(Dv(x)) = ν[Γ0(x)]
−σB(DΓ0(x)) = ν[Γ0(x)]

−σ(eξ·0 − eξ(−T )) = ν[Γ0(x)]
−σ(1− e−ξT ).

Using the characteristic equation for the root ξ, we have 1− e−ξT = ξ/A. Thus, we find

B(Dv(x)) = ν[Γ0(x)]
−σ ξ

A
.

From the first-order condition, the optimal investment i∗(x) is given by

i∗(x) = Ax0 − [B(Dv(x))]−1/σ,

which explicitly becomes:

i∗(x) = Ax0 −
(
ν[Γ0(x)]

−σ ξ

A

)−1/σ

= Ax0 − ν−1/σ

(
A

ξ

)1/σ

Γ0(x) (5.42)

(remark that i∗(x) is in (0, Ax0) thanks to definition of O),

(Ax0 − i∗(x))1−σ = B(Dv(x))−(1−σ)/σ =

(
ν[Γ0(x)]

−σ ξ

A

)(1−σ)/σ
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and

i∗(x)B(∇v(x)) =

(
Ax0 − ν−1/σ

(
A

ξ

)1/σ

Γ0(x)

)(
ν[Γ0(x)]

−σ ξ

A

)

= ξνx0[Γ0(x)]
σ −

(
ν[Γ0(x)]

σ ξ

A

)−(1−σ)/σ

.

Let us compute the term ⟨Dv(x),A∗x⟩X = ⟨A(Dv(x)), x⟩X . From the definition of operator A, we
have

A(Dv(x)) = ν[Γ0(x)]
−σA(DΓ0(x)) = ν[Γ0(x)]

−σ(0, {s 7→ ξeξs}).
Therefore,

⟨A(Dv(x)), x⟩X = ν[Γ0(x)]
−σ

∫ 0

−T

ξeξsx1(s) ds = ξν[Γ0(x)]
−σ(Γ0(x)− x0).

Plugging the expressions for each term into the HJB equation

ρv(x) = ⟨ADv(x), x⟩+ sup
i∈[0,Ax0]

{
(Ak − i)1−σ

1− σ
+ ⟨Dv(y),B∗i⟩

}
.

we have that v is a solution if and only if

ρν
[Γ0(x)]

1−σ

1− σ
= ξν[Γ0(x)]

−σ(Γ0(x)− x0)

+
σ

1− σ

(
ν[Γ0(x)]

−σ ξ

A

)(σ−1)/σ

+ x0ν[Γ0(x)]
−σξ.

Now, we multiply the entire equation by 1−σ
ν[Γ0(x)]−σ to simplify:

ρ[Γ0(x)] = ξ(1− σ)(Γ0(x)− x0)

+
σ

ν

(
ν
ξ

A

)(σ−1)/σ

Γ0(x) + (1− σ)ξx0.

Let us expand and rearrange the terms:

ρΓ0(x) = ξ(1− σ)Γ0(x)− ξ(1− σ)x0 +
σ

ν

(
ν
ξ

A

)(σ−1)/σ

Γ0(x) + (1− σ)ξx0.

The terms involving x0 cancel each other out so we are left with an equation where we can factor
out Γ0(x):

ρΓ0(x) =

[
ξ(1− σ) + σν−1/σ

(
ξ

A

)(σ−1)/σ
]
Γ0(x).

which holds for any x ∈ O if and only if

ν =

(
ρ− ξ(1− σ)

σ

)σ (
A

ξ

)1−σ

.

This confirms that the function v(x) with this specific constant ν is indeed a solution to the HJB
equation. □

Remark 5.10 The (candidate, so far) value function is homogeneous of degree 1 − σ, not in
the capital stock k itself, but in the “equivalent capital” Γ0(x). This quantity discounts the past
investments (contained in x1) using the maximal growth rate ξ, effectively translating the entire
vintage capital structure into a single scalar value.
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5.3.4. The solution of the model. Before presenting the main results on the solution of the optimal
control problem, we make some remarks on the state constraints. In our Hilbert space formulation,
we have not explicitly included constraints such as the positivity of the capital stock, k(t) ≥ 0,
which corresponds to x0(t) ≥ 0. Moreover, the non-negativity of the investment control, i(t) ≥ 0,
is a natural requirement in a vintage capital model, where each past investment corresponds to a
distinct generation of machines.

Let’s consider an initial state x = (k0, F (ῑ)) such that k0 > 0 and the past investments are
non-negative, i.e., ῑ(s) ≥ 0 for s ∈ [−T, 0). This implies that the initial structural state x has a
positive first component x0 > 0 and a second component x1 which is non-positive. The candidate
optimal feedback control is given by ϕ(x) = i∗(x) as defined in (5.42). By the very definition of the
domain O in which we work, the feedback ϕ(x) is strictly positive for any x ∈ O. If a trajectory y(t)
starting from x ∈ O remains in O for all future times, then the investment control i(t) = ϕ(y(t)) will
always be positive. Consequently, the capital stock k(t) = y0(t), being an integral of past positive
investments over the time window of length T , will also remain positive. Therefore, the crucial step
is to prove that the trajectory remains within the domain O.

To make the argument cleaner, we state a first verification theorem, which directly follows from
the general theory, where we suppose the trajectory to remain in O. Then we will give a sufficient
condition (on the parameters) to ensure that trajectories starting from economically meaningful
initial data (i.e., with k0 > 0 and ῑ(s) ≥ 0) remain in O.

Theorem 5.11 (Verification Theorem) Suppose that Assumptions 5.7 and 5.8 hold. Let ϕ :
O → R be the feedback map defined by (5.42). Let x ∈ O be an initial state with x0 > 0 and x1 ≤ 0.
If the unique solution y(·) to the closed-loop system

y′(t) = A∗y(t) + B∗ϕ(y(t)), y(0) = x,

remains in O for all t ≥ 0, then the control u∗(t) = ϕ(x(t)) is optimal for the infinite-dimensional
problem, and the value function is given by V (x) = v(x), where v is defined in (5.40).

Proof. The result follows directly from applying Theorem 3.12. Remark that the demanded transver-
sality is satisfied due to Assumption 5.8. □

The next result provides a sufficient condition on the model’s parameters for ensuring that the
trajectory driven by the (candidate optimal) feedback remains in O, thus providing a complete
solution to the problem. The condition is expressed in the following assumption.

Assumption 5.12
ρ− ξ(1− σ)

σ
< A.

Theorem 5.13 Suppose that Assumption 5.7, 5.8, and 5.12 hold. Let x = (k0, F (ῑ)) be an initial
state such that k0 > 0 and ῑ(s) ≥ 0 for a.e. s ∈ [−T, 0). Then the closed-loop system driven by the
feedback map ϕ(x) from (5.42) has a unique solution y(·) starting from x, and this solution remains
in O for all t ≥ 0, moreover y0 and i remains positive. Consequently, the control i∗(t) = ϕ(y(t)) is
optimal for the original economic/DDE problem (5.32)-(5.31) with positivity contraints for capital,
investment (and consumption), the related value function is V (x) = v(x).

Proof. We need to show that if we start from x ∈ O, the trajectory y(t) remains in O (our discussion
before Theorem 5.11 already shows that, in this case, if one starts from positive k = x0 and ῑ than
the system will maintain positive capital and investment over time). This means we need to prove
that i(t) = ϕ(y(t)) > 0 for all t ≥ 0.

Along the candidate optimal trajectory, from (5.42) and using the expressions for the state com-
ponents from Theorem 5.6 and equation (5.35), we have:
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i(t) = Ay0(t)−
(
ν[Γ0(y(t))]

−σ ξ

A

)−1/σ

= Ay0(t)− ν−1/σ

(
A

ξ

)1/σ

Γ0(y(t))

=

(
A− ρ− ξ(1− σ)

σξ/A

)(∫ t

t−T

i(s) ds

)
− ρ− ξ(1− σ)

σξ/A

∫ 0

−T

eξsF (i(t+ ·))(s) ds

=

∫ 0

−T

[
A−

(
ρ− ξ(1− σ)

σ

A

ξ

)(
1− eξ(−T−s)

)]
i(t+ s) ds. (5.43)

Thanks to Assumption 5.12, the weight multiplying i(s) inside the integral is strictly positive for
every s. This implies that if the investment path i(·) has been positive in the past (or non-negative
and not identically zero), then the resulting i(t) must be strictly positive. It is therefore impossible
for the investment to reach zero (or become negative) for the first time.

Therefore, the trajectory remains in O, and by Theorem 5.11, the proof is complete. □

5.3.5. Variants and Literature. The study of vintage capital models with delay dynamics in an
intertemporal optimization context began with the optimal replacement model proposed by Mal-
comson (1975), while one of the first contributions in the realm of optimal growth theory comes
from Benhabib and Rustichini (1991).

In the model considered here, the scrapping time T is exogenous and constant, whereas in several
other models (such as those already cited, or also Boucekkine et al. (1997) and Boucekkine et al.
(2011c)), it is endogenous (for example, due to the cost of maintenance, which increases with the age
of the machines). In the model by Boucekkine et al. (2011c), where the lifetime T is endogenous but
constant at the optimum, the authors solve the model using an infinite-dimensional formulation. For
additional references, see also Boucekkine et al. (2008); Fabbri and Gozzi (2008a); Fabbri (2008b);
Boucekkine et al. (2011d) and the works cited therein.

In a series of other models using a similar formalization (optimal control problem with e DDE
state equation), attention has been focused on human capital rather than physical capital accumu-
lation. Examples include the works of de la Croix and Licandro (1999); Boucekkine et al. (2002,
2011d, 2014a). The last two articles provide explicit feedback solutions to the optimization problem,
obtained through the formulation of the problem in Hilbert spaces.

Another strand of literature where delays naturally appear assumes that agents modify their
preferences according to internal habits, i.e., based on their past consumption habits. One of the
classical models in this context is Constantinides (1990), originally formulated in discrete time and
later extended to a continuous-time setting with delay differential equations by several authors,
including Detemple and Zapatero (1991) and, more recently, Augeraud-Véron and Bambi (2015).
Models with habits have also been studied through a reformulation in Hilbert spaces via dynamic
programming by Augeraud-Véron et al. (2017).

Finally, we mention the articles by Fabbri (2017a) and Boucekkine et al. (2018a), where some
international macroeconomic problems are modeled as optimal control problems with neutral-type
state equations (i.e., including delay terms in both the state and its derivative). In both cases, the
problems are studied using a Hilbert space formulation introduced by Burns et al. (1983).

5.4. Vintage capital with transport state equation. We here analyse a model for vintage
capital where the heterogeneity in the vintage, or equivalently the age, of capital goods is represented
by a separate variable s evolving jointly with the time variable t. Here, capital goods k depend on
the two variables t and s, and their evolution becomes a PDE of transport type.

5.4.1. The economic problem. Differently from the model analysed in 5.3, The instance of the model
that we describe here is that of Barucci and Gozzi (2001), where the capital-accumulation process
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is described by the system

∂z(t, s)

∂t
+
∂z(t, s)

∂s
= −µz(t, s) + u1(t, s), t ∈ (0,∞), s ∈ (0, s̄],

z(t, 0) = u0(t), t ∈ (0,∞),

z(0, s) = z0(s), s ∈ [0, s̄],

(5.44)

where z(t, s) is the amount of capital goods of vintage s accumulated at time t, u1(t, s) represents
the gross investment rate at time t in capital goods of vintage s, u0(t) represents gross investment
in new capital goods at time t, it also defines the boundary condition for the evolution of the stock
of capital z. Moreover µ > 0 is the depreciation factor, s̄ ∈ (0,+∞] is the maximum vintage/age
considered (older capital goods are considered nonproductive), and s′ > s means that capital goods
of vintage s′ are older than capital goods of vintage s.15 Time and vintage share the same unit
measure, meaning that, net of the decrease µz(t, s) and of the investment u1(t, s) (i.e. for µ = 0 and
u1 ≡ 0), the stock of capital at time t of vintage s becomes after the time period ∆t the stock of
capital of vintage s+∆t, i.e., z(t, s) = z(t+∆t, s+∆t).

The entrepreneur maximizes over u(·) = (u0(·), u1(·)) the discounted intertemporal profits (rev-
enues minus costs)

J (z0;u(·)) (5.45)

=

∫ ∞

0

e−ρt

[ ∫ s̄

0

[
α(t, s)z(t, s)− q1(t, s)u1(t, s)− β1(t, s)u1(t, s)

2
]
ds− q0(t)u0(t)− β0(t)u0(t)

2

]
dt,

where α(t, s)k(t, s) represent the revenues at time t of capital goods of vintage s, meaning we assume
constant returns to scale, while costs are quadratic, with the qi’s representing unit costs, the βi’s
adjustment costs.

We can make further assumptions about the payoff coefficients to give them economic meaning:

(i) α(t, s) ≥ 0, with α(t, s) = 0, ∀t ≥ 0 if s ≥ s̄; moreover, ∂α
∂s (t, s) ≤ 0,∀s ∈ [0, s̄], for every fixed

t (technology productivity is decreasing in s, so that young capital goods are more productive
than old ones);

(ii) similarly, β1(t, s), q1(t, s) > 0, β0(t), q0(t) ≥ 0; and ∂β1

∂s (t, s), ∂q1∂s (t, s) ≤ 0,∀s ∈ [0, s̄], for every
fixed t (old capital goods are less expensive and easier to install than young ones); moreover

q0(t) ≥ lim
s→0

q1(t, s) =: q1
(
t, 0+

)
, β0(t) ≥ lim

s→0
β1(t, s) =: β1

(
t, 0+

)
.

It is crucial to observe that the linearity of the payoff with respect to the state variable is essential
for deriving an explicit solution to the problem. The case where the revenue is a more general concave
function of the state variable produces no explicit formula, and will be later analysed in Subsection
6.3.

5.4.2. Rewriting the problem in a Hilbert space setting. We rephrase the equation (5.44) in the
Hilbert space X = L2(0, s̄;R) through the following linear closed operator A:

D(A) =
{
f ∈ H1(0, s̄) : f(0) = 0

}
, Af = −f ′ − µf,

where H1(0, s̄) is the usual Sobolev space of order 1. The operator A generates a C0-semigroup
on the Hilbert space X (see e.g. Engel and Nagel (2000), Sec. 1.4), which is a modification of the

15Note that the partial differential equation (5.44) generalizes the classical dynamic system describing the firm capital

accumulation, z′(t) = u(t)− µz(t).
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well-known translation semigroup analysed in Example A.10. In detail

[eAtf ](s) = e−µtf(s− t)χ[t,s̄](s).

The adjoint semigroup {etA∗}t≥0 and its generator A∗, the adjoint of A, will also play a role in the
sequel. When defined in X, they read as

[etA
∗
f ](s) = e−µtf(s+ t)χ[0,s̄−t](s)

with
D (A∗) =

{
f ∈ H1(0, s̄) : f(s̄) = 0

}
, A∗f = f ′(s)− µf,

when s̄ < +∞; when s̄ = +∞ we have that lims→+∞ f(s) = 0 for f ∈ H1(0,+∞), so that
D (A∗) = H1(0,∞).

Formally setting y(t) := z(t, ·), the state equation (5.44) can be formally rewritten as an abstract
equation as {

y′(t) = Ay(t) + Bu(t), t > 0,

y(0) = x = z0(·),
(5.46)

where, with abuse of notation, u1(t) := u1(t, ·) and, letting U = R×X be the control space endowed
with norm |u| = |u0|R + |u1|X , the control operator is

B : U → D(A∗)′, Bu = B(u0, u1) = u0δ0 + u1.

Note that, it is hence unbounded – a common trait in boundary value problems, where the control
is acting on the boundary. We are therefore within the framework of unbounded control described
in Subsection 2.1.1. In particular B satisfies 2.6, so the claim of Proposition 2.7 holds in this case
and therefore the mild solution

y(t) = etAx+

∫ t

0

e(t−τ)ABu(τ)dτ (5.47)

lies in X. The profit functional can also be rewritten in abstract terms with abuse of notation as

J (x;u(·))

=

∫ ∞

0

e−ρt

[
⟨α(t), k(t)⟩ − ⟨q1(t), u1(t)⟩ − ⟨β1(t)u1(t), u1(t)⟩ − q0(t)u0(t)− β0(t)u

2
0(t)

]
dt.

(5.48)

The functional J (k0, u) has to be minimized with respect to u ranging over a suitable set of admis-
sible controls. For instance, we may choose the set

L2
ρ(0,∞;U) ≡

{
u : [0,∞) → U :

∫ ∞

0

e−ρτ |u(τ)|2 <∞
}
. (5.49)

We do not impose constraints on the controls and on the trajectory, but provide conditions un-
der which the positivity of the trajectory is obtained a posteriori for the solution of the uncon-
strained problem. For the sake of simplicity, in what follows, we will assume that the coefficients
α, q1, β1, q0, β0 are independent of t, leading to the stationary problem, although in Barucci and
Gozzi (2001) the authors discuss a case with a particular dependence on the time variable t of such
coefficients.

5.4.3. The infinite-dimensional HJB equation and its explicit solution. We discuss in detail the case
in which the data satisfy the following assumptions.

Assumption 5.14
(i) α, β1, q1 ∈ H1(0, s̄).
(ii) For every s ≥ 0, we have α(s) ≥ 0, q(s) ≥ 0, β(s) ≥ ϵ for a given ϵ > 0
(iii) α′(s) ≤ 0, q′1(s) ≤ 0, β′

1(s) ≤ 0.
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(iv) α(s̄) = 0, and

q0 ≥ lim
s→0+

q1(s) =: q
(
0+
)
, β0 ≥ lim

s→0+
β1(s) =: β1

(
0+
)
.

Assumption 5.15 When s̄ = +∞, we assume ρ > −µ.

In line with the notation of Section 3, for p ∈ D(A∗), x ∈ X, we define16

H(x, p) := ⟨α, x⟩+ sup
u0∈R

{
(δ0p− q0)u0 − β0u

2
0

}
+ sup

u1∈X

{
⟨(p− q), u1⟩ − ⟨β1u1, u1⟩

}
(5.50)

= ⟨α, x⟩+ (p(0)− q0)
2

4β0
+
〈 1

4β1
(p− q), p− q

〉
Note that the above function is well defined as p is continuous and (δ0p) = p(0). Moreover, the
suprema in the above formula are attained at

u∗0 =
p(0)− q0

2β0
, u∗1 = u∗1(s) =

p(s)− q(s)

2β1(s)
. (5.51)

Consequently, the HJB equation associated to the problem is

ρv(k) = ⟨α+A∗Dv(k), x⟩+ ([Dv(x)](0)− q0)
2

4β0
+
〈 1

4β1
Dv(x)− q1, Dv(x)− q1

〉
. (5.52)

Proposition 5.16 Let Assumptions 5.14 and 5.15 hold. Define the function

v(x) = ⟨ᾱ, x⟩+ (ᾱ(0)− q0)
2

4ρβ0
+

∫ s̄

0

(ᾱ(s)− q1(s))
2

4ρβ(s)
ds (5.53)

where

ᾱ(s) = [R(ρ,A∗)α](s) =

∫ s̄

s

e−(ρ+µ)(σ−s)α(σ)dσ.

Then Dv(x) ∈ D(A∗) and v is a classical solution to the HJB equation (5.52) on X.

Proof. By the Riesz representation theorem, it is straightforward to see that Dv(x) = ᾱ, which is a
function in D(A∗) by direct proof. Then, comparing (5.53) and (5.52), one sees that v solves (5.52)
if and only if

ρ⟨ᾱ, x⟩ = ⟨α+A∗ᾱ, x⟩ ⇐⇒ ⟨(ρ−A∗)ᾱ− α, x⟩ = 0.

Note that the latter is equivalent to establishing that ᾱ = R(ρ,A∗)α or also that ᾱ is the unique
solution to the backward Cauchy problem{

ρf(s)− f ′(s) + µf(s) = α(s), s ∈ [0, s̄)

f(s̄) = 0
.

which is, by the variation of constant formula ᾱ, concluding the proof. □

5.4.4. The solution of the model. We want to show that V coincides with the explicit solution v of
the HJB equation of Proposition 5.16, so that the candidate optimal (feedback) controls are obtained
by replacing p in (5.51) with the gradient ᾱ of v. Note that such controls are actually independent
of time, of the trajectory y(t), and of the initial datum, so that the closed loop equation, obtained
by replacing u0 and u1 with u∗0 and u∗1 in (5.44), has a unique solution in X.

Our theoretical results of Subsection 3.3 apply leading to the following.

Theorem 5.17 Let Assumptions 5.14 and 5.15 hold. The following statements hold:

(i) The value function V coincides with v defined in Proposition 5.16.

16Operations with functions must be intended pointwise.
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(ii) The unique optimal control is

u∗0 =
ᾱ(0)− q0

2β0
, u∗1(s) =

ᾱ(s)− q(s)

2β(s)
, (5.54)

and the associated optimal trajectory of the original problem is17

z∗(t, s) =


e−µtz0(s− t) +

∫ t

0

e−µσ ᾱ(s− σ)− q1(s− σ)

2β1(s− σ)
dσ, s ≥ t,

e−µs ᾱ(0)− q0
2β0

∫ s

0

e−µσ ᾱ(s− σ)− q1(s− σ)

2β1(s− σ)
dσ, s < t.

(5.55)

5.4.5. Variants and Literature. A variant of the model with a boundary condition of Neumann type
is addressed in Barucci and Gozzi (1998). Extensions of the model for a objective functional concave
in the state and control variables are addressed in a series of papers by Faggian with finite horizon,
and by Faggian and Gozzi with infinite horizon. For finite horizon, in Faggian (2008a) it is shown the
value function is the unique strong solution (namely, the limit of classical solutions of approximating
equations) of the HJB equation associated to the problem, althouygh no explicit formula is available.
The optimal control is characterized by means of the gradient of the value function. Concurrently,
Faggian (2005) establishes existence and uniqueness of strong solutions of a class of HJ equation to
which the value function of the control problem belongs. The same optimal control problem, but
with the addition of state constraints, is then addressed in Faggian (2008b), together with existence
and uniqueness of the a weak solution (defined as, the limit of strong solutions in the above sense)
of the associated HJB equation. For the infinite horizon case one can see, e.g., Faggian and Gozzi
(2010a) and Faggian et al. (2021).

Models with the same evolutionary and payoff structure are used in various applications. In
Faggian and Grosset (2013a) the authors analyze a model for optimal advertising where capitals
are interpreted as the so called “goodwill” (the intangible value of a product that comes from its
established reputation) of products of different vintages, and controls represent the intensity of
advertising. In Fabbri et al. (2015) capitals represent a forest of trees distributed in time among
different ages, while the pay-off represents utility from harvesting, and is a concave functional solely
of the control.

5.5. Time-to-build: the linear pointwise delay case.

5.5.1. The economic problem. In this subsection work we present a class of models with a time-to-
build structure, i.e. a model which explicitly takes into account the time that elapses between the
investment decision and the moment when the new generation of capital goods becomes productive.

Time-to-build models are not directly a sub-family of vintage capital models but it is clear that
the two have an important feature in common (see also Benhabib and Rustichini, 1991): in both
cases, past investments have different effects on capital and output depending on when they were
made. For this reason, an irregular pattern in the history of past investment implies shocks and an
irregularity in the present capital stock both in vintage capital models and in time-to-build models.

In this subsection, we examine the model introduced by Kalecki (1935), later studied, among
others, by Asea and Zak (1999), Bambi (2008) and Bambi et al. (2012), which presents the simplest
case (albeit technically somewhat delicate) where investment becomes suddenly and fully productive

17Note that when z0 is nonnegative, a sufficient condition for the optimal trajectory to be nonnegative is that the

optimal controls are nonnegative, that is

q0 ≤ ᾱ(0), q(s) ≤ ᾱ(s), for a.a. s ∈ [0, s̄].
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after a certain (exogenous and constant) time d (the gestation period). For the reformulation of the
problem as an optimal control problem in Hilbert spaces, we will follow Bambi et al. (2012).

The described time-to-build structure is integrated, following Bambi (2008), into an AK endoge-
nous growth model, assuming that production at time t is given by:

q(t) = Ak(t− d),

where A is the capital productivity (we use the notation q for the production instead of y to avoid
confusion with the name of the state variable in the Hilbert space formulation of the problem). So,
under the standard closed-economy, no-state-intervention budget constraints, we have

i(t) = q(t)− c(t) = Ak(t− d)− c(t),

which we assume to be positive to incorporate an irreversibility constraint: once capital is installed,
it has no alternative value outside production. Including a capital depreciation rate δ ≥ 0, the
accumulation of capital is governed by:

k′(t) = i(t)− δk(t− d) = Ak(t− d)− c(t)− δk(t− d) = Ãk(t− d)− c(t), ∀t ≥ 0, (5.56)

where the parameter Ã = A− δ > 0 reflects the productivity level A net of the capital depreciation
rate δ. The irreversibility constraint can therefore be written as:

k̇(t) ≥ −δk(t− d), ∀t ≥ 0, (5.57)

and is coupled with the non-negativity constraints on c and k.

The planner maximizes: ∫ ∞

0

c(t)1−σ

1− σ
e−ρt dt, (5.58)

where, as usual, ρ > 0 represents the intertemporal discount rate, and σ > 0 (with σ ̸= 1) is the
inverse of the elasticity of substitution.

We assume that the initial condition for k is slightly more regular than in Subsection 5.3. Specif-
ically, we assume that k0(·) ∈ H1([−d, 0];R+) (the Sobolev space of order 1). We also assume that
c(·) ∈ L2

loc([0,+∞);R). Under these assumptions, equation (5.56) admits a unique continuous so-
lution, and this solution belongs to H1

loc([−d,+∞);R), as proved in Bensoussan et al. (2007), page
287.

Before reformulating the problem in the Hilbert space X introduced in Subsection 5.3, we perform
a change of variables. The optimal control problem is rewritten in terms of output, q(t) = Ak(t−d),
and adjusted net investment, u(t) := (A/Ã)k̇(t) = q(t)− A

Ã
c(t).

In this way the constraints
i(t) ≥ 0, c(t) ≥ 0

read as

u(t) ≥
(
1− A

Ã

)
q(t) and u(t) ≤ q(t) ⇐⇒ u(t) ∈

[(
1− A

Ã

)
q(t), q(t)

]
, (5.59)

and maximizing the functional (5.58) is equivalent to maximizing:∫ ∞

0

e−ρt (q(t)− u(t))
1−σ

1− σ
dt (5.60)

subject to the state equation: q′(t) = Ãu(t− d), t ≥ 0,

u(s) = u0(s) = Ak̇0(−d− s), s ∈ [−d, 0),
q(0) = q0 := Ak(−d),

(5.61)

and the constraint (5.59).
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5.5.2. Rewriting the problem in a Hilbert space setting. Given any initial data q0 ∈ R, u0 ∈
L2([−d, 0);R), and any control strategy u(·) ∈ L2

loc([0,+∞);R), we denote by q(q0,u0(·)),u(·)(·) the
unique output trajectory associated with u(·). This trajectory is the unique absolutely continuous
solution of (5.61), as shown in Bensoussan et al. (2007), Theorem 4.1, page 222.

Following the approach used in Subsection 5.3, and based on the results of Vinter and Kwong
(1981), we define the structural state of the system. This state is again an element of the Hilbert
space X introduced in Subsection 5.3.

Definition 5.18 Given the initial data q0 ∈ R and u0 ∈ L2([−d, 0];R), and a control strategy
u(·) ∈ L2

loc([0,+∞);R), we define the structural state of the system at time t ≥ 0 as the pair:

y(q0,u0(·)),u(·)(t) = (y(q0,u0(·)),u(·)0(t), y(q0,u0(·)),u(·)1(t))

:= (q(q0,u0(·)),u(·)(t), γ(t)(·)) ∈ X,

where γ(t)(·) is the element of L2([−d, 0];R) defined as:{
γ(t)(·) : [−d, 0] → R,

γ(t)(s) := Ãu(t− d− s).
(5.62)

For notational convenience we will often skip the double superscript and we will just write y(t) =
(y0(t), y1(t)).

Before writing the state equation as an equation in X, we introduce some additional notation.
We start by defining the unbounded operator A∗ on X:

D(A∗) := {(ψ0, ψ1) ∈ X : ψ1 ∈W 1,2([−d, 0];R), ψ0 = ψ1(0)},
A∗ : D(A∗) → X,
A∗(ψ0, ψ1) := (0, d

dsψ
1).

The operator A∗ and its adjoint A are generators of a C0 semigroup on X (see Bensoussan et al.,
2007, Section 4.6, page 242). We define Dirac’s delta δ−d on D(A∗) as:18

δ−d(ψ
0, ψ1) = δ−dψ

1 = ψ1(−d) ∈ R. (5.63)

We are now ready to rewrite the state equation of our problem as an evolution equation in X.
Using Theorem 5.1, page 258 of Bensoussan et al. (2007), we obtain the following result:

Theorem 5.19 Given any initial data q0 ∈ R, u0 ∈ L2([−d, 0];R), and any control strategy
u(·) ∈ L2

loc([0,+∞);R), the structural state y(q0,u0(·)),u(·)(·), as defined in (5.62), is the unique
solution in the space:

Π :=

{
f ∈ C(0,+∞;X) : f ′ ∈ L2

loc(0,+∞; D(A∗)′))

}
.

of the equation:  y′(t) = Ay(t) + u(t)Ãδ−d, t ≥ 0,

y(0) = x = (q0, γ(0)(·)),
(5.64)

where γ(0)(·) is defined in terms of u0 as in (5.62).

Note (see page 258 of Bensoussan et al., 2007) that (5.37) has a unique solution for every initial
datum x ∈ X and control strategy u(·) ∈ L2

loc([0,+∞);R). We denote this solution by yp,u(·)(·).
Once we have rewritten the state equation using the Hilbert space formalization, we can conse-

quently reformulate the other elements of the optimization problem in a consistent manner.

18By the Sobolev embedding theorem, W 1,2([−d, 0];R) ⊆ C([−d, 0];R), so this definition is well-posed.



42 G.FABBRI, S. FAGGIAN, S. FEDERICO, AND F. GOZZI

The constraint (5.59) can be rewritten as:

u(t) ∈
[(

1− A

Ã

)
y0(t), y0(t)

]
, t ≥ 0,

so the set of admissible control strategies for a given initial datum p ∈ X is given by:

U(x) :=
{
u ∈ L2

loc([0,+∞);R+) : u(t) ∈
[(

1− A

Ã

)
y0(t), y0(t)

]
for all t ≥ 0

}
. (5.65)

If y0(t) < 0, then the interval
[(

1− A
Ã

)
y0(t), y0p,u(·)(t)

]
is empty. Thus, admissibility requires

y0(t) ≥ 0 for all t ≥ 0.

The functional to be maximized becomes:

J(x, u(·)) :=
∫ ∞

0

e−ρs (x
0(t)− u(t))1−σ

1− σ
ds. (5.66)

5.5.3. The infinite-dimensional HJB equation and its explicit solution. Following the Hilbert space
formulation, we can now write the associated Hamilton-Jacobi-Bellman (HJB) equation which, in
line with (3.4) can be written, in terms of the structural state as

ρv(x) = ⟨x,ADv(x)⟩X + sup
u∈[(1−A

Ã
)x0,x0]

[
uÃδ−d(D(v(x)) +

(x0 − u)1−σ

1− σ

]
(5.67)

Similarly to what we did in Subsection 5.3 for the AK vintage model, we denote here ξ the unique
positive real root of the characteristic equation associated with the delay dynamics:

z = Ãe−zd. (5.68)

Also in this case ξ can be interpreted as the maximal attainable growth rate (or the constant real
interest rate of the economy). So the standard assumption for endogenous growth and for the
finiteness of the value function translates here in the following:

Assumption 5.20 ρ > ξ(1− σ).

It ensures that the planner’s discount rate ρ is sufficiently high compared to the economy’s
maximal growth rate ξ to prevent the utility integral (5.66) from diverging.

To find an explicit solution of the HJB equation, we try to find a function homogeneous in a
linear functional of the state. Since ξ can be interpreted as the interest rate it is natural to weight
the past actions using the exponential of ξ. All in all (and similarly to what we had in the vintage
capital model that we presented in the previous subsection) we look for a solution that is in the
form of of power of some “equivalent capital”. So we define the functional Γ : X → R as

Γ(x) := x0 +

∫ 0

−d

eξsx1(s) ds, (5.69)

where x = (x0, x1) ∈ X. Here, x0(t) = q(t) is the current output produced by the current installed
capital, while the integral term represents the discounted present value of the output that will be
generated by capital goods that are already in the pipeline but not yet productive.

The solution to the HJB equation can be defined on a specific subset of X. Let us define the
open set Q := {x ∈ X : Γ(x) > 0} and, setting

α =
ρ− ξ(1− σ)

σξ
,
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the open set

O :=

{
x = (x0, x1) ∈ H : Γ(x) < x0

(
A

αÃ

)}
.

The set O represents the region of the state space where the optimal control is an interior solution
to the constrained problem, as we will see in the proof.

Proposition 5.21 Under Assumption 5.20, the function v : Q → R given by

v(x) := ν
[Γ(x)]1−σ

1− σ
(5.70)

with

ν = α−σ 1

ξ

is differentiable in all x ∈ Q and is a solution of the HJB equation (5.67) on the set O in the sense
of (3.4).

Proof. The proof is constructive: we verify that (5.70) solves the HJB equation (5.67).

First, we compute the Fréchet derivative of v(x). Since Γ is a linear functional, v is differentiable
for all x ∈ Q, and its derivative is:

Dv(x) = ν[Γ(x)]−σDΓ(x),

where DΓ(x) = ψ := (1, θ(·)) with θ(s) = eξs which can be easily seen to belong to D(A∗).

Next, we find the candidate feedback optimal control by maximizing

u 7→ uÃδ−d(Dv(x)) +
(x0 − u)1−σ

1− σ

over the set u ∈
[(

1− A
Ã

)
x0, x0

]
. Since this function is concave the first-order condition is necessary

and sufficient it identify a point which respects the constraints. We get

Ãδ−d(Dv(x))− (x0 − u∗)−σ = 0 =⇒ u∗(x) = x0 − (Ãδ−d(Dv(x)))
−1/σ.

We compute the term δ−d(Dv(x)):

δ−d(Dv(x)) = ν[Γ(x)]−σδ−d(ψ) = ν[Γ(x)]−σe−ξd.

Using the characteristic equation (5.68), Ãe−ξd = ξ, so,

Ãδ−d(Dv(x)) = ξν[Γ(x)]−σ.

Substituting this into the expression for u∗(x) gives the candidate feedback policy:

u∗(x) = x0 − (ξν[Γ(x)]−σ)−1/σ = x0 − (ξν)−1/σΓ(x).

Using the definitions of ν and α, we find that (ξν)−1/σ = α, so

u∗(x) = x0 − αΓ(x).

This maximizer is admissible (i.e., it satisfies the constraints in (5.59) so the first condition identify

an internal maximum in
[(

1− A
Ã

)
x0, x0

]
) precisely when x ∈ O.

Finally, we substitute the solution v(x) and the candidate optimal control u∗(x) back into (5.67).
The equation holds if:

ρv(x) = ⟨x,A∗Dv(x)⟩X + u∗(x)Ãδ−d(Dv(x)) +
(x0 − u∗(x))1−σ

1− σ
.

Let’s evaluate the right side of this equation: since Dv(x) = ν[Γ(x)]−σψ, A∗ψ = (0, ξeξs) and
u∗(x) = x0 − αΓ(x), we have
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⟨A∗Dv(x), x⟩X + u∗(x)Ãδ−d(Dv(x)) +
(x0 − u∗(x))1−σ

1− σ

=
〈
ν[Γ(x)]−σ(0, ξeξs), (x0, x1)

〉
X
+ (x0 − αΓ(x))(ξν[Γ(x)]−σ) +

(αΓ(x))1−σ

1− σ

= ν[Γ(x)]−σ

(
ξ

∫ 0

−d

eξsx1(s) ds

)
+ x0ξν[Γ(x)]−σ − αξν[Γ(x)]1−σ +

α1−σ

1− σ
[Γ(x)]1−σ. (5.71)

Using the definition of Γ(x) from (5.69), we can write
∫ 0

−d
eξsx1(s) ds = Γ(x)−x0. Thus the previous

expression becomes

νξ[Γ(x)]−σ
(
Γ(x)− x0

)
+ x0ξν[Γ(x)]−σ − αξν[Γ(x)]1−σ +

α1−σ

1− σ
[Γ(x)]1−σ

= [Γ(x)]1−σ

(
ξν(1− α) +

α1−σ

1− σ

)
. (5.72)

Using the definitions of α = ρ−ξ(1−σ)
σξ and with some algebra one can prove that

(
ξν(1− α) + α1−σ

1−σ

)
is indeed equal to ρ

(
ν

1−σ

)
= ρv(x) so the HJB equation is verified. □

5.5.4. The solution of the model. The explicit solution to the HJB equation allows us to identify the
candidate for the optimal policy in feedback form. The candidate optimal feedback map, provided
by the maximizer of the Hamiltonian, is the linear map

ϕ(x) := x0 − αΓ(x). (5.73)

We have the following result.

Proposition 5.22 Let Assumption 5.20 hold. Let ϕ : O → R be the (linear) feedback map defined
by (5.73) and let x ∈ O be an initial state with x0 > 0 and x1 > 0. If the unique solution y(·) to the
closed-loop system  y′(t) = Ay(t) + ϕ(y(t))Ãδ−d, t ≥ 0,

y(0) = x = (q0, γ(0)(·)),
(5.74)

remains in O for all t ≥ 0, then the feedback control u∗(t) = ϕ(y(t)) is optimal and the value function
is given by the function v provided in Proposition 5.21.

Sketch of the proof. The result follows from applying Theorem 3.12. The demanded transversality
can be proved by using Assumption 5.20. □

If one comes back to the original DDE formulation of the problem, one can rewrite the results in
terms of the original variables. For instance, the optimal control in open loop form is the solution
of the following DDE:

d

dt
u∗(t) = Ãu∗(t− d) (1− α)− α

(
ξÃeξt

∫ −t

−d−t

eξsu∗(−d− s) ds+ Ã(−u∗(t− d) + e−dξu∗(t))

)
,

u∗(s) = u0(s) for s ∈ [−d, 0),

u∗(0) = (1− α) q0 − α
∫ 0

−d
eξsu0(−d− s)(s) ds.

Similar results can be stated for the trajectory t 7→ q(t) .

Remark 5.23 One of the main issue for the application of Proposition 5.22 is the requirement
that the solution to the closed loop equation remains in O, that is, the admissibility of the candidate
optimal feedback map. This may be really difficult: some sufficient conditions are provided at a
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theoretical level in the paper Bambi et al. (2017), dealing with a similar problem, but with distributed
delay. □

5.5.5. Variants and Literature. The economic importance of time-to-build was already clear, for
instance, to Jevons (1871) (see, in particular, the section ”Capital is concerned with Time” in
Chapter 7 of Theory of Capital). However, the first study linking this concept to aggregate economic
fluctuations is attributed to Kalecki (1935). Since then, numerous economists have explored this
theme. Among them, the fundamental work of Kydland and Prescott (1982) demonstrated how,
in a dynamic model with time-to-build, exogenous technological fluctuations can be amplified and
become a key driver of economic cycles. The time-to-build phenomenon is well-documented in the
empirical literature. For example, the dataset of Koeva (2000), derived from a sample of firms in
the Compustat database, indicates that the average time required to install a facility is about two
years, with no significant dependence on the business cycle.

In this subsection, we focused on the formalization introduced by Kalecki (1935) and studied, for
instance, by Asea and Zak (1999); Bambi (2008); Bambi et al. (2012), where investment becomes
productive after a fixed, exogenous lag modeled as a pointwise delay in the state equation. In other
time-to-build models addressing different aspects (such as firm and household investments or the
presence of habits), other authors, including Zhou (2000); Gomme et al. (2001); Edge (2007); Jeon
(2023), often use a smoother dependence on the entire history of past investments, frequently in a
discrete-time framework. On the one hand, this approach can be seen as more general; on the other,
it is technically simpler. This is because, instead of involving an unbounded operator in the state
equation (as is the case here, where the operator δ−r appears in the evolution equation in X, with
the relevant norm being that of L2(−d, 0)), it features a bounded operator (for instance the L2 inner
product with a weight function for the “history” of investment). In the next subsection, we explore
another possible approach to obtaining a different infinite-dimensional formalization of the problem
in the distributed delay case.

6. Examples without explicit solution arising in economic theory

6.1. Time-to-build: the nonlinear distributed delay case. In this subsection, we continue the
study of time-to-build models, but instead of focusing, as in the previous case, on the scenario where
machines become fully productive after a fixed time d from purchase, we will consider a case where
the process occurs more gradually. The problem described here is inspired by the economic problem
proposed in Asea and Zak (1999), which is a nonlinear version of the one addressed in Subsection
5.5, by replacing the term Ak(t− d) by P (k(t− d)), with P increasing and concave, and the power
utility function with a more general one. What we illustrate here is a smoothed version of this
problem, extensively studied by means of viscosity solutions in the two papers Federico et al. (2010,
2011), simplifying it in some aspects19.

6.1.1. The optimal control problem with delay. From a mathematical point of view, the aim is to
study the optimal control of the 1-dimensional ordinary differential equation with delayk

′(t) = P
(
k(t),

∫ 0

−d

a(ξ)k(t+ ξ)dξ
)
− u(t),

k(0) = x0; k(s) = x1(s), s ∈ [−d, 0).
(6.1)

where

(i) d ∈ (0,∞) is the maximal time delay of the controlled ODE;
(ii) x = (x0, x1(·)) is such that x0 > 0 and x1 ∈ L2([−d, 0];R);

19We do not consider here the utility on the current state, present in the aforementioned papers.
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(iii) P : R+ × R → R;
(iv) u(·) is the control variable taking values in some interval C ⊆ R+.

The goal is to maximize a functional of the form20

J (c(·)) =
∫ ∞

0

e−ρth(u(t)) dt, (6.2)

over the set of admissible controls

U(x) =
{
u(·) ∈ L1

loc(R+; C) : kx,u(·)(·) > 0
}
.

The meaning of the above objects is the following.

(i) k is the state variable representing capital, required to stay positive (state constraint);
(ii) u is the control variable representing the consumption rate;
(iii) P is a production function, which takes the current and past values and capital as inputs and

returns the production as output;
(iv) ρ > 0 is a discount factor and w : C → R is a utility function.

6.1.2. Rewriting the problem in a Hilbert space setting absorbing the delay. The optimal control
problem with delay described above can be reformulated as an optimal control problem without
delay by lifting it to infinite dimension. The idea is to look at the whole path k(t+ ·)|[−d,0] as a state
variable in order to absorb the delay. More precisely, to give a formulation in a Hilbert space, it is
useful to distinguish the present of the trajectory of k from its past by considering the dynamics of
the couple

(
k(t), k(t+ ·)|[−d,0]

)
as an element of the Hilbert space X = R × L2(−d, 0;R) endowed

with the inner product

⟨x, z⟩ = x0z0 + ⟨x1, z1⟩L2([−d,0];R), x = (x0, x1) ∈ X, z = (z0, z1) ∈ X.

To this purpose, set
y(t) = (y0(t), y1(t)) =

(
k(t), k(t+ ·)|[−d,0]

)
∈ X.

The state equation (without delay) formally associated to the state variable y(·) in the space X is

y′(t) = Ay(t) + F (y(t))− u(t)n̂, y(0) = x, (6.3)

where n̂ = (1, 0) ∈ X,

A : D(A) =
{
x ∈ R×W 1,2([−d, 0];R) : x1(0) = x0

}
⊆ X → X, Ax = (x0, x

′
1(·)),

F : X → X, F (x) = (F0(x), F1(x)) =

(
P
(
x0,

∫ 0

−d

a(ξ)x1(ξ)dξ
)
− x0, 0

)
.

The unbounded operator A is closed, densely defined, and generates a strongly continuous semigroup
of linear operators of L(X). Moreover, it is invertible (with bounded inverse), which allows to define
the weaker norm |x|−1 = |A−1x| in the space X. The objective functional remains (6.2) and the set
of admissible controls is just rewritten as

U(x) =
{
u(·) ∈ L1

loc(R+; C) : yx,u(·)0 (·) > 0
}
.

We actually have an equivalence between solutions to (6.1) and mild solutions to (6.3) (see Federico
et al., 2010, Proposition 3.3), which enables us to establish a rigorous correspondence of the original
finite dimensional control problem with delay and the lifted control problem without delay in the
Hilbert space X, posing ourselves in our theoretical framework of Subsection 2.4 with

f0(x, u) = F (x)− un̂, g0(x, u) = h(u)

and therefore posing the basis to employ the dynamic programming techniques in infinite dimension
to approach the problem.

20Notice that J does not actually depend on α here.
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6.1.3. Preliminary properties of the value function. Some preliminary properties of the value function

V (x) = sup
u(·)∈U(x)

J (u(·)), x ∈ X,

are established a priori in Federico et al. (2010), Secs. 2–3, dealing both with the original problem
with delay in dimension one and with the lifted problem in X without delay. Specifically, under
reasonable assumptions on the problem data21, it is shown that V is:

(i) Nondecreasing with respect to the partial order in X;
(ii) Concave and finite on a convex subset O of the positive cone of X, with O open with respect

to | · |−1; the finiteness is consequence of the important estimate

|x0| ≤ C|x|−1, ∀x = (x0, x1(·)). (6.4)

for some C > 0.

The latter result (ii) implies that V is locally Lipschitz continuous with respect to | · |−1 within
the domain O, leading to an important regularity result for the superdifferential D+V . Specifically,
D+V (x) ⊂ D(A∗) and this result enables a proper treatment of the term ⟨Ax,Dv(x)⟩ in the HJB
equation by eliminating the unboundedness of A passing to the adjoint through formal equality
⟨Ax,Dv(x)⟩ = ⟨x,A∗Dv(x)⟩.

6.1.4. The HJB equation in the Hilbert space: viscosity property and partial regularity of the value
function. The stationary HJB equation associated to the optimal control problem in the space X is
(3.14) with

H(x, p) = F0(x)p0 +Ho(p0), x ∈ O, p = (p0, p1) ∈ X. (6.5)

where
Ho(p0) = sup

u∈C

{
h(u)− up0

}
, p0 ∈ R.

What is important to notice is that only the first (one dimensional) component p0 of p ∈ H is
involved in this term, in particular in the nonlinear part. Since p is the formal entry of Dv(x) in the
HJB equation, this means that only the one-dimensional directional derivative vx0

(x) = ∂v
∂x0

(x0, x1),

corresponding to the formal writing ⟨Dv(x), n̂⟩, is needed to give sense to the nonlinear term in HJB
equation, which can be more explicitly written as

ρv(x) = ⟨Ax,Dv(x)⟩+ F0(x)vx0(x) +Ho(vx0(x)). (6.6)

Particularly important is that the nonlinear term Ho only depends on vx0
(x), since this means that

the candidate optimal feedback map associated to a solution to the HJB equation v can be formally
defined by only using vx0 : assuming existence and uniqueness22 of the argmax, the candidate optimal
feedback map is

ϕ(x) = argmaxu∈C {h(u)− uvx0
(x)} . (6.7)

In (Federico et al., 2010, Sec. 4), the following main results, collected here in a single statement, are
proved:

Theorem 6.1 V is a viscosity solutions to (6.6) over O and it is continuously differentiable, in
classical sense, along the direction n̂ therein; that is, Vx0

(x) exists in classical sense for all x ∈ O
and the map x 7→ Vx0

(x) is continuous.

6.1.5. Verification theorem and optimal feedback controls in the context of viscosity solutions with
partial regularity. The second claim of Theorem 6.1 is the notable one: it is a partial regularity

21Basically, it is assumed that: (i) P is nondecreasing in its second variables, Lipschitz continuous, and jointly concave;

(ii) a ∈ W 1,2([−d, 0];R+) with a(−d) = 0; (iii) h satisfies standard assumptions for utility functions. For more details,

we refer to the paper.
22Conditions for that can be given: we refer to Federico et al. (2011) and refrain from providing them here, for the

sake of brevity. To fix the ideas, here we may just assume that C is compact and h is strictly concave.
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result for viscosity solutions which allows to define the feedback map (6.7) associated to the solution
V in classical sense. Indeed, the map

ϕ : O → C, x 7→ argmax
u∈C

{
h(u)− uVx0

(x)
}

(6.8)

is well defined as a single valued map and continuous. The point is now to establish if it produces
an optimal feedback control. In (Federico et al., 2011, Sec. 3), the following main result is proved.

Theorem 6.2 Let x ∈ O and let u∗(·) ∈ U(x) be such that the following feedback relationship
holds true:

u∗(s) = ϕ(yx,u
∗(·)(s)), for a.e. s ≥ 0. (6.9)

Then, u∗(·) is optimal starting at x.

Theorem 6.2 is basically half verification theorem, as it basically corresponds to the statement
(ii) of Theorem 3.12; indeed, (6.9) is nothing but (3.17) in the present example. However, its proof
is much delicate, as it has to rely only on the existence of Vx0

, whereas the proof of the classical ver-
ification theorem passes through the use of the (stationary version) of the infinite dimensional chain
rule of Proposition 2.4 and the latter requires much more regularity, i.e., that DV ∈ C(O;D(A∗)).

Moreover, in (Federico et al., 2011, Sec. 4) a careful study of the closed loop equation associated
with the feedback map ϕ, i.e.

y′(t) = Ay(t) + F (y(t))− ϕ(x)n̂, y(0) = x. (6.10)

is performed to show the existence of a control satisfying (6.9). The argument requires an approxima-
tion through the introduction of a current additive utility on the state, h0(y0(t)), in the functional:
it is eventually shown that, under some additional assumptions, there exists a unique optimal control
and it is characterized by the feedback relation (6.9). Finally, in Federico et al. (2011), Sec. 5, an
approximation argument is used to link the problem studied to the original economic problem with
a pointwise delay P (k(t− d)) proposed by Asea and Zak (1999).

6.2. Optimal advertising. The model we present here is an optimal control problem in which the
state equation is linear and contains distributed delays in the control variable. Since the objective
functional does not admit an explicit solution of the related HJB equation, the viscosity approach
is employed. The problem is investigated in Federico and Tacconi (2014); we here briefly illustrate
how the infinite dimensional methodology is employed to succedefully address the problem.

The motivating application is optimal advertising. There is a substantial body of mathematical
economics literature on this subject dating back to the 1960s. Key references include the very first
contribution employing optimal control theory to describe this kind of application by Nerlove and
Arrow (1962), followed by papers that highlighted the need for delayed effects in the dynamics,
e.g. Pauwels (1977). The survey by Feichtinger et al. (1994) provides an excellent overview of the
preceding literature on this rich mathematical economics topic. We also mention the stochastic
extensions of these models introduced in the works Gozzi and Marinelli (2005); Gozzi et al. (2009).

6.2.1. The economic problem. The aim is to study the optimal control of the 1-dimensional linear
controlled ODE G

′(t) = a0G(t) + b0u(t) +

∫ 0

−r

b1(ξ)u(t+ ξ)dξ,

G(0) = α0; u(s) = α1(s), s ∈ [−d, 0),
(6.11)

where u(·) is the control variable taking values in some interval C ⊆ R+; d ∈ (0,∞) is the delay
lenght; a0, b0 ∈ R+, α = (α0, α1(·)) ∈ R × L2([−d, 0];R+), and b1 ∈ L2([−d, 0];R+). It has be
noticed that the delay appears here in the control variable, whose past values still continue to have
effects on the dynamics of the state variable G(·). Clearly, to be (6.11) well posed, the past values of
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the control variable need to be specified, explaining the presence of the initial condition u(s) = α1(s)
for s ∈ [−r, 0) in (6.11). The goal is to maximize a functional of the form

J (α;u(·)) =
∫ ∞

0

e−ρtℓ(G(t), u(t)) dt, (6.12)

where ρ > 0 is a discount factor and f : R × C → R is a given measurable function, over a set of
admissible controls, subset of L1

loc(R+; C).
The interpretation of the mathematical object is the following. The state variable G(·) represents

the so-called goodwill of a firm and the control variable u represents the effort in advertising in
order to increase the goodwill itself. The more is the effort in advertising, the more is the increase
of the goodwill; that is, b0 and b1(·) are nonnegative (and nonidentically vanishing). The term
b0u(t) measures the immediate impact of the advertising effort, whereas the delay integral term∫ 0

−d
b1(ξ)u(t + ξ)dξ accounts for the (empirically evident) fact that there is some memory of the

past advertising on the current increase of the goodwill. As for the objective functional, in this
application the function ℓ typically assumes a separable form of revenue/cost type in the state and
control variables, i.e. ℓ(G, u) = ℓ0(G)−ℓ1(u), where ℓ0 is a revenue function and ℓ1 is a cost function
satisfying the usual economic assumptions (nondecreasing and concave, nondecreasing and convex,
respectively). The simplest case is when ℓ0 is linear and ℓ1 is quadratic, leading to a linear-quadratic
problem, solvable explicitly; however, the case when ℓ0 is nonlinear is meaningful, since in reality
this function is observed to have, in general, genuinely decreasing return to scale.

6.2.2. Rewriting the problem in a Hilbert space setting. The lifting to infinite dimension of the
above problem can be done similarly as for the problem illustrated in Subsection 5.3 through the
construction of the structural state (Vinter and Kwong, 1981) with a representation through the
construction of the structural state

y(t) =

(
G(t),

∫ ·

−d

b1(τ)u(τ − ·) dτ
)
.

One would be tempted to do that lifting in the product Hilbert space X = R× L2([−d, 0];R), as in
Subsection 5.3. The state equation would be formally rewritten as

y′(t) = Ay(t) + bu(t), y(0) = xα,

where b = (b0, b1(·)) ∈ X,

xα =

(
α0,

∫ ·

−d

b1(τ)α1(τ − ·) dτ
)

∈ X,

and
A : D(A) ⊆ X → X, Ax = (a0x0 + x1(0),−x′1(·)),

with

D(A) =
{
x = (x0, x1(·)) ∈ R×W 1,2([−d, 0];R) : x1(−d) = 0

}
.

The objective functional would be then reformulated, with abuse of notation, as

J (xα;u(·)) =
∫ ∞

0

e−ρtg(y(t), u(t)) dt,

where g(x, u) = ℓ(x0, u)), (x, u) ∈ X × C. Then, one could try to follow the approach employed
in Subsection 6.1 for the problem studied there. Unfortunately, an issue arises: in this case the
estimate (6.4) does not hold and the argument breaks down. For this reason, in order to restore the

approach, in Federico and Tacconi (2014) the problem is embedded in X = R ×W 1,2
0 ([−d, 0];R),

where W 1,2
0 ([−d, 0];R) = {f ∈ W 1,2([−d, 0];R) : f(−d) = 0

}
. Basically, the representation is done

one level of regularity more with respect to the standard one performed in R × L2([−d, 0];R): the

latter is replaced by R ×W 1,2
0 ([−d, 0];R) = D(A) and D(A) is replaced by D(A2). In this way,
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the estimate (6.4) is restored (see the crucial Remark 5.4 in Federico and Tacconi, 2014) and the
argument may proceed as in Subsection 6.1 getting similar results.

6.3. Vintage capital with transport state equation and a general concave pay-off. Let
us now consider a generalization of the optimal investment problem with vintage capital studied
in Subsection 5.4, in which we have the same state equation, but the objective functional is more
generally concave in the state and control variables. Differently from Subsection 5.4, we consider
here the finite horizon problem

6.3.1. The economic problem. We consider the following finite horizon problem (T < +∞ is the
horizon), having the same state equation (5.44) as that of the problem in Subsection 5.4

∂z(τ,s)
∂τ + ∂z(τ,s)

∂s = −µz(τ, s) + u1(τ, s) τ ∈ (t, T ), s ∈ (0, s̄],

z(τ, 0) = u0(τ) τ ∈ (t, T ),

z(t, s) = z0(s) s ∈ [0, s̄],

(6.13)

with the same meaning and assumptions there detailed, but a different objective functional

J (t, x;u(·)) =
∫ T

t

e−ρτ
[
R(Q(τ))− c(τ, u(τ))

]
dτ + e−ρTR0(Q(T ))

where u(·) = (u0(·), u1(·)) and

Q(τ) =

∫ s̄

0

α(τ, s)z(τ, s) ds

is the output rate (linear in z(τ, ·)), i.e., the quantity of product of all different ages available at
time τ ; R and R0 are concave revenues from the output, rather than linear as in Section 5.4, and a
general convex investment costs

c(τ, u(τ)) =

∫ s̄

0

c1(τ, s, u1(τ, s)) ds+ c0(τ, u0(τ)),

with c1 indicating the investment cost rate for technologies of age s, while c0 is the investment cost
in new technologies, including adjustment–innovation.

6.3.2. Rewriting the problem in a Hilbert space setting. The problem can be formulated, rather than
in L2(0, s̄), in the larger space D(A∗)′, by extending the translation semigroup etA of Subsection
5.4 to the semigroup etA−1 on D(A∗)′, as defined in Subsection 2.1.1. Thus, as in Subsection 5.4,
setting y(t) := z(t, ·) the state equation writes{

y′(τ) = A−1y(τ) + Bu(τ), t > 0,

y(t) = x = z0(·),
(6.14)

where B is as in Subsection 5.4. Its mild form in D(A∗)′ reads as

y(τ) = eA−1(τ−t)x+

∫ τ

t

e(s−t)A−1Bu(s) ds.

If ⟨·, ·⟩ denotes the duality pairing between D(A∗) and D(A∗)′, and the coefficient α(τ) is regular,
i.e. in D(A∗), we define the concave function g of x ∈ D(A∗)′ as

g(τ, x) = R(⟨α(τ, ·), x⟩), g0(k) = R0(⟨α(T ), x⟩)
so that the objective functional is

J(t, x;u) =

∫ T

t

e−ρτ
[
g(τ, y(τ))− c(τ, u(τ))

]
dτ + e−ρT g0(y(T ))

It is important to note that this approach applies in the enlarged state space by virtue of the stronger
regularity of the data g and g0.
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The set of admissible controls is U(t, x) = Lp([t, T ];U) The value function is then defined, as
usual as

V (t, k0) = sup
u∈U(t,x)

J(t, k0;u)

6.3.3. The infinite-dimensional HJB equation: strong solutions. The HJB equation associated to
the problem is

−vt(t, k) = ⟨k,A∗Dv(t, k)⟩+ g(k) + c(t)∗(B∗Dv(k))

coupled with the final condition
v(T, k) = g0(k),

and where, for all t ≥ 0, c(t)∗ is the convex conjugate of c(t, ·), namely

[c(t)]∗(u) = sup
v∈U

{(B∗v, u)U − c(t, u)}, u ∈ U

while (·, ·)U represents the inner product in the Hilbert space U .

We need the following definitions. If X,Y are Banach spaces, then:

Lip(X;Y ) :

{
f : X → Y : [f ]L := sup

x,y∈X, x ̸=y

|f(x)− f(y)|Y
|x− y|X

< +∞

}
;

C1
Lip(X) := {f ∈ C1(X,R) : [f ′]L < +∞};

Cp(X,Y ) :=

{
f : X → Y : |f |Cp

:= sup
x∈X

|f(x)|Y
1 + |x|pX

< +∞
}
; Cp(X) := Cp(X,R).

Note that Cp(X) is a Banach space, with respect to the associated norms, and that Lip(X;Y )
and C1

Lip(X) are not.

Assumption 6.3
(i) g ∈ C([0, T ], C2(V

′)), gx ∈ C([0, T ], C1(V
′, V )),

and for all t ∈ [0, T ], g(t, ·) ∈ C1
Lip(V

′), g(t, ·) convex, t 7→ [gx(t, ·)]L ∈ L1(0, T );

(ii) g0 ∈ C1
Lip(V

′), g0 concave

(iii) c : [0, T ]× U → R, c(t, ·) is convex, l.s.c, and ∂uc(t, ·) is injective, for all t ∈ [0, T ].
(iv) [c(t)]∗ ∈ C([0, T ], C2(U)), Du[c(t)]

∗ ∈ C([0, T ], C1(U,U))
and for all t ∈ [0, T ], [c(t)]∗ ∈ C1

Lip(U), [c(t)]∗(0) = 0,

supt∈[0,T ][Du[c(t)]
∗]L <∞.

Unlike the case where R is the identity function, discussed in Section 5.4, the HJB associated
to the problem with a general concave objective functional admits no explicit classical solution.
Nevertheless, one can show that the value function is the unique strong solution of the associated
HJB equation, as specified below.

Definition 6.4 (Strong solution of HJB) A function v ∈ C([0, T ], C2(D(A∗)′)) is a strong solu-
tion of{

−vt(t, k) = ⟨x,A∗Dv(t, k)⟩+ g(t, k)− [c(t)]∗(B∗Dv(t, k)) = 0, (t, x) ∈ [0, T ]×D(A∗)′

v(T, k) = g0(k)
(6.15)

if there exists a family {vε}0<ε<ε̄ ⊂ C([0, T ], C2(D(A∗)′)) such that:

(i) vε(t, ·) ∈ C1
Lip(D(A∗)′) and vε(t, ·) is concave for all t ∈ [0, T ]; vε(T, x) = g0(x) for all

x ∈ D(A∗)′.
(ii) there exist constants Γ1,Γ2 > 0 such that

sup
t∈[0,T ]

[Dvε(t)]L ≤ Γ1, sup
t∈[0,T ]

|Dvε(t, 0)|D(A∗) ≤ Γ2, ∀ε ∈]0, ε̄[;
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(iii) for all x ∈ D(A), t 7→ vε(t, x) is continuously differentiable;
(iv) vε → ϕ, as ε→ 0+, in C([0, T ], C2(D(A∗)′));
(v) there exists gε ∈ C([0, T ];C2(D(A∗)′)) such that, for all t ∈ [0, T ] and x ∈ D(A),

−vεt (t, k) = ⟨x,A∗Dvε(t, k)⟩+ gε(t, k)− [c(t)]∗(B∗Dvε(t, k))

with gε(t, k) → g(t, k) pointwise, and
∫ T

0
|gε(t)− g(t)|C2 ds→ 0, as ε→ 0 + .

Then the main result is the following.

Theorem 6.5 Let Assumptions 6.3 be satisfied. There exists a unique strong solution v to (6.15)
with the following properties:

(i) for all k ∈ D(A∗)′, v(·, k) is Lipschitz continuous;
(ii) for all fixed t ≥ 0, v(t, ·) is a convex function in C1

Lip(D(A∗)′).

The long and detailed proof is the contents of Faggian (2005), in particular of Theorem 7.3.
There the reader will find the definition and the properties, extended to D(A∗)′, of the so called
Hamilton-Jacobi semigroup implicated in the construction of the approximating equations. □

Theorem 6.6 The value function V of the optimal control problem coincides with the unique
strong solution of to (6.15). Moreover, the unique optimal control problem in closed-loop form is
given by

u∗(τ) = Du[c(t)
∗](B∗DV (τ, k∗(τ))

The proof of this statement constitutes the contents of Faggian (2008a), and in particular of
Theorem 5.1, and Proposition 5.7. □

Appendix A. Strongly Continuous Semigroups, Generators, Resolvents

In this section, we review the fundamental properties of strongly continuous semigroups of oper-
ators and their generators. The material is mainly taken from the books Engel and Nagel (2000)
and Pazy (1983).

Definition A.1 (C0-semigroup) A map T : [0,∞) → L(X) is called a C0 semigroup (or a
strongly continuous semigroup) on X if the following three conditions are satisfied:

(i) T (0) = I, where I is the identity operator on X;
(ii) (Semigroup property) T (t+ s) = T (t)T (s) for all t, s ≥ 0.
(iii) (Strong Continuity) For every x ∈ X, the map [0,∞) → X, t 7→ T (t)x is continuous.

For C0-semigroups we will use the notation {T (t)}t≥0 or simply T (t).

Definition A.2 (Generator of a C0-semigroup) Let T (t) be a C0-semigroup on X. The linear
operator A : D(A) ⊂ X → X defined as

D(A) :=

{
x ∈ X : lim

t→0+

T (t)x− x

t
exists in X

}

Ax := lim
t→0+

T (t)x− x

t
.

is called the infinitesimal generator of T (t).

Proposition A.3 Let T (t) be a C0-semigroup on X. Then there exist M ≥ 1 and ω ∈ R such
that

|T (t)| ≤Meωt, for t ≥ 0 (A.1)
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Proof. See, for instance, Pazy (1983) Theorem 2.2, Chap. 1, p. 4. □

The quantity ω0 defined as

ω0 = inf{ω : ∃M > 0, |T (t)| ≤Meωt}
is called the type of the semigroup. We have ω0 ∈ [−∞,+∞). If ω0 < 0 we say that the C0-
semigroup T (t) is of negative type and if ω0 > 0 we say that the C0-semigroup T (t) is of positive
type.

Definition A.4 A C0-semigroup T (t) on X is called:

(i) a Contraction Semigroup if (A.1) holds with M = 1, ω0 = 0;
(ii) a Pseudo-contraction semigroup if (A.1) holds with M = 1 for some ω0 ∈ R;
(iii) a Uniformly bounded semigroup if (A.1) holds with ω0 = 0 for some M ≥ 1.

Example A.5 A simple and intuitive example of a strongly continuous semigroup can be found
on a finite-dimensional Banach space, such as X = Rn equipped with any norm. In this setting,
the generator of the semigroup is always a bounded linear operator, which can be represented by
an n × n matrix A. More in detail, let A be an n × n matrix. We can define a family of operators
{T (t)}t≥0 by setting T (t) as the matrix exponential of tA:

T (t) = etA =

∞∑
k=0

tk

k!
Ak

This family of operators forms a strongly continuous semigroup on Rn, whose generator is the matrix
A itself. □

The previous example provides a foundational understanding of the relationship between a semi-
group of operators and the associated generator, before addressing the more complex case in infinite-
dimensional spaces where generators can be unbounded. It also explains why a semigroup of gener-
ator A is often conventionally expressed as T (t) = etA.

We also recall that the resolvent set ρ(A) of a linear operator A on a Banach space X is the set
of all λ ∈ C for which λI −A is invertible with inverse R(λ,A) ≡ (λI −A)−1 belonging to the space
L(X) of linear continuous operators on X.

The main properties of semigroups, generators, and resolvents are recollected in the next theorem.

Theorem A.6 Let T (t) be a C0-semigroup on the Banach space X and let A be its generator.
We have the following claims.

(i) For x ∈ X, we have
∫ t

0
T (s)xds ∈ D(A) and

A
(∫ t

0

T (s)xds

)
= T (t)x− x.

(ii) If x ∈ D(A), then T (t)x ∈ D(A).
(iii) If x ∈ D(A), then t 7→ T (t)x is differentiable and, for all t ≥ 0, we have

d

dt
T (t)x = T (t)Ax = AT (t)x.

(iv) A is a closed and densely defined linear operator.
(v) The half-plane {Reλ > ω0} is contained in ρ(A) and if λ belongs to such half-plane, we have

R(λ,A)x =

∫ ∞

0

e−λtT (t)x dt.
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Proof. See, for instance, (Pazy, 1983, Ch. 1): precisely, Th. 2.4 and Corollary 2.5, for (i)–(iv), and
the proof of Theorem 5.1 for (v). □

The Hille-Yosida Theorem, characterizes the linear operators A which are generators os C0-
semigroups.

Theorem A.7 (Hille–Yosida) Let A : D(A) ⊂ X → X be a densely defined, closed linear operator
on a Banach space X. Then A is the generator of a C0 semigroup T (t) of bounded linear operators
with ∥T (t)∥ ≤Meωt for some constants M ≥ 1, ω ∈ R, if and only if the following conditions hold:

(i) A : D(A) → X is closed and D(A) is dense in X;
(ii) ρ(A) contains the half-line (ω,∞) and, for all λ > ω,

∥R(λ,A)n∥ ≤ M

(λ− ω)n
, ∀n ∈ N.

Proof. See for instance Pazy (1983), Chapt. 1, Theorem 5.3. □

We recall that for an operator A on a Banach space X with dual space X ′, and ⟨·, ·⟩ represents
the duality pairing between X,X ′, the adjoint operator A∗ is defined on X ′ as follows.

D(A∗) = {φ ∈ X ′ | ∃C > 0 such that ∀x ∈ D(A), ⟨φ,Ax⟩ ≤ C|x|}
= {φ ∈ X ′ | ∃ψ ∈ X ′ such that ∀x ∈ D(A), ⟨φ,Ax⟩ = ⟨ψ, x⟩} (A.2)

and for all φ ∈ D(A∗), one sets A∗φ := ψ, that is A∗ is determined through the position

⟨A∗φ, x⟩ = ⟨φ,Ax⟩ for all x ∈ D(A)

Definition A.8 (Adjoint semigroup) If A is the generator of a strongly continuous semigroup
T (t) on the Banach space X, then its adjoint A∗ is the generator of the adjoint semigroup {T (t)∗}t≥0,
which is a semigroup on X ′ defined by

⟨T (t)∗φ, x⟩ := ⟨φ, T (t)x⟩ for all φ ∈ X ′, x ∈ X.

The adjoint semigroup T (t)∗ is not necessarily strongly continuous with respect to the topology
of X ′, but it is continuous with respect to the weak-* topology on X ′, that is, for all φ ∈ X∗ and
x ∈ X, the map t 7→ ⟨T ∗(t)φ, x⟩ is continuous on [0,∞).

However, if X is a Hilbert space, and we identify X ∼= X ′, the duality is simply the inner product
in X and the following result holds.

Corollary A.9 Assume T (t) is a C0-semigroup on X, with X a Hilbert space. Then the adjoint
semigroup T (t)∗ is a C0-semigroup on X.

Proof. It follows from Pazy (1983), Chapt.1, Theorem 10.1, and Theorem 3.1, and the fact that the
identification X = X ′ preserves the norm, implying ∥R(λ,A∗)∥ = ∥R(λ,A)∥. □

Example A.10 (Translation semigroup) We here introduce the example of a semigroup and its
generator that is used in some examples of the paper, the translation semigroup. It can be defined
in the Hilbert space X = L2(0, s̄), for s̄ ∈ (0,+∞), as

T (t)f(s) :=

{
f(s− t), s > t

0, 0 < s ≤ t
or equivalently T (t)f(s) := f(s− t)χ[t,s̄](s).

and it is a C0-semigroup of contractions, meaning ∥T (t)∥ ≤ 1, in L(X).

Its generator is the (negative) derivative operator:

D(A) =
{
f ∈ H1(0, s̄)

∣∣ f(0) = 0
}
, Af = −f ′,
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where H1(0, s̄) denotes the Sobolev space of weakly differentiable functions with derivative in
L2(0, s̄). The resolvent R(λ,A) is defined by solving in X with respect to f the Cauchy problem:

λf(s) + f ′(s) = g(s), f(0) = 0,

whose unique solution is, for Reλ > 0,

f(s) = [R(λ,A)g](s) =

∫ s

0

e−λug(s− u) du.

Since L2(0, s̄) is a Hilbert space, the adjoint semigroup is

[T (t)∗φ](s) =

{
φ(s+ t), s < s̄− t,

0, s ≥ s̄− t,

with generator
D(A∗) =

{
φ ∈ H1(0, s̄)

∣∣ φ(s̄) = 0
}
, A∗φ = φ′,

and resolvent

[R(λ,A∗)g](s) =

∫ s̄

s

eλ(s−u)g(u) du. □
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Augeraud-Véron, E. and Bambi, M. (2015). Endogenous growth with addictive habits. Journal of Mathe-

matical Economics, 56:15–25.
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