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1.1 Introduction

Precipitation intensities and frequencies are key variables for many environ-
mental studies, not only limited to the field of hydrology but in many other
fields, such as meteorology, climate sciences, and agronomy, and to the as-
sessment of risks involving hydrometeorological processes, such as floods and
droughts. Aggregate precipitation is the total amount of precipitation that
accumulates over a specific period, typically measured as a height (of ac-
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cumulated water) in millimeters (mm). As a result, there is very extensive
literature proposing models for the distribution of precipitation at different
temporal scales (sub-hourly, hourly, daily, monthly). For example, the most
popular distribution used to model positive daily precipitation is probably
the gamma distribution [79], which also generally provides an adequate fit for
monthly precipitation thanks to its flexible shape, but the gamma distribution
fails to capture heavy rainfall features at a high temporal scale, i.e. daily and
sub-daily.

Modeling precipitation and its aggregates presents unique challenges com-
pared to other weather variables, such as temperature. Precisely capturing the
aggregation behavior of precipitation over time or space is crucial for many
applications, including flood or drought risk assessment. This requires an ex-
plicit or implicit specification of an appropriate dependence model to combine
the marginal distributions in time and space, where not only extreme but also
moderate and low precipitation values can contribute to extreme aggregates.
Another aspect specific to precipitation is its intermittence, which means that
it is possible to observe many values of zero when a full observation series is
considered. This requires considering the probability distribution as a mixture
of a continuous component for positive precipitation and a discrete component
at zero for the absence of precipitation.

While the entire distribution is important for precipitation, its extremes
are of particular interest because of their impact on people through rain-
induced floods [38], agriculture [99] and infrastructure [85]. The study of hy-
drological extremes was an important early application of extreme-value anal-
ysis [50, 55] and a catalyst for many methodological developments. Indeed,
the use of a parametric model for the whole distribution can lead to signif-
icant bias in the estimates of the tail quantiles if the model is not properly
specified. Therefore, it has become common practice to estimate tail quantiles
of precipitation using models derived from Extreme-Value Theory [24, 8, 33].

This chapter reviews statistical approaches developed for studying some
key aspects of precipitation extremes, but without any claim to be exhaustive.
Section 1.2 provides a brief overview of typical data characteristics. Section
1.3 presents univariate probability distributions for modeling variability in
extreme values and methods for estimating their parameters. Then, Section
1.4 demonstrates the application of these distributions in representing pre-
cipitation intensity or return values at different durations and frequencies.
Section 1.5 explains how information can be aggregated spatially to obtain
more efficient estimates of return values. The approaches in the aforemen-
tioned sections assume that extreme precipitation events are independent and
identically distributed. However, there are various reasons to believe that this
is not the case. For instance, seasonal and spatial patterns, as well as climate
change, could induce nonstationarity. Section 1.6 reviews various approaches
to detecting and modeling nonstationary precipitation extremes. The final
section is a discussion presenting the concept of stochastic generators and em-
phasizing the importance of modeling extreme rainfall for simulation purposes.
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This section examines the potential for stochastically generating synthetic yet
realistic precipitation episodes across temporal, spatial, and spatiotemporal
domains. For this purpose, we need generative models that can appropriately
reproduce important statistical properties of extreme events but also of nonex-
treme events. In particular, such models must be able to adequately reproduce
dependence across the domain. This chapter includes online supplementary
material illustrating the practical applications of the discussed methods using
real-world data.

1.2 Data characteristics

Precipitation is usually expressed in a unit of volume per area. It can be mea-
sured at the site of a rain gauge or determined by remote sensing at various
spatial and temporal resolutions. In the former case, precipitation volume can
be measured manually (typically once a day) or automatically with digital
instruments, which allow obtaining time series with sub-daily measurements
at relatively high frequency (e.g., every minute). Often, the available stations
with daily or more precise minute measurement frequencies differ by the length
of their available time series, with more precise measurements being available
only for more recent periods. The spatial coverage is also generally not uni-
form, typically being lower in areas that are difficult to access and sparsely
populated. For analysis conducted at the global level, data availability is usu-
ally scarce in many low- and middle-income countries, especially in the Global
South and the tropics [36].

Compared to gauging stations, remote sensing instruments such as weather
radars or satellites can provide precipitation estimates at high spatiotempo-
ral resolution [73]. However, due to their limited records in terms of temporal
depth and the additional biases and uncertainties associated with remote sens-
ing, the use of such precipitation data sets to fit extreme value models remains
weakly explored.

Another potential data source is reanalysis data. Reanalysis combines past
short-range weather forecasts with observations through data assimilation in
numerical climate models. However, these data sets typically underestimate
extreme precipitation events at local scales [34, 60], because they are avail-
able only at relatively coarse pixel resolution (e.g., around 10km for standard
reanalysis data products, such as ERA5). The value reported for a pixel can
be viewed as an average taken over the whole pixel.

An example of the variety of available data is provided by the Ger-
man Weather Service (Deutscher Wetterdienst, DWD). This service offers
access to thousands of datasets of weather observations for Germany online at
https://opendata.dwd.de/climate environment/, in particular, daily pre-
cipitation but also observations with time steps of 1, 5, 10, 60 minutes. The
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FIGURE 1.1
Map of precipitation gauges in Germany. Points are gauges with daily pre-
cipitation measurements for the period 1901–2023. The size of points reports
empirical quantiles at level 0.98. The gauge at the location Neumühle (marked
with a red cross) provides high-frequency data (1 minute) for the period 1975–
2018. The color of the map background indicates elevation (in meter unit).

R package rdwd can retrieve this data, as demonstrated in the companion
code provided in the online supplementary material. To practically illustrate
some of the approaches discussed in this chapter, we use observations from
175 gauges in Germany for the period 1901–2023; see the map Figure 1.1
showing the topographic configuration of gauges and location-wise empirical
precipitation quantiles at probability level 0.98.

1.3 Univariate probability distributions for extreme pre-
cipitation

Probabilistic methods describe the frequency and magnitude of extreme events
of precipitation by modeling the upper part of the distribution, which is typi-
cally called the “tail”. The main probabilistic methods are based on Extreme-
Value Theory (EVT) used to analyze series of Block Maxima (BM; or Annual
Maxima) and Peaks Over Threshold (POT; or Partial Duration).
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1.3.1 Block Maxima (BM) approach

With this method, a time series of precipitation of a fixed duration is divided
into subsets (i.e., blocks) of the same length, usually by year, and the max-
imum value of each subset is extracted to obtain a sample of block maxima.
The fundamental Fisher-Tippett-Gnedenko theorem [45, 49] states that, if the
limiting distribution of the maxima of a properly normalized time series of in-
dependent and identically distributed observations exists, then it belongs to
one of the following three distribution families: EVI (or Gumbel distribution),
EVII (or Fréchet distribution), and EVIII (or reverse Weibull distribution).
These three asymptotic distributions were combined by von Mises [114] and
Jenkinson [59] into the Generalized Extreme-Value (GEV) distribution

G(y) = exp

{
−
[
1 + ξ

(y − µ

σ

)]−1/ξ

+

}
, (1.1)

where (a)+ = max(a, 0) and −∞ < µ < ∞, σ > 0, −∞ < ξ < ∞. This
distribution has three parameters: a location parameter µ, a scale parame-
ter σ, and a shape parameter ξ, called the extreme-value index. With this
parameterization, we denote the distribution as GEV (µ, σ, ξ) in the sequel.

The case ξ = 0 in (1.1) must be interpreted as the limit when ξ → 0, which
leads to the Gumbel distribution:

G(y) = exp

{
− exp

[
−
(y − µ

σ

)]}
, −∞ < y <∞. (1.2)

When ξ > 0, the GEV reduces to a Fréchet distribution and is said to be
heavy-tailed. Conversely, when ξ < 0, the GEV distribution is the reverse
Weibull distribution and has a finite upper bound of its support.

The motivation for modeling extreme precipitation properties often is to
estimate the probabilities of rare events, especially high precipitation amounts,
or, conversely, to estimate the amount or intensity of precipitation that can
be expected to occur with a specific probability within a certain period. To
achieve this, we can use the block maxima approach with the GEV distribution
and obtain the necessary information by inverting equations (1.1) or (1.2).
Using G(q) = p, we can derive the quantile function G−1(p) = qp as

qp =

{
µ− σ

ξ

{
1− [− log(p)]

−ξ
}
, for ξ ̸= 0,

µ− σ log [− log(p)] , for ξ = 0,
(1.3)

where qp is the value that will not be exceeded with probability p within a
block. Thus, for a block size of one year, p represents the annual nonexceedance
probability. It is common to refer to return periods instead of annual proba-
bilities, since statistically, the value of qp can be expected to be exceeded on
average once within the return period T , which is equal to 1/(1−p). It is worth
noting that using return periods is only applicable in a stationary climate and
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becomes difficult to interpret when the annual exceedance probability changes
over time.

The asymptotic extreme value distribution brings a significant advantage
in that it does not require knowledge of the parent distribution, making it
widely used. Various studies have examined which of the three asymptotic
distributions is most suitable for representing the statistical variability of max-
imum annual daily precipitation. The analysis of global and regional databases
suggests that the EVII distribution (corresponding to heavy tails) is the most
suitable for describing annual maxima of daily precipitation [94, 12, 80]. Work-
ing with block maxima has further advantages: intra-block dependence and
nonstationarity do not have to be considered explicitly, and the delicate choice
of certain tuning parameters (e.g., thresholds in the peaks-over-threshold ap-
proach described in the following section) is avoided. In some cases, only his-
torical maxima data is available, and the BM approach directly exploits this
information; see, e.g. [61]. Finally, maxima data may have undergone more
thorough quality checking than the original data available at higher temporal
resolution; see, e.g., [88].

1.3.2 Peaks over threshold (POT) approach

The benefits of the BM method highlighted previously come with a downside.
Shortcomings include the loss of information (as only a maximum of each year
is retained) and questionable asymptotic assumptions when effective sample
sizes are relatively small, e.g., due to only a few independent precipitation
episodes during a year, or due to strong seasonalities, such that most an-
nual maxima occur during a specific season. Moreover, intra-block behavior
(e.g., serial dependence and seasonal patterns) cannot be inferred from max-
ima data. The peaks-over-threshold approach can provide more flexibility and
alleviate such problems.

The Generalized Pareto distribution is commonly used to study those com-
ponents of a series that exceed a high fixed threshold value, as suggested by
the Pickands-Balkema-de Haan [6, 96] theorem. Under the same conditions as
those of the Fisher-Tippett-Gnedenko theorem, the conditional distribution
of Y above a threshold u, Pr(Y ≤ u+z | Y > u), converges to the Generalized
Pareto (GP) distribution, denoted H, as u tends to infinity:

H(z) = 1−
(
1 + ξ

z

σ̃

)−1/ξ

+
, (1.4)

with −∞ < ξ <∞ and σ̃ > 0.
Note that the special case ξ = 0 has to be interpreted as a limit, in analogy

with the GEV case ξ = 0, viz.,

H(z) = 1− exp
(
− z

σ̃

)
, z > 0, (1.5)

which corresponds to an exponential distribution with rate parameter 1/σ̃.
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The parameters of the GP distribution of threshold excesses are uniquely
determined by those of the associated GEV distribution of the block maxima.
In particular, the shape parameter ξ in (1.4) is equal to that of (1.1), and
its interpretation is the same as for the GEV distribution (e.g., if ξ > 0,
then the GP distribution is heavy-tailed). The relationship between the scale
parameters of the GEV and GP distributions is σ̃ = σ + ξ(u− µ).

Using (1.4) and (1.5), return levels of the parent distribution of Y for y > u
can be derived from

Pr(Y ≤ y) ≈

{
1− λu

[
1 + ξ

(
y−u
σ

)]−1/ξ

+
, for ξ ̸= 0,

1− λu exp
(
y−u
σ

)
, for ξ = 0,

(1.6)

where λu = Pr(Y > u) can be estimated empirically as the proportion of the
data exceeding the threshold u. Solving Pr(Y ≤ yp) = p, we obtain

yp ≈

 u+ σ
ξ

[(
1−p
λu

)−ξ

− 1

]
, for ξ ̸= 0,

u+ σ log
(

1−p
λu

)
, for ξ = 0.

(1.7)

However, it should be noted that these relationships are still considered
asymptotic. Two central assumptions are made when using this procedure in
practice. First, the asymptotic argument must be valid for the parent distribu-
tion FY (·) of precipitation; second, an appropriate threshold u must be found
such that the GP model provides a good approximation to exceedances of u.

To detect an appropriate threshold u to fit a GP distribution, a variety of
methods exist, see [103, 68] for reviews. In an extensive application of various
methods to 1714 gauges with over 110 years of available daily precipitation
observations from the NOAA-NCDC database (in open access), [68] found
that graphical methods [24] and goodness-of-fit metrics based on asymptotic
properties of the GP distribution performed best. We conclude by mentioning
that there have been recent advances for this issue [115, 86, 81] that would
deserve a more widespread application to precipitation data.

Apart from threshold selection, another difficulty of the POT approach is
the assumption of independence in data series. In a worldwide assessment, the
series of daily precipitation of the stations belonging to the Global Historical
Climatology Network (GHCN) were shown to present significant autocorre-
lation, which becomes weaker for threshold exceedances when increasing the
threshold value [35]. Temporal dependence between successive time steps be-
comes stronger for sub-daily rainfall time series, and extreme events tend to
occur in clusters more often.

One common approach to handling clusters of extremes is declustering.
Once a definition of clusters has been decided, the maximum excess in each
cluster is recorded, and these cluster maxima are then assumed to be inde-
pendent [30, 44]. The GP distribution can then be fitted to these independent
cluster maxima. Defining clusters is problematic since the method is sensitive
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to how exactly a cluster is defined, i.e., often based on threshold and run
length selection. Again, as with the block maxima approach, there is a sub-
stantial waste of information by only considering the maximum of each cluster
in the modeling procedure.

[42] proposed to fit the GP distribution with the incorrect assumption of
independence between exceedances of a high threshold. They use all threshold
exceedances in the modeling procedure, dealing with the problem of depen-
dence through other methods. This approach significantly reduces bias in pa-
rameter and return level estimates, but it also underestimates standard errors
associated with model parameters due to the incorrect assumption of inde-
pendence. To address this issue, the authors utilize a method developed by
[105], which enables the adjustment of the standard errors through a relatively
simple modification.

1.3.3 Nonasymptotic approach

Hosking and Wallis [54, Chapter 5] proposed using alternative distributions,
in addition to the GEV distribution, for modeling annual maxima. They argue
that the requirements for approximating the distribution of annual maxima
with a GEV distribution are often not satisfactorily met for variables such as
precipitation.

The Generalized Logistic (GL), Generalized Normal (GN), and Pearson
type III (P3) distributions, proposed by Hosking and Wallis [54, Chapter 5],
are potential candidates with three parameters µ, σ and ξ, and are recalled
below.

Generalized Logistic

F (y) =


1

1 +
(
1 + ξ y−µ

σ

)−1/ξ

+

, for ξ ̸= 0,

1

1 + exp
(
−y−µ

σ

), for ξ = 0.

Generalized Normal

F (y) =

{
Φ
(
log
(
1 + ξ y−µ

σ

)1/ξ
+

)
, for ξ ̸= 0,

Φ
(
y−µ
σ

)
, for ξ = 0,

where Φ(y) is the standard Normal distribution.

Pearson type III or generalized gamma distribution

F (y) =


γ
(
4/ξ2, 2y−µ

σ + 4/ξ2
)

Γ (4/ξ2)
, for ξ > 0,

Φ
(
y−µ
σ

)
, for ξ = 0

1−
γ
(
4/ξ2,−2y−µ

σ − 4/ξ2
)

Γ (4/ξ2)
, for ξ < 0,
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with support
{
y : [2(y − µ)/σ + 4/ξ2]ξ > 0

}
where γ (α, t) is the lower in-

complete gamma function, i.e., γ (α, t) =
t∫
0

sα−1 exp(−s)ds, and Γ(α) =

limt→∞ γ (α, t).

Table S2 in the Supplementary material of [35] presents recent references
that use a range of probability distributions to represent annual maxima
of daily precipitation. Although these other distributions have been identi-
fied empirically as suitable for modeling annual precipitation with specific
datasets, it is important to note that there is no general asymptotic justifica-
tion for them. Violating the asymptotic theory may cast doubt on the ability
of the fitted models to extrapolate to low-probability events and high-return
periods.

The applicability of classical EVT to annual maxima of precipitation, both
for daily and shorter durations, has also been questioned by Veneziano and
coauthors [110, 111]. They offer an alternative approach to dealing with rain-
fall extremes and present a unified asymptotic theory of rainfall extremes,
which includes annual maxima, excesses above high thresholds, and intensity-
duration-frequency curves. The analysis is based on stationary multifractal
representations of rainfall and extends the familiar results from EVT [111].

The need to overcome some limitations of classical EVT due to the paucity
of data led to the development of alternative approaches that allow for more
efficient use of the available data to infer the distribution of extremes.

One approach is based on so-called compound distributions and has re-
cently been proposed for hydrological applications by [77]. They introduce
the Metastatistical Extreme Value Distribution (MEVD in the following, not
to be confounded with Multivariate EVDs). The starting point is still the
consideration of the distribution of the maximum Mn on n independent and
identically distributed random variable Yi, i = 1, ..., n, inside a block. How-
ever, instead of considering the limit distribution of the normalized sequence
Mn, they consider the non-asymptotic distribution, namely

Pr(Mn ≤ y) = [F (y; θ)]n

where F (·; θ) is the parametric distribution of Yi, i.e., the parent distribution.
The MEVD treats as random variables both the number of events per block n
in each year and the parameters θ. The resulting distribution is the compound
distribution

G(y;λ) =

∫ ∞∑
n=1

[F (y; θ)]np(n;λ)π(θ;λ)dθ

where p(n;λ) is the ’a priori’ probability distribution of the number of events
per block, π(θ;λ) is the ’a priori’ distribution on θ, and λ represents a vector
of suitable prior hyperparameters. For practical applications, the MEVD is
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approximated by

Ĝ(y) =
1

J

J∑
j=1

[F (y; θ̂j)]
nj

where J is the number of blocks of observations, nj is the number of wet

events in the jth block and θ̂j is the estimate previously obtained within each
block by considering the distribution F (·; θ).

This two-step procedure does not account for the variability associated
with the different estimates θ̂j . To overcome this limitation, [129] propose to
rewrite the compound distribution as a hierarchical model and fit it under a
Bayesian framework. Another potential problem in the model specification is
the assumed independence of the event. This is especially true when we con-
sider sub-daily data. Finally, in modeling daily rainfall, [77] chose the Weibull
distribution, claiming the superiority of this distribution over other distribu-
tions. Another widely used distribution is the gamma distribution. However,
both distributions are within the domain of attraction of the EVI (Gumbel)
distribution. In terms of the asymptotic behavior of the distributions, this fact
contradicts the common use of the EVII (Fréchet) distribution in modeling
daily annual maxima [94, 12, 80].

The approach described above relies on expert knowledge of the hydro-
logical community about the statistical distribution of precipitation. Chapter
?? discusses other approaches that model the bulk of the data and the tails
together, and that extend the EV distributions by broadening the range of
extreme value limit distributions.

1.3.4 Estimation methods

Various estimation methods are currently used to fit the above models for
heavy precipitation analysis; for a recent review, see [84]. Among the numer-
ous options, two are particularly popular among hydrologists: the maximum
likelihood (ML) method and a method based on Probability Weighted Mo-
ments (PWMs).

Although there is no clear superiority among different methods, the ML
method can generally be considered the most efficient approach for large sam-
ple sizes, as long as the model is not misspecified. Computational details on
ML estimation of µ, ξ, σ in the GEV model are presented in [97] and Chapter
??. Another advantage of ML is that the method can be readily adapted to
extreme-value models with covariates, see §1.4 and §1.6.1.

The PWM estimation method is a widely used and relatively robust alter-
native to the ML approach, particularly when the sample size is small [48].
The PWM of a random variable Y is defined as

µp,r,s = E[Y p{F (Y )}r{1− F (Y )}s],

where p, r, and s are real numbers, provided that the expectation exists.



Univariate probability distributions for extreme precipitation 11

The conventional definition of moments corresponds to the case r = s = 0.
The estimation method involves matching the PWMs of a random variable Y
with their empirical versions, similar to the classical method of moments. The
special case p = 1 and s = 0 is widely used and we denote βr = µ1,r,0. The
unbiased estimators of βr is given by

β̂r =
1

n

n∑
j=r+1

(
r∏

i=1

j − i

n− i

)
Yj:n,

where (Y1:n, . . . , Yn;n) represents the ordered sample [67].
For the GEV distribution, [55] show that we can get an explicit formula

for βr, namely,

βr =
1

r + 1

[
µ− σ

ξ

{
1− (r + 1)ξΓ(1− ξ)

}]
, ξ < 1 and ξ ̸= 0,

which leads to the PWM estimation when these moments are matched. Ex-
plicit formulas of βr, r = 0, 1, 2 are also available for the GP distribution [117].
In both cases, a constraint is placed on the shape parameter of the GEV or
GP distribution (e.g., ξ < 1). [25] proposed a penalized maximum likelihood
(PML) approach with ξ < 1, which outperformed the PWM in terms of bias
and mean square error for parameter and quantile estimations.

The L-Moments (LMs) estimation method is another popular method. It
is based on the rth L-moments, namely

λr =
1

r

r−1∑
k=0

(−1)k
(
r − 1

k

)
E(Yr−k:r).

They have similar properties as PWMs since they are defined as linear com-
binations of them [54, Equation 2.36], namely

λr+1 =

r∑
k=0

(−1)r−k

(
r

k

)(
r + k

k

)
βk.

L-moments, however, are more convenient because they are more directly
interpretable as measures of the scale and shape of probability distributions
[53]. In particular, two dimensionless versions of L-moments, the L-moment
ratios

τr =
λr
λ2
, r = 3, 4,

measure the shape of a distribution independent of the scale of measurement.
They are called L-skewness and L-curvature, respectively [54].

We conclude this section by noting that the recent software review [9]
provides a catalog of existing packages in the R software, where the im-
plementations of the estimation methods are compared and numerical is-
sues of practical importance are highlighted. An example of the appli-
cation of estimation methods using such packages to annual maxima of



12 Statistical modeling of extreme precipitation

daily precipitation can be found in the online supplementary material, see
github.com/cgaetan/Handbook-on-Statistics-of-Extremes-Chapter25.

1.4 Intensity-Duration-Frequency curves

Intensity-Duration-Frequency (IDF) curves illustrate the relationship between
the intensity and duration of precipitation at different return periods. These
curves are useful in engineering applications for estimating the risk of fail-
ure when designing infrastructure such as urban drainage networks, pumping
stations, wastewater treatment plants, and retention basins.

Let R(d) be the total amount of precipitation in a time interval of length
d (duration). For example, R(60) is the hourly amount of precipitation if
precipitation is recorded every minute. This quantity R(60) divided by 60 gives
the amount of precipitation per time unit. The annual maxima of this quantity
is denoted by I(60) and more generally such annual maxima intensities are
denoted I(d). IDF curves typically consider I(d) but approaches based on
exceedances above a threshold or based on the entire distribution have also
been proposed [51].

The T-year return level of I(d) is given as

i(T, d) = F−1
d

(
1− 1

T

)
(1.8)

where Fd is the distribution of the annual maxima I(d). Finally, IDF curves
are logarithmic plots of i(T, d) against duration d, for different fixed val-
ues of T . Figure 1.2 shows an example for annual precipitation intensity
maxima at station Neumühle (Germany; see Figure 1.1) at durations d ∈
{1min, 4min, 8min, 16min, 32min, 1h, 2h, 4h, 8h, 16h, 1d, 2d, 3d, 4d, 5d} for
the period 1975-2018. For a code that reproduces the figure, see the online
supplementary material.

In the traditional approach for estimation of IDF curves from data, the
first step is to calculate the annual block maxima I(dk) at specified durations
dk, k = 1, . . . ,K and fitting one of the previous parametric distributions
for the maxima, namely Fd(·|θ(dk)), with parameter vector θ(dk). Then, the
IDF curves are obtained in two sequential steps, where one: (a) uses (1.8) to
obtain estimates of i(d, T ) for different combinations of (d, T ), and (b) uses the
estimates obtained in (a) to regress a parametric relationship of a separable
function of d and T , i.e.,

i(T, d) =
a(T )

b(d)
(1.9)

where a(·) and b(·) are positively valued functions; see, e.g., [63].
The Equation (1.9) expresses that precipitation intensity decreases as du-

ration increases, for a given return period. The separability hypothesis has an
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FIGURE 1.2
IDF curves for annual maxima of precipitation intensity (black points) at sta-
tion Neumühle (Germany) (1975-2018). The IDF curves are estimated using
the independence likelihood (1.11) for the model (1.10).

important effect on the distribution of I(d). In fact, we can see that a(T ) is the
T-year return level of the scaled intensities I = b(d)I(d) that are independent
of d, or equivalently, we can suppose that

I(d)
d
=

1

b(d)
I,

where I is a random variable with T-year return level a(T ).
This approach is referred to as a semi-parametric approach because a(T )

is derived by fitting a pre-specified distribution model to the entire sample of
the scaled intensities b(dk)I(dk), k = 1, . . . ,K. [63] proposed a mathematical
formula for b(d), namely

b(d) = (dν + ψ)η, with η, ν, ψ ≥ 0 and νη ≤ 1.

Empirically, they postulate that the assumption ν = 1 is a sufficiently good
approximation, resulting in a two-parameter IDF model. If the scaled intensity
is such that I ∼ GEV (µ, σ, ξ) then I(d) ∼ GEV(µ(d), σ(d), ξ(d)) with

µ(d) = µσ(d+ ψ)−η, (1.10a)

σ(d) = σ(d+ ψ)−η, (1.10b)

ξ(d) = ξ. (1.10c)

In such a case the distribution is termed duration-dependent GEV (d-GEV)
distribution [63], which enables describing the annual maxima of all durations
simultaneously. Equations (1.10) assume a scaling that is independent of the
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return period. The d-GEV model can be extended relatively straightforwardly
to relax this assumption, see [41] for an example. Nonstationary general IDF
relationships can also be incorporated by allowing the location parameter µ
and scale parameter σ to depend on time-varying or space-varying covariates.
An example of these models can be found in [91].

The estimation of the parameter for d-GEV is complicated by the depen-
dence that usually exists between the maxima of different durations within
one year.

One option to tackle this issue is to utilize an independence likelihood
approach [21]. The likelihood is constructed as if the maxima of intensity
to different durations dk, k = 1, . . . ,K within a year, t were independent.
Assuming that the observations over n years are independent, the logarithm
of the independence likelihood is

ℓ(µ, σ, ξ, ψ, η) =

n∑
t=1

K∑
k=1

log f(It(dk); dk, µ, σ, ξ, ψ, η), (1.11)

where f(·; d, µ, σ, ξ, ψ, η) is the density function of GEV(µ(d), σ(d), ξ) distri-
bution. The estimation procedure is currently implemented in the R package
IDF. The estimates are unbiased according to estimation theory; however,
since the standard errors given for the parameters are based on a pseudo-
likelihood, they are generally too small. A correction to take into account the
dependence among the durations can be found in [21, Eq. (8)]. The IDF pack-
age in its current implementation should be used when the aim is merely to
provide pointwise quantile estimates.

[82] investigated the structure of models for ordered multivariate extremes.
They showed that the inequalities

max
i
Ri(d) ≤ max

i
Ri(d

′) ≤ d′

d
max

i
Ri(d),

with d′ a multiple of d, restrict the marginal distribution, namely ξ(d) <
0, and ξ(d′) ≥ 0 or ξ(d) = ξ(d′) ≥ 0. In the analysis of real precipitation
data, the last case is most often observed and entails σ(d)(d/d′) ≤ σ(d′) ≤
σ(d) and µ(d)(d/d′) ≤ µ(d′) ≤ µ(d). Such results justify the adoption of
equations (1.10). Moreover, [82] suggested using a multivariate extreme value
distribution for It.

For interpolation and extrapolation to unobserved durations d, [109] sug-
gest using a Brown–Resnick max-stable process [17] {I(d), d ∈ D}, where
D ⊂ R+ represents the continuous space of the different durations. One po-
tential criticism is that the Euclidean distance in duration space does not pro-
vide an adequate distance measure and that it leads to different dependence
characteristics for shorter durations compared to longer durations, such that
further adjustments in the dependence structure, such as using nonstationary
dependence, would be appropriate.
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1.5 Regional Frequency Analysis

The primary goal of Regional Frequency Analysis (RFA) is to estimate the
return period of extreme hydrological events at a network of locations when
there is only limited or no hydrological data available. To achieve this goal, the
first step is to identify a homogeneous region to identify measured locations
that are similar to the site of interest [54]. The second step is to pool the
spatial information for regional estimation.

More precisely, given geographic space S, a homogeneous region, say R,
is defined as a set of sites s ∈ S where the distributions of the precipitation
Y (s) are equal up to a normalizing factor, i.e.,

R =
{
s ∈ S : Y (s)

d
= σ(s)Z

}
,

where
d
= means equality in distribution and Z is a positively-valued random

variable. The cdf of Z is called the regional cdf.
There exists a wide variety of methods that attempt to find homogeneous

regions (see [54, 106] for two reviews), but no consensus on the best procedure
has yet been reached, since all approaches exhibit certain advantages and lim-
itations; e.g., regions determined based solely on geographic proximity criteria
may not guarantee hydrological or climatological similarity. Purely objective
criteria based solely on minimization of heterogeneity dissimilarities may lead
to fragmented regions, whereas subjective expert-based partitioning may be
unfeasible in the case of large observational networks.

After identifying a homogeneity region, tests are performed among the
sites based on the empirical estimates of the L-moments (see again [54], for
the mathematical definition of these tests). The significance levels of the tests
are obtained under the parametric assumption that precipitation follows a
kappa-like distribution.

[70] suggest identifying distinct homogeneous regions based on the upper
tail similarity. A ratio of PWMs (or equivalently of L-Moments), defined as

ω =
3β3 − β0
2β1 − β0

− 1 =
1

2

(
1− λ3

λ2

)
=

1

2
(1− τ3)

summarizes the upper tail behavior for each station. It is possible to show
that

ωGEV =
3ξ − 1

2ξ − 1
− 1, ωGP =

5− ξ

3− ξ
− 1

if Z follows a GEV distribution or a GP distribution, respectively. Comparing
two values of ω(si) and ω(sj) estimated at two different sites si and sj provides
a simple dissimilarity measure that does not depend on the scale factor. [70]
consider the distance dij = |ω(si) − ω(sj)|. If the distance is close to zero,
it means that the two locations have similar (up to a rescaling constant)
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marginal distributions. This dissimilarity measure can be used in a clustering
algorithm.

Finally, similar to the classical RFA approach, the regional parameters can
be estimated by pooling all station data from the same cluster.

1.6 Nonstationarity and covariate modeling

The distribution of precipitation can vary over space, time, and along other co-
variates. Variation over time can occur at different temporal scales, including
diurnal, seasonal, and long-term climate-change patterns, and the distribution
can depend on spatial position through orographic variables, such as elevation.
Numerous climate-change studies have investigated the detection of long-term
temporal trends in precipitation extremes. For example, by using tempera-
ture as a covariate, it has been intensively explored how precipitation, and
especially extreme precipitation, scales with temperature, and whether the
relationship follows the scaling property of the Clausius–Clapeyron formula
derived from physical laws [74, 72, 118, 92, 71, 125, 46]. Results indicate that
the relationship appears to depend quite strongly on the specific properties
of the regional climate system; the positive scaling suggested by the physical
equation was confirmed for various regional contexts, although with estimated
scaling parameters that may significantly deviate from the one suggested by
the equation.

In practice, we often try to determine if there is a trend in the distribu-
tion of precipitation, in particular in its extremes, and if so, to quantify it
more precisely. A common approach to assess such trends consists of statisti-
cal regression, where we incorporate appropriately chosen covariates into the
parameters of one of the probability distributions appropriate for extreme pre-
cipitation. A general review of statistical regression is provided in Chapter ??.

Nonstationarity can also be introduced in the spatial dependence structure
of generative models for extreme precipitation, as achieved by [19, 20, 128];
see §1.7.

1.6.1 Regression approach

The regression approach consists of modeling precipitation and its extremes
conditional on covariates, which are used to construct a predictor for one
or several parameters of the probability distribution of a response variable
defined from precipitation, such as maxima or threshold excesses. Different
functional forms (e.g., linear, nonlinear, with or without interaction terms of
several covariates) are possible to construct and estimate the predictor from
available covariates. In some cases, it may be useful to include random vari-
ables (also called random effects) in the predictor to account for sources of
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precipitation variability not well explained by the available covariates; this ap-
proach requires handling latent variables and is discussed separately in §1.6.2.
Regression is often used to study the response of precipitation extremes to
other variables in the climate system to allow for physical interpretation, es-
pecially for explaining local precipitation behavior through large-scale climate
conditions, while keeping track of the uncertainties involved in the estimated
covariate effects and predictions of the response.

A standard approach for regression modeling of precipitation extremes
consists of including covariates into the three parameters (µ, σ, ξ) of the GEV
distribution of block maxima as proposed by [22], or in the two parameters
(σ̃, ξ) of the GP distribution of positive excesses above a high threshold. Vari-
ous R implementations of generalized linear GEV and GP models are available
in standard extreme-value packages. The evgam package [123] provides a very
comprehensive implementation of Generalized Additive Models (GAMs) , al-
lowing for nonlinear covariate influence with automatically estimated smooth-
ness of the predictor functions. evgam also implements quantile regression,
useful to estimate a nonstationary high threshold for peaks-over-threshold
regression with the GP distribution, via the Asymmetric Laplace response
distribution. Use of evgam for precipitation extremes will be illustrated in the
real data example in §1.6.5.

1.6.2 Random effects and Bayesian regression

In the Bayesian setting, expert knowledge can be elicited to set informative
prior distributions for important model parameters. A common approach is to
model trends and dependence across space and time by using a latent Gaus-
sian process that can be viewed as a random effect capturing precipitation
variability that cannot be deterministically explained by other covariates; it
is embedded into one or several of the parameters of a univariate response
distribution, such as the GEV for maxima or the GP distribution for thresh-
old excesses. As is usual for Bayesian hierarchical models, observations are
assumed to be conditionally independent of the latent process.

[26] have pioneered this approach using Markov-Chain Monte-Carlo infer-
ence for modeling spatial variability and uncertainty in precipitation extremes
by using the GP distribution for threshold excesses and a binomial distribution
for the number of exceedances at each observation location. A similar model
but using the fast and accurate deterministic Laplace approximations available
through the method INLA (Integrated Nested Laplace Approximation) was
proposed by [89]. [100] develop spatial MCMC inference with the GEV distri-
bution. [27] carry out an application where the tail index ξ is also allowed to
vary across space, in contrast to most other works where the tail index is kept
constant, which may be beneficial in terms of computational cost and inter-
pretation. [101] proposed a modification of such models where the conditional
independence assumption, which implies unrealistic small-scale behavior of
the model, is dropped. Finally, [52] used a large dataset of satellite-derived
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precipitation data and showed how spatial trends in excesses above a high
threshold can be flexibly modeled by embedding spatial Gaussian processes
into the parameters of the point-process likelihood for univariate extremes by
using the so-called “Max-and-Smooth” approach.

1.6.3 Detecting temporal nonstationarity

Formal decision tools for detecting temporal nonstationarity can be used to as-
sess the presence of seasonal cycles and long-term effects, for example climate
change effects. A common approach is to use the aforementioned regression
techniques by including time, or a time-varying variable such as large-scale
temperature in the context of climate change, as a covariate, such that signif-
icant effects of this covariate can be viewed as a formal proof of nonstation-
arity. Default confidence bounds provided by regression software are usually
based on the assumption of conditional independence of observations given
covariates, which could be violated when modeling precipitation data, such
that significance levels could be biased. A solution for the issue of temporal
correlations in extremes is to work with annual maxima or with declustered
threshold exceedances. Alternatively, block bootstrap approaches with tem-
poral blocks (e.g., years) could be used to obtain more reliable confidence
bounds for regression parameters under the null hypothesis of no influence of
the covariate on the response.

In climate change studies, it is often desirable to show significant changes
over an entire region rather than just for a single weather station, which
requires accounting for spatial autocorrelation and can increase the statistical
power to detect changes. Whereas methods such as field-significance tests
[75] are based on combining results from locationwise statistical tests, more
recent approaches propose using a dependence model from spatial extreme-
value theory, such as max-stable processes, to join the marginal distributions,
into which regression parameters have been included to detect a temporal
slope [119].

A model-free standard approach for detecting monotonic trends in a time
series of independent observations is the Mann–Kendall (MK) test [76], a
widely applied, simple, and robust statistical test for identifying climate-
change effects based on resampling of data series through permutation of
the time index. The test has also been adapted to dependent series by first
extracting independent residuals obtained from fitting a time series model,
but this modification can alter the performance of the test [124]. A simple ap-
proach for precipitation extremes consists of extracting yearly maxima before
applying the MK test, for example done by [23, 127]. [65] reviews various other
trend detection techniques for hydrological data, most of them checking for
significance in some correlation measure between the observed precipitation
value and the time of observation.
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1.6.4 Statistical downscaling of extreme precipitation

The procedure of statistical downscaling consists of using a statistical transfer
method, such as a regression model, that transforms input data available at a
relatively coarse resolution (large scale) to a simulation or probability distri-
bution of a target variable at a finer resolution (local scale). Large-scale data
could consist of climate model output or satellite measurements of precipi-
tation and potentially other useful predictor variables available at relatively
large spatial and atmospheric scales. Typically, such large-scale data can be
interpreted as an average value over a voxel, i.e., over the cube defined as
the Cartesian product of a spatial pixel and a time interval. In the setting
of reanalysis where observational data has been assimilated into a numerical
climate model, such large-scale data can be considered as a proxy for the av-
erage of real weather in the voxel. The local-scale data is typically given by
precipitation observed at rain gauges, i.e., it is point-source data. Parameters
of the transfer function are calibrated using historical data jointly available at
both scales, and the fitted transfer function can then be applied for downscal-
ing large-scale data, i.e., for producing local-scale data over areas and periods
where local-scale data is not available. An example would be future local-scale
projections of precipitation, since typically only large-scale climate-model sim-
ulations of precipitations and other atmospheric variables are available.

Some approaches explicitly model the spatial and/or temporal autocorre-
lation at the local scale to precisely guide the disaggregation of the large-scale
averages into small-scale values. A special case of downscaling is the temporal
disaggregation of two types of precipitation data available at the same spatial
scale but with different temporal scales. Here, the goal would be to disag-
gregate cumulative precipitation available for relatively large time steps (e.g.,
daily) to smaller time steps (e.g., hourly) [2].

A standard regression approach to downscaling is to work with an asymp-
totic distribution for threshold excesses of precipitation at the local scale and
to include large-scale precipitation (and potentially other predictors) from
pixels near the local-scale coordinate [47]. In general, downscaling techniques
allowing for nonlinear transfer functions, such as GAMs, tend to perform bet-
ter, as highlighted by [108] in a detailed study of downscaling river flows.
Downscaling of precipitation with coherent spatial patterns for areas where
no local-scale data was available could be done in different ways. For exam-
ple, [7] study downscaling of location-wise annual maxima of precipitation and
compare different approaches that combine two steps: first, downscaling from
the large-scale data to the local-scale univariate distributions for locations s
with available data; second, spatial interpolation of the downscaled univariate
values. They find that spatial conditional simulation based on a max-stable
process with a parametric dependence structure improves accuracy as com-
pared to more traditional, simpler interpolation schemes. [87] consider the
setting where local-scale data are available on a regular and dense grid, and
work under the assumption of a physical constraint where the large-scale value
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must be equal to an average of small-scale values. They implement spatial dis-
aggregation of max-stable processes where the large-scale values constrain the
stochastic simulation of the local-scale values. Then, it is possible to sam-
ple from the spatial distribution of local-scale values in situations where only
large-scale data are available.

1.6.5 Analysis of German heavy rainfall

We illustrate regression modeling to capture spatial and temporal patterns
in the marginal distributions of extreme daily cumulated precipitation using
observation data from gauges in Germany during the period 1901–2023, as
shown in Figure 1.1 and detailed in §1.2. Precipitation often shows strong
spatial trends, as already suggested by the spatial patterns arising in the
high empirical quantiles reported on the map. Some gauges available in the
Alpine region below latitude 48◦ were removed during data preprocessing since
precipitation regimes in this area are expected to be quite different from flatter
regions in the rest of Germany.

We explore GEV models for annual maxima and GP models for excesses
(without declustering) above a high threshold fixed to an estimated quantile
at level 0.98, using the evgam package of the R software. Covariates included
here are longitude, latitude, and year of observation. To maintain simplicity in
models and interpretation, here we do not use other covariates (e.g., elevation
or temperature) that would be available in principle and could allow for in-
teresting physical interpretations of the drivers of the variability in observed
precipitation; see, e.g., [128] who model threshold exceedances of precipita-
tion, as well as their dependence, for several large river catchments by using
regional temperature averages as covariate.

We follow common practice in extreme-value regression and do not let the
shape parameter ξ vary with covariates, which helps to achieve numerical sta-
bility of estimation and model parsimony and facilitates interpretation. Daily
observations are denoted by Yi with the index i = 1, . . . , n running through all
combinations of days and locations with observations. Locations are identified
by their longitude-latitude coordinates (loni, lati). We denote the observations
of annual maxima byMk =M(lonk, latk, yeark), and for the observed positive
threshold exceedances, we write Zj = Z(lonj , latj , yearj) = Yij −u(lonij , latij )
provided that Yij > u(lonij , latij ) with the threshold u(lonij , latij ) set at lo-
cation (lonij , latij ). The threshold u(lonij , latij ) was obtained as the 98%-
quantile predicted with a generalized additive quantile regression approach
that uses thin-plate spline (with basis dimension set to 50) to capture spa-
tial variability. We report results for the modelsMk ∼ GEV(µk, σk, ξ

GEV
k ) and

Zj ∼ GP(σ̃j , ξ
GP
j ) with the following generalized additive regression equations
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(other results are provided in the online supplementary material):

µ(lon, lat, year) = µ0 + sµ(lon, lat) + sµ(year),

log σ(lon, lat, year) = σ0 + sσ(lon, lat) + sσ(year),

ξGEV = ξGEV
0 ;

log σ̃(lon, lat, year) = σ̃0 + sσ̃(lon, lat) + sσ̃(year),

ξGP = ξGP
0 ,

where spatial effects depending on (lon, lat) are implemented using thin-plate
splines as for the quantile regression above and temporal effects depending
on year are given by cubic regression splines (with basis dimension set to
10). It is noteworthy that the GAM framework is highly flexible and offers
numerous other ways to include covariates in alternative model specifications.
The GEV model has 21, 648 observations of maxima, whereas the GPD model
uses 128, 096 observations of threshold excesses. All models could be fitted in
less than a minute on a standard laptop computer.

Figure 1.3 shows spatial maps (top row) of estimated parameters (by fixing
the year to 2023) and the estimated temporal trend (bottom row). The three
parameters µ, σ, σ̃ show relatively similar spatial and temporal patterns. Areas
with higher elevations tend to have larger parameter estimates. The estimated
partial temporal effect shows lower values at the beginning of the study pe-
riod and around the year 1980. There is also a first peak around the year 1940
and a relatively strong increase towards unprecedented high values starting
around the year 2000, which indicates the presence of some temporal trends
during the study period. These trends could be due to slowly varying (but
stationary) drivers of precipitation processes or could be a sign of temporal
nonstationarity. Standard diagnostics for GAMs, such as confidence intervals,
effective degrees of freedom of spline functions, and comparison of AIC values
with simpler model variants, indicate that all of these trends are highly signifi-
cant. Visually, the partial effects of the GPD scale σ̃ behave like a combination
of the corresponding partial effects for the location µ and scale σ of the GEV
distribution. This is not surprising since, by theory, the parameters are linked
through σ̃ = σ+ ξ(µ− u), with ξ the tail index (here estimated to be roughly
0.15 in both GPD and GEV models), and u the location-dependent threshold
used for the GPD.

The prediction of extreme quantiles is one of the standard uses of EVT-
models and is illustrated with the spatial quantile maps (for the year 2023) in
Figure 1.4. We have plotted a quantile at level 0.9 for annual maxima using the
GEV fit. This value represents a ten-percent chance of being exceeded by the
annual location-wise maximum of 2023. For the original event data, we plot a
quantile at level 1−1/(10×365), corresponding to a quantile at level 0.986 of
the GP fit after taking into account the threshold exceedance probability of
0.02; this yields a value that had a ten-percent chance of being exceeded by any
of the daily observations during the year 2023. Both maps can be interpreted
as 10-year return levels under the assumption of a stationary climate. For
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FIGURE 1.3
Estimated effects in the GAM models for German precipitation extremes with
GEV and GP responses. Top row: Estimated spatial parameter surfaces (from
left to right) for µ(lon, lat) and σ(lon, lat) with the GEV model and σ̃(lon, lat)
with the GP model. Bottom row: Estimated temporal trend component (from
left to right) sµ(year), sσ(year) and sσ̃(year), here with confidence intervals
based on standard evgam output.

the GP-based quantile map, we have added the threshold predicted by the
quantile regression to the GP quantile in order to obtain a predicted quantile
for the original events. The spatial patterns and the average quantile levels of
GEV and GP predictions are quite similar, but the GP quantile map shows
slightly stronger spatial variability. This is possibly due to the larger number
of observed threshold exceedances by comparison with the number of observed
maxima, such that GP data provide more information, leading to less spatial
smoothing.

1.7 Towards stochastic weather generator models

Numerical climate models have severe limitations and potential biases in sim-
ulating large numbers of realizations of precipitation fields (especially rain-
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FIGURE 1.4
Maps of predicted high quantiles for precipitation extremes in 2023 with GEV
(left display) and GP responses (right display). Both quantile maps can be
interpreted as 10-year return levels. Left map: GEV-quantile at level 0.9. Right
map: GP-quantile, with the threshold added, at level 0.986.

fall) with desired statistical properties. An interesting alternative is the use
of stochastic rainfall generators to generate synthetic but realistic rainfall
episodes, including dry sequences. Emulators are specific variants of genera-
tors that aim to reproduce climate model output and its key statistical prop-
erties as faithfully as possible but at a much lower cost. The parameters of
generator models are usually statistically estimated from training data. The
statistical properties of the episodes simulated by generator models are con-
trolled to obtain the desired behavior in terms of rainfall variability, and a
variety of geostatistical approaches, usually based on transformed Gaussian
processes, have emerged [10].

Rainfall simulated by a generator can be used to conduct impact studies in
various areas such as energy production, agronomy, and risk assessment. This
generated rainfall can be used as input to a hydrological model for subsequent
flood modeling and risk assessment. Simulators and emulators have practical
applications beyond their primary use, such as evaluating numerical weather
simulations or studying precipitation climatology.

Although many papers now broadly focus on the design of stochastic
weather generators that also model the dependence between variables, the
design of generators dedicated to rainfall remains a very active area of re-
search. Rainfall is a key variable of the climate system and critical for many
applications; the design of generators that account for its complexity poses
many challenges, and different families of methods have been proposed to ad-
dress them. The purpose of this section is to present these approaches, using
the methods and concepts introduced earlier in the chapter, with a focus on
simulation purposes. The additional challenges associated with this specific
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objective are discussed, and several references are provided for readers who
wish to explore the topic further.

Some approaches are based on the principle of resampling [18, 90], such as
the K-nearest neighbor algorithm, with which it is possible to combine per-
turbations to move away from the observed values. Other approaches rely on
exogenous variables to add knowledge, often based on simulations using global
climate models and are closely related to statistical downscaling techniques
[78, 121, 122]. Similarly, precipitation generation based on weather types is an
approach that relies on understanding the relationships between atmospheric
conditions and precipitation patterns (see [1] for an overview).

The alternation of rainy and dry periods leads us to consider, in the sim-
plest case, two states. These weather types can be further refined by dividing
the type of precipitation into several subtypes, such as light rain, medium
intensity rain, and heavy rain. The classification of weather types is based
on the observation of several variables such as air pressure, temperature, hu-
midity, wind speed, and direction. Each type of weather is associated with
specific precipitation patterns, often taking into account local characteristics.
For example, certain regions may have specific weather types associated with
local weather phenomena such as Mediterranean events, monsoons, tropical
storms, etc. Once the relationships between weather types and precipitation
patterns are established, they are incorporated into the models, which then
generate precipitation episodes based on the predicted weather types. While
this method can provide satisfactory results in many situations, it has certain
limitations. Atmospheric conditions can be complex and highly variable, and
it can be difficult to capture all the nuances of precipitation patterns based
on weather type classification alone.

An alternative to this a priori weather type identification approach is to
consider the weather type as a latent variable, which is therefore not directly
observable, in a Hidden Markov Model (HMM). The consideration of marginal
distributions that are sufficiently flexible to be suitable for both regular and
extreme events is also an interesting and increasingly used approach.

These aspects, discussed in detail in Chapter ??, are of strong interest in
precipitation modeling. The extended GP distribution [95, 83] takes advantage
of the EVT for large and small positive values, providing a smooth, threshold-
free transition between the upper and lower tails with a reasonable number
of parameters. For example, based on the structure proposed by [120], [39]
consider a two-state Markov chain (dry and wet) and combine it with an
extended GP marginal distribution for the wet state. Specifically, [39] proposes
a multi-site precipitation model that can account for temporal and spatial
dependence in both the precipitation occurrence process and the precipitation
intensity process. Their multi-site precipitation model shows good results and
can be combined with temporal disaggregation to obtain sub-daily data, as
shown in [113] with weather analogs.

The concept of censoring a Gaussian vector or process is a flexible tool for
precipitation modeling. It provides a straightforward method for generating
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the space-time evolution of binary variables. [2, 62] used this approach to
model the occurrence of rainfall, allowing for effective handling of temporal
and/or spatial dependence in the rain/non-rain alternation. In [2], the random
variable modeling positive rain intensity is forced to zero for negative values.
By design, this enables a high level of consistency in the relationship between
light rain and no rain.

Modeling the spatial and temporal dependence structure is crucial for ac-
curately reproducing positive values. Gaussian processes are a suitable option
for this purpose, as previously discussed. Another option is to use models
based on cylinders in space-time, such as those presented by [98] and [28],
where the cylinders represent rain cells grouped in clusters. However, these
models are not suitable for extreme values.

For the study of spatial extremes, max-stable processes are the natural
spatial extension for modeling maxima (see Chapter ?? in this book), and in
2002 [104] introduced spatial max-stable processes with random set elements.
[56] extended this concept by fitting a space-time version to threshold ex-
ceedances of hourly rainfall data using pairwise censored likelihood. In their
approach, storms are modeled as discs of random radius moving at random
velocities for random durations, involving randomly centered space-time cylin-
ders. However, one of their drawbacks is the difficulty in interpreting the fields
simulated by these models at the event scale.

[43] extended the POT approach based on the GP distribution to the
infinite-dimensional case by introducing Pareto processes (see Chapter ?? in
this book). The condition is based on supremum exceedances over the study
area. To gain flexibility, [37, 31, 32] consider the notion of ℓ-Pareto processes by
considering more general exceedances defined for a homogeneous cost function
denoted ℓ. Following [31], we can also talk about the risk functional, as it
determines the type of extreme events whose risk we want to study. The
authors propose an application to rainfall in Florida, which they carry out
using different examples of functional that allow us to consider different types
of rainfall (local and intense, or accumulation of rain spread over space).

Following the formalism of Pareto processes extended to the spatio-
temporal framework, [93] propose a semi-parametric approach for simulating
extreme spatio-temporal episodes. The approach is based on resampling for the
dependence structure and on the univariate theory of extremes for marginal
modeling. The framework of max-stable and ℓ-Pareto processes is based on the
hypothesis of asymptotic dependence. These models assume that the depen-
dence remains constant regardless of the extreme level considered. However,
they are not suitable for situations of asymptotic independence (AI), where the
strength of the dependence decreases as the extreme level considered increases
until it disappears at the limit. Although difficult to identify in practice, this
situation appears to occur for precipitation data (see [29, 69, 107]). This is
also the case for the hourly data in southern France studied in [4]. Based on
the same geometric objects as [56], slated cylinders, they propose a space-time
modeling of exceedances that leads to asymptotic independence in space and
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time. This is a hierarchical approach involving a space-time gamma process
convolution in the rate of an exponential variable. The dependence structure
is anisotropic, and nonstationarity of the dependence structure is possible in
the model but would complicate parameter inference. One of the strengths
of this approach is the physical interpretation of the parameters. Other very
recent approaches free themselves from any parametric form using methods
from generative artificial intelligence such as generative adversarial networks
[14]. Other methods such as variational autoencoders have also recently been
used in [66] in a multivariate framework to generate multivariate extremes
(see also [126]).

When generating precipitation over a large area with nonstationarity, it
is ideal to consider independent zones, at least for extreme events. Using one
model per zone would prevent models with too many parameters, but the
important question remains how to create these clusters. One way is to per-
form spatial clustering of precipitation data based on the extreme dependence
present in the data. [11] performed such a clustering on weekly rainfall data
in France using the PAM algorithm on extremal dependence. [102] uses the
same idea and shows an interest in using a hierarchical clustering algorithm.
Based on the recent development of an algorithm specifically tailored for AI
block models [16], the authors propose in [15] a spatial clustering method of
temporal processes adapted to the occurrence of two extreme events occur-
ring simultaneously. They propose a regionalization of Europe based on daily
precipitation amounts and daily maximum wind speed data from the ERA5
reanalysis dataset from 1979 to 2022. Another clustering method for com-
pound extremes in several variables has been proposed by [112], but it is not
based on the deviation from AI, but on the differences in the distribution, as
it is based on the Kullback-Leibler divergence.

1.8 Conclusions and perspectives

Precipitation, and especially rainfall, is a complex hydrometeorological phe-
nomenon. It is intermittent by nature, which must be taken into account in
models, and its behavior depends on the temporal and spatial aggregation
considered, which must also be taken into account. The modeling of rainfall
data is a highly interdisciplinary exercise, which is the subject of intense re-
search in various journals in fields such as statistics, hydrology, and climate.
The large number of bibliographic entries in this chapter, extracted by sev-
eral subject categories but still representing only a very small fraction of the
relevant literature, illustrates this fact. Extreme precipitation events pose a
challenge because of the variety of types of events that fall under this defini-
tion. The simulation of rainfall series that seamlessly include extreme rainfall
events is an exciting and very challenging area of research.
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Modeling the spatial and temporal dependence structure of extremes is a
significant challenge. Suggesting a flexible dependence structure can be dif-
ficult because different types of dependence, such as asymptotic dependence
or independence, are required depending on which dimension (spatial or tem-
poral) we consider [116, 5, 57, 64, 58, 13]. Additionally, the problem of spa-
tial nonstationarity of the spatial dependency structure arises, as even small
spatial scales can exhibit complex topographies. Nonstationarity can also be
temporal, where identifying and modeling differences in dependency structures
over time can be challenging. In addition to these issues related to modeling
extreme dependence, we encounter other difficulties when attempting to model
bulk and extreme precipitation simultaneously. While marginal modeling of
bulk and extreme rainfall is well covered in the literature, flexible and adap-
tive modeling to ensure transitions in the dependence structure associated
with rainfall is largely unexplored [3].

As mentioned earlier, artificial intelligence (AI) approaches have the po-
tential to address complex modeling problems, such as stochastic space-time
precipitation generators, see [40] for a general overview of the potential ben-
efits of machine learning and AI in the climate domain. However, AI-based
generators may face challenges in accurately controlling and replicating all
relevant precipitation characteristics in the generated data. To improve pre-
cipitation generators, a promising approach is to combine artificial intelligence
with knowledge from extreme value theory and the physics of the hydromete-
orological process under study. It is generally recommended to use methods
that integrate both the physics of the phenomena and statistical methods
when directly modeling floods, a natural disaster that can cause significant
damage and remains difficult to predict at short time horizons. With climate
change and urbanization, floods are expected to become more frequent and se-
vere. The costs associated with flooding also increase due to changes in insured
exposures, and flood risk assessment involves a wide range of considerations,
with statistical analysis of extreme precipitation events at its core.

Acknowledgement

We are indebted to Ilaria Prosdocimi for valuable suggestions on some bib-
liographic references and for pointing out the existence of some relevant R
packages.





Bibliography

[1] Pierre Ailliot, Denis Allard, Valérie Monbet, and Philippe Naveau.
Stochastic weather generators: an overview of weather type models.
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