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ABSTRACT. We consider an atomless exchange economy with a finite number
of commodities. We introduce a new notion of bargaining set and show that
it characterizes competitive allocations and, at the same time, it is robust to
restrictions on the sizes of objecting and counterobjecting coalitions. Both
results do not hold simultaneously for the bargaining sets defined by [18] and
[23] for which we provide some new remarks.

1. Introduction. The core of an economy is defined as the set of feasible alloca-
tions that no coalition of agents can object to by proposing an alternative redis-
tribution of their initial resources that makes each of its members better off. This
notion does not take into account the reaction of other agents that might form a new
coalition and counter the objection. [3] introduces the concept of bargaining set in a
game theory framework with the idea that an objection is credible or justified only
if no other coalition in the economy reacts to it and proposes an alternative action.
Objections that are counterobjected are not justified and then they must be disre-
garded. Since fewer objections are allowed and blocking is harder, the bargaining
set contains the core. [18] adapts the notion of bargaining set to atomless exchange
economies as the set of all feasible allocations with no justified objections and proves
that it coincides with the set of competitive allocations and a fortiori with the core.!
An alternative notion of bargaining set has been introduced by [23]. The main dif-
ference between the definition of [18] and that of [23] is related to the notion of
counterobjection and more precisely to what agents outside an objection look at.
Indeed, [23] requires the allocations involved in objections and counterobjections to
be feasible for the set of all consumers, whereas in [18] such allocations only need to
be attainable for the corresponding coalitions. Furthermore, agents in counterob-
jections improve their welfare with respect to the objection to which they counter
and not with respect to the original allocation as instead required by [18].? Because
of this, [23]’s bargaining set is strictly larger than the core and does not characterize
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competitive allocations. Following the terminology used in [19] and [17], we refer
to [18] and [23] bargaining sets respectively as the local and global bargaining set.

We focus on three fundamental questions for cooperative solutions in exchange
economies: the existence, the equivalence with the set of competitive allocations,
and the robustness of the coalition formation mechanism to restrictions on their
size. The core allows to answer positively to each of them. Indeed, it is well known
since [2] and [1] that in perfectly competitive markets the core is non-empty and it
coincides with the set of competitive allocations. With the idea that the measure of a
coalition can be interpreted as the cost of information and communication needed for
its formation, [9,20] and [22] provide further characterizations of the core imposing
restrictions to coalition formation.? Precisely, [20] shows that any allocation that is
not blocked by coalitions with “small” size is competitive. [9] further restricts the
objecting coalitions to those which are formed by a finite collection of subcoalitions
whose agents are “similar” to each other. Finally, [22] completes the analysis and
characterizes competitive allocations, and a fortiori core allocations, as those that
are not objected by coalitions with an arbitrarily “large” measure.

[19] and [17] apply these ideas to the case of bargaining sets. Precisely, [19] ex-
tends [20]’s theorem and shows that if one restricts the coalitions that can enter into
the objection and counterobjection mechanism to those whose measure is arbitrarily
small, then the local bargaining set becomes strictly larger than the original one,
whereas the corresponding global bargaining set remains unaltered.? [17] imposes
on the objection and counterobjection mechanism restrictions similar to those in [9]
and [22]. It is shown that, under both types of restrictions, the global bargaining
set remains the same while the local bargaining set changes. Therefore, in atomless
economies, the local bargaining set coincides with the set of competitive allocations
but it becomes strictly larger if we impose restrictions on the coalition formation.
At the same time, in atomless economies the global bargaining set is unaffected by
limitations on the size of the coalitions allowed to form, but it does not coincide
with the set of competitive allocations. The existence question is not an issue for
both bargaining sets. However, contrary to the core, neither the local nor the global
bargaining set positively answers all three questions above.

In this paper, we propose an alternative notion of bargaining set characterized
by two main variations with respect to that of [18]. First, we weaken the blocking
mechanism assuming that an agent accepts to join an objection or a counterobjec-
tion only if she gets a bundle as good as those consumed by agents with her same
characteristics (same initial endowment and preferences). Roughly speaking, we
consider only objections and counterobjections that “treat equals equally” because
they are based on equitable agreements between agents. Second, we require that
counterobjections must engage a non-negligible group of agents from the objection
they counter. According to [18], in fact, a counterobjecting coalition may include
no agent of the objection. In this case, the counterobjection is not really against

3Several extensions of these results have been provided in the literature. [14] studies continuum
economy with infinitely many commodities; [16] and [15] consider pure exchange economy with
asymmetric information and with, respectively, a finite number of commodities and infinitely many
commodities; [12] analyzes asymmetric information economies with information sharing rules for
which the information of each trader depends on the coalition she belongs to.

4This is saying that allowing only small coalitions to raise objections and counterobjections
does not change the set of feasible allocations without justified global objections, but it does change
the set of those without justified local objections.
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the objection but rather against the original allocation.” We show that our new
notion of bargaining set positively answers all three questions above. Indeed, it
is non-empty, it coincides with the set of competitive allocations and it remains
unaltered if restrictions on the size of blocking coalitions are imposed.

The paper is organized as follows. In Section 2 we present the model and the
assumptions needed throughout the paper. In Section 3 we analyze the notions of
bargaining sets defined by [18] and [23] and characterize justified objections as core
allocations of some suitable associated economies. In Section 4 we introduce a new
notion of bargaining set and illustrate its properties. In Section 5 we collect some
final remarks.

2. The model. The economy & consists of a finite-dimensional commodity space
R™* and an atomless finite measure space of consumers (7,3, ). The set T rep-
resents all individual traders and ¥ is the collection of all groups that are able or
allowed to trade. For S € X, A(S) is the size (or weight) of the group S. A coalition
is an economically relevant group of agents, i.e., a set in 3 with positive measure.
Every agent ¢t € T is characterized by a preference relation =; on R} and an en-
dowment bundle w(t) € R, .% The irreflexive and symmetric components of >,
are »; and ~; respectively. The economy is then defined as the collection

&= {(Tv X, /\)a RT? (tt,w(t))teT} .
Throughout the paper, we make the following assumptions:

(i) w: T'— R, is an integrable function;

(7i) agents’ preferences are strictly monotone, continuous, total preorders on RT;7
(7i1) agents’ preferences are measurable in the sense that {t : v =; w} € ¥ for every

v,w € R

Assumption (i) is about the boundedness of endowments and ensures that each
commodity is present in the market, whereas (i7) requires the usual continuity as-
sumption on preferences and that agents prefer consuming more of every commodity.
Finally, (i) is a technical hypothesis which is standard in the literature (see for
example [1] and [13] for a comparison with other measurability conditions).

We say that two agents s,t are of the same type, and write s ~ ¢, if they have
identical preferences and endowments. Under our assumptions, the equivalence
relation ~ is measurable in the sense that {s: ¢t ~ s} € ¥ for every t € T. We call
type of agents an equivalence class in the quotient T/, i.e., a set formed by all the
agents that share a given preference relation and endowment bundle. We assume
that for a.e. t € T the set of agents of the same type of ¢ has positive measure, i.e.,
A({s : s ~ t}) > 0. This implies that there are countably many types of agents,
that we denote by (K,),, such that A(K,,) > 0 and T = J,, K,, up to null sets.

An allocation is an integrable function x: T — R' assigning to each consumer
t € T a consumption bundle z(t) € R7'. A coalition S attains an allocation z if
JgzdX\ < [gwdA, ie., if the amount of resources that z assigns to the agents in
S does not exceed their initial endowments. If x is attained by the grand coalition

5 [25] first requires the non-empty intersection between objecting and counterobjecting coali-
tions (see also [24] and [21] among others).

SFollowing standard notations, for « and y in R, we write & > y to mean xz; > y; for all
i=1,....m;z>yifx >yand z # y; and £ > y to mean z; > y; for alli =1,...,m. We set
R, = {z € R : > 0}, where 0 is the null vector (the context will make clear the use of 0).

A binary relation = on R’ is continuous if the sets {y : y = z} and {y : © > y} are open. It
is strictly monotone if z > y implies = > y.
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T we say that x is feasible. We denote the set of feasible allocations by F. An
allocation x has the equal treatment property (ETP for short) on a coalition S if
x(t) = x(s) for every t,s € S of the same type. If x has the ETP on the whole T
we simply say that it has the ETP. Given a coalition S, we write Mg for the set of
allocations with the ETP on S and M for M.

Given a price vector p € R \ {0}, the budget set of consumer ¢ at p is 3(t,p) =
{x ERT:p-x<p- w(t)}. A feasible allocation x is competitive at the price p
if z(t) maximizes =; on the set 3(t,p) for a.e. t € T, ie., if z(t) € B(t,p) and
z(t) = v for every v € B(t,p). We denote the set of competitive allocations by
W. Since agents of the same type maximize their preferences on the same budget
sets, a competitive allocation always satisfies the ETP and so W C M. Under the
conditions above, the existence of competitive allocations follows from [2], and so
W is always non-empty.

3. The Local and Global bargaining set notions. In this section we recall the
notions of objection and counterobjection as defined by [18] and [23], and study the
consequent definitions of bargaining set.

We consider the same terminology used in [19] and [17] and refer to the bargaining
set of [18] and [23] respectively as local and global bargaining set.

Definition 3.1. Given an allocation z, a local objection to z is a pair (B,y)
consisting of a coalition B and an integrable function y : B — R’ such that
(O1) B attains y, i.e., [5(y —w)d\ < 0;
(02) y(t) =+ z(t) for a.e. t € B;
(03) N({t € B: y(t) =+ z(t)}) > 0.

We denote by Oby(z) the set of local objections to . The core of the economy
&, denoted by C, is defined as the set of feasible allocations against which there is
no local objection, that is

C={x e F:0byx) =0}

Definition 3.2. Given an allocation z, a global objection to z is a pair (B,y)
consisting of a coalition B and an allocation y : ' — R’ that satisfies (O1) — (O3)
above and, in addition, y is feasible (i.e., y € F). We denote by Ob,(z) the set of
global objections to x.

Remark 3.3. It is clear that, given an allocation z,

(i) if (B,y) € Oby(x), then (B,yxp +wxm\B) € Oby();
(1) if (B, z) € Obg(x), then (B, z|p) € Oby(x),

where z|p denotes the restriction of the feasible allocation z to B and yxp +wxr\B
is the allocation ¥ assigning y to members of B and w to agents outside B, i.e.,

~ Juy), ifteB
V= w(t), otherwise.
By Remark 3.3 it follows that, given an allocation =z,
Oby(z) =0 < Oby(z)=0. (1)

Thus by (1), even though the sets of local and global objections are different, they
define the same core as the class of feasible allocations against which there is no
local nor global objection.



A NOTE ON BARGAINING SETS IN ATOMLESS ECONOMIES 5

The bargaining set grounds on a two-step veto mechanism, in the sense that,
given an objection (B, y) against an allocation z, it allows some other agents to form
a new coalition C' and counter to the objection (B,y) by proposing an alternative
redistribution of their initial resources z. The pair (C,z) is a counterobjection to
(B,y) and the bargaining set is defined as the class of feasible allocations whose
only objections are in turn counterobjected.

We now recall the notion of counterobjection as defined in [18].

Definition 3.4. Let a be an allocation and (B,y) € Oby(z). A local counter-
objection to (B,y) consists of a pair (C,z) where C is a coalition and z is an
integrable function z : ¢' — R’ such that:

(C1) C attains z, i.e., [,(z —w)d\ < 0;

(C2¢) z(t) =+ y(t) for all t € C'N B;

(C3¢) z(t) = x(t) for all t € C'\ B.

The set of local counterobjections to (B,y) is denoted by Cobj(B,y). A local
objection is justified if it has no local counterobjection. The local bargaining
set, defined by [18] and denoted by BSy, is the class of all feasible allocations that
have no justified local objection, i.e.,

BS;={x € F: (B,y) € Oby(x) = Cobj (B,y) # 0}.

Remark 3.5. According to the above definition, the counterobjecting coalition C
may include no agent of B, that is C'N B may be empty. In this case, C\ B = C and
the only relevant conditions are (C1) and (C3y), so that (C, z) is actually just an
objection to z rather than a counterobjection to (B, y). To avoid this situation, [25]
requires that there is non-empty intersection between C' and B, that is C'N B # ().
In Section 4 we propose a new notion of bargaining set that keeps this condition
and we show that in atomless economies the non-empty intersection condition does
not affect the bargaining set (see (5)).

Remark 3.6. As discussed in [18, Remark 1], the definition of counterobjection can
be weakened by requiring strict preference only for a positive measure subset of the
counterobjecting coalition. With this change, even if the set of counterobjections is
formally larger, the set of justified objections (and hence the bargaining set) remains
unaltered. A similar argument does not apply to objections: if one considers only
objections in which all the deviating agents have strict preferences then the core
does not change, but the bargaining set may become significantly larger. See [24]
for a formal comparison of the bargaining sets generated by these different classes
of objections.

[23] proposes an alternative definition of bargaining set with the idea that
(i) an objection is a “global” redistribution of commodities among all the agents
in the economy,
(#4) agents in counterobjections improve their welfare with respect to the objection
and not with respect to the original allocation.

We recall the formal definition of [23] (see also [19] and [17]).

Definition 3.7. Let x be an allocation and (B,y) € Oby(z). A global counter-
objection to (B, y) consists of a pair (C, z) where C is a coalition and z is a feasible
allocation (i.e., z € F) such that:

(C1) C attains z, ie., [,(z —w)d\ <0;
(C2) z(t) = y(t) for all t € C.
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We denote by Cobg(B,y) the set of global counterobjections to (B,y). A global
objection is justified if it has no global counterobjection. The global bargaining
set, defined by [23] and denoted by BS,, is the class of all feasible allocations that
have no justified global objection, i.e.,

BS, ={z € F: (B,y) € Oby(z) = Coby(B,y) # 0}.

Remark 3.8. The main difference between the two concepts is that [23] imposes
that the allocations involved in objections and counterobjections are feasible for
the set of all consumers, whereas in [18] such allocations are attainable only for the
corresponding coalitions. Clearly, if there is no objection against an allocation, a
fortiori, there is no justified (local nor global) objection against it. Thus, both BS,
and BS, contain the core, and hence the set of competitive allocations, so that no
existence issue arises. Furthermore, [18] shows that the B.S, coincides with the set
of competitive allocation W and a fortiori with the core C. Whereas, [23] shows
that this is not the case for the global bargaining set, which is in general larger than
the core. Therefore,

§ # W =C=BS, C BS, (2)

where the last inclusion can be strict.

3.1. Justified objections and the core. This section is devoted to illustrate the
relationships between justified objections and the core. We characterize allocations
that can be used to raise justified global objections as those in the core of the
economy &, whereas allocations used to raise justified local objections as those
in the core of a suitably defined economy with production. These results do not
need any assumption on the agents’ measure space, so they hold in any economy
regardless of the number of consumers.

Proposition 3.9. Let x be an allocation and (B,y) be a global objection to x. Then,
(B,y) is justified if and only if y belongs to the core of the economy &.

Proof. Let (B, y) be a justified global objection to 2 and assume to the contrary that
y is not in the core of £. Being y feasible, there exists a pair (C, z) such that C is
a coalition that attains the allocation z and z(t) =, y(t) for a.e. t € C (see Remark
3.6). Define z = zx ¢ +wx7\ ¢ which is feasible and such that z|c = z. Thus, (C,2)
is a global counterobjection to (B, y), which is a contradiction. Viceversa, let y be
a core allocation of the economy & and suppose, by a way of contradiction, that
(B,y) is not justified. Then there exists a global counterobjection (C, z) to (B, y),
that is such that C attains z and z(t) =; y(t) for all ¢ € C. This means that C
improves upon y via z contradicting the fact that y is in the core of the economy
E. O

For local objections, instead, we only know that if (B, y) is justified then y is in
the core of the economy &£|p defined as the restriction of £ to the coalition B (see
Proposition 3.1 in [11] for production economies with a finite number of agents).
The converse may not be true (see also [6, Remark 2.8] for a similar observation).
However, we show below that justified local objections can be characterized as core
allocations of a suitably defined economy with production. To this end, given an
allocation z and a local objection (B,y) to x, we can define a production economy

&P ={(B, =5, Ap),RY, (m1,w(t)hien, Y},
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where (B,Xp,Ap) is the measure space restricted to B and its subcoalitions; for
every t € B, =; and w(t) are the same as in the original economy &, and Y,P is the
common production set defined as follows:

YE = (T —w)d\ : Z(t) =y x(t)forallt € S U{0}| + R
Y oo e

An allocation in the economy £Z is an integrable function z : B — R which is
called feasible with respect to a subcoalition C of B, if [ (w — z)d\ € Y,?. This
means that C, seen as a coalition in the original economy &, attains z or that there
exist a § C T\ B and an integrable function z : S — R’} such that

/ (= 2)d\ > / (7 — w)d) and F(t) =, 2(t) for all ¢ € .
C S

The definitions of objections and core adapt naturally to this framework.

Proposition 3.10. Let x be an allocation of € and (B,y) be a local objection to
x. Then, (B,y) is justified in the economy & if and only if y is in the core of the
economy EB.

Proof. Let (B, y) be a justified local objection against x and assume by contradiction
that y does not belong to the core of the economy £Z. First note that y is feasible
in £8 since B attains y.

Then, there exists (D, h) such that D C B, h(t) = y(t) fora.e. t € D, and [}, (w—
h)d\ € Y,B. If D attains h in the economy &, then (D, h) is a local counterobjection
to (B,y) in &, and this is a contradiction. Then, there exist a S C T\ B and an
integrable function 7 : § — R’ such that

/D(w — h)dA > /(5— w)dA (3)

s
and
Z(t) =¢ x(t) for all ¢t € S. (4)

Consider the coalition C'= DU S and the allocation z = hxp + Zxs and note that:

(a) [o(z—w)d\= [,(h—w)d\+ [¢(T —w)dX\ <0 because of (3);

(b) z(t) =+ y(¢) for a.e. t € C'N B because C N B =D and z|p = h;

(¢) 2(t) =Z(t) =t x(t) for a.e. t € C'\ B = S because of (4).
By Remark 3.6, this means that from (C, z) one can construct a local counterob-
jection to (B,y), which is a contradiction.

For the converse, assume that ¥ is a core allocation for the economy £Z and, to
the contrary, that there exists a local counterobjection (C,z) to (B,y) in €. This
means that

(a) [o(z—w)dX <0,
(0) 2(t) = y(t) for a.e. t € CN B,
(¢) 2(t) =¢ z(t) for a.e. t € C'\ B.

Let us distinguish two cases: A(C N B) > 0 and \(C' N B) = 0.

If A(CNB)>0,let D=CnNB and note that the pair (D, z|p) objects y in the
economy €. Indeed, consider S = C'\ B C T\ B and 2 = z|c\ 5, and note that
Jplw—=2)dX = [, pw—2)d\ = [ (w—2)d\— fC\B(w —2)d\ > fC\B(z —w)d\ =
J5(Z — w)dA because of (a) and Z(t) = z(t) =, x(t) for a.e. t € S = C'\ B because
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of (¢). Then, [, (w— z)dA € Y,P. Furthermore, z(t) = y(t) for a.e. t € D because
of (b). Therefore, y is not in the core of the economy &2 which is a contradiction.
If \(CNB) =0, then C\ B = C. By (a), (¢) and the monotonicity of preferences,
the allocation 2’ defined as 2/(t) = z(¢) + ﬁ Jo(w—2)dA for all t € C' is such that
(@) [o(7 —w)dX =0,
(c) 2'(t) = x(t) for a.e. t € C.
Monotonicity and continuity imply the existence of a £ € (0,1) and ¢’ C C such
that e2/(t) =, x(t) for a.e. t € C’. Consider the allocations 2" = €2’xcr + 2'xc\ ¢
and y'(t) = y(t) + %fc' Z'd\ for all t € B. Note that z(t) =, x(t) for a.e.
t € C C T\ B. Furthermore,

(i) y'(t) =¢ y(t) for ae. t € B,
(i1) [5(w—y")dX € Y,P. Indeed,

/B(w—z/)cu _ /B(w—y)d)\—(l—a)//z’d)\
> 0—(1—5)//z’d)\

- /(z’—w)d/\—(l—e)/ )
C ’

/ z’d/\—|—/ 6z’d)\—/ wd\

co\C o c

= [ wan

with 2”(t) =, z(t) for a.e. t € C C T\ B. In other words, [,(w —y')d\ € Y.P and
so B, seen as a coalition in £Z, attains y’. This means that (B,y’) is an objection

to y in the economy £Z, which contradicts the fact that y is a core allocation in
53 0

4. A new notion of Bargaining set. We now introduce a variation of Mas-
Colell’s bargaining set which is based on a weaker mechanism of objections and
counterobjections. Intuitively, we assume that an agent accepts to join an objection
(or a counterobjection) only if she is promised a bundle at least as good as those
consumed by her peers, i.e., by the agents of her same type.

Definition 4.1. Given an allocation z, an objection* to x is a pair (B,y) such
that (B,y) € Obg(x) and y € Mp.

Denote by Ob*(x) the set of objections* to z, it is clear that Ob*(x) C Oby(x).
On the other hand, it can be proved that, if  has the ETP, from a local objection
(B,y) € Oby(x) we can construct an objections* (B,y’) to x. This follows from the
Lemma in [5] (see also Theorem 3.8 in [7]). We define the set of feasible allocations
with the ETP against which there is no objection* as the core* and we denote it
by C*, i.e.,

C*={ze FNM: Ob*(x) =0}
Clearly, W C C*, and so it is non-empty under our assumptions.
Definition 4.2. Let z be an allocation and (B, y) be an objection* to z. A coun-

terobjection* to (B, y) consists of a pair (C, z) where C' is a coalition and z is an
integrable function z : C' — R’ such that:
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(C’ C attains z, ie., [,(z —w)d\ <0;
2(t) = y(t) for allte CNBand A({t e CNB:z(t) = y(t)}) > 0;
z(t) =¢ x(t) for all t € C'\ B;
z € Mg,
) for all t € C, z(t) = y(s) if s€ B\ C and s ~ t.

\_/\_/\_/\_/

(C2

(C3*
(e2%
(C5*

Note that (C2*) implies that
(C6*) AMCnB)>D0.

Thus, in addition to the notion of local counterobjection (see Definition 3.4) we
ask that no agent in the counterobjection* is envious of what her peers in C receive
from z, what her peers in B receive from y and what the others receive from z (see
(C4*) and (C5*)). Furthermore, as in [25], we impose the existence of a non-null
set of objecting agents that join also the counterobjection (see (C6*)). It is not
immediate, however, whether considerations similar to those of Remark 3.6 hold
for counterobjections*: given a counterobjection®™ to an objection®, it is unclear
whether this can be modified into a new counterobjection®™ whose members are all
strictly better off and keep the ETP.

We denote the set of counterobjections™® to (B,y) by Cobi(B,y). An objection™
is justified if it has no counterobjection®. The bargaining set*, denoted by
BS*, is the class of all feasible allocations satisfying the ETP that have no justified
objection*, i.e.,

BS* ={zx e FNM: (B,y) € Ob*(z) = Cob}(B,y) # 0}.

It is clear that the bargaining set* contains the core*, i.e., C* C BS*. Further-
more, we now show the relation between justified objections* and allocations in the
core® of a restricted economy. As for results in Section 3.1, the following proposi-
tion does not need any assumption on the agents’ measure space so it holds in any
economy.

Proposition 4.3. Let x be an allocation and (B,y) be an objection™ to x. If (B,y)
is justified then y belongs to the core® of the restricted economy &|p.

Proof. Let (B,y) be a justified objection® to x. In particular, B attains y meaning
that y is feasible in £|p. Assume to the contrary that y in not in the core* of &|p.
Since y € Mp, this means that there exists (C, z) such that C C B, z € Mg, C
attains z, z(t) = y(t) for a.e. t € C and A\({t € C : z(t) >+ y(t)}) > 0. We show
that (C, z) is a counterobjection™ to (B, y) and we reach a contradiction. Note that,
since C C B, A(CN B) = A(C) > 0 and C \ B = (). Thus, we only need to show
that (C, z) also satisfies condition (C5*) of Definition 4.2. To this end, take t € C
and s € B\ C where s and t are of the same type (s ~ t). Since y € Mp and
z(t) =¢ y(t) for a.e. t € C, we have that z(t) =; y(t) >+ y(s). This completes the
proof. 0

The converse implication of Proposition 4.3 does not hold in general. Moreover,
the arguments in Proposition 3.10 do not apply to this new class of objections,
and so they cannot be used to study justified objections* within special production
economies.

Remark 4.4. The notion of bargaining set* can be formalized for economies with
more general measure spaces (not necessarily atomless) and compared to the core
therein. Once every type of agents consists of a single individual, the equal treat-
ment property (ETP) becomes irrelevant and the core is a subset of BS*. But,
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in general, since it is well known that there are core allocations without the ETP
(see [8]), comparisons between the BS™* and the core are not straightforward (see [7]
for further observations). Nevertheless, we show below that BS™* always contains the
set of competitive allocations W so that, under the assumptions of [1], it contains
the core C too.

Proposition 4.5. The bargaining set* contains the set of competitive allocations,
i.e., W C BS*, and so it is non-empty.

Proof. Let = be a competitive allocation. We have already observed that W C
F N M. Furthermore, being W C C, Oby(z) = 0 and a fortiori Ob*(z) = 0 since
Ob*(x) C Oby(x). This means that € BS™. O

Proposition 4.5 also follows from the inclusions W C C* and C* C BS*.

Remark 4.6. Since, Ob*(z) C Oby(zx) for any allocation z and Cob%(B,y) C
Cob} (B, y) and any objection* (B,y) € Ob*(z), the relationship between BS* and
BS, is not immediate. In fact, a simultaneous reduction on the set of objections
and counterobjections causes, respectively, an enlargement and a reduction of the
bargaining set. They both contain the set of competitive allocations and thus, under
standard assumptions, they are both non-empty.

Remark 4.7. Our notion of bargaining set has some similarities also with the
notion of global bargaining set due to [23]. Given an allocation x, an objection
(B,y) to z and a counterobjection (C, z) to (B,y), recall that the main difference
between the notion of counterobjection due to [18] and [23] concerns the feasiblity
of z and merely agents in C'\ B, because for [18] these agents t € C'\ B are such that
z(t) >+ x(t), whereas [23] requires z feasible and such that z(¢) > y(¢). Our notion
keeps some features of both, because we require that agents in C'\ B do not envy
only their counterparts in the objection to which they counter. In other words, we
impose a comparison between z and y, as done in [23], only among agents of the
same type and for the rest z is compared with z, as in [18]. We show that this is
enough to extend Schmeidler’s theorem as done in [19] for the global bargaining set
(Theorem 4.12), as well as to characterize competitive allocations (Theorem 4.9),
as done for local bargaining set by [18].

4.1. Equivalence with competitive equilibria. In this section we show that
our notion of bargaining set coincides with the set of competitive allocations. To
this end, the following notion due to [18] is needed.

Definition 4.8. An objection (B, y) to x is Walrasian if there exists a price system
p # 0 such that, for a.e. t € T

(i) p-v>p-w(t) for v =y y(t), t € B;

(i) p-v>p-w(t) for v =, z(t), t ¢ B.

Theorem 4.9. An allocation belongs to the bargaining set® if and only if it is a
competitive allocation, i.e., YW = BS*.

Proof. The inclusion W C BS* follows from Proposition 4.5. For the converse, let
x be a feasible allocation with the ETP that is not competitive. By Proposition 2
n [18], there is a Walrasian objection (B,y) against z. Remark 5 of [18] ensures
that, if  has the ETP, every allocation used to produce a Walrasian objection
to = has the ETP too. But this implies that (B,y) € Ob*(x). From Proposi-
tion 1 in [18] any Walrasian objection is justified, then Cobj(B,y) = (. Being
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Cob%(B,y) C Cobf(B,y), we have that Cob%(B,y) is empty too. Therefore, x is a
feasible allocation with the ETP (i.e., x € M) against which there is an objection™
(B, y) with no counterobjection*. We conclude that x is not in BS*. O

From Theorem 4.9 above and Theorem 1 in [18] we get that
W=C"=C=BS"=BS,C BS,, (5)

where the last inclusion can be strict.

The notion of objection* is introduced in the companion paper [7], where we
define the Equitable Bargaining set, denoted by BS,, as a solution concept that
combines the concern for equitability with the need to prevent possible deviations
from agents seeking better opportunities. We show that the Equitable Bargaining
set coincides with that of [18] when the economy is atomless. Moreover, we provide
two sets of conditions for economies with market imperfections that apply to finite
economies and to mixed market economies. In the first case, our conditions imply
that the Equitable Bargaining set is a subset of the core, and so it converges to
the set of competitive allocations if the economy is replicated. In the second case,
we show the equivalence with the set of competitive allocations in mixed markets.
There are two differences between BS* and B.S, that regard the notion of counter-
objections. In [7] we do not impose that counterobjections include some members of
the objections they counter; moreover counterobjecting agents are all strictly better
off. On the one hand, condition (C6*) makes counterobjecting more difficult and
consequently the bargaining set becomes smaller. On the other hand, requiring that
only a non-negligible group of counterobjecting agents are strictly better off makes
the set of justified objections smaller with a consequent enlargement of the bargain-
ing set. Therefore BS* and BS, are, in general, not comparable. However, thanks
to Proposition 4.1 in [7] and Theorem 4.9, they coincide in atomless economies. In
order to test whether an allocation is not in the Equitable Bargaining set we can use
a notion of objection that is more general than the Walrasian objection due to [18]
(see Definition 4.8). We call weakly Walrasian this class of objections. Proposition
1 in [18] ensures that any Walrasian objection is justified. The same does not hold
for a weakly Walrasian objection that, by Lemma 3.12 in [7], always has an empty
intersection with any of its counterobjections.® Consequently, weakly Walrasian ob-
jections are justified if one considers in the counterobjecting mechanism condition

(C6%).

4.2. Bargaining set with small coalitions. [9,20] and [22] show that, in atomless
economies, restrictions on the size of blocking coalitions do not change the core.
Then, not all coalitions must be considered to block a non-competitive allocation.
In particular, [20] proves that if an allocation is blocked by a certain coalition, then
it is also blocked by a subcoalition with an arbitrarily small measure. [19] attempts
to extend this result to the bargaining set. It is demonstrated that if only coalitions
of arbitrarily small size are allowed to object and counterobject then the global
bargaining set remains the same whereas the local bargaining set gets larger. In
what follows, we show that this kind of restriction on coalition formation has no
impact on the bargaining set™ too. To this end, we adopt the same terminology
and notation used in [19]: given an allocation z and a positive number § > 0, we
say that an objection™ (B, y) to « is a d-objection* to z, in symbol (B, y) € Obj(x),

8 Althought, Proposition 3.13 in [7] shows that if a group of agents accepts to raise a weakly
Walrasian objection then this can be extended to some larger justified objection.
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if A(B) < §. Similarly, given € > 0, a counterobjection® (C, z) to (B,y) is said to
be a e-counterobjection* to (B,y), in symbol (C,z) € Cob; .(B,y), if A(C) < e.
An objection® (B,y) to x is e-justified if Cob} ,(B,y) = 0. A feasible allocation =
belongs to the ed-bargaining set, in symbol x € BSZ;, if it satisfies the ETP and
there is no e-justified d-objection® to z, i.e.,

BSI; ={x e FNM: (B,y) € Obs(z) = Cob; .(B,y) # 0}.

If 6 and e are large enough, for example, bigger than A(7T'), the limitation is not
effective because all coalitions are allowed in both objections and counterobjections.
On the other hand, the next lemma shows that if ¢ < A(T) it is possible to reduce
the size of any counterobjection as much as we want while preserving the type of
agents represented in the counterobjection.

Lemma 4.10. Let x be an allocation and (B,y) € Ob*(z). If (C,z) is a counter-
objection* to (B, y), then for every e € (0, \(C)) there exists C° C C such that:
(7)) MC*NK,) = ﬁ/\(c N K,) for every n, and
(i) (C%,2) € Cobz,(B,y).

Proof. Let (C, z) be a counterobjection* to (B,y) and denote by CZ = C' N B and
C™B = O\ B. We can partition C® into two sets, C® = PP U RE, where

PB={tcCP: 2(t) = y(t)} and RP =CP\ PB.

For every n, consider the (possibly null) sets PZ = PENK,; RB = RPN K,
and C;;B = C7P N K,, consisting of the agents of type n respectively in PZ, RP
and C™B.

By construction, C is the disjoint union (U, P?) U (U, RE) U (U,, C;®) and
AC) = 5 [V (PE) 4 A (RE) + A (7).

In particular, since A(P?) > 0 and A(C N B) > 0, there must be a n’ for which
A(PE) > 0 and hence A\(PZ U RE) > 0.

Consider now the atomless measure 1: ¥ — R™*! that assigns to each S € Y¢

the vector:
w8 = ([-arinae).

For any type of agents n, we apply Lyapunov convexity theorem to X pr, X gz and
Y5 and find, for every ¢ € (0, A\(C)), three coalitions SZ C PB 1B C RP and
D;B C C;B such that n (Sf) = )\(ET)W (Pf)a n (IE) = A(ET)W (RE) and 7 (D;B) =
w1 (C27)-
For every n, let us put C,, = SZ U IB U D B. This means that:
MCn) = AST)+AULT) + MDD, ")

= )\(Pf)+)\(;)/\(Rf)+>\&)

A(T)
€
= )\(T))\(CﬂKn) for every n, (6)

ACRP)

with
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and that, for every n,

/Cn(z—w)d)\ = /SE(Z—w)dA—l—/IE(z—w)d)\—k/D;B(z_w)dA

€ /ij(zw)dA+LE(zw)dA+L;B(z”)dA]
9

XT)
= )\(T)/CHKTL(zw)d)\. (9)

We claim that C¢ = |J,, Cy, is the desired coalition. Condition (i) follows from
Equation (6), given that C*N K,, = C,, for every n. We focus on (i) and show that
(C%,2) € Cob; .(B,y). To prove that C° attains z, use Equation (9) and that C

attains z to write:
/ (z—w)d/\:Z/ (z —w)dA
5 n Cn

9

<0.

e
AT)

From the inclusion C* C C and the fact that (C, z) is itself a counterobjection*®
to (B,y) we obtain that z € Mce, 2(t) =+ y(t) for a.e. t € C* N B and z(t) =+ x(t)
for a.e. t € C¢\ B. Furthermore, since S5 C {t € C*N B : z(t) = y(t)}, from (7) it
follows that A({t € C*NB: z(t) =, y(t)}) > 0. Observe that A\(C*NB) > 0 because
of (8) and S5 U IB C C° N B; whereas by (6), we have that A(C¢) =Y A(C,,) =
>on ﬁ)\(CﬁKn) = 5% < ¢. Finally, for a.e. t € C° and s € B\ C¢ of the
same type of t we have two possibilities: if s ¢ C then z(t) > y(s) because (C, z) is
a counterobjection® to (B, y); if s € (BNC)\ C° then z(t) = z(s) = y(s) because
(C, z) is a counterobjection® to (B,y) and z € M¢. We conclude that (C¢,z) is a
e-counterobjection*® to (B, y). O

The next lemma shows that a similar result can be proved for objections™ (see
Proposition 4.3 in [7]).

Lemma 4.11. Let x be an allocation and (B,y) € Ob*(x). Then, for every § €
(0, \(B)) there exists B° C B such that:

(i) M(B°NK,)= %)\(B N K,) for every n, and
(i1) (B%,y) € Obj(x).

Proof. See Proposition 4.3 in [7]. O

We are now ready to show that, contrary to the local bargaining set defined
by [18] (see Theorem 3 in [19]), our bargaining set is such that for all £,§ > 0,
BS?s = BS*. The inclusion BS* C BS}; is a direct consequence of Lemma 4.10,
whereas the converse inclusion BS?Y; C BS* rests on the equitability condition we
impose in the blocking mechanism. Indeed, the proof consists in applying Lemma
4.11 to an objection* (B,y) and get a smaller objection* (B’,y’) with A\(B’') = 6,
the equitabiliy condition imposed among agents of the same type ensures that any
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counterobjection® to (B’,y’) counterobjects* (B,y) too. This also holds with the
global bargaining set of [23] and fails with the notion of [18].

Theorem 4.12. For alle,6 > 0, BS}; = BS*.

Proof. As already noted, only the cases when £,§ € (0,A(T)) are relevant. Let
x € BS* and assume to the contrary that « ¢ BSZ; for certain given e, € (0, \(T)).
This means that there exists an objection™ (B,y) to = such that A(B) < § with
no e-counterobjection®. Since x € BS* and (B,y) € Ob*(z), there exists (C,z) €
Cob%(B,y). Lemma 4.10 ensures the existence of a e-counterobjection® to (B,y)
which is a contradiction. For the converse, let © € BS?; and assume to the contrary
that « ¢ BS*. This means that there exists an objection® (B,y) to = with no
counterobjection®. Lemma 4.11 implies the existence of (B%,y) € Ob%(z), where
B® contains the same types of agents of B (see Lemma 4.11 (7)) and such that
A(B?) < 6. Being z in BS?;, there is a e-counterobjection* (C, z) to (B°,y). We
conclude the proof by showing that (C,z) is also a counterobjection® to (B,y).
Clearly, since B® C B, the unique check regards agents in B\ B° and, in particular,
conditions (C2*) and (C5*) of Definition 4.2. Note that for any ¢t € (C N B)\ B,
since B and B contain the same types of agents, there is s € B® such that s ~ t. If
s€ CNDBY, since y € Mp and z € M¢, we have that z(t) =; 2(s) =; y(s) = y(t).
If, instead, s € B?\ C, then being y in Mp, we get that z(t) =; y(s) >=; y(t). Thus,
2(t) =4 y(t) for a.e. t € CN B, and from the inclusion C N B° C C'N B we also have
that A({t € CN B : z(t) =¢ y(t)}) > 0. Thus (C2*) is satisfied and, with similar
arguments, one proves also condition (C5*) that is, for all t € C, z(t) =, y(s) if
s€ B\ C and s ~t. O

5. Final remarks. This paper studies different notions of bargaining sets for atom-
less economies and proposes two sets of results. The first is concerned with the
characterizations of justified objections of all different types. The second proposes
a definition of bargaining set that meets three fundamental requirements for coop-
erative solution concepts in exchange economies.

The variations in the definitions of bargaining set depend on the different types
of strategic behavior that agents adopt when trying to improve upon an objection
with a valid counterobjection. To capture the differences between the strategic in-
teractions that describe each notion of bargaining set, we associate to any objection
(B,y) an auxiliary economy in which the problem of understanding whether (B, y)
is justified translates into understanding whether y is in the core of the associ-
ated economy. On this ground, one could explore the properties of these auxiliary
economies and propose new characterizations. For example, consider a non-justified
local objection (B, y) to an allocation 2 and consider the auxiliary production econ-
omy £B. Proposition 3.10 gives that y, seen as an allocation in £Z, is not in the core,
and so it can be objected (in £2). A natural question would be whether one can
take such objection to y arbitrarily large in size, that is, whether Vind’s Theorem
applies to the economy £5. This is equivalent to the following question: if (B,y) is
not justified (and hence unstable in some sense), is it there a local counterobjection
that involves arbitrarily many agents in B, or would a significant number of agents
in B prefer the objection y to any other agreement?

The second part of the paper focuses on the bargaining set* and shows that,
in atomless economies, it is non-empty, it characterizes the set of competitive al-
locations, and it remains unaltered if one allows only small coalitions to form. It
remains unclear how this blocking mechanism changes if one puts a lower bound
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on the size (or diameter) of the coalitions that are allowed to raise objections and
counterobjections, in the spirit of Vind’s and Grodal’s characterizations of the core.
A last observation is that it seems unlikely that one could provide core-like charac-
terizations of the objection process that defines the bargaining set* similar to those
in Proposition 3.9 and Proposition 3.10. The reason is that the notion of objec-
tion* requires a combination of global and local considerations that can hardly be
reproduced in a workable restricted economy.
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